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Abstract. This is an introduction to quantum algebra, from a geometric perspective.
The classical spaces X, such as the Lie groups, homogeneous spaces, or more general
manifolds, are described by various algebras A, defined over various fields F . These
algebras A satisfy a commutativity type condition, and the general idea is that of lifting
this condition, and calling quantum spaces the underlying space-like objects X. One
problem comes from the fact that different fields F lead, via different algebras A, to
different classes of quantum spaces X. Our aim here is to identify and put at the center
of the presentation those quantum spaces X which do not depend on the choice of F .



Preface

The classical spaces X, such as the Lie groups, homogeneous spaces, or more general
manifolds, are described by various algebras A, defined over various fields F . These
algebras A typically satisfy a commutativity type condition, such as fg = gf when A
is a usual algebra of functions, and the idea of quantum algebra is that of lifting this
commutativity condition, and calling quantum spaces the underlying space-like objects
X. With the hope that these quantum spaces X can be useful in physics.

When performed without further axioms, and precise physics motivations in mind,
this procedure can turn into something dangerous, leading to a considerable amount of
quantum spaces X. Which can be bewildering even for professionals, and with the first
victims being of course the beginners, who quickly get lost in the quantum jungle.

In short, quantum algebra is a wide discipline. There are many ways of getting intro-
duced to it, and books dedicated to this, with each book being based of course on some
sort of philosophy, usually coming from authors’ own research work and interests. The
present book is one such introduction, our main philosophy being as follows:

(1) Quantum groups come before quantum spaces. The point indeed is that quantum
groups G are far easier to construct and study than quantum spaces X, via all sorts of
algebras associated to them, such as function algebras, Lie algebras, Brauer algebras, pla-
nar algebras, and so on. As for the quantum spaces X, these can safely come afterwards,
first in the form of quotient spaces X = G/H, and then in more general forms.

(2) Quantum groups are quantum versions of classical groups. This is something
more subtle, the idea being that a quantum group, when constructed in the most general
framework, that of the Hopf algebras, can be related or not to a classical group G. Our
policy here will be that of calling quantum groups the beasts of type G×, with G being a
classical group, and with × standing for a liberation and twisting operation.

(3) The main quantum groups and spaces are the absolute ones. Again, this is some-
thing subtle, coming from the fact that, in the general context of quantum algebra, dif-
ferent fields F lead, via different algebras A, to different classes of quantum spaces X. In
view of this, we will center our presentation on the quantum spaces X which are absolute,
in the sense that they do not depend on the choice of the ground field F .
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4 PREFACE

In addition to this, although we will be certainly committed to algebraic aspects, we
will be interested in analysis too, by doing some whenever the conditions permit. Finally,
regarding physics, we will be mainly mathematical here, but with the hope that “the best
quantum spaces should lead to the best quantum physics”. And with best for us meaning
absolute in the above sense. Time will tell if this is right or wrong.

The book is organized in four parts, as follows:

Part I - General introduction to Hopf algebras, which in quantum space terms means
general introduction to quantum group type objects G, without further axioms.

Part II - Preliminary look at what can be the quantum groups, with a study, in Hopf
algebra terms, of the quantum symmetry groups of various basic objects.

Part III - Introduction to quantum groups, with a quantum group being for us, as
explained above, something of type G×, related to a classical group G.

Part IV - Introduction to quantum spaces, starting with basic quotient spaces of type
X = G/H, followed by more general types of quantum algebraic manifolds.

This book, while being independent and readable as such, completes my series of
quantum group books [5], [6], [7], in a somewhat circular way. To be more precise, in
case you like the material at the end, which is certainly quite specialized, and want to
know more about that, my previous books [5], [6], [7] are here for that.

The book contains, besides the basics of quantum algebra, some recent contributions
as well, and I would like to thank Julien Bichon, Benôıt Collins, Steve Curran and the
others, for our joint work. Many thanks go as well to Nicolás Andruskiewitsch and Sonia
Natale, for a number of useful algebraic discussions. Finally, it is a pleasure to thank my
cats (meow) for precious help in the preparation of the present book.

Cergy, July 2025

Teo Banica



Contents

Preface 3

Part I. Hopf algebras 9

Chapter 1. Hopf algebras 11

1a. Hopf algebras 11

1b. Basic examples 18

1c. Abelian groups 24

1d. Duality theory 29

1e. Exercises 32

Chapter 2. Basic theory 33

2a. The antipode 33

2b. Lie algebras 42

2c. Special elements 47

2d. Haar measure 51

2e. Exercises 56

Chapter 3. Product operations 57

3a. Representations 57

3b. Corepresentations 61

3c. Product operations 66

3d. Quotients, subalgebras 74

3e. Exercises 80

Chapter 4. Affine algebras 81

4a. Affine algebras 81

4b. Projective versions 89

4c. Intersection, generation 95

4d. Images and models 100

4e. Exercises 104

5



6 CONTENTS

Part II. Symmetry groups 105

Chapter 5. Rotation groups 107

5a. Free algebras 107

5b. Orthogonal groups 115

5c. Bistochastic groups 120

5d. Lower liberations 124

5e. Exercises 128

Chapter 6. Symmetric groups 129

6a. Symmetric groups 129

6b. Orbits, orbitals 135

6c. Graph symmetries 140

6d. Wreath products 146

6e. Exercises 152

Chapter 7. Standard twists 153

7a. Standard twists 153

7b. Half-liberation 158

7c. Twisted rotations 166

7d. Reflection groups 170

7e. Exercises 176

Chapter 8. Cocycle twists 177

8a. Cocycle twists 177

8b. Basic examples 182

8c. Group algebras 189

8d. Matrix models 193

8e. Exercises 200

Part III. Quantum groups 201

Chapter 9. Complex algebras 203

9a. Complex algebras 203

9b. Basic operations 210

9c. Normed algebras 213

9d. Symmetry groups 216

9e. Exercises 224



CONTENTS 7

Chapter 10. Quantum groups 225

10a. Quantum groups 225

10b. Haar integration 233

10c. Peter-Weyl theory 237

10d. Tannakian duality 241

10e. Exercises 248

Chapter 11. Brauer theorems 249

11a. Diagrams, easiness 249

11b. Rotations, reflections 254

11c. Liberation theory 259

11d. Character laws 263

11e. Exercises 272

Chapter 12. Advanced results 273

12a. Deformation, twists 273

12b. Amenability, growth 280

12c. Planar algebras 286

12d. Matrix models 293

12e. Exercises 296

Part IV. Quantum spaces 297

Chapter 13. Finite spaces 299

13a. Twisted spaces 299

13b. Quantum graphs 307

13c. Color independence 311

13d. Twisted reflections 314

13e. Exercises 320

Chapter 14. Quantum spheres 321

14a. Spheres and tori 321

14b. Integration theory 328

14c. Further spheres 335

14d. Free quadrics 341

14e. Exercises 344

Chapter 15. Free manifolds 345



8 CONTENTS

15a. Quotient spaces 345

15b. Partial isometries 352

15c. Partial permutations 359

15d. Integration results 363

15e. Exercises 368

Chapter 16. Threefold way 369

16a. Rotation groups 369

16b. Monomial spheres 372

16c. Projective spaces 383

16d. Threefold way 388

16e. Exercises 392

Bibliography 393

Index 397



Part I

Hopf algebras



Nu-mi lua iubirea daca pleci
Mai lasa-ma sa cred in ea
In noptile pustii si reci

Sa-mi mai inchipui ca-i a mea



CHAPTER 1

Hopf algebras

1a. Hopf algebras

The classical spaces X, such as the Lie groups, homogeneous spaces, or more general
manifolds, are described by various algebras A, defined over various fields F . These
algebras A typically satisfy a commutativity type condition, such as fg = gf when A
is a usual algebra of functions, and the idea of quantum algebra is that of lifting this
commutativity condition, and calling quantum spaces the underlying space-like objects
X. With the hope that these quantum spaces X can be useful in physics.

In this chapter we start developing quantum algebra, with some inspiration from
classical group theory. We would like to develop a theory of suitable algebras A, which
are not necessarily commutative, corresponding to quantum groups G.

In what regards the classical constructions G → A that we have in mind, in view of
a noncommutative extension, there are three of them, all well-known and widely used in
group theory, which can be informally described, modulo several details, as follows:

Fact 1.1. A group G can be typically described by several algebras:

(1) We have the algebra F (G) of functions f : G → F , with the usual, pointwise
product of functions. This algebra is commutative, fg = gf .

(2) We have the algebra F [G] of functions f : G → F , with the convolution product
of functions. This algebra is commutative when G is abelian.

(3) We have the algebra Ug generated by the functions f : G → F infinitesimally
defined around 1. This algebra is commutative when G is abelian.

As already mentioned, this is something quite informal, just meant to help us in order
to start this book, and do not worry, we will come back to this later, with details. At the
present stage of things, the comments to be made on this are as follows:

(1) The construction there is something quite simple and solid, and makes sense as
stated, with the remark however that when G is a topological group, things get more
complicated, because we can further ask for the functions f : G → F that we use to be
continuous, or even smooth, or vanishing at ∞, or be measurable, and so on, leading to
several interesting versions of F (G). Also, the recovery of G from the algebra F (G), or
one of its versions, when G is topological, is usually a non-trivial question.
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12 1. HOPF ALGEBRAS

(2) In what regards the construction there, pretty much the same comments apply,
the point being that when G is a topological group, things get more complicated, again
leading to several interesting versions of the algebra F [G], and with the recovery of the
group G itself, out of these algebras, being usually a non-trivial question. We will be back
to all this later, with details, and in the meantime, you can simply consider, by using
Dirac masses, that F [G] is the formal span of the group elements g ∈ G.

(3) What we said there is definitely informal, the idea being that, when G is a Lie
group, we can consider its tangent space at the origin, or Lie algebra g = T1(G), consisting
of the functions f : G→ F infinitesimally defined around 1, and then the corresponding
enveloping Lie algebra Ug, with product such that the Lie bracket is given by [x, y] =
xy − yx. All this is quite non-trivial, notably with a discussion in relation with the field
F being needed, but do not worry, we will come back to it, with details.

Looking now at our list (1,2,3) above, it looks like (1) is the simplest construction,
and the most adapted to our noncommutative goals, followed by (2), followed by (3). So,
let us formulate the following goal, for the theory that we want to develop:

Goal 1.2. We want to develop a theory of associative algebras A over a given field
F , with some extra structure, as follows:

(1) As main and motivating examples, we want to have the algebras F (G).
(2) We also want our theory to include, later, the algebras F [G] and Ug.
(3) And we also want, later, to discuss what happens when G is topological.

Needless to say, this goal is formulated quite informally, but this is just a goal, and if
at this point you can see right away a complete and rigorous theory doing the job, that
would be of course very welcome, and I will look myself for something else to do.

Getting started now, we would first like to have a look at the algebras F (G) that we
want to generalize. But before that, let us have a closer look at the groups G themselves,
with algebraic motivations in mind, in relation with the algebras F (G). As our first result
in this book, we have the following frightening reformulation of the group axioms:

Proposition 1.3. A group is a set G with operations as follows,

m : G×G→ G , u : {.} → G , i : G→ G

which are subject to the following axioms, with δ(g) = (g, g):

m(m× id) = m(id×m)

m(u× id) = m(id× u) = id

m(i× id)δ = m(id× i)δ = 1

In addition, the inverse map i satisfies i2 = id.
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Proof. Our claim is that the formulae in the statement correspond to the axioms
satisfied by the multiplication, unit and inverse map of G, given by:

m(g, h) = gh , u(.) = 1 , i(g) = g−1

Indeed, let us start with the group axioms for G, which are as follows:

(gh)k = g(hk)

1g = g1 = g

g−1g = gg−1 = 1

With δ(g) = (g, g) being as in the statement, these group axioms read:

m(m× id)(g, h, k) = m(id×m)(g, h, k)

m(u× id)(g) = m(id× u)(g) = g

m(i× id)δ(g) = m(id× i)δ(g) = 1

Now since these must hold for any g, h, k, they are equivalent, as claimed, to:

m(m× id) = m(id×m)

m(u× id) = m(id× u) = id

m(i× id)δ = m(id× i)δ = 1

As for i2 = id, this is something which holds too, coming from (g−1)−1 = 1:

(g−1)−1 = 1 ⇐⇒ i2(g) = g ⇐⇒ i2 = id

Thus, we are led to the various conclusions in the statement. □

The above result does not look very healthy, and might make Sophus Lie, Felix Klein
and the others turn in their graves, but for our purposes here, this is exactly what we
need. Indeed, turning now to the algebra F (G), we have the following result:

Theorem 1.4. Given a finite group G, the functional transposes of the structural
maps m,u, i, called comultiplication, counit and antipode, are as follows,

∆ : A→ A⊗ A , ε : A→ F , S : A→ A

with A = F (G) being the algebra of functions φ : G→ F . The group axioms read:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

In addition, the square of the antipode is the identity, S2 = id.
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Proof. This is something which is clear from Proposition 1.3, and from the properties
of the functional transpose, with no computations needed. However, since the formalism
of the functional transpose might be new to you, here is a detailed proof:

(1) Let us first recall that, given a map between two sets f : X → Y , its functional
transpose is the morphism of algebras f t : F (Y )→ F (X) given by:

f t(φ) = [x→ φ(f(x))]

To be more precise, this map f t is indeed well-defined, and the fact that we obtain in
this way a morphism of algebras is clear. Indeed, for the addition, we have:

f t(φ+ ψ) = [x→ (φ+ ψ)(f(x))]

= [x→ (φ(f(x)) + ψ(f(x)))]

= [x→ (φ(f(x))] + [x→ ψ(f(x))]

= f t(φ) + f t(ψ)

As for the multiplication, the verification here is similar, as follows:

f t(φψ) = [x→ (φψ)(f(x))]

= [x→ (φ(f(x))ψ(f(x)))]

= [x→ (φ(f(x))] · [x→ ψ(f(x))]

= f t(φ)f t(ψ)

(2) Observe now that the operation f → f t is by definition contravariant, in the sense
that it reverses the direction of the arrows. Also, we have the following formula:

(fg)t = gtf t

In order to check this, consider indeed two composable maps, as follows:

g : X → Y , f : Y → Z

The transpose of the composed map fg : X → Z is then given by:

(fg)t(φ) = [x→ φ(fg(x))]

= [x→ (φf)(g(x))]

= [x→ (f t(φ))(g(x))]

= gtf t(φ)

Thus, we have indeed (fg)t = gtf t, as claimed above. It is of course possible to use
this iteratively, with the general formula, that we will often use, being as follows:

(f1 . . . fn)
t = f tn . . . f

t
1
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(3) As a second piece of preliminaries, we will need a bit of tensor product calculus
too. In case you are familiar with this, say from physics classes, that is good news, and
if not, here is a crash course on this. Let us start with something familiar, namely:

FM+N = FM ⊕ FN

As a consequence of this, that my students quite often tend to forget, we have:

FMN ̸= FM ⊕ FN

And so, question for us now, what can be the new, mysterious operation ⊗, which is
definitely not the direct sum ⊕, making the following formula work:

FMN = FM ⊗ FN

(4) In answer, let us look at the standard bases of these three vector spaces. We can
denote by {f1, . . . , fM} the standard basis of FM , and by {g1, . . . , gN} the standard basis
of FN . As for the space FMN on the left, here you would probably say to use the notation
{e1, . . . , eMN}, but I have here something better, namely {e11, . . . , eMN}, by using double
indices. And, with this trick, the solution of our problem becomes clear, namely:

eia = fi ⊗ ga
Thus, as a conclusion, given two vector spaces with bases {fi} and {ga}, we can talk

about their tensor product, as being the vector space with basis {fi⊗ ga}. And with this,
we have the following formula, answering the question raised above:

FMN = FM ⊗ FN

(5) As a continuation of this, in the case where our vector spaces are algebras A,B,
their tensor product A⊗B is an algebra too, with multiplication as follows:

(a⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′

Indeed, the algebra axioms are easily seen to be satisfied. And as a verification here,
the above identification FMN = FM ⊗ FN is indeed an algebra morphism, due to:

eiaejb = (fi ⊗ ga)(fj ⊗ gb)
= fifj ⊗ gagb
= δijfi ⊗ δabga
= δia,jbfi ⊗ ga
= δia,jbeia

(6) Moving ahead, still in relation with tensor products, we can say, more abstractly,
that given two finite sets X, Y , we have an isomorphism of algebras as follows:

F (X × Y ) = F (X)⊗ F (Y )
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To be more precise, we have a morphism from right to left, constructed as follows:

φ⊗ ψ → [(x, y)→ φ(x)ψ(y)]

Now since this morphism is injective, and since the dimensions of the domain and
range match, both being equal to |X| · |Y |, this morphism is an isomorphism.

(7) In what follows, the above formula from (6) will be what we will mostly need, in
relation with the tensor products. As a last comment here, observe that this is in fact the
formula FMN = FM ⊗ FN that we started with. Indeed, when writing X = {1, . . . ,M}
and Y = {1, . . . , N}, the above formula from (6) takes the following form:

F ({1, . . . ,M} × {1, . . . , N}) = F ({1, . . . ,M})⊗ F ({1, . . . , N})

But this obviously translates into the following formula, as claimed:

FMN = FM ⊗ FN

And we will end with our preliminaries here. In case all this was not fully clear, may
the Gods of Algebra forgive us, and we recommend on one hand reading about tensor
products from a solid algebra book, such as Lang [67], and on the other hand, doing some
physics computations with tensor products, nothing can replace those either.

(8) Still with me, I hope, and time now to prove our theorem? With the above
ingredients in hand, let us go back indeed to our group theory problems. To start with,
the structural maps m,u, i of our group G are maps as follows:

m : G×G→ G , u : {.} → G , i : G→ G

Thus, with A = F (G) being the algebra of functions φ : G → F , their functional
transposes are morphisms of algebras ∆, ε, S as follows:

∆ : A→ A⊗ A , ε : A→ F , S : A→ A

(9) Regarding now the formulae of these transposed maps, we know that the structural
maps m,u, i of our group G are given by the following formulae:

m(g, h) = gh , u(.) = 1 , i(g) = g−1

Thus, the functional transposes ∆, ε, S are given by the following formulae:

∆(φ) = [(g, h)→ φ(gh)] , ε(φ) = φ(1) , S(φ) = [g → φ(g−1)]

(10) Regarding the group axioms, we know from Proposition 1.3 that in terms of the
structural maps m,u, i, these are as follows, with δ(g) = (g, g):

m(m× id) = m(id×m)

m(u× id) = m(id× u) = id

m(i× id)δ = m(id× i)δ = 1
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In terms of the functional transposes ∆, ε, S, these axioms read:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

Finally, the formula S2 = id comes by transposing i2 = id. □

Good news, Theorem 1.4 is all we need, or almost, in order to fulfill Goal 1.2 (1).
Indeed, based on what we found above, we can formulate the following definition:

Definition 1.5. A Hopf algebra is an algebra A, with morphisms of algebras

∆ : A→ A⊗ A , ε : A→ F , S : A→ Aopp

called comultiplication, counit and antipode, satisfying the following conditions:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

If the square of the antipode is the identity, S2 = id, we say that A is undeformed.
Otherwise, in the case S2 ̸= id, we say that A is deformed.

Here everything is standard, based on what we found in Theorem 1.4, we just copied
the formulae there, with a different banner for them, except for two points, namely:

(1) We chose to have the antipode S as being a morphism of algebras S : A → Aopp,
instead of being a morphism S : A → A, as Theorem 1.4 might suggest. Indeed, since
the algebra A = F (G) in Theorem 1.4 is commutative, we have A = Aopp in that case, so
we can make this choice. And, we will see in a moment that S : A → Aopp is indeed the
good choice, with this coming from some further examples, that we want our formalism
to cover, and more specifically, coming from the algebras F [G], from Goal 1.2 (2).

(2) We also chose the antipode S not to be subject to the condition S2 = id. However,
this is something debatable, because in the usual group setting i2 = id, while formally
not being a group axiom, is something so trivial and familiar, that it is “almost” a group
axiom. We will be back to this issue, on several occasions. In fact, clarifying the relation
between Hopf algebras axiomatized with S2 = id, and Hopf algebras axiomatized without
S2 = id, will be a main theme of discussion, throughout this book.

Finally, observe also that we chose not to impose any finite dimensionality condition
on our Hopf algebra A, and this in contrast with Theorem 1.4, where the group G there
is finite. Again, this is something subtle, to be discussed more in detail later on.
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1b. Basic examples

There are several basic examples of Hopf algebras, which are all undeformed. We first
have the following result, which provides a good motivation for our theory:

Theorem 1.6. Given a finite group G, the algebra of the F -valued functions on it,
F (G) = {φ : G→ F}, with the usual pointwise product of functions,

(φψ)(g) = φ(g)ψ(g)

is a Hopf algebra, with comultiplication, counit and antipode as follows:

∆(φ) = [(g, h)→ φ(gh)]

ε(φ) = φ(1)

S(φ) = [g → φ(g−1)]

This Hopf algebra is finite dimensional, commutative, and undeformed.

Proof. This is a reformulation of Theorem 1.4, by taking into account Definition 1.5,
with the remark, already made above, that we have A = Aopp in this case, due to the
commutativity of A = F (G), and with the last assertion being something clear. □

In view of the above result, we can make the following speculation:

Speculation 1.7. We can think of any finite dimensional Hopf algebra A as being of
the following form, with G being a finite quantum group:

A = F (G)

That is, we can define the category of finite quantum groups G to be the category of finite
dimensional Hopf algebras A, with the arrows reversed.

Observe that, from the perspective of pure mathematics, all this is not that specu-
latory, because what we said in the end is something categorical and rigorous, perfectly
making sense, and with the category of the usual finite groups G embedding covariantly
into the category of the finite quantum groups G, thanks to Theorem 1.6.

However, still mathematically speaking, there are some bugs with this. One problem
is whether we want to include or not S2 = id in our axioms, and in the lack of S2 ̸= id
examples, at this stage of things, we are in the dark. Another problem is that, even
when assuming S2 = id, nothing guarantees that a finite dimensional commutative Hopf
algebra must be of the form A = F (G), which would be something desirable to have.

As for the perspective brought by applied mathematics, here things are harsher, be-
cause the use of the word “quantum” would normally assume that our notion of Hopf
algebra has something to do with quantum physics, and this is certainly not the case,
now that we are into chapter 1 of the present book. Long way to go here, trust me.

In short, Speculation 1.7 remains a speculation, with our comments on it being:
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Comment 1.8. The above A = F (G) picture is something very useful, definitely worth
to be kept in mind, but we will have to work some more on our axioms for Hopf algebras
A, as for the corresponding objects G to deserve the name “quantum groups”.

Finally, still in connection with all this, axiomatics, we would like if possible the
construction in Theorem 1.6 to cover other groups as well, infinite this time, such as the
discrete ones, or the compact ones, or, ideally, the locally compact ones.

The problem with this, however, is that in the framework of Definition 1.5 this is not
exactly possible, due to the fact that the comultiplication ∆ would have to land in the
algebra F (G×G), and for infinite groups G,H, we have:

F (G×H) ̸= F (G)⊗ F (H)

However, there are several tricks in order to overcome this, either by allowing ⊗ to be
a topological tensor product, or by using Lie algebras. We will be back to this question,
which is not trivial to solve, on several occassions, in what follows.

Moving ahead now, let us say that a Hopf algebra A as axiomatized above is cocom-
mutative if, with Σ(a⊗ b) = b⊗ a being the flip map, we have the following formula:

Σ∆ = ∆

With this notion in hand, we have the following result, providing us with more exam-
ples, and that we will soon see to be “dual” to Theorem 1.6, in a suitable sense:

Theorem 1.9. Given a group H, which can be finite or not, its group algebra

F [H] = span(H)

is a Hopf algebra, with structural maps given on group elements as follows:

∆(g) = g ⊗ g , ε(g) = 1 , S(g) = g−1

This Hopf algebra is cocommutative, and undeformed.

Proof. This is something elementary, the idea being as follows:

(1) As a first observation, we can define indeed linear maps ∆, ε, S as in the statement,
by linearity, and the maps ∆, ε are obviously morphisms of algebras. As for the antipode
S : A → Aopp, this is a morphism of algebras too, due to the following computation,
crucially using the opposite multiplication (a, b)→ a · b on the target algebra:

S(gh) = (gh)−1

= h−1g−1

= g−1 · h−1

= S(g) · S(h)
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(2) We have to verify now that ∆, ε, S satisfy the axioms in Definition 1.5, and the
verifications here, performed on generators, are as follows:

(∆⊗ id)∆(g) = (id⊗∆)∆(g) = g ⊗ g ⊗ g

(ε⊗ id)∆(g) = (id⊗ ε)∆(g) = g

m(S ⊗ id)∆(g) = m(id⊗ S)∆(g) = ε(g)1 = 1

(3) Finally, it is clear from definitions that our Hopf algebra satisfies indeed the co-
commutativity condition Σ∆ = ∆, as well as the condition S2 = id. □

The fact that the group H in the above can be infinite comes as good news, and it is
tempting to jump on this, and formulate, in analogy with Speculation 1.7:

Speculation 1.10. We can think of any Hopf algebra A as being of the following
form, with H being a quantum group:

A = F [H]

That is, we can define the category of quantum groups H to be the category of Hopf
algebras A.

However, as before with Speculation 1.7, while this being something useful, providing
us with some intuition on what a Hopf algebra is, when looking more in detail at this,
there are countless problems with it, which are both purely mathematical, of algebraic
and analytic nature, and applied mathematical, in relation with quantum physics, which
is certainly something more complicated than what we did in the above.

Be said in passing, observe that, while both Speculation 1.7 and Speculation 1.10
formally make sense, from a pure mathematics perspective, their joint presence does not
make much sense, mathematically, at least with the results that we have so far, because
nothing guarantees that the category of finite quantum groups from Speculation 1.7 is
indeed a subcategory of the category of quantum groups from Speculation 1.10.

Thinking a bit more at all this, we are led into the following question:

Question 1.11. What is the precise relation between Theorems 1.6 and 1.9, in the
finite group case, and can this make peace between Speculations 1.7 and 1.10?

And the point now is that, despite its informal look, this question appears to be
well-defined, and quite interesting, and answering it will be our next objective.

For this purpose, we first need to see what happens to Theorem 1.9, when assuming
that the group H there is finite. And here, we have the following statement:
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Theorem 1.12. Given a finite group H, the algebra of the F -valued functions on it
F [H] = {φ : H → F}, with the convolution product of functions,

(φ ∗ ψ)(g) =
∑
g=hk

φ(h)ψ(k)

is a Hopf algebra, with structural maps given on Dirac masses as follows:

∆(δg) = δg ⊗ δg , ε(δg) = 1 , S(δg) = δg−1

This Hopf algebra, which coincides with the previous F [H], in the finite group case, is
finite dimensional, cocommutative, and undeformed.

Proof. This is what comes from Theorem 1.9, when the group H there is finite.
Indeed, in this case the vector space F [H] = span(H) from Theorem 1.9 coincides with
the vector space F [H] = {φ : H → F} in the statement, with the correspondence being
given on the standard generators g ∈ span(H) by the following formula:

g → δg

Regarding now the product operation, the product on F [H] = span(H) from Theorem
1.9 corresponds to the above convolution product on F [H] = {φ : H → F}, because:

(δr ∗ δs)(g) =
∑
g=hk

δr(h)δs(k)

= δg,rs

= δrs(g)

Thus δr ∗ δs = δrs, as desired. We conclude that the algebra F [H] from Theorem 1.9
coincides with the algebra F [H] constructed here, and this gives the result. □

In practice now, the above statement has a weakness, coming from the fact that our
formulae for ∆, ε, S are in terms of the Dirac masses. Here is a better version of it:

Theorem 1.13. Given a finite group H, the algebra of the F -valued functions on it
F [H] = {φ : H → F}, with the convolution product of functions,

(φ ∗ ψ)(g) =
∑
g=hk

φ(h)ψ(k)

is a Hopf algebra, with structural maps constructed as follows:

∆(φ) = [(g, h)→ δghφ(g)]

ε(φ) =
∑
g∈H

φ(g)

S(φ) = [g → φ(g−1)]

This Hopf algebra, which coincides with the previous F [H], in the finite group case, is
finite dimensional, cocommutative, and undeformed.
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Proof. This is what comes from Theorem 1.12, by linearity. Indeed, according to
our formula of ∆ there, on the Dirac masses, we have:

∆(φ)(g, h) = ∆

(∑
k∈H

φ(k)δk

)
(g, h)

=
∑
k∈H

φ(k)∆(δk)(g, h)

=
∑
k∈H

φ(k)(δk ⊗ δk)(g, h)

=
∑
k∈H

φ(k)δkgδkh

= δghφ(g)

Also, according to our formula of ε there, on the Dirac masses, we have:

ε(φ) = ε

(∑
g∈H

φ(g)δg

)
=

∑
g∈H

φ(g)ε(δg)

=
∑
g∈H

φ(g)

Finally, according to our formula of S there, on the Dirac masses, we have:

S(φ)(g) = S

(∑
h∈H

φ(h)δh

)
(g)

=
∑
h∈H

φ(h)S(δh)(g)

=
∑
h∈H

φ(h)δh−1(g)

= φ(g−1)

Thus, we are led to the conclusions in the statement. □

As a comment here, the proof of the above result relies on Theorem 1.12, which itself
relies on Theorem 1.9, and in this type of situation, when things pile up, it is better to
work out a new, direct proof, matter of doublechecking everything, and also matter of
better understanding what is going on. So, let us do this, as an instructive exercise.
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The problem is that of checking the Hopf algebra axioms directly, starting from the
formulae of ∆, ε, S from Theorem 1.13, and we have here the following result:

Proposition 1.14. We have the following formulae over the algebra F [H],

(∆⊗ id)∆(φ) = (id⊗∆)∆(φ)

(ε⊗ id)∆(φ) = (id⊗ ε)∆(φ) = φ

m(S ⊗ id)∆(φ) = m(id⊗ S)∆(φ) = ε(φ)1

guaranteeing that F [H] is indeed a Hopf algebra, for any finite group H.

Proof. As mentioned, we already know this, as a consequence of Theorem 1.13,
coming as consequence of Theorem 1.12, coming itself as consequence of Theorem 1.9,
but time now to prove this directly as well, by using the formulae of ∆, ε, S, namely:

∆(φ) = [(g, h)→ δghφ(g)]

ε(φ) =
∑
g∈H

φ(g)

S(φ) = [g → φ(g−1)]

We have to prove the following formulae, for any group elements g, h, k:

(∆⊗ id)∆(φ)(g, h, k) = (id⊗∆)∆(φ)(g, h, k)

(ε⊗ id)∆(φ)(g) = (id⊗ ε)∆(φ)(g) = φ(g)

m(S ⊗ id)∆(φ)(g) = m(id⊗ S)∆(φ)(g) = ε(φ)1

In what regards the first formula, this is clear, because the second iteration ∆(2) of
the comultiplication, no matter how computed, will by given the following formula:

∆(2)(φ)(g, h, k) = δghkφ(g)

Regarding the second formula, this is again clear, because when applying either of the
maps E1 = ε⊗ id and E2 = id⊗ ε to the quantity ∆(φ), what we get is:

Ei∆(φ)(g) =
∑
g=h

φ(h) = φ(g)

As for the third formula, this is similar, because when applying either of the maps
T1 = m(S ⊗ id) and T2 = m(id⊗ S) to the quantity ∆(φ), what we get is:

Ti∆(φ)(g) =
∑
g∈H

φ(g)1 = ε(φ)1

Thus, we are led to the conclusions in the statement. □
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1c. Abelian groups

With the above done, let us try now to understand the relation between the algebras
F (G) from Theorem 1.6, and the algebras F [H] from Theorem 1.12, or Theorem 1.13.

For this purpose, we must first talk about abelian groups, and their duals. And as a
starting point here, we first have the following elementary result:

Theorem 1.15. Given a finite group G, the multiplicative characters

χ : G→ F ∗

form a group Ĝ, called dual group, having the following properties:

(1) Ĝ is finite and abelian, and depends on both G and F .

(2) Ĝ = Ĝab, where Gab = G/[G,G] is the abelianization of G.

(3) We have a morphism G→ ̂̂
G, producing a morphism Gab →

̂̂
G.

(4) The dual of a product is the product of duals, Ĝ×H = Ĝ× Ĥ.

Proof. Our first claim is that Ĝ as constructed above is indeed a group, with the
pointwise multiplication of the characters, given by the following formula:

(χρ)(g) = χ(g)ρ(g)

Indeed, if χ, ρ are characters, so is χρ, and so the multiplication is well-defined on Ĝ.
Regarding the unit, this is the trivial character, constructed as follows:

1 : G→ F ∗ , g → 1

Finally, we have inverses, with the inverse of χ : G→ F ∗ being as follows:

χ−1 : G→ F ∗ , g → χ(g)−1

Thus the dual group Ĝ is indeed a group, and regarding now the other assertions:

(1) We have several things to be proved here, the idea being as follows:

– Our first claim is that Ĝ is finite. Indeed, given a group element g ∈ G, we can talk
about its order, which is smallest integer N ∈ N such that gN = 1. Now assuming that
we have a character χ : G→ F ∗, we must have the following formula:

χ(g)N = 1

Thus χ(g) must be one of the N -th roots of unity inside F , that is, must be one of the
roots over F of the polynomial XN − 1, and in particular, there are finitely many choices

for χ(g). Thus, there are finitely many choices for χ, and so Ĝ is finite, as claimed.

– Next, the fact that Ĝ is abelian follows from definitions, because the pointwise
multiplication of functions, and in particular of characters, is commutative.
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– Finally, the group dual Ĝ as constructed above certainly depends on G, but the
point is that it can depend on the ground field F too. Indeed, for an illustration here,
consider the cyclic group G = ZN . A character χ : ZN → F ∗ is then uniquely determined
by its value z = χ(g) on the standard generator g ∈ ZN , and this value must satisfy:

zN = 1

Now over the complex numbers, F = C, the solutions here are the usual N -th roots

of unity, so we have |ẐN | = N . Moreover, by thinking a bit, we have in fact:

ẐN = ZN
In contrast, over the real numbers, F = R, the possible solutions of zN = 1 must be

among z = ±1, and we conclude that in this case, the dual is given by:

ẐN =

{
{1} (N odd)

Z2 (N even)

There are of course far more things that can be said here, with all this being related to
the structure of the group of N -th roots of unity inside F , but for our present purposes,
what we have so far, namely the above illustration using F = R,C, will do.

(2) Let us prove now the second assertion, Ĝ = Ĝab. We recall that given a group G,
its commutator subgroup [G,G] ⊂ G is constructed as follows:

[G,G] =
{
ghg−1h−1

∣∣∣g, h ∈ G}
This subgroup is then normal, and we can define the abelianization of G as being:

Gab = G/[G,G]

Now given a character χ : G → F ∗, we have the following formula, for any g, h ∈ G,
based of course on the fact that the multiplicative group F ∗ is abelian:

χ(ghg−1h−1) = 1

Thus, our character factorizes as follows, into a character of the group Gab:

χ : G→ Gab → F ∗

Summarizing, we have constructed an identification Ĝ = Ĝab, as claimed.

(3) Regarding now the third assertion, as a first remark, given a finite group G we

have indeed a morphism I : G→ ̂̂
G, appearing via evaluation maps, as follows:

I : G→ ̂̂
G , g → [χ→ χ(g)]

Since the group duals, and so the group double duals too, are always abelian, we
cannot expect I to be injective, in general. In fact, due to χ(ghg−1h−1) = 1, we have:

[G,G] ⊂ ker I
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Thus, the morphism I : G→ ̂̂
G constructed above factorizes as follows:

I : G→ Gab →
̂̂
G

And with this, third assertion proved. There are of course some further things that

can be said here, in relation with the factorized morphism Gab →
̂̂
G, but the examples in

(1) above, where G itself was abelian, show that, when using an arbitrary field F , as we
are currently doing, this factorized morphism is not an isomorphism, in general.

(4) Finally, in what regards the fourth assertion, Ĝ×H = Ĝ × Ĥ, observe that a
character of a product of groups χ : G×H → F ∗ must satisfy:

χ(g, h) = χ [(g, 1)(1, h)]

= χ(g, 1)χ(1, h)

= χ|G(g)χ|H(h)

Thus χ must appear as the product of its restrictions χ|G, χ|H , which must be both
characters, and this gives the identification in the statement. □

As a conclusion to what we have above, certainly some interesting things, but with

the overall situation being not very good, due to the fact that the group dual Ĝ depends
on the ground field F , and with this preventing many interesting things to happen.

So, good time to temporarily break with our policy so far of using an arbitrary field
F . By choosing our ground field to be the smartest one around, namely F = C, and by
assuming as well that G is abelian, in view of what we found above, we are led to:

Theorem 1.16. Given a finite abelian group G, its complex characters

χ : G→ T

form a finite abelian group Ĝ, called Pontrjagin dual, and the following happen:

(1) The dual of a cyclic group is the group itself, ẐN = ZN .
(2) The dual of a product is the product of duals, Ĝ×H = Ĝ× Ĥ.

(3) Any product of cyclic groups G = ZN1 × . . .× ZNk
is self-dual, G = Ĝ.

Proof. We already know some of these things from Theorem 1.15, but since we are
here simplifying that, the best is to start all over again. We have indeed a finite abelian
group, as stated, and regarding the other assertions, their proof goes as follows:

(1) A character χ : ZN → T is uniquely determined by its value z = χ(g) on the
standard generator g ∈ ZN . But this value must satisfy:

zN = 1
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Thus we must have z ∈ ZN , with the cyclic group ZN being regarded this time as
being the group of N -th roots of unity. Now conversely, any N -th root of unity z ∈ ZN
defines a character χ : ZN → T, by setting, for any r ∈ N:

χ(gr) = zr

Thus we have an identification ẐN = ZN , as claimed.

(2) A character of a product of groups χ : G×H → T must satisfy:

χ(g, h) = χ [(g, 1)(1, h)] = χ(g, 1)χ(1, h)

Thus χ must appear as the product of its restrictions χ|G, χ|H , which must be both
characters, and this gives the identification in the statement.

(3) This follows from (1) and (2). Alternatively, any character χ : G→ T is uniquely
determined by its values χ(g1), . . . , χ(gk) on the standard generators of ZN1 , . . . ,ZNk

,

which must belong to ZN1 , . . . ,ZNk
⊂ T, and this gives Ĝ = G, as claimed. □

Let us discuss now the structure result for the finite abelian groups. This is something
which is more advanced, requiring good knowledge of group theory, as follows:

Theorem 1.17. The finite abelian groups are the following groups,

G = ZN1 × . . .× ZNk

and these groups are all self-dual, G = Ĝ.

Proof. This is something quite tricky, the idea being as follows:

(1) In order to prove our result, assume that G is finite and abelian. For any prime
number p ∈ N, let us define Gp ⊂ G to be the subset of elements having as order a power
of p. Equivalently, this subset Gp ⊂ G can be defined as follows:

Gp =
{
g ∈ G

∣∣∣∃k ∈ N, gpk = 1
}

(2) It is then routine to check, based on definitions, that each Gp is a subgroup. Our
claim now is that we have a direct product decomposition as follows:

G =
∏
p

Gp

(3) Indeed, by using the fact that our group G is abelian, we have a morphism as
follows, with the order of the factors when computing

∏
p gp being irrelevant:∏

p

Gp → G , (gp)→
∏
p

gp

Moreover, it is routine to check that this morphism is both injective and surjective,
via some simple manipulations, so we have our group decomposition, as in (2).
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(4) Thus, we are left with proving that each component Gp decomposes as a product
of cyclic groups, having as orders powers of p, as follows:

Gp = Zpr1 × . . .× Zprs

But this is something that can be checked by recurrence on |Gp|, via some routine
computations, and so we are led to the conclusions in the statement.

(5) So, this was for the quick story of the present result, structure theorem for the finite
abelian groups, and for more on all this, technical details, and some useful generalizations
too, we recommend learning this from a solid algebra book, such as Lang [67]. □

Getting back now to the Hopf algebras, we have the following result:

Theorem 1.18. If G,H are finite abelian groups, dual to each other via Pontrjagin
duality, in the sense that each of them is the character group of the other,

G =
{
χ : H → T

}
, H =

{
ρ : G→ T

}
we have an identification of Hopf algebras as follows:

F (G) = F [H]

In the case G = H = ZN , this identification is the usual discrete Fourier transform
isomorphism. In general, we obtain a tensor product of such Fourier transforms.

Proof. All this is standard Fourier analysis, the idea being as follows:

(1) In the simplest case, where our groups are G = H = ZN , we have indeed an
identification of algebras as above, which is a Hopf algebra isomorphism, given by the
usual discrete Fourier transform isomorphism, whose matrix with respect to the standard
basis on each side is the following matrix, with w = e2πi/N , called Fourier matrix:

FN =


1 1 1 . . . 1
1 w w2 . . . wN−1

1 w2 w4 . . . w2(N−1)

...
...

...
...

1 wN−1 w2(N−1) . . . w(N−1)2


(2) In the general case now, we can invoke the stucture theorem for the abelian groups,

which tells us that G must appear as a product of cyclic groups, as follows:

G = ZN1 × . . .× ZNk

Indeed, due to the functorial properties of the Pontrjagin duality, we have as well:

H = ZN1 × . . .× ZNk
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Thus, we are led to the conclusions in the statement, with the corresponding iso-
morphism of Hopf algebras being obtained by tensoring the isomorphisms from (1), and
corresponding to the following matrix, called generalized Fourier matrix:

FG = FN1 ⊗ . . .⊗ FNk

(3) Alternatively, it is possible to be more direct on all this, and short-circuiting
the heavy results, simply by viewing the identification F (G) = F [H] as appearing by
complexifying the characters from the definition of the dual group, namely:

H =
{
χ : G→ T

}
or G =

{
χ : H → T

}
Indeed, with this approach, which relies only on the definition of the Pontrjagin dual,

there is no need for the computations for ZN , or for the structure theorem for the finite
abelian groups. Again, we will leave the details here as an instructive exercise. □

As a comment here, we can feel that Theorem 1.18 is related to Fourier analysis, and
this is indeed the case. The point is that we have 3 types of Fourier analysis in life:

(1) We first have the “standard” one, corresponding to G = R, that you probably
know well, and which can be learned from any advanced analysis book.

(2) Then we have another one, called the “Fourier series” one, which is also something
popular and useful, corresponding to G = Z,T, that you probably know well too.

(3) And finally we have the “discrete” one, as above, over G = ZN and other finite
abelian groups. We will be back to this, on several occasions, in this book.

1d. Duality theory

Quite remarkably, the Pontrjagin duality for finite abelian groups can be extended to
the general finite group case, in the context of the Hopf algebras. To be more precise, we
have the following result, which is something truly remarkable, solving many questions,
and which will be our first general theorem on the Hopf algebras:

Theorem 1.19. Given a finite dimensional Hopf algebra A, its dual space

A∗ =
{
φ : A→ F linear

}
is also a finite dimensional Hopf algebra, with multiplication and unit as follows,

∆t : A∗ ⊗ A∗ → A∗ , εt : F → A∗

and with comultiplication, counit and antipode as follows:

mt : A∗ → A∗ ⊗ A∗ , ut : A∗ → F , St : A∗ → A∗

This duality makes correspond the commutative algebras to the cocommutative algebras.
Also, this duality makes correspond F (G) to F [G], for any finite group G.
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Proof. At the first glance, we can only expect here something more complicated than
for Theorem 1.18, that our result generalizes. However, by the power of abstract algebra,
where precise formulations matter a lot, things are in fact quite simple:

(1) To start with, we know that A is a Hopf algebra. Thus, as an associative algebra,
A has a multiplication map m, and a unit map u, which are as follows:

m : A⊗ A→ A , u : F → A

Also, A has a comultiplication ∆, counit ε and antipode S, which are as follows:

∆ : A→ A⊗ A , ε : A→ F , S : A→ Aopp

(2) By taking now the functional transposes of these 5 maps, we obtain 5 other maps,
whose domains and ranges are as in the statement. Moreover, it is routine to check that
these latter 5 maps are all morphisms of algebras, with this being actually clear for all
the maps involved, except for St, which requires some thinking at opposite algebras.

(3) Regarding now the axioms, since A is, before anything, an associative algebra, its
multiplication and unit maps m,u are subject to the following axioms:

m(m⊗ id) = m(id⊗m)

m(u⊗ id) = m(id⊗ u) = id

We also know that A is a Hopf algebra, so the following are satisfied too:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

(4) The point now is that the collection of the above 8 formulae is “self-dual”, in
the sense that when transposing, we obtain exactly the same 8 formulae. Indeed, the
transposes of the first two formulae are as follows:

(mt ⊗ id)mt = (id⊗mt)mt

(ut ⊗ id)mt = (id⊗ ut)mt = id

As for the transposes of the last three formulae, these are as follows:

∆t(∆t ⊗ id) = ∆t(id⊗∆t)

∆t(εt ⊗ id) = ∆t(id⊗ εt) = id

∆t(St ⊗ id)mt = ∆t(id⊗ St)mt = ut(.)1

But, we recognize here the full axioms for Hopf algebras, including those for associative
algebras. Thus A∗, as constructed in the statement, is indeed a Hopf algebra.
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(5) Observe now, as a complement to what is said in the statement, and which is
something that is useful to know, in practice, that the operation A → A∗ is indeed a
duality, because if we dualize one more time, we obtain A itself:

A∗∗ = A

(6) Regarding the assertion about commutative and cocommutative algebras, this is
clear from definitions, because we have the following equivalences:

Σmt = mt ⇐⇒ Σmt(φ) = mt(φ),∀φ
⇐⇒ Σmt(φ)(a, b) = mt(φ)(a, b),∀φ, a, b
⇐⇒ φ(ba) = φ(ab),∀φ, a, b
⇐⇒ ba = ab,∀a, b

Indeed, this computation gives the result in one sense, and in the other sense, this
follows either via a similar computation, or just by dualizing, and using (5).

(7) Finally, the last assertion, regarding the group algebras, is clear from definitions
too, after a quick comparison with Theorem 1.6 and Theorem 1.13.

(8) Indeed, the point is that we have dual vector spaces, and the Hopf algebra maps
from Theorem 1.6 are given by the following formulae:

(φψ)(g) = φ(g)ψ(g)

1 = [g → 1]

∆(φ) = [(g, h)→ φ(gh)]

ε(φ) = φ(1)

S(φ) = [g → φ(g−1)]

(9) As for the Hopf algebra maps from Theorem 1.13, these are as follows:

(φ ∗ ψ)(g) =
∑
g=hk

φ(h)ψ(k)

1 = [g → δg1]

∆(φ) = [(g, h)→ δghφ(g)]

ε(φ) =
∑
g∈H

φ(g)

S(φ) = [g → φ(g−1)]

Thus, we have indeed a pair of dual Hopf algebras, as stated.

(10) As a last observation, in the case where the finite group G is abelian, we recover in
this way what we know from Theorem 1.18, proved there the hard way. But, as mentioned
there, there are in fact several proofs for that result, with going via the heavy theorems
for the finite abelian groups being something practical, but not really necessary. □
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As a conclusion to this, we can now answer Question 1.11 in the affirmative, by merging
Speculation 1.7 and Speculation 1.10 in the finite case, in the following way:

Speculation 1.20. We can think of any finite dimensional Hopf algebra A, not nec-
essarily commutative or cocommutative, as being of the form

A = F (G) = F [H]

with G,H being finite quantum groups, related by a generalized Pontrjagin duality. And
with this generalizing what we know about the abelian groups.

All this is very nice, and we will leave some further categorical thinking and clarifica-
tion of all this, if needed, depending on taste, as an exercise.

As a second comment, despite the above being something nice, and quite deep, the
criticisms formulated on the occasion of Speculation 1.7 and Speculation 1.10 remain.
One problem, as usual, is whether we want to further include the condition S2 = id in our
axioms for the quantum groups. Another problem is that, even when assuming S2 = id,
nothing guarantees that a finite dimensional commutative Hopf algebra must be of the
form A = F (G). And also, once again when assuming S2 = id, nothing guarantees that
a finite dimensional cocommutative Hopf algebra must be of the form A = F [H]. And
finally, we have the big question regarding the relation of all this, mathematics developed
in a few pages, with quantum physics, which is certainly something more complicated.
All these are good problems, and we will be back to them, in what follows.

As a third comment, all the above concerns the finite dimensional case, and when
trying to do such things in the infinite dimensional setting, which must be topological, as
per the usual Pontrjagin duality for infinite groups, there are plenty of difficulties. Again,
these are all good questions, and we will be back to them, later in this book.

1e. Exercises

We had a lot of interesting algebra in this chapter, sometimes going towards basic
functional analysis, or differential geometry, and as exercises, we have:

Exercise 1.21. Learn everything about tensor products, from a good algebra book.

Exercise 1.22. Do as well some physics computations with ⊗, matter of loving it.

Exercise 1.23. Clarify all details of the functional transpose operation f → f t.

Exercise 1.24. Learn everything about abelian groups, and Pontrjagin duality.

Exercise 1.25. Learn about the various types of Fourier transforms and series.

Exercise 1.26. Work out all details for the duality theorem for Hopf algebras.

As bonus exercise, learn some functional analysis, which is obviously related to all
this. The more you will know here, in advance, the better that will be.



CHAPTER 2

Basic theory

2a. The antipode

With the Hopf algebras axiomatized, the basic examples F (G) and F [H] discussed,
and the duality theory discussed too, in the finite dimensional case, what is next? Many
things, and as a list of pressing topics to be discussed, for this chapter, we have:

(1) We would first like to have a more detailed look at the Hopf algebra axioms, and
what can be done with them. And notably, know more about the antipode S.

(2) Next, at the level of the basic examples, we have unfinished business, or rather
unstarted business, with the enveloping Lie algebras Ug. On our to-do list, too.

(3) Then, with the knowledge of F (G), F [H], Ug, we can try to emulate, as a contin-
uation of (1), some advanced group technology, inside the arbitrary Hopf algebras A.

(4) And finally, again with some inspiration from F (G), F [H], Ug, which will be our
main input here, we can have a discussion about Haar integration.

Which sounds quite good, and with none of the above questions (1,2,3,4) being easy
to solve, via some instant thinking, expect lots of new and interesting things, to come.

Getting started, as a first topic for this chapter, let us go back to the arbitrary Hopf
algebras, as axiomatized in chapter 1, and have a more detailed look at their antipode S.
The definition and basic properties of the antipode can be summarized as follows:

Theorem 2.1. Given a Hopf algebra A, its antipode is the morphism of algebras

S : A→ Aopp

Aopp being the opposite algebra, with product a · b = ba, subject to the following axiom:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

For F (G) the antipode is the transpose of the inversion map i : G → G. For F [H], the
antipode is given by S(g) = g−1. In both these cases, the above axiom corresponds to

g−1g = gg−1 = 1

and the extra condition S2 = id, coming from (g−1)−1 = g, is satisfied.

33
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Proof. This is something that we know well from chapter 1, and for full details about
all this, along with slightly more about S, we refer to the material there. □

In relation with this, as a first question that you might have, are there Hopf algebras
with S2 ̸= id? Here is a key example, due to Sweedler, which is the simplest one:

Theorem 2.2. The Sweedler algebra, A = span(1, c, x, cx) with the relations

c2 = 1 , x2 = 0 , cx = −xc
and with Hopf algebra structure given by

∆(c) = c⊗ c , ∆(x) = 1⊗ x+ x⊗ c , ∆(cx) = c⊗ cx+ cx⊗ 1

ε(c) = 1 , ε(x) = 0 , ε(cx) = 0

S(c) = c , S(x) = cx , S(cx) = −x
is not commutative, nor cocommutative, and has the property S4 = id, but S2 ̸= id.

Proof. This is something quite tricky, the idea being as follows:

(1) Consider the 4-dimensional vector space A = span(1, c, x, cx), with 1, c, x, cx being
some abstract variables. We can make then A into an associative algebra, with unit 1, by
declaring that we have indeed c · x = cx, and by imposing the following rules:

c2 = 1 , x2 = 0 , cx = −xc
(2) Next, by using the universal property of A, we can define a morphism of algebras

∆ : A→ A⊗ A, according to the following formulae, on the algebra generators c, x:

∆(c) = c⊗ c , ∆(x) = 1⊗ x+ x⊗ c
Observe that by multiplying we have as well ∆(cx) = c⊗ cx+ cx⊗ 1.

(3) Now let us try to prove that A is a Hopf algebra. By using the Hopf algebra
axioms, we conclude that ε, S can only be given on c, x by the following formulae:

ε(c) = 1 , ε(x) = 0

S(c) = c , S(x) = cx

But, and here comes the point, we can define indeed such morphisms, ε : A→ F and
S : A → Aopp, via the above formulae, by using the universality property of A. Observe
that by multiplying, we obtain as well ε(cx) = 0 and S(cx) = −x.

(4) Summarizing, we have our Hopf algebra, which is clearly not commutative, not
cocommutative either, and whose antipode satisfies S4 = id, but S2 ̸= id. □

Getting back now to the general case, in order to further build on Theorem 2.1, our
main source of inspiration will be what happens for A = F (G), where the antipode
appears as the functional analytic transpose, S = it, of the inversion map i(g) = g−1.

In view of this, we have the following natural question, which appears:
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Question 2.3. In group theory we have many elementary formulae involving products,
units and inverses, all coming from the group axioms, such as

1−1 = 1 , (g−1)−1 = g , (gh)−1 = h−1g−1 , . . .

which can be reformulated in terms of m,u, i, and then transposed, leading to formulae as
follows, involving ∆, ε, S, inside the algebras A = F (G):

εS = ε , S2 = id , ∆S = Σ(S ⊗ S)∆ , . . .

But, which of these latter formulae hold in general, inside any Hopf algebra A?

And isn’t this a good question. Indeed, as we know well from chapter 1, the answer
to the above question is definitely “yes” for the group axioms themselves, which are as
follows, and which reformulate, by definition, into the Hopf algebra axioms:

(gh)k = g(hk) , 1g = g1 = g , g−1g = gg−1 = 1

However, in what regards for instance the group theory formula (g−1)−1 = g, this
reformulates in Hopf algebra terms as S2 = id, and we have seen in Theorem 2.2 that we
have counterexamples to this. Thus, Question 2.3 definitely makes sense.

In order to get familiar with this, let us first study 1−1 = 1. We have here:

Theorem 2.4. We have the following formula, valid over any Hopf algebra,

εS = ε

and with this coming from 1−1 = 1 for A = F (G), and being trivial for A = F [H].

Proof. This is something elementary, the idea being as follows:

(1) In order to establish the above formula, we can use the Hopf algebra axiom for S.
Indeed, by applying the counit to this axiom, we obtain the following formula:

εm(S ⊗ id)∆ = εm(id⊗ S)∆ = ε

Let us compute the map on the left. By using the counit axiom, we have:

εm(S ⊗ id)∆ = (ε⊗ ε)(S ⊗ id)∆
= (εS ⊗ ε)∆
= εS(id⊗ ε)∆
= εS ◦ id
= εS

Similarly, and although not needed here, the map appearing in the middle in the above
formula is εS too. Thus, our above equality of maps reads εS = εS = ε, as desired.
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(2) Regarding now the case A = F (G), here our condition is as follows, as claimed:

εS = ε ⇐⇒ εS(φ) = ε(φ)

⇐⇒ φ(1−1) = φ(1)

⇐⇒ 1−1 = 1

(3) On the opposite, in the case A = F [H] our condition is trivial, coming from:

εS = ε ⇐⇒ εS(g) = ε(g)

⇐⇒ ε(g−1) = ε(g)

⇐⇒ 1 = 1

(4) Thus, result proved, with all this being quite trivial, but with the remark that what
we have at the end, that F (G) vs F [H] dissymmetry, is however quite interesting. □

Next on our list, still coming from Question 2.3, let us have a look at (gh)−1 = h−1g−1.
Things here are more tricky, and as a first result on the subject, we have:

Proposition 2.5. The antipode of both the algebras F (G) and F [H] satisfies

∆S = Σ(S ⊗ S)∆

with this coming from (gh)−1 = h−1g−1 for A = F (G), and being trivial for A = F [H].

Proof. For A = F (G) the proof goes as follows, with σ(g, h) = (h, g):

(gh)−1 = h−1g−1 ⇐⇒ im(g, h) = m(i× i)σ(g, h)
⇐⇒ im = m(i× i)σ
⇐⇒ mtit = σt(it ⊗ it)mt

⇐⇒ ∆S = Σ(S ⊗ S)∆

As for the algebra A = F [H], here the verification is trivial, as follows:

∆S = Σ(S ⊗ S)∆ ⇐⇒ ∆S(g) = Σ(S ⊗ S)∆(g)

⇐⇒ ∆(g−1) = Σ(S ⊗ S)(g ⊗ g)
⇐⇒ ∆(g−1) = Σ(g−1 ⊗ g−1)
⇐⇒ ∆(g−1) = g−1 ⊗ g−1

Observe that, again, we have an interesting F (G) vs F [H] dissymmetry here. □

Before getting further with our study of (gh)−1 = h−1g−1, that we will eventually show
to hold over any Hopf algebra, let us go back to Question 2.3. We have only recorded 3
possible relations there, but there are infinitely many more, and in relation with this, we
have the following result, related to (gh)−1 = h−1g−1, making a bit of cleanup:
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Proposition 2.6. We have the following implication, over any Hopf algebra,

∆S = Σ(S ⊗ S)∆ =⇒ ∆(2)S = Σ(2)(S ⊗ S ⊗ S)∆(2)

corresponding in the case A = F (G) to the following implication, at the group level:

(gh)−1 = h−1g−1 =⇒ (ghk)−1 = k−1h−1g−1

Moreover, we can iterate this observation, as many times as we want to.

Proof. We are presently into uncharted territory, so take the above statement as it
is, as something a bit informal. The point with all this is that, in the group theory setting,
it is quite obvious that by iterating, we have the following series of implications:

(gh)−1 = h−1g−1 =⇒ (ghk)−1 = k−1h−1g−1

=⇒ (ghkl)−1 = l−1k−1h−1g−1

=⇒ . . .

And the question is that, can we have these implications going, I mean these implica-
tions only, not the validity of the formulae themselves, in the Hopf algebra setting. With
the answer to this latter question being definitely yes, for the first implication, with the
computation being as follows, using twice the condition ∆S = Σ(S ⊗ S)∆:

∆(2)S = (∆⊗ id)∆S
= (∆⊗ id)Σ(S ⊗ S)∆
= Σ←(id⊗∆)(S ⊗ S)∆
= Σ←(S ⊗∆S)∆

= Σ←(S ⊗ Σ(S ⊗ S)∆)∆

= Σ←(id⊗ Σ)(S ⊗ S ⊗ S)(id⊗∆)∆

= Σ(2)(S ⊗ S ⊗ S)∆(2)

Thus, result proved, and I will leave it to you to figure out what the various versions
of Σ,∆ used above exactly mean. In what regards the last assertion, exercise as well. □

Summarizing, things are quite tricky. In order to further discuss this, we will need
some abstract algebraic preliminaries. Let us start with something standard, namely:

Theorem 2.7. If we define the convolution of linear maps φ, ψ : A→ A by

φ ∗ ψ = m(φ⊗ ψ)∆

then the Hopf algebra axiom for the antipode reads

S ∗ id = id ∗ S = ε(.)1

with the map on the right, ε(.)1, being the unit for the operation ∗.
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Proof. This is something which comes from the axioms, as follows:

(1) The first assertion is clear from the Hopf algebra axiom for the antipode, as
formulated in chapter 1, or in Theorem 2.1, which was as follows:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

Indeed, in terms of the convolution operation from the statement, φ∗ψ = m(φ⊗ψ)∆,
this axiom takes the following more conceptual form, as indicated above:

S ∗ id = id ∗ S = ε(.)1

(2) Regarding the second assertion, this follows from the counit axiom, namely:

(ε⊗ id)∆ = (id⊗ ε)∆ = id

Indeed, given a linear map φ : A→ A, we have the following computation:

φ ∗ ε(.)1 = m(φ⊗ ε(.)1)∆
= φ(id⊗ ε)∆
= φ ◦ id
= φ

Similarly, again for any linear map φ : A→ A, we have the following computation:

ε(.)1 ∗ φ = m(ε(.)1⊗ φ)∆
= φ(ε⊗ id)∆
= φ ◦ id
= φ

Thus the linear map ε(.)1 is indeed the unit for the operation ∗, as claimed. □

In order to do our next antipode computations, which will be sometimes quite tough,
we will need as well the following useful convention, due to Sweedler:

Definition 2.8. We use the Sweedler notation for the comultiplication ∆,

∆(x) =
∑

x1 ⊗ x2

with the sum on the right being understood to correspond to the tensor expansion of ∆(x).

And in the hope that this will sound quite nice and clever to you, when seeing it for
the first time. As illustrations for this Sweedler notation, or rather as a first piece of
advertisement for it, let us have a look at the Hopf algebra axioms, namely:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1
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We know these axioms since the beginning of chapter 1, and we certainly have some
knowledge in dealing with them. However, the point is that by using the Sweedler notation
above, these axioms take the following form, which is even more digest:∑

∆(x1)⊗ x2 =
∑

x1 ⊗∆(x2)∑
ε(x1)x2 =

∑
x1ε(x2) = x∑

S(x1)x2 =
∑

x1S(x2) = ε(x)

With this discussed, let us go back now to Theorem 2.7, which is our main theoretical
result, so far. With a bit more work, we can further improve this result, as follows:

Theorem 2.9. Given an algebra A, with morphisms of algebras

∆ : A→ A⊗ A , ε : A→ F

satisfying the usual axioms for a comultiplication and an antipode, namely

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

this is a Hopf algebra precisely when id : A→ A is invertible with respect to

φ ∗ ψ = m(φ⊗ ψ)∆
and in this case, the convolution inverse S = id−1 is the antipode.

Proof. This follows indeed from what we have in Theorem 2.7, and from a few extra
computations, best done by using the Sweedler notation, the idea being as follows:

(1) Assume first that A is a Hopf algebra. According to Theorem 2.7 we have indeed
S = id−1, inverse with respect to convolution, so the only thing that we have to prove is
that this inverse is unique. But this is something purely algebraic, which is valid under
very general circumstances, because for any associative multiplication · we have:

ab = ba = 1, ac = ca = 1 =⇒ b = bac = c

(2) Conversely now, assume that the identity map id : A→ A is invertible with respect
to the convolution operation ∗, with inverse S = id−1. As explained in Theorem 2.7, the
condition S = id−1 tells us that S satisfies the usual antipode axiom, namely:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

However, we are not done yet, because our map S : A→ A is just a linear map, that
we still have to prove to be a morphism, when regarded as map S : A→ Aopp. Thus, with
S = id−1 regarded as it comes, as linear map S : A→ A, we must prove that we have:

S(ab) = S(b)S(a)
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(3) In order to prove this formula, consider the following three linear maps:

m(a⊗ b) = ab , p(a⊗ b) = S(ab) , q(a⊗ b) = S(b)S(a)

We have then the following computation, involving the maps m, p:

(p ∗m)(a⊗ b) =
∑

p ((a⊗ b)1)m ((a⊗ b)2)

=
∑

p(a1 ⊗ b1)m(a2 ⊗ b2)

=
∑

S(a1b1)a2b2

=
∑

S ((ab)1) (ab)2

= (S ∗ 1)(ab)
= ε(ab)

= ε(a)ε(b)

= (ε⊗ ε)(a⊗ b)
On the other hand, we have as well the following computation, involving m, q:

(m ∗ q)(a⊗ b) =
∑

m(a1 ⊗ b1)q(a2 ⊗ b2)

=
∑

a1b1S(b2)S(a2)

=
∑

a1ε(b)S(a2)

= (1 ∗ S)(a) · ε(b)
= ε(a)ε(b)

= (ε⊗ ε)(a⊗ b)
Summarizing, we have proved that we have the following formulae:

p ∗m = m ∗ q = (ε⊗ ε)(.)1⊗ 1

(4) But with this, we can finish our proof, in the following way:

p = p ∗ ((ε⊗ ε)(.)1⊗ 1)

= p ∗ (m ∗ q)
= (p ∗m) ∗ q
= ((ε⊗ ε)(.)1⊗ 1) ∗ q
= q

Thus we have p = q, which means S(ab) = S(b)S(a), as desired. □

With all these preliminaries discussed, time now for our first true theorem. We can
indeed formulate something non-trivial regarding the antipode, as follows:
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Theorem 2.10. The antipode of a Hopf algebra S : A→ Aopp satisfies:

(1) εS = ε.
(2) ∆S = Σ(S ⊗ S)∆.
(3) S2 = id, when A is commutative or cocommutative.

Proof. This is something quite tricky, the idea being as follows:

(1) This is something that we already know, from Theorem 2.4.

(2) We have, by using the Sweedler notation from Definition 2.8:

(∆S ∗∆)(x) =
∑

∆S(x1)∆(x2)

= ∆
(∑

S(x1)x2

)
= ∆(ε(x)1)

= ε(x) · 1⊗ 1

On the other hand, we have as well, by using the Sweedler notation, iterated:

(∆ ∗ Σ(S ⊗ S)∆)(x) =
∑

(x1 ⊗ x2)(S(x4)⊗ S(x3))

=
∑

x1S(x4)⊗ x2S(x3)

=
∑

x1S(x3)⊗ ε(x2)1

=
∑

x1S(x3)ε(x2)⊗ 1

=
∑

x1S(x2)⊗ 1

= ε(x) · 1⊗ 1

As a conclusion to this, we have proved the following equalities:

∆S ∗∆ = ∆ ∗ Σ(S ⊗ S)∆ = ε(.)1⊗ 1

Now by using Theorem 2.7, we obtain from this, as desired:

∆S = ∆S ∗ (ε(.)1⊗ 1)

= ∆S ∗ (∆ ∗ Σ(S ⊗ S)∆)

= (∆S ∗∆) ∗ Σ(S ⊗ S)∆
= (ε(.)1⊗ 1) ∗ Σ(S ⊗ S)∆
= Σ(S ⊗ S)∆

(3) Our first claim is that when A is commutative or cocommutative, we have:∑
S(x2)x1 = ε(x)
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Indeed, in the commutative case this follows from the Hopf algebra axiom for S, in
Sweedler notation, which reads, as explained before:∑

x1S(x2) = ε(x)

As for the cocommutative case, here we can use again the axiom for S, namely:

m(S ⊗ id)∆(x) = ε(x)1

Indeed, by replacing ∆(x) with Σ∆(x), for flipping the tensors, we obtain the formula
claimed in the above. Thus, claim proved, and with this in hand, we have:

m(S ⊗ S2)∆(x) = m(S ⊗ S2)
(∑

x1 ⊗ x2
)

=
∑

S(x1)S
2(x2)

= S
(∑

S(x2)x1

)
= S(ε(x)1)

= ε(x)1

Now by using Theorem 2.9, we obtain from this S2 = id, as claimed. □

As a first comment on the above result, (2) there can be used in conjunction with
Proposition 2.6, and shows that much more is true. However, Question 2.3 as formulated
is still there, and knowing what group theory type relations hold, and what don’t, inside
an arbitrary Hopf algebra, remains something which requires some experience and skill.

Many other things can be said, as a continuation of the above, notably with some
general theory for the square of the antipode S2 : A → A, which is more specialized,
again based on the general interpretation of the antipode coming from Theorem 2.9. For
more on all this, we refer to the specialized Hopf algebra literature.

2b. Lie algebras

As a second task for this chapter, again coming as a continuation of what we did in
chapter 1, let us try now to better understand what happens, at the fine level, beyond
the finite dimensional case, where we already have some good examples and results.

As already mentioned in chapter 1, when trying to cover various infinite groups, such
as the compact, discrete, or more generally locally compact ones, the standard trick is
that of modifying a bit the Hopf algebra axioms, by using topological tensor products.
But this is something quite technical, and we will discuss this later in this book.

For the moment, let us show that we can cover the compact Lie groups, without
changing our axioms, by using a Lie algebra trick. Our claim is as follows:
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Claim 2.11. Given a compact Lie group G, with Lie algebra g, the corresponding
enveloping Lie algebra Ug is a Hopf algebra, which is cocommutative.

Obviously, many non-trivial notions involved here, with this being not your routine
abstract algebra statement, that you can understand right away, armed with Love for
algebra only. So, we will explain in what follows the various notions involved, namely the
Lie groups G, the Lie algebras g, and the enveloping Lie algebras Ug, and then we will
get of course to what the above claim says, and even provide a proof for it.

Getting started now, a Lie group is by definition a group which is a smooth manifold.
So, let us start our discussion with this, smooth manifolds. Here is their definition:

Definition 2.12. A smooth manifold is a space X which is locally isomorphic to RN .
To be more precise, this space X must be covered by charts, bijectively mapping open pieces
of it to open pieces of RN , with the changes of charts being C∞ functions.

As basic examples of smooth manifolds, we have of course RN itself, or any open
subset X ⊂ RN , with only 1 chart being needed here. Other basic examples, in the plane,
at N = 2, include the circle, or various curves like ellipses and so on, somehow for obvious
reasons. Here is a more precise statement in this sense, covering the conics:

Proposition 2.13. The following are smooth manifolds, in the plane:

(1) The circles.
(2) The ellipses.
(3) The non-degenerate conics.
(4) Smooth deformations of these.

Proof. All this is quite intuitive, the idea being as follows:

(1) Consider the unit circle, x2 + y2 = 1. We can write then x = cos t, y = sin t, with
t ∈ [0, 2π), and we seem to have here the solution to our problem, just using 1 chart.
But this is of course wrong, because [0, 2π) is not open, and we have a problem at 0. In
practice we need to use 2 such charts, say with the first one being with t ∈ (0, 3π/2),
and the second one being with t ∈ (π, 5π/2). As for the fact that the change of charts
is indeed smooth, this comes by writing down the formulae, or just thinking a bit, and
arguing that this change of chart being actually a translation, it is automatically linear.

(2) This follows from (1), by pulling the circle in both the Ox and Oy directions, and
the formulae here, based on the standard formulae for ellipses, are left to you reader.

(3) We already have the ellipses, and the case of the parabolas and hyperbolas is
elementary as well, and in fact simpler than the case of the ellipses. Indeed, a parablola
is clearly homeomorphic to R, and a hyperbola, to two copies of R.

(4) This is something which is clear too, depending of course on what exactly we mean
by “smooth deformation”, and by using a bit of multivariable calculus if needed. □
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In higher dimensions we have as basic examples the spheres, and I will leave it to you
to find a proof, using spherical coordinates, or the stereographic projection. Exercise as
well, to find higher dimensional analogues of the other assertions in Proposition 2.13.

Getting now to what we wanted to do here, Lie groups, let us start with:

Definition 2.14. A Lie group is a group G which is a smooth manifold, with the
corresponding multiplication and inverse maps

m : G×G→ G , i : G→ G

being assumed to be smooth. The tangent space at the origin 1 ∈ G is denoted

g = T1G

and is called Lie algebra of G.

So, this is our definition, and as a first observation, the examples of Lie groups abound,
with the circle T and with the higher dimensional tori TN being the standard examples.
For these, the Lie algebra is obviously equal to R and RN , respectively. There are of
course many other examples, all very interesting, and more on this in a moment.

Before getting into examples, let us discuss a basic question, that you surely have in
mind, namely why calling the tangent space g = T1G an algebra. In answer, since G is a
group, with a certain multiplication map m : G × G → G, we can normally expect this
map m to produce some sort of “algebra structure” on the tangent space g = T1G.

This was for the general idea, but in practice, things are more complicated than this,
because even for very simple examples of Lie groups, what we get in this way is not an
associative algebra, but rather a new type of beast, called Lie algebra.

So, coming as a continuation and complement to Definition 2.14, we have:

Definition 2.15. A Lie algebra is a vector space g with an operation (x, y)→ [x, y],
called Lie bracket, subject to the following conditions:

(1) [x+ y, z] = [x, z] + [y, z], [x, y + z] = [x, y] + [x, z].
(2) [λx, y] = [x, λy] = λ[x, y].
(3) [x, x] = 0.
(4) [[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

As a basic example, consider a usual, associative algebra A. We can define then the
Lie bracket on it as being the usual commutator, namely:

[x, y] = xy − yx
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The above axioms (1,2,3) are then clearly satisfied, and in what regards axiom (4),
called Jacobi identity, this is satisfied too, the verification being as follows:

[[x, y], z] + [[y, z], x] + [[z, x], y]

= [xy − yx, z] + [yz − zy, x] + [zx− xz, y]
= xyz − yxz − zxy + zyx+ yzx− zyx− xyz + xzy + zxy − xzy − yzx+ yxz

= 0

We will see in a moment that up to a certain abstract operation g → Ug, called
enveloping Lie algebra construction, and which is something quite elementary, any Lie
algebra appears in this way, with its Lie bracket being formally given by:

[x, y] = xy − yx

Before that, however, you might wonder where that Gothic letter g in Definition 2.15
comes from. That comes from the following fundamental result, making the connection
with the theory of Lie groups from Definition 2.14, denoted as usual by G:

Theorem 2.16. Given a Lie group G, that is, a group which is a smooth manifold,
with the group operations being smooth, the tangent space at the identity

g = T1(G)

is a Lie algebra, with its Lie bracket being basically a usual commutator.

Proof. This is something non-trivial, the idea being as follows:

(1) Let us first have a look at the orthogonal and unitary groups ON , NN . These
are both Lie groups, and the corresponding Lie algebras oN , uN can be computed by
differentiating the equations defining ON , UN , with the conclusion being as follows:

oN =
{
A ∈MN(R)

∣∣∣At = −A}
uN =

{
B ∈MN(C)

∣∣∣B∗ = −B}
This was for the correspondences ON → oN and UN → uN . In the other sense, the

correspondences oN → ON and uN → UN appear by exponentiation, the result here
stating that, around 1, the orthogonal matrices can be written as U = eA, with A ∈ oN ,
and the unitary matrices can be written as U = eB, with B ∈ uN .

(2) Getting now to the Lie bracket, the first observation is that both oN , uN are stable
under the usual commutator of the N×N matrices. Indeed, assuming that A,B ∈MN(R)
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satisfy At = −A, Bt = −B, their commutator satisfies [A,B] ∈MN(R), and:

[A,B]t = (AB −BA)t

= BtAt − AtBt

= BA− AB
= −[A,B]

Similarly, assuming that A,B ∈MN(C) satisfy A∗ = −A, B∗ = −B, their commutator
[A,B] ∈MN(C) satisfies the condition [A,B]∗ = −[A,B].

(3) We conclude from this discussion that both the tangent spaces oN , uN are Lie
algebras, with the Lie bracket being the usual commutator of the N ×N matrices.

(4) It remains now to understand how the Lie bracket [A,B] = AB − BA is related
to the group commutator [U, V ] = UV U−1V −1 via the exponentiation map U = eA, and
this can be indeed done, by making use of the differential geometry of ON , UN , and the
situation is quite similar when dealing with an arbitrary Lie group G. □

With this understood, let us go back to the arbitrary Lie algebras, as axiomatized
in Definition 2.15. There is an obvious analogy there with the axioms for the usual,
associative algebras, and based on this analogy, we can build some abstract algebra theory
for the Lie algebras. Let us record some basic results, along these lines:

Proposition 2.17. Let g be a Lie algebra. If we define its ideals as being the vector
spaces i ⊂ g satisfying the condition

x ∈ i, y ∈ g =⇒ [x, y] ∈ i

then the quotients g/i are Lie algebras. Also, given a morphism of Lie algebras f : g→ h,
its kernel ker(f) ⊂ g is an ideal, and we have g/ ker(f) = Im(f).

Proof. All this is very standard, exactly as in the case of the associative algebras,
and we will leave the various verifications here as an instructive exercise. □

Getting now to the point, remember our claim from the discussion after Definition
2.15, stating that up to a certain abstract operation g → Ug, called enveloping Lie
algebra construction, any Lie algebra appears in fact from the “trivial” associative algebra
construction, that is, with its Lie bracket being formally a usual commutator:

[x, y] = xy − yx

Time now to clarify this. The result here, making as well to the link with the various
Lie group considerations from Theorem 2.16 and its proof, is as follows:
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Theorem 2.18. Given a Lie algebra g, define its enveloping Lie algebra Ug as being
the quotient of the tensor algebra of g, namely

T (g) =
∞⊕
k=0

g⊗k

by the following associative algebra ideal, with x, y ranging over the elements of g:

I =< x⊗ y − y ⊗ x− [x, y] >

Then Ug is an associative algebra, so it is a Lie algebra too, with bracket

[x, y] = xy − yx
and the standard embedding g ⊂ Ug is a Lie algebra embedding.

Proof. This is something which is quite self-explanatory, and in what regards the
examples, illustrations, and other things that can be said, for instance in relation with
the Lie groups, we will leave some further reading here as an instructive exercise. □

Importantly, the above enveloping Lie algebra construction makes the link with our
Hopf algebra considerations, from the present book, via the following result:

Theorem 2.19. Given a Lie algebra g, its enveloping Lie algebra Ug is a cocommu-
tative Hopf algebra, with comultiplication, counit and antipode given by

∆ : Ug→ U(g⊕ g) = Ug⊗ Ug , x→ x+ x

ε : Ug→ F , x→ 1

S : Ug→ Ugopp = (Ug)opp , x→ −x
via various standard identifications, for the various associative algebras involved.

Proof. Again, this is something quite self-explanatory, and in what regards the ex-
amples, illustrations, and other things that can be said, for instance in relation with the
Lie groups, we will leave some further reading here as an instructive exercise. □

We will be back to this, and to Lie algebras in general, on several occasions, in what
follows. Among others, we will see later in this book how to reconstruct the Lie group G
from the knowledge of the enveloping Lie algebra Ug, using representation theory.

2c. Special elements

In view of the above results regarding the enveloping Lie algebras Ug, which are
cocommutative, and of the results from chapter 1 too, regarding the group algebras F [H],
which are cocommutative too, it makes sense to have a more systematic look at the Hopf
algebras A which are cocommutative, in our usual sense, namely:

Σ∆ = ∆
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We already know a bit about such algebras, in the finite dimensional case, and as a
complement to that material, we first have the following result:

Theorem 2.20. Let A be a Hopf algebra. The elements satisfying the condition

∆(a) = a⊗ a
which are called group-like, have the following properties:

(1) They form a group GA.
(2) They satisfy Σ∆(a) = ∆(a).
(3) We have a Hopf algebra embedding F [GA] ⊂ A.
(4) For a group algebra A = F [H], this embedding is an isomorphism.

Proof. This is something elementary, the idea being as follows:

(1) Let us call indeed group-like the elements a ∈ A satisfying ∆(a) = a⊗a, in analogy
with the formula ∆(g) = g ⊗ g when A = F [H], and more on this in a moment. The
group-like elements are then stable under the product operation, as shown by:

∆(ab) = ∆(a)∆(b) = (a⊗ a)(b⊗ b) = ab⊗ ab
We have as well the stability under taking inverses, with this coming from:

∆(a−1) = ∆(a)−1 = (a⊗ a)−1 = a−1 ⊗ a−1

Finally, the formula ∆(1) = 1 ⊗ 1 shows that 1 ∈ A is group-like. Thus, the set of
group-like elements GA ⊂ A is indeed a multiplicative subgroup, as claimed.

(2) Assuming that a ∈ A is group-like, we have indeed, as claimed:

Σ∆(a) = Σ(a⊗ a) = a⊗ a = ∆(a)

Observe that the converse of what we just proved here does not hold, for instance
because in the case of the group algebras A = F [H], which are cocommutative, Σ∆ = ∆,
there are many elements a ∈ A which are not group-like. More on this in a moment.

(3) There are several checks here, all being trivial or routine, the only point being that
of proving that the group-like elements are linearly independent. So, let us prove this.
Assume that we have a linear combination of group-like elements, as follows:

a =
∑
i

λiai

By applying ∆ to this element we obtain, by using the condition a ∈ GA:

∆(a) = a⊗ a =
∑
ij

λiλjai ⊗ aj

On the other hand, also by applying ∆, but by using ai ∈ GA, we obtain:

∆(a) =
∑
i

λi∆(ai) =
∑
i

λiai ⊗ ai
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We conclude that the following equation must be satisfied, when a ∈ GA:∑
ij

λiλjai ⊗ aj =
∑
i

λiai ⊗ ai

But this equation shows that we must have #{i} = #{j} = 1, as desired. That is, we
have proved that the group-like elements are linearly independent, and this gives a Hopf
algebra embedding F [GA] ⊂ A as in the statement, appearing in the obvious way.

(4) This is indeed clear from (3), because in the case of a group algebra A = F [H]
we have GA = H, with GA ⊃ H being clear, and with GA ⊂ H coming from linear
independence. Thus, in this case, the embedding F [GA] ⊂ A is an isomorphism. □

Many other things can be said about the group-like elements, and we will leave their
study in the case algebras A = F (G), and of the algebras A = g too, as an instructive
exercise. Moving on, here is another key construction, this time Lie algebra-inspired:

Theorem 2.21. Let A be a Hopf algebra. The elements satisfying the condition

∆(a) = a⊗ 1 + 1⊗ a
which are called primitive, have the following properties:

(1) They form a Lie algebra PA, with bracket [a, b] = ab− ba.
(2) They automatically satisfy Σ∆(a) = ∆(a).
(3) We have a Hopf algebra embedding UPA ⊂ A.
(4) For an enveloping Lie algebra A = Ug, this embedding is an isomorphism.

Proof. Observe the similarity with Theorem 2.20, and more on this later. Regarding
now the proof of the various assertions, this is straightforward, as follows:

(1) There are several things to be checked here, all being trivial or routine, the only
point being that of proving that the primitive elements are stable under taking commu-
tators. So, let us prove this. Assuming a, b ∈ PA, we have the following computation:

∆([a, b]) = ∆a ·∆b−∆b ·∆a
= (a⊗ 1 + 1⊗ a)(b⊗ 1 + 1⊗ b)− (b⊗ 1 + 1⊗ b)(a⊗ 1 + 1⊗ a)
= ab⊗ 1− ba⊗ 1 + 1⊗ ab− 1⊗ ba
= [a, b]⊗ 1 + 1⊗ [a, b]

Thus we have [a, b] ∈ PA, as desired, and this gives the assertion.

(2) Assuming that a ∈ A is primitive, we have indeed, as claimed:

Σ∆(a) = Σ(a⊗ 1 + 1⊗ a)
= 1⊗ a+ a⊗ 1

= a⊗ 1 + 1⊗ a
= ∆(a)
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Observe that the converse of what we just proved does not hold, for instance because
in the case of the envelopoing Lie algebras A = Ug, which are cocommutative, Σ∆ = ∆,
there are many elements a ∈ A which are not primitive. More on this in a moment.

(3) This indeed something quite routine, a bit as before, for the group-likes.

(4) This follows indeed from (3), again a bit as before, for the group-likes. □

Many other things can be said about the primitive elements, and we will leave their
study in the case of the function algebras A = F (G), and of the group algebras A = F [H]
too, which is something quite routine, as an instructive exercise.

Along the same lines, as a third and last construction now, motivated this time by the
function algebras A = F (G), which are commutative, we have:

Theorem 2.22. Given a Hopf algebra A, we can talk about its center

Z(A) ⊂ A

which is an associative subalgebra, having the following properties:

(1) For A = F (G), and more generally when A is commutative, Z(A) = A.
(2) For A = F [H], this algebra Z(A) is the algebra of central functions on H.
(3) In particular, when all conjugacy classes of H are infinite, Z(A) = F .

Proof. This is something quite self-explanatory, and a bit in analogy with Theorem
2.20, and Theorem 2.21. Consider indeed the central elements of a Hopf algebra A:

Z(A) =
{
a ∈ A

∣∣∣ab = ba, ∀b ∈ A
}

It is then clear that these central elements form an associative subalgebra, and:

(1) For A = F (G), and more generally when A is commutative, Z(A) = A.

(2) For A = F [H], consider a linear combination of group elements, as follows:

a =
∑
g

λgg

By linearity, this element a ∈ F [H] belongs to the center of F [H] precisely when it
commutes with all the group elements h ∈ H, and this gives:

a ∈ Z(A) ⇐⇒ ah = ha

⇐⇒
∑
g

λggh =
∑
g

λghg

⇐⇒
∑
k

λkh−1k =
∑
k

λh−1kk

⇐⇒ λkh−1 = λh−1k
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We conclude that λ must satisfy λgh = λhg, and so must be a central function on H,
as claimed, with the precise conclusion being that the center is given by:

Z(A) =

{∑
g

λgg
∣∣∣λgh = λhg

}
(3) This is a consequence of what we found in (2), and of the fact that the elements

a ∈ F [H] have by definition finite support. Indeed, when the group H is infinite, having
the infinite conjugacy class (ICC) property, there is no central function having finite
support, except for scalar multiples of the unit, so we have Z(A) = F , as stated. □

Many other things can be said about the central elements, and we will leave their
study for the enveloping Lie algebras A = Ug as an instructive exercise.

So long for special elements, inside an arbitrary Hopf algebra. The above results are
in fact just the tip of the iceberg, and we will be back to this on several occasions, in
what follows, and notably in chapter 3 below, when doing representation theory.

Finally, for our discussion to be complete, many things can be said about the group-
like, primitive and central elements, in relation with the various possible operations for
the Hopf algebras. But here, again, we will leave all this material for later.

2d. Haar measure

As a last topic for this chapter, which is something which is of key importance too,
let us discuss now Haar integration. Let us formulate, indeed:

Definition 2.23. Given a Hopf algebra A, a linear form
∫
: A→ F satisfying(∫

⊗ id
)
∆ =

∫
(.)1

is called a left integral. Similarly, a linear form
∫
: A→ F satisfying(

id⊗
∫ )

∆ =

∫
(.)1

is called a right integral. If both conditions are satisfied, we call
∫
: A→ F an integral.

These notions are motivated by the Haar integration theory on the various types of
groups, such as finite, compact, or locally compact. Among others, and in answer to a
question that you might have right now, we have to make the distinction between left
and right integrals, because for the generally locally compact groups, these two integrals
might differ. But more on such topics, which can be quite technical, later.

As a first illustration, in the case of the function algebras, A = F (G), with G finite
group, these notions are all equivalent, and lead to the uniform integration over G:
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Theorem 2.24. For a function algebra, A = F (G) with G finite group, with the
notation

∫
φ =

∫
G
φ(g)dg, the left integral condition takes the following form,∫

G

φ(gh)dg =

∫
G

φ(g)dg

and the right integral condition takes the following form,∫
G

φ(hg)dg =

∫
G

φ(g)dg

and in both cases the unique solution is the uniform integration over G,∫
G

φ(g)dg =
1

|G|
∑
g∈G

φ(g)

under the normalization assumption
∫
1 = 1.

Proof. This is something quite self-explanatory, the idea being as follows:

(1) With the convention
∫
φ =

∫
g
φ(g)dg from the statement, we have:(∫

⊗ id
)
∆φ =

(∫
⊗ id

)
[(g, h)→ φ(gh)]

=

∫
G

φ(gh)dg

Thus, the left integral condition reformulates as in the statement.

(2) Again with the convention
∫
φ =

∫
g
φ(g)dg from the statement, we have:(

id⊗
∫ )

∆ =

(
id⊗

∫ )
∆ [(h, g)→ φ(hg)]

=

∫
G

φ(hg)dg

Thus, the right integral condition reformulates as in the statement.

(3) When looking now for solutions, be that either for left invariant forms, or right
invariant forms, by taking as input Dirac masses, φ = δg with g ∈ G, we are led to the
conclusion that our invariant linear form must satisfy the following condition:∫

G

δg =

∫
G

δh , ∀g, h

Thus the correspoding density function must be constant over G, and under the extra
assumption

∫
1 = 1, the only solution is the uniform, mass 1 integration, as stated. □

As a second illustration, for the group algebras, A = F [H], with H arbitrary group,
the notions in Definition 2.23 are again equivalent, with unique solution, as follows:
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Theorem 2.25. For a group algebra, A = F [H], with H arbitrary group, the various
invariance notions for a linear form

∫
: A→ F are equivalent, with the solution being∫
g = δg,1

under the normalization assumption
∫
1 = 1. When H is finite and abelian we have∫

=

∫
Ĥ

with Ĥ being the dual finite abelian group.

Proof. This is again something quite self-explanatory, the idea being as follows:

(1) In what regards the left invariance condition, we have the following computation,
using the fact that the group elements g ∈ H span the group algebra F [H]:(∫

⊗ id
)
∆ =

∫
(.)1 ⇐⇒

(∫
⊗ id

)
∆(g) =

∫
g · 1

⇐⇒
(∫
⊗ id

)
(g ⊗ g) =

∫
g · 1

⇐⇒
∫
g · g =

∫
g · 1

⇐⇒
[
g ̸= 1 =⇒

∫
g = 0

]
Thus with the normalization

∫
1 = 1, the solution is unique,

∫
g = δg,1, as stated.

(2) In what regards the right invariance condition, we have the following computation,
using again the fact that the group elements g ∈ H span the group algebra F [H]:(

id⊗
∫ )

∆ =

∫
(.)1 ⇐⇒

(
id⊗

∫ )
∆(g) =

∫
g · 1

⇐⇒
(
id⊗

∫ )
(g ⊗ g) =

∫
g · 1

⇐⇒
∫
g · g =

∫
g · 1

⇐⇒
[
g ̸= 1 =⇒

∫
g = 0

]
Thus, with the normalization

∫
1 = 1, the solution is unique,

∫
g = δg,1, as stated.

(3) This is something which follows from the uniqueness of the integral, both from
Theorem 2.24 and from here, and which is clear as well from definitions. □
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Inspired by the above, a number of things can be said about integrals in the finite
dimensional algebra case, by using the duality A↔ A∗ from chapter 1, as follows:

Theorem 2.26. For a finite dimensional Hopf algebra A, in the context of the duality
A↔ A∗, the left and right integrals, regarded as elements

∫ t ∈ A∗, must satisfy∫ t

· (φ− ε(φ)) = 0 , (φ− ε(φ)) ·
∫ t

= 0

for any φ ∈ A∗. At the level of the main examples, of mass 1, these are as follows:

(1) For A = F (G) the integral is
∫ t

= 1
|G|
∑

g∈G g, as element of A∗ = F [G].

(2) For A = F [H] the integral is
∫ t

= δ1, as element of A∗ = F (H).

Proof. In what regards the left integrals, we have the following equivalences:(∫
⊗ id

)
∆ =

∫
(.)1 ⇐⇒

(∫
⊗ id

)
∆ =

∫
⊗u

⇐⇒ ∆t

(∫ t

⊗ id
)

=

∫ t

⊗ut

⇐⇒ ∆t

(∫ t

⊗ id
)
φ =

(∫ t

⊗ut
)
φ

⇐⇒
∫ t

· φ =

∫ t

· ε(φ)

Similarly, in what regards the right integrals, we have the following equivalences:(
id⊗

∫ )
∆ =

∫
(.)1 ⇐⇒

(
id⊗

∫ )
∆ =

∫
⊗u

⇐⇒ ∆t

(
id⊗

∫ t)
=

∫ t

⊗ut

⇐⇒ ∆t

(
id⊗

∫ t)
φ =

(∫ t

⊗ut
)
φ

⇐⇒ φ ·
∫ t

=

∫ t

· ε(φ)

Thus, main assertion proved, and in what regards now the illustrations:

(1) For A = F (G) we have A∗ = F [G], with the isomorphism F [G] ≃ F (G)∗ coming
via g → δg. But this isomorphism maps 1

|G|
∑

g∈G g →
1
|G|
∑

g∈G δg, which is exactly the

normalized, mass 1 integral of F (G), as computed in Theorem 2.24.

(2) Similarly, for the algebra A = F [H] we have A∗ = F (H), with the isomorphism
F (H) ≃ F [H]∗ coming via δg → δg. But this isomorphism maps δ1 → δ1, which is exactly
the normalized, mass 1 integral of F [H], as computed in Theorem 2.25. □
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As a comment here, with a bit more algebraic work, there are many other things that
can be said, in the finite dimensional case, as a continuation of the above. For more on
all this, further theory and examples, we refer to any specialized Hopf algebra book.

In the general case now, observe that the invariance conditions in Definition 2.23 can
be written as follows, in terms of the usual convolution operation φ ∗ ψ = (φ ∗ ψ)∆:∫

∗ id = id ∗
∫

=

∫
(.)1

There is a bit of analogy here with what we did in the beginning of this chapter, in
relation with the antipode S, and many things can be said here. We have indeed:

Theorem 2.27. Both the left and right integrals
∫
: A → F , when normalized as to

have
∫
1 = 1, satisfy the following idempotent linear form condition:∫

∗
∫

=

∫
At the level of the main examples, for this latter condition, these are as follows:

(1) For A = F (G) this condition is satisfied in fact by the normalized uniform inte-
gration form over any subgroup H ⊂ G.

(2) For A = F [H] this condition is satisfied in fact by the normalized uniform inte-
gration form over any quotient group H → K.

Proof. We have several asssertions here, the idea being as follows:

(1) In what regards the first assertion, for a left integral
∫
: A→ F , normalized as to

have
∫
1 = 1, we have indeed the following computation:∫

∗
∫

=

(∫
⊗
∫ )

∆

=

∫
◦
[(∫

⊗ id
)
∆

]
=

∫
◦
[∫

(.)1

]
=

∫
(.)

∫
(1)

=

∫
(.)
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(2) Also in what regards the first assertion, for a right integral
∫

: A → F , again
normalized as to have

∫
1 = 1, the computation is similar, as follows:∫

∗
∫

=

(∫
⊗
∫ )

∆

=

∫
◦
[(
id⊗

∫ )
∆

]
=

∫
◦
[∫

(.)1

]
=

∫
(.)

∫
(1)

=

∫
(.)

(3) Finally, regarding the various generalizations of the above computations, in the
special cases A = F (G) and A = F [H], as indicated in the statement, we will leave these
as an instructive exercise. We will be back to this in the next chapter, when talking about
quantum subgroups in general, and subgroups of group duals in particular. □

Summarizing, the theory of integrals for the Hopf algebras brings us right away into a
number of interesting topics, featuring duality, subgroups, quotients, and more. We will
be back to this later, and discuss as well later the relation with representation theory.

2e. Exercises

We had a lot of interesting algebra in this chapter, sometimes going towards basic
functional analysis, or differential geometry, and as exercises, we have:

Exercise 2.28. Learn more about the Hopf algebra antipode S.

Exercise 2.29. Learn more about the square of the antipode S2.

Exercise 2.30. Clarify the missing details for the group-like elements.

Exercise 2.31. Clarify the missing details for the primitive elements.

Exercise 2.32. Work out some further examples for the central elements.

Exercise 2.33. Compute the Haar integral, for some algebras of your choice.

As bonus exercise, reiterated, learn some functional analysis, which is obviously related
to all this. The more you will know here, in advance, the better that will be.



CHAPTER 3

Product operations

3a. Representations

We have seen so far that some interesting general theory can be developed for the
Hopf algebras, in analogy with the basic theory of groups, by using the Hopf algebra
maps ∆, ε, S, and the axioms satisfied by them. However, when doing group theory, you
won’t get very far just by playing with m,u, i, and the situation is pretty much the same
with the Hopf algebras, where you won’t get very far just by playing with ∆, ε, S.

In order to reach to a more advanced theory, we must talk about actions and coactions,
and about representations and corepresentations. Many things can be said here, and in
what follows we will present the basics, mostly definitions, that we will use right after
for talking about various product operations, and keep for later a more detailed study of
this, notably in relation with the notion of semisimplicity, and cosemisimplicity.

Let us begin with something straightforward, namely:

Definition 3.1. An action, or representation, of a Hopf algebra A on a finite dimen-
sional vector space V is a morphism of associative algebras, as follows:

π : A→ L(V )

Equivalently, by using a basis of V , this is the same as having a morphism as follows:

π : A→MN(F )

In this latter situation, we write π = (πij), with πij : A→ F given by πij(a) = π(a)ij.

Observe that the above notion has nothing to do with the Hopf algebra maps ∆, ε, S,
with only the associative algebra structure of A being involved. However, when A is a
Hopf algebra, as above, several interesting things can be said, as we will soon discover.

To start with, in the context of Definition 3.1, the number N = dimV is called
dimension of the representation π. The simplest situation, namely N = 1, corresponds
by definition to a representation as follows, also called character of A:

π : A→ F

So, let us first study these characters, under our assumption that A is a Hopf algebra,
as in Definition 3.1. We can say several things here, as follows:

57
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Theorem 3.2. The characters of a Hopf algebra π : A→ F are as follows:

(1) When A is finite dimensional, π ∈ A∗ must be a group-like element.
(2) When A = F (G) with |G| <∞, we must have π(f) = f(g), for some g ∈ G.
(3) When A = F [H], our character must come from a group morphism ρ : H → F ∗.

Proof. This follows from the general Hopf algebra theory that we developed in chap-
ter 1, the details of the proof, and of the statement too, being as follows:

(1) Assuming dimA < ∞, we know from chapter 1 how to construct the dual Hopf
algebra A∗, consisting of the linear forms π : A → F . So, let us pick such a linear form,
and see when this form is a character. But this happens precisely when π is multiplicative,
π(ab) = π(a)π(b), and we can process this latter condition as follows:

π(ab) = π(a)π(b) ⇐⇒ πm(a⊗ b) = m(π ⊗ π)(a⊗ b)
⇐⇒ πm = m(π ⊗ π)
⇐⇒ mtπt = (πt ⊗ πt)mt

⇐⇒ mtπt(1) = (πt ⊗ πt)mt(1)

⇐⇒ mtπt(1) = (πt ⊗ πt)(1⊗ 1)

⇐⇒ mtπt(1) = πt(1)⊗ πt(1)

Now forgetting about A, and using the notation ∆ = mt for the comultiplication of
A∗, and also by identifying πt(1) ∈ A∗ with π ∈ A∗, this condition reads:

∆(π) = π ⊗ π

Thus, we are led to the conclusion in the statement.

(2) Assume now A = F (G), with |G| < ∞. Our Hopf algebra A being finite dimen-
sional, what we found in (1) above applies, and we conclude that the characters of A
correspond to the group-like elements of the following Hopf algebra:

F (G)∗ = F [G]

But the group-like elements of F [G] are very easy to compute, due to:

∆

(∑
g∈G

λg g

)
=
∑
g∈G

λg g ⊗ g

Indeed, this formula shows that the group-like elements of F [G] are precisely the group
elements g ∈ G. Thus, as a conclusion, the characters π : A → F must come from the
group elements g ∈ G, and now by carefully looking at what we did in the above, we can
also say that the connecting formula is the one in the statement, namely:

π(f) = f(g)
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(3) Again, this is something which comes from the general theory from chapter 1.
Indeed, assuming A = F [H], to any character π : A → F we can associate a group
morphism ρ : H → F ∗, simply as being the following composition:

ρ : H ⊂ F [H]→ F

Conversely now, given a group morphism ρ : H → F ∗, we can associate to it a Hopf
algebra character π : F [H]→ F , simply by linearizing, as follows:

π

(∑
h∈H

λh h

)
=
∑
h∈H

λh ρ(h)

Thus, we have our bijection, as claimed in the statement. □

Many other things can be said, as a continuation of the above. Recall for instance

from chapter 1 that to any finite abelian group G we can associate its dual Ĝ with respect
to a field F , as being the finite abelian group formed by the group characters of G:

Ĝ =
{
ρ : G→ F ∗

}
In fact, again following chapter 1, we can perform this construction for any group G,

not necessarily finite, or abelian, and we obtain in this way a certain group Ĝ. Of course,
this construction is not always very interesting, for instance because there are non-trivial,

and even infinite groups G, for which Ĝ = {1}. However, our construction makes sense,
as something rather theoretical, and with this in hand, what we found in Theorem 3.2
(3) says that the characters of A = F [H] come from the following group elements:

ρ ∈ Ĥ

Moving forward now, in the general context of Definition 3.1, we have so far some
good understanding on what happens in the case dimV = 1, coming from Theorem 3.2.
In general things can be quite complicated, and as a first result here, regarding the main
examples of Hopf algebras, namely F (G), with G finite group, and F [H], with H arbitrary
group, we can say a few things about representations, as follows:

Theorem 3.3. The following happen:

(1) Given a finite group G, and elements g1, . . . , gN ∈ G, we have a representation
π : F (G)→MN(F ), given by π(f) = diag(f(g1), . . . , f(gN)).

(2) Given a group H, the representations π : F [H] → MN(F ) come by linearization
from the group representations ρ : H → GLN(F ).

Proof. These assertions come as a continuation of Theorem 3.2 (2) and (3), with
their proof, along with a bit more on the subject, being as follows:
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(1) Given a finite group G, and a field F , let us try to find representations, in the
sense of Definition 3.1, of the corresponding function algebra of G:

π : F (G)→MN(F )

Now observe that, since the algebra F (G) is commutative, so must be its image
Im(π) ⊂ MN(F ). Thus, as a first question, we must look for commutative subalge-
bras A ⊂ MN(F ). But the standard choice here is the algebra of diagonal matrices
∆ ⊂MN(F ), and its various subalgebras A ⊂ ∆, which are all commutative.

(2) With this idea in mind, in order to find basic examples, let us look for representa-
tions as follows, with ∆ ⊂MN(F ) being the algebra of diagonal matrices:

π : F (G)→ ∆

But such a representation must be of the special form π = diag(π1, . . . , πN), with
πi : F (G) → F being certain 1-dimensional representations, or characters. Now since
such characters must come from group elements, we must have πi(f) = f(gi), for certain
elements gi ∈ G, and we are led to the formula in the statement, namely:

π(f) =

f(g1) . . .
f(gN)


(3) Summarizing, we have proved the result for F (G), along with a bit more, namely

the fact that any representation of type π : F (G)→ ∆ ⊂MN(F ) appears as in the state-
ment. It is possible to say more about this, for instance by spinning our representations
with the help of a matrix U ∈ GLN(F ), but no hurry with this, and we will leave this
material for later, when systematically doing representation theory.

(4) With this done, let us discuss now the second situation in the statement, where
we have a group H, which can be finite or not, and a field F , and we are looking for
representations of the corresponding group algebra, as follows:

π : F [H]→MN(F )

By restriction to H ⊂ F [H], we obtain a certain map, as follows:

ρ : H →MN(F )

(5) Now observe that, since π is a morphism of algebras, this map ρ must be multi-
plicative with respect to the group structure of H, in the sense that we must have:

ρ(g)ρ(h) = ρ(gh)

In particular with h = g−1 we can see that each ρ(g) must be invertible, and so our
map ρ must be in fact a group morphism, as follows:

ρ : H → GLN(F )
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(6) But this gives the result. Indeed, by linearity, the representation π is uniquely
determined by ρ, and conversely, given a group morphism ρ : H → GLN(F ) as above, by
linearizing we obtain an algebra representation π : F [H]→MN(F ), as desired.

(7) Thus, done with the second assertion too, and as before with the first assertion,
several things can be added to this. For instance when H is finite and abelian, we know

from chapter 1 that we have an isomorphism as follows, with G = Ĥ:

F (G) ≃ F [H]

In view of this, the question is, how do the examples of representations of F (G)
constructed in (1) fit with the arbitrary representations of F [H] classified in (2).

(8) In answer, the representations classified in (2) correspond, via Pontrjagin duality,
to those constructed in (1), further spinned by a matrix U ∈ GLN(F ), along the lines
suggested in step (3) above. We will leave the clarification of this as an instructive exercise,
and we will come back to this subject, with full details, in due time. □

Many other things can be said, as a continuation of the above. We will be back to
this, once we will have more general theory to be applied, and examples to be studied.

3b. Corepresentations

Moving forward, in order to reach to a continuation of the above, let us recall that
a Hopf algebra A = (A,m, u,∆, ε, S) is a special type of bialgebra A = (A,m, u,∆, ε),
which itself is a certain mix of an algebra (A,m, u), and a coalgebra (A,∆, ε). We have
not talked about such things so far, but right now is the good time to do it.

Indeed, with Definition 3.1 being something only related to the algebra structure of
A, the question is, what is the “dual” definition, related to the coalgebra structure of A.
In answer, such a dual definition exists indeed, as follows:

Definition 3.4. A coaction, or corepresentation, of a Hopf algebra A on a finite
dimensional vector space V is a linear map α : V → V ⊗ A satisfying the condition

(α⊗ id)α = (id⊗∆)α

called coassociativity. Equivalently, by using a basis of V , and writing

α(ei) =
∑
j

ej ⊗ uji

with uij ∈ A, the square matrix u = (uij) must satisfy the condition

∆(uij) =
∑
k

uik ⊗ ukj

also called coassociativity.
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As a first observation, it looks like we forgot here to say something in relation with ε,
but that condition is automatic, and more on this in a moment. Also, the fact that the
condition at the end is indeed equivalent to that in the beginning is something that must
be checked, and this can be done by comparing the following two formulae:

(id⊗∆)α(ej) = (id⊗∆)
∑
i

ei ⊗ uij =
∑
i

ei ⊗∆(uij)

(α⊗ id)α(ej) = (α⊗ id)
∑
k

ek ⊗ ukj =
∑
ik

ei ⊗ uik ⊗ ukj

Getting back to Definition 3.4 as formulated, as already said, this appears as a “dual”
of Definition 3.1, and similar comments can be made about it. Let us start with:

Proposition 3.5. The 1-dimensional corepresentations of A correspond to the ele-
ments a ∈ A satisfying

∆(a) = a⊗ a
which are the group-like elements of A.

Proof. This is indeed clear from definitions, because at N = 1 the corepesentations
of A are the 1× 1 matrices u = (a), satisfying ∆(a) = a⊗ a. □

Observe the similarity with what we know from Theorem 3.2 (1). However, at the
level of the proofs, Theorem 3.2 (1) was something rather complicated, while the above
is something trivial. Quite surprising all this, hope you agree with me. In short, we
have something interesting here, philosophically speaking, suggesting that Definition 3.4
is something quite magical, when compared to Definition 3.1. Good to know, and because
of this, we will be often prefer Definition 3.4 over Definition 3.1, in what follows.

As another comment, Definition 3.4 only involves the comultiplication ∆, and you
might wonder about the role of the counit ε and the antipode S, in relation with corep-
resentations. In answer, at N = 1 the situation is very simple, because, as we know well
from chapter 2, the group-like elements a ∈ A are subject to the following formulae:

ε(a) = 1 , S(a) = a−1

A similar phenomenon happens in general, with the result here, which can be regarded
as being a useful complement to Definition 3.4, being as follows:

Theorem 3.6. Given a corepresentation u ∈MN(A), we have:

(id⊗ ε)u = 1 , (id⊗ S)u = u−1

Also, the associated coaction α : FN → FN ⊗ A is counital, (id⊗ ε)α = id.
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Proof. There are several things going on here, the idea being as follows:

(1) Let us first prove the second formula, the one involving the antipode S. For this
purpose, we can use the Hopf algebra axiom for the antipode, namely:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

Indeed, by applying this to uij, and setting v = (id⊗ S)u, we have, as desired:

m(S ⊗ id)∆(uij) = m(id⊗ S)∆(uij) = ε(uij)

=⇒
∑
k

S(uik)ukj =
∑
k

uikS(ukj) = δij

=⇒
∑
k

vikukj =
∑
k

uikvkj = δij

=⇒ (vu)ij = (uv)ij = δij

=⇒ v = u−1

(2) Let us prove now the first formula, the one involving the counit ε. For this purpose,
we can use the Hopf algebra axiom for the counit, namely:

(ε⊗ id)∆ = (id⊗ ε)∆ = id

Indeed, by applying this to uij, and setting E = (id⊗ ε)u, we have:

(ε⊗ id)∆(uij) = (id⊗ ε)∆(uij) = uij

=⇒
∑
k

ε(uik)ukj =
∑
k

uikε(ukj) = uij

=⇒
∑
k

Eikukj =
∑
k

uikEkj = uij

=⇒ (Eu)ij = (uE)ij = uij

=⇒ Eu = uE = u

Now since u is invertible by (1), we obtain from this, as desired:

E = 1

(3) Regarding now the last assertion, our claim here is that, in the general context of
Definition 3.4, the following two counitality conditions are equivalent:

(id⊗ ε)α = id ⇐⇒ (id⊗ ε)u = 1

But this is something which is clear, coming from the following computation:

(id⊗ ε)α(ei) = (id⊗ ε)
∑
j

ej ⊗ uji =
∑
j

ejε(uji)
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Indeed, we obtain from this the following equivalences:

(id⊗ ε)α ⇐⇒ (id⊗ ε)α(ei) = ei

⇐⇒ ε(uji) = δij

⇐⇒ (id⊗ ε)u = 1

Thus, we are led to the conclusion in the statement. □

Still talking generalities, in the finite dimensional case we have the following result,
making it clear that Definition 3.1 and Definition 3.4 are indeed dual to each other:

Theorem 3.7. Given a finite dimensional Hopf algebra A:

(1) The representations of A correspond to the corepresentations of A∗.
(2) The corepresentations of A∗ correspond to the representations of A.

Proof. In view of the duality result from chapter 1, it is enough to prove one of the
assertions, and we will prove the first one. So, consider a linear map, as follows:

π : A→MN(F )

As in Definition 3.1, let us construct the coefficients πij : A → F of this map by the
following formula, which must hold for any a ∈ A:

πij(a) = π(a)ij

Now observe that each of these coefficients πij : A→ F can be regarded as an element
of the dual algebra A∗. As in Definition 3.4, we denote by uij these elements:

πij = uij ∈ A∗

With these conventions made, we must prove that π is a representation of A precisely
when u is a corepresentation of A∗. But this can be done as follows:

(1) Our first claim is that π is associative precisely when u is coassociative. But this
is something straightforward, which can be established as follows:

π(ab) = π(a)π(b) ⇐⇒ πij(ab) =
∑
k

πik(a)πkj(b)

⇐⇒ uij(ab) =
∑
k

uik(a)ukj(b)

⇐⇒ ∆(uij)(a⊗ b) =

(∑
k

uik ⊗ ukj

)
(a⊗ b)

⇐⇒ ∆(uij) =
∑
k

uik ⊗ ukj
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(2) Our second claim is that π is unital precisely when u is counital. But this is again
something straightforward, which can be established as follows:

π(1) = 1 ⇐⇒ πij(1) = δij

⇐⇒ uij(1) = δij

⇐⇒ ε(uij) = δij

Thus, we are led to the conclusion in the statement. □

Finally, at the level of basic examples, we have the following result, which is in analogy
with what we know about representations, from Theorem 3.3:

Theorem 3.8. The following happen:

(1) Given a finite group G, the corepresentations u ∈MN(F (G)) come, via uij(g) =
ρ(g)ij from the group representations ρ : G→ GLN(F ).

(2) Given an arbitrary group H, and elements g1, . . . , gN ∈ H, we have a corepre-
sentation u ∈MN(F [H]), given by u = diag(g1, . . . , gN).

Proof. As before with Theorem 3.3, many things can be said here, and we will come
back to this, on the several occasions, the idea for now being as follows:

(1) To start with, in the case of the finite groups, which produce finite dimensional
Hopf algebras, the result formally follows from Theorem 3.3, via the duality from Theorem
3.7. Thus, done with (1), and with (2) being trivial anyway, done.

(2) However, all this is a bit abstract, so let us check as well (1) directly. Given a
finite group G, the question is when uij ∈ F (G) satisfy the following conditions:

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij

But, by doing exactly the same computations as those in the proof of Theorem 3.7,
the answer here is that this happens precisely when the following is a representation:

g →

u11(g) . . . u1N(g)
...

...
uN1(g) . . . uNN(g)


Thus, we have a bijection with the representations ρ : G→ GLN(F ), as stated.

(3) Now let us look at the second assertion in the statement. Given a group H, we
know from Proposition 3.5 that all the group elements g ∈ H ∈ F [H] are 1-dimensional
corepresentations. Now let us perform a diagonal sum of such corepresentations:

u =

g1 . . .
gN


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This matrix is then a corepresentation of F [H], as stated, with both the coassociativity
and counitaly axioms being clear. And with the remark that we actually proved a bit
more, namely that the diagonal corepresentations of F [H] are those in the statement.

(4) Finally, as before in the proof of Theorem 3.3, some further things can be said
here, by conjugating such diagonal corepresentations with matrices U ∈ GLN(F ), and by
making the link with the first assertion, in the abelian group case. But, also as before, on
several occasions, we will rather leave this for now as an instructive exercise, and come
back to all this later, when systematically doing representation theory. □

As a conclusion to all this, we have now a nice representation and corepresentation
theory, up and working, for the Hopf algebras, which is related in a nice way to the
duality considerations from chapter 1, and with the main examples, which are all quite
illustrating, coming from the group algebras of type F (G) and F [H]. However, this
remains just the tip of the iceberg, and as questions still to be solved, we have:

(1) Fully clarify the classification of the representations and corepresentations of the
group algebras of type F (G) and F [H], in the missing cases.

(2) Clarify as well what happens to the duality between representations of A and
corepresentations of A∗, when A is no longer finite dimensional.

(3) And finally, discuss what happens for the enveloping Lie algebras Ug, in relation
with the representations of the associated Lie groups G.

These questions are all fundamental, but none being trivial, we will leave them for
later, when discussing more systematically representation theory.

3c. Product operations

Let us discuss now some natural operations on the Hopf algebras, inspired by those
for the groups. We will heavily rely here on the following speculation, from chapter 1:

Speculation 3.9. We can think of any finite dimensional Hopf algebra A, not nec-
essarily commutative or cocommutative, as being of the form

A = F (G) = F [H]

with G,H being finite quantum groups, related by a generalized Pontrjagin duality. And
with this generalizing what we know about the finite abelian groups.

As explained in chapter 1, this speculation is here for what it is worth, on one hand
encapsulating some non-trivial results regarding the finite abelian groups, and the finite
dimensional Hopf algebras, and the duality theory for them, but on the other hand,
missing some important aspects of the same theory of finite dimensional Hopf algebras.
Thus, interesting speculation that we have here, but to be taken with care.
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In relation with various product operations, what we would like to have are product
operations for the Hopf algebras ⋆, subject to formulae of the following type:

F (G) ⋆ F (H) = F (G ◦H)

Equivalently, at the dual level, what we would like to have are product operations for
the Hopf algebras ⋆, subject to formulae of the following type:

F [G] ⋆ F [H] = F (G •H)

But probably too much talking, let us get to work. We first have the tensor products
of Hopf algebras, whose construction and main properties are as follows:

Theorem 3.10. Given two Hopf algebras A,B, so is their tensor product

C = A⊗B

and as main illustrations for this operation, we have the following formulae:

(1) F (G×H) = F (G)⊗ F (H).
(2) F [G×H] = F [G]⊗ F [H].

Proof. This is something quite self-explanatory, relying on the general theory of the
tensor products ⊗ explained in chapter 1, the details being as follows:

(1) To start with, given two associative algebras A,B, so is their tensor product as
vector spaces A⊗B, with multiplicative structure as follows:

(a⊗ b)(a′ ⊗ b′) = aa′ ⊗ bb′ , 1 = 1⊗ 1

Now assume in addition that A,B are Hopf algebras, each coming with its own ∆, ε, S
operations. In this case we can define ∆, ε, S operations on A⊗B, as follows:

∆(a⊗ b) = ∆(a)13∆(b)24

ε(a⊗ b) = ε(a)ε(b)

S(a⊗ b) = S(a)⊗ S(b)
(2) But with the above formulae in hand, the verification of the Hopf algebra axioms

is straightforward. Indeed, in what regards the comultiplication axiom, we have:

(∆⊗ id)∆(a⊗ b) = (∆⊗ id⊗ id)(∆(a)13∆(b)24)

= [(∆⊗ id)∆(a)]135[(∆⊗ id)∆(b)]246

= [(id⊗∆)∆(a)]135[(id⊗∆)∆(b)]246

= (id⊗ id⊗∆)(∆(a)13∆(b)24)

= (id⊗∆)∆(a⊗ b)
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As for the counit and antipode axioms, their verification is similar, with no tricks of
any kind involved. To be more precise, in what regards the counit axiom, we have:

(ε⊗ id)∆(a⊗ b) = (ε⊗ ε⊗ id⊗ id)(∆(a)13∆(b)24)

= [(ε⊗ id)∆(a)]1[(ε⊗ id)∆(b)]2

= a1b2

= a⊗ b
Similarly, we have the following computation, for the other counit axiom:

(id⊗ ε)∆(a⊗ b) = (id⊗ id⊗ ε⊗ ε)(∆(a)13∆(b)24)

= [(id⊗ ε)∆(a)]1[(id⊗ ε)∆(b)]2

= a1b2

= a⊗ b
Finally, for the antipode axiom, we have the following computation:

m(S ⊗ id)∆(a⊗ b) = (m13m24)(S ⊗ S ⊗ id⊗ id)(∆(a)13∆(b)24)

= (m(S ⊗ id)∆(a))1(m(S ⊗ id)∆(b))2

= (ε(a)1)1(ε(b)1)2

= ε(a)1⊗ ε(b)1
= ε(a⊗ b)1⊗ 1

Similarly, we have the following computation, for the other antipode axiom:

m(id⊗ S)∆(a⊗ b) = (m13m24)(id⊗ id⊗ S ⊗ S)(∆(a)13∆(b)24)

= (m(id⊗ S)∆(a))1(m(id⊗ S)∆(b))2

= (ε(a)1)1(ε(b)1)2

= ε(a)1⊗ ε(b)1
= ε(a⊗ b)1⊗ 1

We conclude that C = A⊗B is indeed a Hopf algebra, as stated.

(3) In what regards now the formula F (G×H) = F (G)⊗F (H), when G,H are finite
groups, as well as the formula F [G×H] = F [G]⊗F [H], when G,H are arbitrary groups,
these are both clear from the definition of the tensor product operation. □

As a continuation of the above, in what regards the special elements, we have:

Proposition 3.11. The special elements of A⊗B are as follows:

(1) GA⊗B contains GA ×GB.
(2) PA⊗B contains PA, PB.
(3) Z(A⊗B) = Z(A)⊗ Z(B).
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Proof. This is something quite self-explanatory, the idea being as follows:

(1) In what regards the group-like elements, ∆(c) = c ⊗ c, assuming a ∈ GA, b ∈ GB

we have the following computation, showing that we have a⊗ b ∈ GA⊗B:

∆(a⊗ b) = ∆(a)13∆(b)24

= (a⊗ a)13(b⊗ b)24
= a⊗ b⊗ a⊗ b

But this gives the inclusion in the statement, GA ×GB ⊂ GA⊗B.

(2) In what regards the primitive elements, ∆(c) = c⊗ 1+ 1⊗ c, assuming a ∈ PA we
have the following computation, showing that we have a⊗ 1 ∈ PA⊗B:

∆(a⊗ 1) = ∆(a)13

= (a⊗ 1 + 1⊗ a)13
= a⊗ 1⊗ 1⊗ 1 + 1⊗ 1⊗ a⊗ 1

Similarly, assuming b ∈ PB we have 1⊗ b ∈ PA⊗B. We therefore conclude that the Lie
algebra PA⊗B contains the Lie algebras PA, PB, as stated.

(3) In what regards the center, Z(A) ⊗ Z(B) ⊂ Z(A ⊗ B) is clear. Conversely, we
have the following computation, assuming that the elements bi are linearly independent:∑

i

ai ⊗ bi ∈ Z(A⊗B) =⇒

[∑
i

ai ⊗ bi, a⊗ 1

]
= 0

=⇒
∑
i

aia⊗ bi =
∑
i

aai ⊗ bi

=⇒ aia = aai

=⇒ ai ∈ Z(A)

Similarly, assuming that the elements ai are linearly independent, we have:∑
i

ai ⊗ bi ∈ Z(A⊗B) =⇒ bi ∈ Z(B)

Thus we have the reverse inclusion too, so Z(A⊗B) = Z(A)⊗ Z(B), as stated. □

We have as well a result regarding the Haar integration, as follows:

Theorem 3.12. The Haar integral of a tensor product A⊗B appears as∫
A⊗B

=

∫
A

⊗
∫
B

with this happening for left integrals, right integrals, and integrals.
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Proof. This is again something self-explanatory, the idea being as follows:

(1) In what regards the left integrals, the verification goes as follows:(∫
A⊗B
⊗ id

)
∆(a⊗ b) =

(∫
A

⊗
∫
B

⊗ id⊗ id
)
(∆(a)13∆(b)24)

=

[(∫
A

⊗ id

)
∆(a)

]
1

[(∫
B

⊗ id

)
∆(b)

]
2

=

(∫
A

a · 1
)

1

(∫
B

b · 1
)

2

=

∫
A

a ·
∫
B

b · 1⊗ 1

=

(∫
A

⊗
∫
B

)
(a⊗ b) · 1⊗ 1

=

∫
A⊗B

(a⊗ b) · 1⊗ 1

(2) In what regards the right integrals, the verification is similar, as follows:(
id⊗

∫
A⊗B

)
∆(a⊗ b) =

(
id⊗ id⊗

∫
A

⊗
∫
B

)
(∆(a)13∆(b)24)

=

[(
id⊗

∫
A

)
∆(a)

]
1

[(
id⊗

∫
B

)
∆(b)

]
2

=

(∫
A

a · 1
)

1

(∫
B

b · 1
)

2

=

∫
A

a ·
∫
B

b · 1⊗ 1

=

(∫
A

⊗
∫
B

)
(a⊗ b) · 1⊗ 1

=

∫
A⊗B

(a⊗ b) · 1⊗ 1

(3) Finally, in relation with all this, there is a uniqueness discussion to be made too,
which is quite standard, and that we will leave here as an instructive exercise. □

Summarizing, we have now a good understanding of the tensor product operation,
with good results all around the spectrum, with respect to the general theory developed
in chapters 1-2. Many other things can be said, for instance with some straightforward
results regarding the representations and corepresentations, introduced earlier in this
chapter. We will be back to tensor products on a regular basis, in what follows.
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Moving forward, now that we know about tensor products, we can do exactly the same
thing with free products, and we are led in this way to the following result:

Theorem 3.13. Given two Hopf algebras A,B, so is their free product

C = A ∗B

and as main illustrations for this operation, we have the following formulae:

(1) F (G ∗̂H) = F (G) ∗ F (H), standing as definition for G ∗̂H, as quantum group.
(2) F [G ∗H] = F [G] ∗ F [H].

Proof. This is again something self-explanatory, save for the abstract meaning of the
object G ∗̂H appearing in (1), that we will explain below, the details being as follows:

(1) To start with, given two associative algebras A,B, so is their free product A ∗ B,
with the multiplicative structure being by definition as follows:

(. . . aibi . . .)(. . . a
′
ib
′
i . . .) = . . . aibi . . . a

′
ib
′
i . . .

1 = 1A = 1B

Now assume in addition that A,B are Hopf algebras, each coming with its own ∆, ε, S
operations. In this case we can define ∆, ε, S operations on A ∗B, as follows:

∆(. . . aibi . . .) = . . .∆(ai)∆(bi) . . .

ε(. . . aibi . . .) = . . . ε(ai)ε(bi) . . .

S(. . . aibi . . .) = . . . S(bi)S(ai) . . .

(2) But with the above formulae in hand, the verification of the Hopf algebra axioms
is straightforward. Indeed, in what regards the comultiplication axiom, we have:

(∆⊗ id)∆(. . . aibi . . .) = (∆⊗ id)(. . .∆(ai)∆(bi) . . .)

= . . . [(∆⊗ id)∆(ai)][(∆⊗ id)∆(bi)] . . .

= . . . [(id⊗∆)∆(ai)][(id⊗∆)∆(bi)] . . .

= (id⊗∆)(. . .∆(ai)∆(bi) . . .)

= (id⊗∆)∆(. . . aibi . . .)

As for the counit and antipode axioms, their verification is similar, with no tricks of
any kind involved. To be more precise, in what regards the counit axiom, we have:

(ε⊗ id)∆(. . . aibi . . .) = (ε⊗ id)(. . .∆(ai)∆(bi) . . .)

= . . . (ε⊗ id)∆(ai)(ε⊗ id)∆(bi) . . .

= . . . aibi . . .
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Similarly, we have the following computation, for the other counit axiom:

(id⊗ ε)∆(. . . aibi . . .) = (id⊗ ε)(. . .∆(ai)∆(bi) . . .)

= . . . (id⊗ ε)∆(ai)(id⊗ ε)∆(bi) . . .

= . . . aibi . . .

Finally, for the antipode axiom, we have the following computation:

m(S ⊗ id)∆(. . . aibi . . .) = m(S ⊗ id)(. . .∆(ai)∆(bi) . . .)

= m(. . . (S ⊗ id)∆(bi)(S ⊗ id)∆(ai) . . .)

= ε(. . . aibi . . .)1

Similarly, we have the following computation, for the other antipode axiom:

m(id⊗ S)∆(. . . aibi . . .) = m(id⊗ S)(. . .∆(ai)∆(bi) . . .)

= m(. . . (id⊗ S)∆(bi)(id⊗ S)∆(ai) . . .)

= ε(. . . aibi . . .)1

We conclude that C = A ∗B is indeed a Hopf algebra, as stated.

(3) In what regards now the formula F (G ∗̂H) = F (G) ∗ F (H), when G,H are finite
groups, this stands as a definition for G ∗̂H, as a quantum group, the point being that,
unless G or H is trivial, the Hopf algebra F (G)∗F (H) is not commutative, and so cannot
be understood as being an algebra of functions. Welcome to noncommutativity.

(4) As for the formula F [G∗H] = F [G]∗F [H], with here G,H being arbitrary groups,
possibly infinite, this is something which is clear from definitions. □

As a continuation of the above, in what regards the special elements, we have:

Proposition 3.14. The special elements of A ∗B are as follows:

(1) GA∗B contains GA ∗GB.
(2) PA∗B contains PA, PB.
(3) Z(A ∗B) = F , unless A = F , or B = F .

Proof. This is something quite similar to Proposition 3.11, with the various compu-
tations being very similar to those there, the idea being as follows:

(1) As before with tensor products, we have GA, GB ⊂ GA∗B, which gives the result.

(2) Also as before with tensor products, we have PA, PB ⊂ PA∗B, as claimed.

(3) Finally, in what regards the center, things are different with respect to Proposition
3.11. Indeed, since the elements a ∈ A−F cannot commute with the elements b ∈ B−F ,
by definition of the free product A∗B, we generically have Z(A∗B) = F , as claimed. □

We have as well a result regarding the Haar integration, as follows:
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Theorem 3.15. The Haar integral of a free product A ∗B appears as∫
A∗B

=

∫
A

∗
∫
B

with this happening for left integrals, right integrals, and integrals.

Proof. This is again something self-explanatory, the idea being as follows:

(1) In what regards the left integrals, the verification goes as follows:(∫
A∗B
⊗ id

)
∆(. . . aibi . . .) =

(∫
A

∗
∫
B

⊗ id

)
(. . .∆(ai)∆(bi) . . .)

= . . .

(∫
A

⊗ id

)
∆(ai)

(∫
B

⊗ id

)
∆(bi) . . .

= . . .

∫
A

ai · 1
∫
B

bi · 1 . . .

=

∫
A∗B

(. . . aibi . . .) · 1

(2) In what regards the right integrals, the verification is similar, as follows:(
id⊗

∫
A∗B

)
∆(. . . aibi . . .) =

(
id⊗

∫
A

∗
∫
B

)
(. . .∆(ai)∆(bi) . . .)

= . . .

(
id⊗

∫
A

)
∆(ai)

(
id⊗

∫
B

)
∆(bi) . . .

= . . .

∫
A

ai · 1
∫
B

bi · 1 . . .

=

∫
A∗B

(. . . aibi . . .) · 1

(3) Finally, in relation with all this, there is a uniqueness discussion to be made too,
which is quite standard, and that we will leave here as an instructive exercise. □

As before with the tensor products, many other things can be said about free prod-
ucts, for instance with some straightforward results regarding their representations and
corepresentations. We will be back to free products on a regular basis, in what follows.

As a further comment here, algebrically speaking, there are several other possible
products, which are quite natural, between the tensor products and the free products.
But things here are quite technical, and we will discuss them later in this book.
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3d. Quotients, subalgebras

Another standard operation, that we would like to discuss now, is that of taking
quantum subgroups, with the result here, at the algebraic level, being as follows:

Theorem 3.16. Given a Hopf algebra A, so is its quotient B = A/I, provided that
I ⊂ A is an ideal satisfying the following conditions, called Hopf ideal conditions,

∆(I) ⊂ A⊗ I + I ⊗ A , ε(I) = 0 , S(I) ⊂ I

and as main illustrations for this operation, we have the following formulae:

(1) F (G)/I = F (H), with H ⊂ G being a certain subgroup.
(2) F [G]/I = F [H], with G→ H being a certain quotient.

Proof. As before, this is something self-explanatory, the idea being as follows:

(1) Given an associative algebra A and an ideal I ⊂ A, we can certainly construct
the quotient B = A/I, which is an associative algebra. Thus, we must just see when the
Hopf algebra operations ∆, ε, S correctly factorize, from A to B.

(2) Let us first see when ∆ factorizes. If we denote by π : A → B the canonical
projection, the factorization diagram that we are looking for is as follows:

A
∆ //

π

��

A⊗ A

π⊗π

��
B // B ⊗B

We can see that the factorization condition is as follows:

π(a) = 0 =⇒ (π ⊗ π)∆(a) = 0

Thus, in terms of the ideal I ⊂ A, the following condition must be satisfied:

a ∈ I =⇒ (π ⊗ π)∆(a) = 0

But, for an element b ∈ A⊗ A, we have the following equivalence:

(π ⊗ π)b = 0 ⇐⇒ b ∈ A⊗ I + I ⊗ A

We conclude that the factorization condition for ∆ is as follows:

a ∈ I =⇒ ∆(a) ∈ A⊗ I + I ⊗ A

But this is precisely the first condition on I in the statement, namely:

∆(I) ⊂ A⊗ I + I ⊗ A
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(3) Similarly, the counit ε factorizes precisely when the condition ε(I) = 0 in the
statement is satisfied, with the factorization diagram here being as follows:

A
ε //

π

��

F

B

99

(4) Also, the antipode S factorizes precisely when the condition S(I) ⊂ I in the
statement is satisfied, with the factorization diagram here being as follows:

A
S //

π

��

Aopp

πopp

��
B // Bopp

(5) Together with the remark that the maps ∆, ε, S, once factorized, will keep satis-
fying the Hopf algebra axioms, automatically, we are led to the first assertion.

(6) In the group setting now, the formula F (G)/I = F (H), with H ⊂ G being a
certain subgroup, is something which clear from definitions.

(7) As for the last formula, namely F [G]/I = F [H], with G → H being a certain
quotient, this is something which is clear from definitions too. □

As a continuation of the above, in what regards the special elements, we have:

Proposition 3.17. In what regards the special elements of a quotient B = A/I, the
quotient map A→ B induces quotient maps as follows:

(1) GA → GB.
(2) PA → PB.
(3) Z(A)→ Z(B).

Proof. This is something quite trivial, because in what regards the group-like ele-
ments, the primitive elements, and the central elements too, their defining formulae pass
to the quotient, in the obvious way. Thus, we are led to the above conclusions. □

We have as well a statement regarding the Haar integration, as follows:
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Fact 3.18. The Haar integral of a quotient B = A/I does not appear as for the other
Hopf algebra operations, simply by factorizing the following diagram,

A

∫
A //

π

��

F

B

99

but is related however to the Haar integral of A, via a number of more technical formulae,
and with this happening for left integrals, right integrals, and integrals.

Proof. This is obviously something quite informal, that we included here for the
sake of symmetry, with respect to the other operations, the idea being as follows:

(1) The first assertion is certainly something which happens, coming from the intuitive
fact that, by taking for instance B = A/A, we have certainly not constructed here the
integral of A, which is well-known to require some hard work, harder than this.

(2) As for the second assertion, this is something more technical, say involving rep-
resentations and corepresentations. We will leave working out the details here, based on
what happens in the cases A = F (G) and A = F [H], as an instructive exercise, and we
will come back to such questions later, under a number of suitable extra assumptions. □

As before with the tensor and free products, many other things can be said, for instance
with some straightforward results regarding the representations and corepresentations of
quotients. We will be back to quotients on a regular basis, in what follows.

Regarding now taking quotient quantum groups, the result here is quite similar, some-
how dual to Theorem 3.16, but technically very straightforward, as follows:

Theorem 3.19. Given a Hopf algebra A, any subalgebra B ⊂ A satisfying

∆(B) ⊂ B ⊗B , S(B) ⊂ B

is a Hopf algebra, and as main illustrations, we have the following subalgebras:

(1) F (H) ⊂ F (G), for any quotient group G→ H.
(2) F [H] ⊂ F [G], for any subgroup H ⊂ G.

Proof. The main assertion is clear from definitions, because the Hopf algebra axioms
being satisfied over A, they are satisfied as well over the subalgebra B ⊂ A. As for the
main illustrations, in the group case, these are as well both clear from definitions. □

The above result is a bit abstract, and as a useful version of it, providing examples,
let us record as well the following statement, that will play an important role later:
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Theorem 3.20. Given a Hopf algebra A, and a finite dimensional corepresentation
u = (uij), the subalgebra generated by the coefficients of u,

B =< uij >⊂ A

is a Hopf algebra. As main illustrations for this operation, we obtain subalgebras:

(1) F (H) ⊂ F (G), with G→ H being certain quotients.
(2) F [H] ⊂ F [G], with H ⊂ G being certain subgroups.

Proof. This is something which follows from Theorem 3.19, and that we will actually
fully clarify later in this book, the idea being as follows:

(1) Given a coalgebra A and a corepresentation u = (uij), we can certainly construct
the space of coefficients Cu =< uij >⊂ A, which is automatically a coalgebra. Indeed,
recall that the corepresentations are subject to the following condition:

∆(uij) =
∑
k

uik ⊗ ukj

But, by using this condition, we see that ∆ leaves indeed invariant Cu:

∆(Cu) ⊂ Cu ⊗ Cu
(2) In the case now where A is a Hopf algebra, by setting B =< C >⊂ A, our claim is

that we obtain both an algebra and a coalgebra, so that we have a Hopf algebra. Indeed,
in what regards ∆, the inclusion found in (1) gives, by multiplicativity:

∆(B) ⊂ B ⊗B

In what regards now the counit ε, there is no verification needed, because we can
simply take the restriction of the counit of A, to the subalgebra B ⊂ A.

(3) Finally, in what regards the antipode S, things here are more tricky. We can use
here the following formula, that we know from Theorem 3.6:

(id⊗ S)u = u−1

Thus, with the convention that our subalgebra B =< C >⊂ A contains the inverses
of all invertible elements c ∈ C, we see that S satisfies the following condition:

S(B) ⊂ B

Alternatively, the fact that our subalgebra B =< C >⊂ A contains the inverses of all
invertible elements c ∈ C can come by theorem, under suitable assumptions on the class
of algebras involved. We will be back to this point, later on in this book.

(4) As a conclusion, under the assumptions in the statement, the Hopf algebra maps
∆, ε, S restrict to the subalgebra B =< C >⊂ A. But the Hopf algebras axioms being
automatic for these restrictions, we are led to the first assertion.
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(5) In the group setting now, the formula F (H) ⊂ F (G), with G→ H being a certain
quotient, is something which is clear from definitions.

(6) As for the last formula, namely F [H] ⊂ F [G], with H ⊂ G being a certain
subgroup, this is something which is clear from definitions too. □

As a continuation of the above, in what regards the special elements, we have:

Proposition 3.21. The special elements of a subalgebra B ⊂ A are as follows,

(1) GB = GA ∩B.
(2) PB = PA ∩B.

and in what regards the center, nothing in particular can be said.

Proof. This is something trivial, the idea being as follows:

(1) The first two assertions are clear, since the comultiplication of B appears by
definition as the restriction of the comultiplication of A. Thus, when it comes to group-
like elements, or to primitive elements, we obtain the formulae in the statement.

(2) As for the last assertion, this is something informal, and we will leave some thinking
here, with various examples and counterexamples, as an instructive exercise, the idea being
that the center of B can be substantially smaller, or larger, than the center of A. □

We have as well a result regarding the Haar integration, as follows:

Theorem 3.22. The Haar integral of a subalgebra B ⊂ A appears as a restriction∫
B

=

(∫
A

)
B

and with this happening for left integrals, right integrals, and integrals.

Proof. This is again something quite self-explanatory, and clear from definitions,
with the corresponding commuting diagram here being as follows:

A

∫
A // F

B

i

OO

∫
B

99

Thus, we are led to the conclusion in the statement. □

As before with the products and quotients, many other things can be said, for instance
with some straightforward results regarding the representations and corepresentations of
subalgebras. We will be back to subalgebras on a regular basis, in what follows.

Finally, in relation with the above quotient and subalgebra operations, and with their
main illustrations too, there is some discussion to be made, in the finite dimensional case,
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in the context of the Hopf algebra duality for such Hopf algebras, from chapter 1. To be
more precise, we have here the following result, which clarifies the situation:

Theorem 3.23. In the context of the duality for finite dimensional Hopf algebras

A↔ A∗

the operations of taking quotients and subalgebras are dual to each other.

Proof. This is something straightforward, the idea being as follows:

(1) Consider a finite dimensional Hopf algebra A, with structural maps as follows:

m : A⊗ A→ A

u : F → A

∆ : A→ A⊗ A

ε : A→ F

S : A→ Aopp

(2) As explained in chapter 1, the dual vector space A∗, consisting of the linear forms
φ : A→ F , is then a Hopf algebra too, with structural maps as follows:

∆t : A∗ ⊗ A∗ → A∗

εt : F → A∗

mt : A∗ → A∗ ⊗ A∗

ut : A∗ → F

St : A∗ → (A∗)opp

(3) But, with these formulae in hand, it is straightforward to check that the Hopf
algebra quotients of A correspond to the Hopf subalgebras of A∗, and vice versa:

B ⊂ A ←→ C = A∗/I

B = A/I ←→ C ⊂ A∗

(4) Moreover, in the context of the duality between the function algebras A = F (G)
and the group algebras A = F [G], with G being a finite group, we obtain in this way
generalizations of the well-known fact that the quotients of a finite abelian group G

correspond to the subgroups of the dual finite abelian group Ĝ, and vice versa.

(5) So, this was for the general idea, that everything comes in the end from what we
know about the finite abelian groups, and we will leave the proof of the various assertions
formulated above, in the precise order that you prefer, as an instructive exercise. □
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3e. Exercises

We had a lot of interesting algebra in this chapter, and as exercises, we have:

Exercise 3.24. Further study the representation theory of F (G).

Exercise 3.25. Further study the representation theory of F [H].

Exercise 3.26. Fill in the missing details for the ⊗ operation.

Exercise 3.27. Fill in the missing details for the ∗ operation.

Exercise 3.28. Clarify the missing details for the quotient operation.

Exercise 3.29. Clarify the missing details for the subalgebra operation.

As bonus exercise, figure out what happens to all the above when F = C.



CHAPTER 4

Affine algebras

4a. Affine algebras

We have seen so far the Hopf algebra basics, including the theory of the basic op-
erations for the Hopf algebras. We would like to discuss now a number of more tricky
operations on the Hopf algebras, appearing as variations of the above.

For this purpose, let us introduce the following notion, inspired as usual from group
theory, that will play a key role in this book, starting from now, and until the end:

Definition 4.1. We call a Hopf algebra A affine when it is of the form

A =< uij >

with u ∈MN(A) being a corepresentation, called fundamental corepresentation.

As already mentioned, this notion is inspired from group theory, and more specifically,
from advanced group theory, our motivation coming from the following facts:

(1) In group theory, at a reasonably advanced level, a natural assumption on a group
G is that this appears as an algebraic group, G ⊂ GLN(F ). This is indeed how most of
the examples of groups G appear, in practice, as groups of invertible matrices.

(2) Observe that any finite group G appears as above, thanks to the Cayley embedding
theorem, G ⊂ SN with N = |G|, coupled with the standard embedding SN ⊂ GLN(F )
given by the permutation matrices, which give an embedding as follows:

G ⊂ SN ⊂ GLN(F )

(3) As another key example, which is more advanced, it is known that any compact
Lie group G appears as a group of unitary matrices, G ⊂ UN , so that we have:

G ⊂ UN ⊂ GLN(C)
(4) Now the point is that, save for a few topological issues, the fact that a group G is

algebraic is equivalent to the fact that the Hopf algebra A = F (G) is affine, in the sense
of Definition 4.1. Thus, we have here a good motivation for Definition 4.1.

In addition to this, getting now to the group dual level, we have some extra motivations
for Definition 4.1, again coming from advanced group theory, which are as follows:

81
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(1) Again in group theory, at a reasonably advanced level, but this time with the
discrete group theory in mind, instead of the continuous group theory used above, a
natural assumption on a group H is that this group is finitely generated:

H =< g1, . . . , gN >

(2) Indeed, this is how nearly all the interesting discrete groups appear. In fact, many
of these groups appear by definition via generators and relations, as follows:

H =
〈
g1, . . . , gN

∣∣∣R〉
(3) As another comment here, passed the wealth of examples, the fact of being finitely

generated is needed for developing the theory, because talking about Cayley graphs and
their metric aspects, random walks and so on, always requires the use of generators.

(4) Now the point is that, save for a few topological issues, the fact that a group H
is finitely generated is equivalent to the fact that the Hopf algebra A = F [H] is affine, in
the sense of Definition 4.1. Thus, we have again a good motivation for Definition 4.1.

Summarizing, in order to reach to a more advanced Hopf algebra theory, we have all
good reasons in this world to assume that our algebras are affine, as in Definition 4.1.
And for ending this discussion, let us formulate our conclusions as follows:

Conclusion 4.2. In relation with group advanced theory:

(1) It makes sense to assume that the groups are algebraic, G ⊂ GLN(F ),
(2) Or to assume that the groups are finitely generated, H =< g1, . . . , gN >,
(3) With this basically corresponding to the fact that F (G) and F [H] are affine,
(4) So, we will assume in what follows that our Hopf algebras A are affine.

And more on this later. Also, we will see many examples of affine Hopf algebras
in what follows, appearing via various operations, the idea being that the affine Hopf
algebras are subject to far more operations than those discussed before. More later.

In order to get started now, we need to know more about corepresentations, and
in particular, about the fundamental one. As a first result, that we will need in what
follows, the corepresentations of an arbitrary Hopf algebra A are subject to a number of
operations, exactly as the group representations in the usual group case, as follows:

Proposition 4.3. The corepresentations of a Hopf algebra A are subject to the fol-
lowing operations, in analogy with what happens for the group representations:

(1) Making sums, u+ v = diag(u, v).
(2) Making tensor products, (u⊗ v)ia,jb = uijvab.
(3) Spinning by invertible scalar matrices, u→ V uV −1.
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Proof. Observe first that the result holds indeed for A = F (G), where we obtain the
usual operations on the representations of G. In general, the proof goes as follows:

(1) Everything here is clear from definitions.

(2) The comultiplicativity condition follows indeed from the following computation:

∆((u⊗ v)ia,jb) = ∆(uijvab)

= ∆(uij)∆(vab)

=
∑
k

uik ⊗ ukj
∑
c

vac ⊗ vcb

=
∑
kc

uikvac ⊗ ukjvcb

=
∑
kc

(u⊗ v)ia,kc ⊗ (u⊗ v)kc,jb

(3) The comultiplicativity property of the matrix v = V uV −1 in the statement can be
checked by doing a straightforward computation. Alternatively, if we write u ∈Mn(F )⊗A,
the usual comultiplicativity axiom, as formulated in chapter 3, reads:

(id⊗∆)u = u12u13

Here we use standard tensor calculus conventions. Now when spinning by a scalar
matrix, the matrix that we obtain is v = V1uV

−1
1 , and we have:

(id⊗∆)v = V1u12u13V
−1
1

= V1u12V
−1
1 · V1u13V −11

= v12v13

Thus, with usual notations, v = V uV −1 is a corepresentation, as claimed. □

As a comment now, the various operations in Proposition 4.3 can be viewed as oper-
ations on the class of affine Hopf algebras, the result here being as follows:

Proposition 4.4. We have the following operations on the affine Hopf algebras, with
the convention Au =< uij >⊂ A, for a corepresentation u ∈MN(A):

(1) (Au, Av)→ Au+v.
(2) (Au, Av)→ Au⊗v.
(3) (A, u)→ (A, V uV −1).

Proof. This is indeed something clear, coming from the various operations on the
corepresentations constructed in Proposition 4.3, and with the remark that, in the context
of the last assertion, we have indeed < uij >=< (V uV −1)ij >, as needed there. □

As a further operation, also inspired from usual group theory, we have:
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Theorem 4.5. Given a Hopf algebra corepresentation u ∈Mn(A),

ū = (t⊗ id)u−1

is a corepresentation too, called contragradient, or conjugate to u.

Proof. This is something very standard, the idea being as follows:

(1) To start with, we know from chapter 3 that u is indeed invertible, with inverse
given by u−1 = (id⊗ S)u. Thus, ū is well-defined, and in addition, we have:

ū = (t⊗ S)u
(2) But with this latter formula in hand, the proof of the corepresentation property

of ū goes as follows, by using the formula ∆S = Σ(S ⊗ S)∆ from chapter 2:

∆(ūij) = ∆S(uji)

= Σ(S ⊗ S)∆(uji)

= Σ(S ⊗ S)
∑
k

ujk ⊗ uki

=
∑
k

S(uki)⊗ S(ujk)

=
∑
k

ūik ⊗ ūkj

(3) Alternatively, we can check the corepresentation property of ū as follows, simply
by inverting the corepresentation property of u, written in compact form:

(id⊗∆)u = u12u13 =⇒ (id⊗∆)u−1 = u−113 u
−1
12

=⇒ (t⊗∆)u−1 = (t⊗ id)u−112 · (t⊗ id)u−113

=⇒ (id⊗∆)ū = ū12ū13

(4) Thus, one way or another, we get the result. As further comments, observe first
that S2 = id implies ¯̄u = u. Observe also that when F = C and u is unitary, u∗ = u−1,
the matrix ū is the usual conjugate, given by ūij = u∗ij. We will be back to this. □

In analogy now with Proposition 4.4, the above result suggests talking about the op-
eration Au → Aū for the affine Hopf algebras, and also investigating the relation between
the conditions A =< uij > and A =< ūij >. In relation with this, which actually leads
to a bit of rethinking of Definition 4.1, let us make the following convention:

Convention 4.6. Given a Hopf algebra A, with a corepresentation u ∈MN(A),

(1) We keep calling A affine when A =< uij >,
(2) We call A fully affine when A =< uij, ūij >,

with the remark that, when u ∼ ū, meaning u = V ūV −1, these notions coincide.
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Many further things can be said here, and we will see later in this book that the
complex algebra framework, F = C, brings some clarification in relation with all this, by
using ∗-algebras and unitary corepresentations, which are subject to ūij = u∗ij.

However, importantly, we will also see later in this book, when talking F = C, that
most of the interesting examples satisfy u ∼ ū, and that in fact, up to passing to projective
versions, which is something quite natural, we can always assume u ∼ ū. Thus, and for
closing this discussion, Definition 4.1 as stated is basically the good one.

Getting now to what can be done with an affine Hopf algebra, we will use as source
of inspiration what happens for A = F (G). Given an algebraic group G ⊂ GLN(F ), a
natural construction is that of considering its diagonal torus T ⊂ G, which is given by
the following formula, (F ∗)N ⊂ GLN(F ) being the subgroup of diagonal matrices:

T = G ∩ (F ∗)N

The point now is that we can perform in fact this construction in the general affine
Hopf algebra context, that of Definition 4.1, with the result being as follows:

Theorem 4.7. Given an undeformed affine Hopf algebra (A, u), the quotient

Aδ = A
/〈

uij = ūij = 0
∣∣∣∀i ̸= j

〉
is an affine Hopf algebra too, called diagonal algebra. Its standard generators

uii ∈ Aδ

are group-like, and the algebra Aδ itself is cocommutative.

Proof. This is something very standard, the idea being as follows:

(1) We know from chapter 3 that given a Hopf algebra A, so is its quotient B = A/I,
provided that I ⊂ A is an ideal satisfying the Hopf ideal conditions, namely:

∆(I) ⊂ A⊗ I + I ⊗ A , ε(I) = 0 , S(I) ⊂ I

In our case, the ideal that we are dividing by is given by the following formula:

I =
〈
uij, ūij

∣∣∣i ̸= j
〉
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(2) So, let us check that this is indeed a Hopf ideal. Regarding the condition involving
the comultiplication, on the main generators of I we have, as desired:

∆(uij) =
∑
k

uik ⊗ ukj

= uii ⊗ uij +
∑
k ̸=i

uik ⊗ ukj

∈ A⊗ I +
∑
k ̸=i

I ⊗ A

= A⊗ I + I ⊗ A
Similarly, in what regards the coefficients of ū = (t⊗ id)u−1, we have:

∆(ūij) ∈ A⊗ I + I ⊗ A
(3) Next, the condition involving the counit is clear as well, because we have:

i ̸= j =⇒ ε(uij) = ε(ūij) = 0

In what regards now the last condition, involving the antipode, here we can use the
following formulae, with the first one being something that we know well, and with the
second one coming from it, by using our undeformability assumption S2 = id:

ū = (t⊗ S)u , u = (t⊗ S)ū
Indeed, we obtain from these formulae that for any i ̸= j we have, as desired:

S(uij) = ūji ∈ I , S(ūij) = uji ∈ I
(4) We conclude from all this that Aδ = A/I is indeed an affine Hopf algebra, with its

fundamental corepresentation being as follows, with the convention uii ∈ Aδ:

uδ =

u11 . . .
uNN


(5) Regarding now the last assertion, this is clear from the above diagonal form of the

fundamental corepresentation, but we can check this directly too. We have, inside Aδ:

∆(uii) =
∑
k

uik ⊗ uki

= uii ⊗ uii +
∑
k ̸=i

uik ⊗ uki

= uii ⊗ uii +
∑
k ̸=i

0⊗ 0

= uii ⊗ uii



4A. AFFINE ALGEBRAS 87

Thus the standard generators are indeed group-like, and this implies of course that
the diagonal algebra Aδ itself is indeed cocommutative, as stated.

(6) Finally, as a complement to this, in relation with what was said before the state-
ment, for A = F (G) with G ⊂ GLN(F ) we obtain Aδ = F (T ), with T ⊂ G being the
diagonal torus. Also, for A = F [H], with H =< g1, . . . , gN > being a finitely generated
group, with fundamental corepresentation u = diag(g1, . . . , gN), we obtain Aδ = A. □

As an interesting variation of the above construction, generalizing it, we have:

Theorem 4.8. Given an undeformed affine Hopf algebra (A, u) and Q ∈ GLN(F ),

AδQ = A
/〈

(QuQ−1)ij = 0
∣∣∣∀i ̸= j

〉
is an affine Hopf algebra too, called spinned diagonal algebra. Its standard generators

(QuQ−1)ii ∈ AδQ
are group-like, and the algebra AδQ itself is cocommutative.

Proof. This follows indeed from Theorem 4.7 applied to the following affine Hopf
algebra, with this latter Hopf algebra coming from Proposition 4.4 (3):

(A′, u′) = (A,QuQ−1)

Alternatively, we can redo the proof of Theorem 4.7, in the present more general
setting, by adding the parameter matrix Q ∈ GLN(F ), to all the computations there. □

All the above is quite interesting, making a connection with advanced group theory,
and more specifically, with the notion of maximal torus, from the Lie group theory. Indeed,
at the level of basic examples, we first have the following result:

Theorem 4.9. For a function algebra A = F (G), with G ⊂ GLN(F ), the diagonal
algebra A→ Aδ is the algebra of functions on the diagonal torus T = G ∩ (F ∗)N :

Aδ = F (T )

More generally, the spinned diagonal algebras A → AδQ, with Q ∈ GLN(F ), are the

algebras of functions on the spinned diagonal tori, TQ = G ∩Q−1(F ∗)NQ:
AδQ = F (TQ)

Also, when F = C, any abelian subgroup H ⊂ G appears inside such a torus, H ⊂ TQ.

Proof. This is something quite self-explanatory, the idea being as follows:

(1) The first assertion, regarding the diagonal torus, is something routine, coming
from definitions, as explained at the end of the proof of Theorem 4.7.

(2) The second assertion, regarding the spinned tori, is clear from definitions too, via
the same argument, with the above definition for the spinned tori.
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(3) Finally, in what regards the third assertion, given an abelian subgroup H ⊂ G, we
can compose this group embedding with the embedding G ⊂ GLN(F ):

H ⊂ G ⊂ GLN(F )

Now the group H being assumed to be abelian, when F = C, by representation
theory, this embedding must be similar to a diagonal embedding. Thus, if we denote by
Q ∈ GLN(F ) the matrix producing this similarity, we have an embedding as follows:

H ⊂ Q−1(FN)∗Q

But this proves our claim, because by intersecting with G, we obtain:

H ⊂ G ∩Q−1(FN)∗Q = TQ

So, this was for the general idea, and in practice, we will be back to this later, with
full details and explanations, and with some generalizations too. □

Let us discuss as well the case of the group algebras. Here we have:

Theorem 4.10. For a group algebra A = F [H], with H =< g1, . . . , gN >, the diagonal
algebra A→ Aδ is the group algebra of the following quotient group,

HQ = H
/〈

gi = gj

∣∣∣∃k,Qki ̸= 0, Qkj ̸= 0
〉

with the embedding TQ = ĤQ ⊂ G = Ĥ coming from the quotient map H → HQ. Also, a
similar result holds for A = F [H], with spinned fundamental corepresentation.

Proof. This is something elementary, the idea being as follows:

(1) Assume first that H =< g1, . . . , gN > is a discrete group, with dual Ĥ diagonally
embedded, that is, with fundamental corepresentation of F [H] as follows:

u =

g1 . . .
gN


With v = QuQ−1, we have then the following computation:∑

s

(Q−1)sivsk =
∑
s

(Q−1)si(QuQ
−1)sk

=
∑
st

(Q−1)siQstutt(Q
−1)kt

=
∑
st

(Q−1)siQst(Q
−1)ktgt

=
∑
t

δit(Q
−1)ktgt

= (Q−1)kigi
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Thus the condition vij = 0 for i ̸= j, used in Theorem 4.8, gives:

(Q−1)kivkk = (Q−1)kigi

(2) But this latter condition tells us that we must have:

Qki ̸= 0 =⇒ gi = vkk

We conclude from this that we have, as desired:

Qki ̸= 0, Qkj ̸= 0 =⇒ gi = gj

(3) In order to finish now, consider the group in the statement. We must prove that
the off-diagonal coefficients of QuQ−1 vanish. So, let us look at these coefficients:

(QuQ−1)ij =
∑
k

Qikukk(Q
−1)kj =

∑
k

Qik(Q
−1)kjgk

In this sum k ranges over the set S = {1, . . . , N}, but we can restrict the attention to
the subset S ′ of indices having the property Qik(Q

−1)kj ̸= 0. But for these latter indices
the elements gk are all equal, say to an element g, and we obtain, as desired:

(QuQ−1)ij =

(∑
k∈S′

Qik(Q
−1)kj

)
g

=

(∑
k∈S

Qik(Q
−1)kj

)
g

= (QQ−1)ijg

= δijg

(4) Finally, in what regards the last assertion, this is again elementary, obtained by
adding an extra matrix parameter to the above computations, spinning the fundamental
corepresentation of F [H], and we will leave the computations here as an exercise. □

Summarizing, we have here some beginning of Lie theory, for the affine Hopf algebras,
going beyond what we know from chapter 2. According to the above results, we can
expect the collection of tori {TQ|Q ∈ GLN(F )} to encode various algebraic and analytic
properties of G. We will discuss this later, with a number of results and conjectures.

4b. Projective versions

As already mentioned in the beginning of this chapter, the affine Hopf algebras are
subject to far more operations than those discussed in chapter 3, for the arbitrary Hopf
algebras, and this makes the world of affine Hopf algebras quite interesting.

In fact, we have already seen a number of such new operations, in Theorem 4.7 and
Theorem 4.8, making an interesting link with the advanced Lie group theory. So, let us
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further explore this subject, what operations can be applied to the affine Hopf algebras.
We can first talk about complexifications, in an abstract sense, as follows:

Theorem 4.11. Given an affine Hopf algebra (A, u), we can construct its complexifi-
cation (Ac, uc) as follows,

Ac =< uc >⊂ F [Z]⊗ A , uc = zu

with z = 1 ∈ F [Z]. As main illustrations for this operation, we have:

(1) F (G)c = F (Gc), for a certain group quotient T×G→ Gc.
(2) F [H]c = F [Hc], with Hc ⊂ Z×H being constructed similarly.

Proof. This is something quite routine, the idea being as follows:

(1) Regarding the Hopf algebra assertion, this follows from our general results regard-
ing the tensor products and subalgebras, from chapter 3. Indeed, we have:

∆(ucij) = ∆(z)∆(uij)

= (z ⊗ z)
∑
k

uik ⊗ ukj

=
∑
k

zuik ⊗ zukj

=
∑
k

ucik ⊗ uckj

Thus ũ = zu is indeed a corepresentation of the tensor product algebra F [Z]⊗ F (G),
as constructed in chapter 3, so the results there apply, and gives the result.

(2) As a comment here, by Fourier transform, we can define alternatively the com-
plexification Ac as follows, with z = id ∈ F [T] being the standard generator:

Ac =< uc >⊂ F (T)⊗ A , uc = zu

(3) In what regards now the formula F (G)c = F (Gc), with T×G→ Gc, many things
can be said here, and we will leave some study here as an exercise.

(4) As for the formula F [H]c = F [Hc], with the subgroup Hc ⊂ Z × H being con-
structed similarly, by multiplying the generators by z, this is something self-explanatory
too. Again, many things can be said here, and we will leave this as an exercise. □

As a comment here, the above construction is particularly relevant when the ground
field is F = C. We will be back to this later, with comments and illustrations.

Now still at the general level, we have a result regarding the Haar integration of the
complexifications, which is something quite straightforward, as follows:
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Theorem 4.12. The Haar integral of a complexification

Ac =< uc >⊂ F [Z]⊗ A , uc = zu

appears as a restriction of a tensor product, as follows,∫
Ac

=

(∫
T
⊗
∫
A

)
Ac

and with this happening for left integrals, right integrals, and integrals.

Proof. This is something quite self-explanatory, and clear from our various results
from chapter 3, with the corresponding commuting diagram here being as follows:

F [Z]⊗ A
∫
T⊗

∫
A // F

Ac

i

OO

∫
Ac

88

Thus, we are led to the conclusion in the statement. □

Moving on, along the same lines, we have as well the following construction:

Theorem 4.13. Given an affine Hopf algebra (A, u), we can construct its free com-

plexification (Ã, ũ) as follows,

Ã =< ũ >⊂ F [Z] ∗ A , ũ = zu

with z = 1 ∈ F [Z]. As main illustrations for this operation, we have:

(1) F̃ (G) = F (G̃), standing as definition for G̃, as quantum group.

(2) F̃ [H] = F [H̃], with H̃ ⊂ Z ∗H being constructed similarly.

Proof. This is something quite similar, the idea being as follows:

(1) Regarding the Hopf algebra assertion, this follows from our general results regard-
ing free products and subalgebras, from chapter 3. Indeed, we have:

∆(ũij) = ∆(z)∆(uij)

= (z ⊗ z)
∑
k

uik ⊗ ukj

=
∑
k

zuik ⊗ zukj

=
∑
k

ũik ⊗ ũkj

Thus ũ = zu is indeed a corepresentation of the free product algebra F [Z] ∗ F (G), as
constructed in chapter 3, so the results there apply, and gives the result.
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(2) As a comment here, by Fourier transform, we can define alternatively the free

complexification Ã as follows, with z = id ∈ F [T] being the standard generator:

Ã =< ũ >⊂ F (T) ∗ A , ũ = zu

(3) In what regards now F̃ (G) = F (G̃), this stands as a definition for G̃, as a quantum

group, the point being that, unless G is trivial, the algebra F (G̃) is not commutative. We
will be back to this, with some examples and illustrations, in what follows.

(4) As for the formula F̃ [H] = F [H̃], with the subgroup H̃ ⊂ Z ∗H being constructed
similarly, by multiplying the generators by z, this is something self-explanatory. Again,
we will be back to this, with some examples and illustrations, in what follows. □

As a comment here, the above construction is particularly relevant when the ground
field is F = C. We will be back to this later in this book, with comments and illustrations.
Now still at the general level, we have a result regarding the Haar integration, which is
quite similar to what we had before for the usual complexifications, as follows:

Theorem 4.14. The Haar integral of a free complexification

Ã =< ũ >⊂ F [Z] ∗ A , ũ = zu

appears as a restriction of a free product, as follows,∫
Ã

=

(∫
T
∗
∫
A

)
Ã

and with this happening for left integrals, right integrals, and integrals.

Proof. This is something quite self-explanatory, and clear from our various results
from chapter 3, with the corresponding commuting diagram here being as follows:

F [Z] ∗ A
∫
T ∗

∫
A // F

Ã

i

OO

∫
Ã

88

Thus, exactly as before, when talking about the usual complexifications, and their
Haar functionals, we are led to the conclusion in the statement. □

The above results raise the question of understanding what are the “intermediate”
complexifications, lying between the usual one, and the free one. More on this later.

Moving ahead, we can introduce now our next basic operation on the affine Hopf
algebras, which is something quite fundamental, as follows:
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Theorem 4.15. Given an affine Hopf algebra (A, u), we can construct its projective
version (PA, v) by setting

PA =< via,jb >⊂ A , via,jb = uijūab

and as main illustrations for this construction, we have the following formulae:

(1) PF (G) = F (PG), with PG = G/(G ∩ TN), when F = C.
(2) PF [H] = F [PH], with PH =< gig

−1
j >, assuming H =< gi >.

Proof. As before, this is something self-explanatory, the idea being as follows:

(1) Our first claim is that the matrix v in the statement is a corepresentation. But
this is something standard, the computation being as follows:

∆(via,jb) = ∆(uijūab)

= ∆(uij)∆(ūab)

=
∑
k

uik ⊗ ukj
∑
c

ūac ⊗ ūcb

=
∑
kc

uikūac ⊗ ukjūcb

=
∑
kc

via,kc ⊗ vkc,jb

(2) Thus, v is indeed a corepresentation, and so, by the results in chapter 3, the
projective version PA, as constructed in the statement, is indeed a Hopf subalgebra.

(3) Before going further with our study, let us mention that the construction in the
statement is that of the standard, left projective version. It is possible to talk as well
about right projective versions, constructed by using the following corepresentation:

wia,jb = ūijuab

In general, the left and right projective versions do not coincide, as one can see with
examples coming from algebras of type A = F [H], discussed below. Many other things
can be said here, but with the subject being quite technical, we will basically restrict the
attention in what follows to the left projective versions, from the statement.

(4) Regarding now the formula PF (G) = F (PG), with PG = G/(G∩TN), this follows
from the elementary fact that, via Gelfand duality, the matrix v in the statement is the
matrix of coefficients of the adjoint representation of G, whose kernel is the subgroup
G ∩ TN , where TN ⊂ UN denotes the subgroup formed by the diagonal matrices.

(5) So, this was for the idea with PF (G) = F (PG), and in practice, we will leave
some study here, both over F = C and in general, as an instructive exercise.

(6) As for the last formula, namely PF [H] = F [PH], with PH =< gig
−1
j >, assuming

H =< gi >, this is something trivial, which comes from definitions. □
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We have as well a result regarding the Haar integration, as follows:

Theorem 4.16. The Haar integral of a projective version

PA =< via,jb >⊂ A , via,jb = uijūab

appears as a restriction, as follows, ∫
PA

=

(∫
A

)
PA

and with this happening for left integrals, right integrals, and integrals.

Proof. This is again something quite self-explanatory, and clear from our results
from chapter 3, with the corresponding commuting diagram here being as follows:

A

∫
A // F

PA

i

OO

∫
PA

99

Thus, we are led to the conclusion in the statement. □

Importantly now, let us mention that there is an interesting relation here with the
notion of free complexification. Indeed, in the context of Theorem 4.13, we have:

Theorem 4.17. Given an affine Hopf algebra (A, u), construct its free complexification

(Ã, ũ), with ũ = zu. We have then an identification

PÃ = PA

and the same happens at the level of right projective versions.

Proof. This is something coming from definitions, the idea being as follows:

(1) Let us construct indeed the free complexification (Ã, ũ), with ũ = zu, as in Theo-
rem 4.13. The conjugate of ū is then given by the following formula:

¯̃u = ūz−1

Thus, the adjoint of ū is given by the following formula:

ṽ = zvz−1

But this gives an identification PÃ = PA as in the statement, by conjugating by z.

(2) Regarding now the right projective versions, as constructed in the proof of Theorem
4.15, things here are in fact even simpler. Indeed, the right adjoint of ū is given by:

w̃ = w

Thus, we have a plain equality of right projective versions PÃ = PA.
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(3) Finally, let us mention that the story is not over here, quite the opposite. Indeed,
an interesting subsequent question, of categorical and algebraic geometry flavor, is that

of understanding if the free complexification Ã is the biggest affine Hopf algebra having
the same projective version as A. We will discuss this question later in this book, when
systematically discussing the relation between affine and projective geometry. □

So long for the basic operations on the Hopf algebras. Many more things can be said,
and we will be back to this later, when discussing the representation theory and Haar
integration, for the various products of Hopf algebras constructed above.

Finally, let us mention that it is possible to talk as well about wreath products, and
free wreath products, in the Hopf algebra setting. However, this is something more tricky,
requiring talking about quantum permutations first, and we will do this later in this book,
after developing some more theory, in order to talk about quantum permutations.

4c. Intersection, generation

We would like to discuss now a number of further basic operations on the Hopf algebras,
again coming from group theory, but which are more subtle, and related to each other,
namely the intersection operation, generation operation, and Hopf image operation.

As before with the usual operations, it is convenient in what follows to have in mind the
following informal formula, for an arbitrary Hopf algebra A, in terms of certain underlying
quantum groups G and H, related by some sort of generalized Pontrjagin duality:

A = F (G) = F [H]

In terms of such quantum groups, and more specifically of the first ones, A = F (G),
the questions that we would like to solve, which are quite natural, are as follows:

Problem 4.18. Given two quantum subgroups H,K ⊂ G of a quantum group:

(1) How to define their intersection, H ∩K?
(2) What about the subgroup that they generate, < H,K >?

In order to answer the first question, the best is to start by drawing some diagrams. In
the classical case, given a group G and two subgroups H,K ⊂ G, we can indeed intersect
these subgroups, and the relevant diagram, which gives H ∩K, is as follows:

G Hoo

K

OO

H ∩Koo

OO
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Now at the level of the corresponding algebras of functions, the diagram, having as
arrows surjections which are dual to the above inclusions, is as follows:

F (G) //

��

F (H)

��
F (K) // F (H ∩K)

But this is exactly what we need, in order to solve our intersection problem formulated
above. Indeed, based on this, we can come up with the following solution:

Theorem 4.19. Given two quotient Hopf algebras A → B,C, we can construct the
universal Hopf algebra quotient A→ B ⊓ C producing the following diagram:

A //

��

B

��
C // B ⊓ C

As an illustration for this, in the group algebra case we have the formula

F (H) ⊓ F (K) = F (H ∩K)

for any two subgroups of a given group, H,K ⊂ G.

Proof. We must prove that the universal Hopf algebra in the statement exists indeed.
For this purpose, let us pick writings as follows, with I, J being Hopf ideals:

B = A/I , C = A/J

We can then construct our universal Hopf algebra, as follows:

B ⊓ C = A/ < I, J >

Thus, we are led to the conclusions in the statement. □

In the affine Hopf algebra setting now, that of Definition 4.1, the operation ⊓ con-
structed above can be usually computed by using the following simple fact:

Proposition 4.20. Assuming A→ B,C, the intersection B ⊓ C is given by

B ⊓ C = A/{R,P}
whenever we have writings as follows,

B = A/R , C = A/P
with R,P being certain sets of polynomial relations between the coordinates uij.
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Proof. This follows from Theorem 4.19, or rather from its proof, and from the fol-
lowing trivial fact, regarding relations and ideals:

I =< R > , J =< P > =⇒ < I, J >=< R,P >

Thus, we are led to the conclusion in the statement. □

Finally, let us record as well what happens in the group algebra case:

Theorem 4.21. Given two quotient groups G→ H,K, we have the formula

F [H] ⊓ F [K] = F [H ⊓K]

with the quotient G→ [H ⊓K] being the one producing the following diagram:

G //

��

H

��
K // H ⊓K

Alternatively, we have [H ⊓K] = G/ < ker(G→ H), ker(G→ K) >.

Proof. This is indeed something self-explanatory, with the first assertion coming
from Theorem 4.19, and with the second assertion coming from Proposition 4.20. □

Moving on, regarding now the generation operation question, from Problem 4.18 (2),
the theory here is quite similar. In the classical case, given a group G and two subgroups
H,K ⊂ G, the relevant diagram, which gives the subgroup < H,K >, is as follows:

G Hoo

��
K

OO

// < H,K >

Now at the level of the corresponding algebras of functions, the diagram, having as
arrows surjections which are dual to the above inclusions, is as follows:

F (G) //

��

F (H)

F (K) F (< H,K >)oo

OO

But this is exactly what we need, in order to solve our generation problem formulated
above. Indeed, based on this, we can come up with the following solution:
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Theorem 4.22. Given two quotient Hopf algebras A → B,C, we can construct the
universal Hopf algebra quotient A→ [B,C] producing the following diagram:

A //

��

B

C [B,C]oo

OO

As an illustration for this, in the group algebra case we have the formula

[F (H), F (K)] = F (< H,K >)

for any two subgroups of a given group, H,K ⊂ G.

Proof. We must prove that the universal Hopf algebra in the statement exists indeed.
For this purpose, let us pick writings as follows, with I, J being Hopf ideals:

B = A/I , C = A/J

We can then construct our universal Hopf algebra, as follows:

B ⊓ C = A/(I ∩ J)
Thus, we are led to the conclusions in the statement. □

As a complement to this, let us record as well what happens for group algebras:

Theorem 4.23. Given two quotient groups G→ H,K, we have the formula[
F [H], F [K]

]
= F

[
[H,K]

]
with the quotient G→ [H,K] being the one producing the following diagram:

G //

��

H

K [H,K]oo

OO

Alternatively, we have [H,K] = G/(ker(G→ H) ∩ ker(G→ K)).

Proof. This is indeed something self-explanatory, and elementary, with both the
assertions coming from Theorem 4.22, and its proof. □

So long for the basics of the intersection and generation operations. The story is
of course not over with the above results, because we still have as job, as apprentice
or confirmed algebraists, to explore the obvious dual nature of these operations. And
skipping some details here, that we will leave as an exercise, the situation is as follows:
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Fact 4.24. In the finite dimensional case, where the quotients A → B,C correspond
to certain subalgebras B∗, C∗ ⊂ A∗:

(1) The intersection and generation operations on the algebras B,C can be understood
in terms of the dual algebras B∗, C∗.

(2) For the algebras of functions, and for group algebras too, all this is compatible
with known formulae from group theory.

As a last topic for this section, let us discuss now the connection with the notion of
diagonal algebras, introduced earlier in this chapter. As explained there, associated to an
affine Hopf algebra is a family of cocommutative diagonal algebras, as follows:

A∆ =
{
AδQ

∣∣∣Q ∈ GLN(F )}
Generally speaking, we can expect this collection of diagonal algebras to encode the

various algebraic and analytic properties of A. Here is a basic result on this subject:

Theorem 4.25. The following hold, over the complex numbers F = C, both for the
algebras A = F (G) with G ⊂ UN , and for the group algebras A = F [H]:

(1) Injectivity: the construction A→ A∆ is injective, in the sense that A ̸= B implies
AδQ ̸= Bδ

Q, for some Q ∈ GLN(F ).
(2) Monotony: the construction A → A∆ is increasing, in the sense that passing to

a quotient A→ B decreases one of the diagonal algebras, AδQ ̸= Bδ
Q.

(3) Generation: any quantum group is generated by its tori, or, equivalently, any
affine Hopf algebra A has the property A = [AδQ|Q ∈ GLN(F )].

Proof. We have two cases to be investigated, as follows:

(1) Assume first that we are in the group algebra case, A = F (G). In order to prove
the generation property we use the following formula, established before:

TQ = G ∩Q−1(F ∗)NQ

Now since any group element U ∈ G is unitary, and so diagonalizable by basic linear
algebra, we can write, for certain matrices Q ∈ UN and D ∈ (F ∗)N :

U = Q−1DQ

But this shows that we have U ∈ TQ, for this precise value of the spinning matrix
Q ∈ UN , used in the construction of the standard torus TQ. Thus we have proved the
generation property, and the injectivity and monotony properties follow from this.

(2) Regarding now the group algebras, here everything is trivial. Indeed, when these
algebras are diagonally embedded we can take Q = 1, and when they are embedded by
using a spinning matrix Q ∈ GLN(F ), we can use precisely this matrix Q. □
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Many other things can be said, as a continuation of the above, notably with some
further verifications of the above conjectures, say in relation with product operations,
and with some more specialized conjectures too. We will be back to this later in this
book, when systematically discussing what happens over the complex numbers.

4d. Images and models

In order to further discuss now the generation operation [ , ] introduced above, we will
need the following construction, which is something of independent interest:

Theorem 4.26. Given a representation π : A → C, with C being an associative
algebra, there is a smallest Hopf algebra quotient A→ B producing a factorization

π : A→ B → C

called Hopf image of π. More generally, given representations π : A → Ci, with Ci being
algebras, there is a smallest Hopf algebra quotient A→ B producing factorizations

πi : A→ B → Ci

called joint Hopf image of the family of representations πi.

Proof. This is something quite obvious, obtained by dividing by a suitable ideal:

(1) Let Iπ be sum of all Hopf ideals contained in ker(π). It is clear then that Iπ is a
Hopf ideal, and to be more precise, is the largest Hopf ideal contained in ker(π). Thus,
we have the solution to our factorization problem, obtained as follows:

B = A/Iπ

(2) As for the second assertion, regarding the Hopf image of an arbitrary family of
representations πi : A → Ci, the proof here is similar, again by dividing by a suitable
ideal, obtained as the sum of all Hopf ideals contained in all the kernels ker(πi). □

The above construction might look quite trivial, but under some suitable extra as-
sumptions, such as having the complex numbers as scalars, F = C, a number of more
subtle things can be said about it, and this even at the very general level, as follows:

(1) To start with, the Hopf image construction has a very simple description at the
Tannakian level, namely “the Hom spaces are those in the model”, and this can be taken
as a definition for it. But more on this later, when talking Tannakian duality.

(2) As yet another approach, we can talk about idempotent states, and again, we have
a simple description of the Hopf image construction, in such terms. But more on this
later in this book, when talking Haar integration, and idempotent states.

Before going further, with some applications of the above construction to the compu-
tation of the [ , ] operation, let us formulate the following definition, which is something
of theoretical interest, that will appear on a regular basis, in what follows:
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Definition 4.27. We say that a representation π : A → C is inner faithful when
there is no proper factorization of type

π : A→ B → C

that is, when its Hopf image is A itself.

As before with the notion of Hopf image, this might look like a trivial notion, but under
a number of some suitable extra assumptions, such as having F = C, some non-trivial
things can be said too, including a simple Tannakian description of inner faithfulness, and
an indempotent state formula as well. More on this, later in this book.

Getting now to the examples and illustrations, for the notions introduced above, these
will come, as usual, from the case of the function algebras A = F (G), and that of the
group algebras A = F [H]. It is convenient to start with these latter algebras, A = F [H],
which are the most illustrating. Regarding them, we have the following result:

Theorem 4.28. Given a matrix representation of a group algebra

π : F [H]→MN(F )

coming by linearizing from a usual group representation

ρ : H → GLN(F )

the Hopf image factorization of π is obtained by taking the group image

π : F [H]→ F [ρ(H)]→MN(F )

and π is inner faithful when ρ is faithful, that is, when H ⊂ GLN(F ).

Proof. This is something elementary and self-explanatory, with the first assertion
coming from definitions, and with the second assertion coming from it. □

The above result is quite interesting, providing us with the key for understanding the
Hopf image construction, and the related notion of inner faithfulness. For making things
clear here, let us formulate our final conclusion a bit informally, as follows:

Conclusion 4.29. When regarding the Hopf algebras as being of the form A = F [H],
with H being a quantum group:

(1) The Hopf image construction produces the algebra A′ = F [H ′], with the quantum
group H ′ being the image of H.

(2) A representation of A = F [H] is inner faithful precisely when the corresponding
representation of H is faithful.

With this discussed, let us get now to our other class of basic examples, the function
algebras A = F (G). Here the result is something quite simple as well, as follows:
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Theorem 4.30. Given a diagonal representation of a function algebra

π : F (G)→MN(F ) , f →

f(g1) . . .
f(gK)


coming from an arbitrary family of group elements, as follows,

g1, . . . , gK ∈ G

the Hopf image factorization of π is obtained by taking the generated subgroup

π : F (G)→ F (< g1, . . . , gK >)→MN(F )

and π is inner faithful when we have G =< g1, . . . , gK >.

Proof. This is again something elementary and self-explanatory, with the first as-
sertion coming from definitions, and with the second assertion coming from it. □

So long for the notions of Hopf image, and inner faithfulness. There are of course some
other examples too, and we will be back to this later. Also, as already mentioned, there
is some further general theory to be developed too, under suitable extra assumptions, in
relation with Tannakian duals and Haar integration, and we will come back to this later
too. For the moment, what we have in the above, which is quite illustrating, will do.

Now by getting back to the generation operation [ , ], as introduced before, we have
the following result about it, which is something very useful, in practice:

Theorem 4.31. Assuming A→ B,C, the Hopf algebra [B,C] is such that

A→ [B,C]→ B,C

is the joint Hopf image of the following quotient maps:

A→ B,C

A similar result holds for an arbitrary family of quotients A→ Bi.

Proof. In the particular case from the statement, the joint Hopf image appears as
the smallest Hopf algebra quotient D producing factorizations as follows:

A→ D → B,C

We conclude from this that we have D = [B,C], as desired. As for the extension to
the case of an arbitrary family of quotients A→ Bi, this is straightforward. □

As an application of the above Hopf image technology, let us discuss now matrix
modeling questions. Let us start with something very basic, as follows:
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Definition 4.32. A matrix model for an affine Hopf algebra (A, u) is a morphism of
associative algebras as follows, with T being a certain space:

π : A→MK(F (T )) , uij → Uij

When this morphism π is an inclusion, we say that our model is faithful.

Obviously, this notion is potentially something quite useful. In practice now, we would
like of course our matrix models to be faithful, and this in order for our computations
inside the random matrix algebra MK(F (T )) to be relevant, to our questions regarding
A. In fact, this is why we chose above to use random matrix algebras MK(F (T )) instead
of plain matrix algebras MK(F ), as to have more chances to have faithfulness.

But, the problem is that this situation is not always possible, due to a number of
analytic reasons, the idea here being that the random matrix algebras MK(F (T )) are
quite “thin”, from a certain functional analytic viewpoint, while the algebra A to be
modeled might be “thick”, from the same functional analytic viewpoint.

We will discuss more in detail such things later in this book, when talking about
F = C, and various analytic aspects. In the meantime, however, we certainly do have a
problem, that is quite clear, and the point is that the notion of inner faithfulness from
Definition 4.27 provides us with a potential solution to this problem, as follows:

Definition 4.33. We say that a matrix model as above,

π : A→MK(F (T )) , uij → Uij

is inner faithful when there is no Hopf algebra factorization as follows:

π : A→ B →MK(F (T )) , uij → vij → Uij

That is, we can use our inner faithfulness notion, for the matrix models.

And the point now is that, with this notion in hand, we can model far more affine
Hopf algebras than before, with the above-mentioned analytic obstructions dissapearing.
In fact, there is no known obstruction on the algebras A than can be modeled as above.

Still in relation with the faithfulness problematics for models, let us record as well:

Theorem 4.34. Given an arbitrary matrix model, as before,

π : A→MK(F (T )) , uij → Uij

we can always factorize it via a smallest Hopf algebra, as follows,

π : A→ B →MK(F (T )) , uij → vij → Uij

and the resulting factorized model B →MK(F (T )) is then inner faithful.

Proof. This is indeed something self-explanatory, coming by dividing by a suitable
ideal, with the result itself being a particular case of Theorem 4.26. □
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Summarizing, we have some interesting theory going on, for the matrix models. In
practice now, in order to reach to something concrete, out of this, far more work is needed,
and we will discuss this later in this book. In the meantime, let us formulate:

Conclusion 4.35. In relation with the matrix models π : A→MK(F (T )):

(1) The notion of inner faithful model is the good one, perfectly remembering A, and
allowing us to model far more algebras A, than with usual faithfulness.

(2) In general, we can also use the Hopf image technology in order to construct new
Hopf algebras, by taking the Hopf image of an arbitrary model.

And we will end this chapter, and the present opening Part I, with this. Good con-
clusions that we have here, waiting to be explored. We will be back to this, later.

4e. Exercises

We had a lot of interesting algebra in this chapter, and as exercises, we have:

Exercise 4.36. Further study the projective versions.

Exercise 4.37. Further study the free complexifications.

Exercise 4.38. Work out some basic examples of intersections.

Exercise 4.39. Work out some basic examples of generations.

Exercise 4.40. Clarify the missing details for the Hopf image illustrations.

Exercise 4.41. Work out some basic examples of matrix models.

As bonus exercise, figure out what happens to all the above when F = C.
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Symmetry groups



Casa mea e un cantec cu acorduri ample
Melancolic si fierbinte si curat

Si ma simt ca intr-un palat de paduri inconjurat
Viata mea in cantec s-a mutat



CHAPTER 5

Rotation groups

5a. Free algebras

We have seen that many things can be said about Hopf algebras, and the underlying
quantum group type objects. In this second part of the present book we discuss some
concrete examples, obtained via two basic operations, called liberation and twisting.

The idea with liberation and twisting, inspired by the results of Drinfeld-Jimbo and
Woronowicz, and going back to work of Wang from the early 1990s in the case F = C,
and to work of Bichon from the early 2000s in general, is very simple, as follows:

(1) Liberation. Given an algebraic group G ⊂ GLN(F ), with a bit of patience and
know-how, we can normally liberate the commutative algebra A = F (G) into a highly
noncommutative algebra A+ = F (G+), by removing the commutation relations ab = ba
between the standard coordinates uij : G→ F . Thus, we get a liberation G ⊂ G+.

(2) Half-liberation. Once the liberation constructed, or even before that, a natural
question is that of understanding the intermediate liberations G ⊂ G× ⊂ G+. As a
basic example here, we usually have a canonical such liberation, denoted G∗, obtained by
replacing the relations ab = ba with the half-commutation relations abc = cba.

(3) Twisting. Along the same lines, we can try to look for twists G′ ⊂ G+, typically
obtained from G by replacing the relations ab = ba by commutation/anticommutation
relations ab = ±ba. This is not the same as half-liberation, because in this case G,G′ are
no longer related by an inclusion, but rather by some sort of mirror symmetry.

(4) Half-liberation and twisting. With the above done, and for the picture to be
complete, we can further look for intermediate objects G′ ⊂ G× ⊂ G+. As a basic
example here, we usually have a canonical such liberation, denoted G∗′, obtained by
replacing the relations ab = ±ba with relations of type abc = ±cba.

This was for the general story, and in practice now, things are quite tricky, depending
on the chosen algebraic group G ⊂ GLN(F ), the general principle being as follows:

107
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Principle 5.1. The liberation and twisting can be a quite tricky business, depend-
ing on the chosen group G ⊂ GLN(F ), with the problem coming from the “remove the
commutation relations ab = ba” procedure required, which remains something ad-hoc.

And for the story to be complete, as an illustration for the difficulties here, although
the basics of liberation and twisting are now quite well understood in the regular Lie
cases, ABCD, the final classification results in the ABCD cases are still lacking. As for
the exceptional cases EFG, here nothing much is known, at least for the moment.

Excuse me, but cat is here, meowing something. What is it, cat?

Cat 5.2. The commutation relations ab = ba are best removed by using claws.

Okay, thanks cat, but is this a joke or something, can’t you see that I am a peaceful
big animal, having no claws, and quite often eating vegetables. So, I cannot really follow
your advice, but one day some sort of generalized Lie theory, or algebraic geometry, will
provide us humans with the needed claws, in order to deal easily with such questions.

Getting to work now, as a first concrete goal, in order to have our liberation and
twisting program started, we would like to talk about quantum rotation groups over
arbitrary fields F . Let us start with something that we know since chapter 3, namely:

Definition 5.3. A corepresentation of a Hopf algebra A is a matrix u ∈ MN(A)
satisfying the following condition, called coassociativity:

∆(uij) =
∑
k

uik ⊗ ukj

We say that a Hopf algebra A is affine when it is of the form

A =< uij >

with u ∈MN(A) being a certain corepresentation, called fundamental corepresentation.

We refer to chapter 3 for some basic theory and observations, regarding the corepre-
sentations, and their relation with the equivalent notion of coaction. Among others, it
follows from there that we have the following formulae, involving the maps ∆, ε, S:

(id⊗∆)u = u12u13 , (id⊗ ε)u = 1 , (id⊗ S)u = u−1

To be more precise, the first formula is equivalent to the coassociativity condition
from Definition 5.3, the third formula follows from this, via the antipode axiom, and the
second condition follows from the counit axiom, by using the fact that u is invertible.

As a continuation of this, we have the following key definition:



5A. FREE ALGEBRAS 109

Definition 5.4. Given two corepresentations u ∈Mn(A), v ∈Mm(A), we set:

Hom(u, v) =
{
T ∈Mm×n(F )

∣∣∣Tu = vT
}

Also, we use the notations Fix(v) = Hom(1, v), and End(v) = Hom(v, v).

The linear maps, or rather rectangular matrices T ∈Mm×n(F ) in the above definition,
are called intertwiners between u and v. In the particular case u = 1, what we obtain are
certain vectors T ∈ Fm, called fixed points of v. Also, in the particular case u = v, what
we obtain are certain square matrices T ∈Mm(F ), called intertwiners of v.

The above notions are something quite natural and intuitive, and in the function
algebra case A = F (G) we obtain the usual notions concerning the representations of G,
that you might already know about, if you have some previous knowledge of representation
theory. In case you don’t, no worries, we will be doing things in a self-contained way.

Here is now a fundamental result, regarding the above Hom spaces:

Theorem 5.5. We have the following results:

(1) T ∈ Hom(u, v), S ∈ Hom(v, w) =⇒ ST ∈ Hom(u,w).
(2) S ∈ Hom(p, q), T ∈ Hom(v, w) =⇒ S ⊗ T ∈ Hom(p⊗ v, q ⊗ w).

In other words, the Hom spaces between corepresentations form a tensor category.

Proof. These assertions are all elementary, as follows:

(1) By using our assumptions Tu = vT and Sv = Ws we obtain, as desired:

STu = SvT = wST

(2) Assume indeed that we have Sp = qS and Tv = wT . With standard tensor
product notations, we have the following computation:

(S ⊗ T )(p⊗ v) = S1T2p13v23

= S1p13T2v23

= (Sp)13(Tv)23

On the other hand, we have as well the following computation:

(q ⊗ w)(S ⊗ T ) = q13w23S1T2

= q13S1w23T2

= (qS)13(wT )23

The quantities on the right being equal, this gives the result.

(3) Finally, the last assertion follows from definitions, and from the obvious fact that,
in addition to the above properties (1,2), the Hom spaces are linear spaces, and contain
the units. In short, this is just a theoretical remark, that we will need later on. □
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As a continuation of Definition 5.4, we have the following key notions:

Definition 5.6. We use the following conventions, for corepresentations:

(1) We write u ∼ v when Hom(u, v) contains an invertible element.
(2) We say that u is irreducible, and write u ∈ Irr(A), when End(u) = F1.

To be more precise, here it is understood in (1) that in order to have u ∼ v, we must
have dimu = dim v, prior to the condition on Hom(u, v) there. Also, in (2), the F1 at
the end stands for the algebra of constant matrices, F1 ⊂Mn(F ), with n = dimu.

As before with other notions, in the function algebra case A = F (G) we obtain the
usual notions concerning the representations of G, that you might already know about.
Observe also, as another illustration, that in the group dual case, A = F [H], we have:

g ∼ h ⇐⇒ g = h

As yet another remark, and in the general case now, observe that the condition u ∼ v
means by definition that u, v are conjugated by an invertible matrix:

u ∼ v ⇐⇒ v = TuT−1 , T ∈ GLn(F )
Finally, as a last piece of basic representation theory, that we will need in what follows,

let us recall from chapter 3 that we have the following key construction:

Definition 5.7. Given a corepresentation u ∈Mn(A), we set

ū = (t⊗ id)u−1 = (t⊗ S)u
and call it contragradient, or conjugate corepresentation to u.

We refer to chapter 3 for more on this notion, which is something quite subtle. As
a key observation here, when F = C, and assuming that A is a ∗-algebra, and that u is
unitary, u∗ = u−1, the conjugate is given by ūij = u∗ij. In general, we do not have such an
interpretation, but we will still agree to call ū conjugate corepresentation.

Good news, with the above notions in hand, we can now discuss, following Bichon and
others, the liberation question for the most basic matrix group of them all, namely:

GLN = GLN(F )

Let us start with some basic facts about the affine Hopf algebras, as follows:

Proposition 5.8. Given an affine Hopf algebra (A, u), with u ∈MN(A), let

ū = (t⊗ S)u , ¯̄u = (id⊗ S2)u

be the conjugate, and double conjugate, of the fundamental corepresentation.

(1) u = ¯̄u is equivalent to S2 = id.
(2) u ∼ ¯̄u means that v = ū satisfies v−1 = QutQ−1, with Q ∈ GLN .
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Proof. Both assertions are elementary, the idea being as follows:

(1) This is something trivial, which is clear from definitions.

(2) To start with, the condition u ∼ ū can be interpreted as follows:

u ∼ ū ⇐⇒ ū = RuR−1 , R ∈ GLN

Now in view of the formula ū = (t⊗ id)u−1, with the notation v = ū, we have:

u−1 = (t⊗ id)ū = (t⊗ id)v = vt

But this shows that, still with v = ū as above, the condition that we found reads:

(t⊗ id)v−1 = (t⊗ id)ū−1 = ¯̄u = RuR−1

Now by transposing, we obtain the following formula, with Q = (Rt)−1:

v−1 = QutQ−1

Thus, we are led to the conclusion in the statement.

(3) Let us mention too, as a complement to what is said in (2), that the condition
there is equivalent to having a formula of type S2 = Φ ∗ id ∗ Φ−1, for the square of the
antipode. Many other things can be said here, and we will be back to this later. □

The above result is quite interesting, and we are led in this way to considering the
universal Hopf algebra generated by variables uij, vij, with the relations that we found:

Theorem 5.9. Given a matrix Q ∈ GLN , the universal algebra F (GL+
Q) generated by

variables uij, vij with i, j = 1, . . . , N with the relations

u−1 = vt , v−1 = QutQ−1

is a Hopf algebra, with comultiplication, counit and antipode making u, v corepresentations.
We call the quantum groups GL+

Q free general linear groups.

Proof. Consider indeed the universal algebra in the statement. We must construct
Hopf algebra maps ∆, ε, S, and this can be done as follows:

(1) Our first claim is that we can construct a comultiplication map ∆ by using the
universal property of our algebra, via the following formulae:

(id⊗∆)u = u12u13 , (id⊗∆)v = v12v13

In order to prove this, consider the matrices appearing on the right, namely:

U = u12u13 , V = v12v13



112 5. ROTATION GROUPS

By using the formula u−1 = vt in the statement, we have the following computation:

U−1 = (u12u13)
−1

= u−113 u
−1
12

= vt13v
t
12

= (v12v13)
t

= V t

Similarly, by using v−1 = QutQ−1, we have as well the following computation:

V −1 = (v12v13)
−1

= v−113 v
−1
12

= (QutQ−1)13(Qu
tQ−1)12

= Qut13Q
−1Qut12Q

−1

= Qut13u
t
12Q

−1

= Q(u12u13)
tQ−1

= QU tQ−1

We conclude that the matrices U, V satisfy the same conditions as u, v, so we can
define ∆ as above, by using the universal property of our algebra.

(2) Regarding now the counit map ε, our claim is this can be defined in a similar way,
by using the universal property of our algebra, according to:

(id⊗ ε)u = 1 , (id⊗ ε)v = 1

But this is clear, because the matrices U = 1, V = 1 obviously satisfy the required
relations U−1 = V t and V −1 = QU tQ−1. Thus, we have our counit map ε.

(3) Finally, regarding the antipode S, our claim is that this can be defined in a similar
way, via the universal property of our algebra, according to the following formulae:

(id⊗ S)u = vt , (id⊗ S)v = QutQ−1
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In order to prove this, consider the matrices U = vt and V = QutQ−1, over the
opposite algebra, with product a · b = ba. We have the following computation:

(U · V t)ij =
∑
k

Uik · Vjk

=
∑
k

VjkUik

= (V U t)ji

= (QutQ−1v)ji

= (v−1v)ji

= δji

Similarly, we have as well the following computation:

(V t · U)ij =
∑
k

Vki · Ukj

=
∑
k

UkjVki

= (U tV )ji

= (vQutQ−1)ji

= (vv−1)ji

= δji

We conclude that the first required relation, U−1 = V t, is satisfied indeed.

(4) Next, still in relation with the antipode, we have the following computation:

(V ·QU tQ−1)ij =
∑
k

Vik · (QU tQ−1)kj

=
∑
k

(QU tQ−1)kjVik

= [(QU tQ−1)tV t]ji

= [(QvQ−1)t(QutQ−1)t]ji

= [(Q−1)tvtQt(Q−1)tuQt]ji

= [(Q−1)tvtuQt]ji

= [(Q−1)tu−1uQt]ji

= [(Q−1)tQt]ji

= δji
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Similarly, we have as well the following computation:

(QU tQ−1 · V )ij =
∑
k

(QU tQ−1)ik · Vkj

=
∑
k

Vkj(QU
tQ−1)ik

= [V t(QU tQ−1)t]ji

= [(QutQ−1)t(QvQ−1)t]ji

= [(Q−1)tuQt(Q−1)tvtQt]ji

= [(Q−1)tuvtQt]ji

= [(Q−1)tuu−1Qt]ji

= [(Q−1)tQt]ji

= δji

We conclude that the second required relation, namely V −1 = QU tQ−1, is satisfied
too. Thus that the matrices U, V satisfy the same conditions as u, v, so we can define the
antipode map S as above, by using the universal property of our algebra. □

Many things can be said about quantum groups GL+
Q constructed above. As a first

observation, the quantum group GL+
Q depends on the matrix Q ∈ GLN up to Q → λQ,

and in view of this, it is convenient to make the following normalization, provided that
Tr(Q) ̸= 0, and that the number Tr(Q−1)/Tr(Q) has a square root in F :

Tr(Q) = Tr(Q−1)

Along the same lines, but at a more advanced level, the quantum groups GL+
Q are

invariant under certain transformations of type Q→ AQB, at the level of the parameter
matrices Q ∈ GLN , and working out how all this works is an interesting question. We will
be back to such things, and to the quantum groups GL+

Q in general, with further results
about them, later in this book, when systematically discussing representation theory.

Let us restrict now the attention to the affine Hopf algebras satisfying S2 = id. Ac-
cording to Proposition 5.8 the condition S2 = id is equivalent to u = ¯̄u, and so to Q = 1.
Thus, we only need the Q = 1 particular case of Theorem 5.9, which is as follows:

Theorem 5.10. Given an integer N ∈ N, the universal algebra F (GL+
N) generated by

variables uij, vij with i, j = 1, . . . , N with the relations

u−1 = vt , v−1 = ut

is a Hopf algebra, with comultiplication, counit and antipode making u, v corepresentations.
We call the quantum groups GL+

N free general linear groups.
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Proof. As already mentioned, this is simply the Q = 1 particular case of Theorem
5.9, with the above quantum group GL+

N being the “true” and unique free general linear
group, in the framework of the affine Hopf algebras satisfying S2 = id. □

Many other things can be said, as a continuation of the above, in particular with the
following observations regarding the diagonal algebras, which get liberated too:

Fact 5.11. In the context of the liberation operation F (GLN)→ F (GL+
N):

(1) The corresponding diagonal algebras get liberated too, as F [ZN ]→ F [Z∗N ].
(2) This latter liberation corresponds to the usual group liberation ZN → Z∗N .

In addition to this, let us mention that F (GL+
N) is known to be generated by its

subalgebras F (GLN) and F [Z∗N ], so in the end, the liberation operation GLN → GL+
N

simply consists in liberating the dual of the diagonal torus, ZN → Z∗N . However, such
things are not exactly well understood and axiomatized, and in the lack of something
concrete here, we refer to Cat 5.2 for the general principles of liberation.

We refer to Bichon [22] for more on all this. We will be back to the quantum groups
GL+

Q and GL+
N later in this book, with more results about them.

5b. Orthogonal groups

As a continuation of the above, still following Bichon [22] and related work, let us
discuss now the free rotation groups. In order to keep things simple, we will restrict the
attention to the case where the square of the antipode is the identity:

S2 = id

Our aim will be that of constructing quantum groups as follows, depending on a
parameter matrix J ∈ GLN , whose meaning will become clear in a moment:

O+
J ⊂ GL+

N

In order to get started, we first have the following version of Proposition 5.8:

Proposition 5.12. Given an affine Hopf algebra (A, u), with u ∈MN(A), let

ū = (t⊗ S)u

be the conjugate of the fundamental corepresentation.

(1) u = ū is equivalent to u−1 = ut.
(2) u ∼ ū is equivalent to u−1 = JutJ−1, with J ∈ GLN .

Proof. Both the assertions are clear from ū = (t⊗ id)u−1, as follows:
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(1) This follows indeed from the following equivalences:

u = ū ⇐⇒ u = (t⊗ id)u−1

⇐⇒ (t⊗ id)u = u−1

⇐⇒ ut = u−1

(2) This follows from the following equivalences, with J = (Kt)−1 at the end:

u ∼ ū ⇐⇒ ū = KuK−1

⇐⇒ (t⊗ id)u−1 = KuK−1

⇐⇒ u−1 = (Kt)−1utKt

⇐⇒ u−1 = JutJ−1

Thus, we are led to the conclusions in the statement. □

Thus, we are led to the following “orthogonal” version of Theorem 5.10:

Theorem 5.13. Given a matrix J ∈ GLN , the universal algebra F (O+
J ) generated by

variables uij with i, j = 1, . . . , N with the relations

u−1 = JutJ−1

is a Hopf algebra, with comultiplication, counit and antipode making u a corepresentation.
We call the quantum groups O+

J free rotation groups.

Proof. Consider indeed the universal algebra in the statement. We must construct
Hopf algebra maps ∆, ε, S, and this can be done as follows:

(1) Our first claim is that we can construct a comultiplication map ∆ by using the
universal property of our algebra, via the following formula:

(id⊗∆)u = u12u13

In order to prove this, consider the matrix appearing on the right, namely:

U = u12u13

By using the formula u−1 = JutJ−1, we have the following computation:

U−1 = (u12u13)
−1

= u−113 u
−1
12

= (JutJ−1)13(Ju
tJ−1)12

= Jut13J
−1Jut12J

−1

= Jut13u
t
12J
−1

= J(u12u13)
tJ−1

= JU tJ−1
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We conclude that the matrix U satisfies the same conditions as u, so we can define
indeed ∆ as above, by using the universal property of our algebra.

(2) Regarding now the counit map ε, our claim is this can be defined in a similar way,
by using the universal property of our algebra, according to:

(id⊗ ε)u = 1

But this is clear, because the unit matrix U = 1 obviously satisfies the required
relations, namely U−1 = JU tJ−1. Thus, we have our counit map ε.

(3) Finally, regarding the antipode S, our claim is this can be defined in a similar way,
by using the universal property of our algebra, according to the following formula:

(id⊗ S)u = JutJ−1

In order to prove this, consider the matrix U = JutJ−1, over the opposite algebra,
with product a · b = ba. We have the following computation:

(U · JU tJ−1)ij =
∑
k

Uik · (JU tJ−1)kj

=
∑
k

(JU tJ−1)kjUik

= [(JU tJ−1)tU t]ji

= [(J−1)tUJ tU t]ji

= [(J−1)tJutJ−1J t(J−1)tuJ t]ji

= [(J−1)tJutJ−1uJ t]ji

= [(J−1)tu−1uJ t]ji

= [(J−1)tJ t]ji

= δij
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On the other hand, we have as well the following computation:

(JU tJ−1 · U)ij =
∑
k

(JU tJ−1)ik · Ukj

=
∑
k

Ukj(JU
tJ−1)ik

= [U t(JU tJ−1)t]ji

= [U t(J−1)tUJ t]ji

= [(J−1)tuJ t(J−1)tJutJ−1J t]ji

= [(J−1)tuJutJ−1J t]ji

= [(J−1)tuu−1J t]ji

= [(J−1)tJ t]ji

= δij

We conclude that the matrix U satisfies the condition U−1 = JU tJ−1, so we can define
the antipode map S as above, by using the universal property of our algebra. □

The story is not over here, because we still have to see what conditions must be
imposed on J ∈ GLN , as to avoid degeneracy of the corresponding quantum group O+

J , a
natural requirement here being the fact that u must be irreducible. We will need:

Proposition 5.14. In the context of the quantum group O+
J we have

J tJ−1 ∈ End(u)
and so, in order for u to be irreducible, we must assume J t = ±J .

Proof. This is something which is quite routine, as follows:

(1) We have the following computation, using u−1 = JutJ−1:

(id⊗ S2)u = (id⊗ S)u−1

= (id⊗ S)(JutJ−1)
= J [(id⊗ S)ut]J−1

= J [(id⊗ S)u]tJ−1

= J(u−1)tJ−1

= J(JutJ−1)tJ−1

= J(J t)−1uJ tJ−1

= (J tJ−1)−1uJ tJ−1

Now since S2 = id, this equality gives, as claimed in the statement:

J tJ−1 ∈ End(u)
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(2) Regarding the second assertion, by using what we just found, we have:

u = irreducible =⇒ J tJ−1 ∈ F1
=⇒ J tJ−1 = c1, c ∈ F
=⇒ J t = cJ, c ∈ F

Now observe that by transposing the formula J t = cJ we obtain J = cJ t, and by
putting these two formulae together, we obtain the following relation:

J = c2J

But, J being invertible, we conclude that we must have c2 = 1, and so c = ±1. Thus,
the formula J t = cJ that we found reads J t = ±J , as claimed in the statement. □

Now with Proposition 5.14 in mind, let us record the following useful result:

Theorem 5.15. Given a matrix J ∈ GLN satisfying J t = ±J , the corresponding
algebra F (O+

J ) is generated by variables uij with i, j = 1, . . . , N with the relations

u = JūJ−1

where ū = (t⊗ id)u−1. We call these quantum groups O+
J the main free rotation groups,

and we use the notation O+
N , for the quantum group obtained at J = 1.

Proof. This is a remake of Theorem 5.13, with the condition J t = ±J found in
Proposition 5.14 added, and with the following manipulation included too:

u−1 = JutJ−1 ⇐⇒ (t⊗ id)u−1 = (J t)−1uJ t

⇐⇒ (t⊗ id)u−1 = J−1uJ

⇐⇒ ū = J−1uJ

⇐⇒ u = JūJ−1

To be more precise, we have used here, in the beginning, the formula J t = ±J . Observe
also that our statement makes indeed sense, because u = JūJ−1, with the convention
ū = (t ⊗ id)u−1, is a collection of relations between the variables uij. Finally, in what
regards the “main” at the end, this comes from what we found in Proposition 5.14. □

As before in the general linear case, many other things can be said, as a continuation
of the above, in particular with the following fact regarding the diagonal algebras:

Fact 5.16. In the context of the liberation operation F (ON)→ F (O+
N):

(1) The corresponding diagonal algebras get liberated too, as F [ZN2 ]→ F [Z∗N2 ].
(2) This latter liberation corresponds to the usual group liberation ZN2 → Z∗N2 .

Observe that this is something very similar to Fact 5.11, and for more about all this,
we refer to the comments there, which apply to the present situation as well.
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As another comment, importantly, as explained by Bichon in [22] and related papers,
with the condition J t = ±J imposed, u becomes indeed irreducible. We will be back to
the quantum groups O+

J and O+
N later in this book, with more results about them.

5c. Bistochastic groups

As an interesting version of the orthogonal groups and quantum groups, let us discuss
now the bistochastic groups and quantum groups. This is more applied linear algebra,
and the very basic definition there, that you might already know, is as follows:

Definition 5.17. A square matrix M ∈MN(F ) is called bistochastic if each row and
each column sum up to the same number:

M11 . . . M1N → λ
...

...
MN1 . . . MNN → λ
↓ ↓
λ λ

If this happens only for the rows, or only for the columns, the matrix is called row-
stochastic, respectively column-stochastic.

As the name indicates, these matrices are useful in statistics, and perhaps in other
fields like graph theory, computer science and so on, with the case of the real matrices
having positive entries, which sum up to λ = 1, being the important one. As a basic
example of a bistochastic matrix, we have the flat matrix, which is as follows:

IN =

1 . . . 1
...

...
1 . . . 1


Observe that the rescaling PN = IN/N has the property mentioned above, namely

positive entries, summing up to 1. In fact, this matrix PN = IN/N is a very familiar
object in linear algebra, being the projection on the all-one vector, namely:

ξ =

1
...
1


Getting back now to the general case, the various notions of stochasticity in Definition

5.17 are closely related to this vector ξ, due to the following simple fact:

Proposition 5.18. Let M ∈MN(F ) be a square matrix.

(1) M is row stochastic, with sums λ, when Mξ = λξ.
(2) M is column stochastic, with sums λ, when M tξ = λξ.
(3) M is bistochastic, with sums λ, when Mξ =M tξ = λξ.
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Proof. The first assertion is clear from definitions, because when multiplying a ma-
trix by ξ, we obtain the vector formed by the row sums:M11 . . . M1N

...
...

MN1 . . . MNN

1
...
1

 =

M11 + . . .+M1N
...

MN1 + . . .+MNN


As for the second, and then third assertion, these are both clear from this. □

As an observation here, we can reformulate if we want the above statement in a purely
matrix-theoretic form, by using the flat matrix IN , as follows:

Proposition 5.19. Let M ∈MN(F ) be a square matrix.

(1) M is row stochastic, with sums λ, when MIN = λIN .
(2) M is column stochastic, with sums λ, when INM = λIN .
(3) M is bistochastic, with sums λ, when MIN = INM = λIN .

Proof. This follows from Proposition 5.18, and from the fact that both the rows and
columns of the flat matrix IN are copies of the all-one vector ξ. Alternatively, we have
the following formula, S1, . . . , SN being the row sums of M , which gives (1):M11 . . . M1N

...
...

MN1 . . . MNN

1 . . . 1
...

...
1 . . . 1

 =

S1 . . . S1
...

...
SN . . . SN


As for the second, and then third assertion, these are both clear from this. □

Getting now to our quantum group business, we first have the following result:

Proposition 5.20. We have a subgroup as follows,

BJ ⊂ OJ

consisting of the orthogonal matrices which are bistochastic.

Proof. It is clear indeed that BJ is stable under the multiplication, contains the
unit, and is stable by inversion. Thus, we have indeed a subgroup, as stated. □

In fact, we have the following result, dealing with quantum groups too, and which is
formulated a bit informally, by using our general A = F (G) philosophy:

Theorem 5.21. We have the following groups and quantum groups:

(1) BJ ⊂ OJ , consisting of the orthogonal matrices which are bistochastic.
(2) B+

J ⊂ O+
J , coming via uξ = ξ, where ξ is the all-one vector.

Also, we have an inclusion BJ ⊂ B+
J , which is a liberation.
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Proof. There are several things to be proved, the idea being as follows:

(1) We already know from Proposition 5.20 that BJ is indeed a group, with this coming
from the following formula, with ξ being the all-one vector:

BJ =
{
U ∈ OJ

∣∣∣Uξ = ξ
}

(2) In what regards now B+
J , this appears by definition as follows:

C(B+
J ) = F (O+

J )
/〈

ξ ∈ Fix(u)
〉

But since the relation ξ ∈ Fix(u) is categorical, producing a Hopf ideal, and we will
leave the verifications here as an exercise, we have indeed quantum groups.

(3) Finally, in what regards the last assertion, since we already know that OJ ⊂ O+
J

is a liberation, we must prove that we have an isomorphism as follows:

F (BJ) = F (OJ)
/〈

ξ ∈ Fix(u)
〉

But this isomorphism is clear from the formula of BJ in (1). □

Quite interesting all this, but the bistochastic groups and quantum groups are in fact
not really “new”, because at J = 1 for instance, we have the following result:

Theorem 5.22. We have isomorphisms as follows:

(1) BN ≃ ON−1.
(2) B+

N ≃ O+
N−1.

Proof. Let us pick indeed a matrix K ∈ GLN satisfying the following condition,
where e0 = (1, 0, . . . , 0) is the first vector of the standard basis of FN :

Ke0 = ξ

We have then the following computation, for any corepresentation u:

uξ = ξ ⇐⇒ uKe0 = Ke0

⇐⇒ K−1uKe0 = e0

⇐⇒ K−1uK = diag(1, w)

Thus we have an isomorphism given by wij → (K−1uK)ij, as desired. □

With this understood, we would like to discuss now certain versions of the bistochastic
groups and quantum groups BN , B

+
N , which are quite interesting, for various reasons. To

be more precise, it is possible to talk about bistochastic groups and quantum groups
BI
N , B

I+
N defined by using other vectors ξ = ξI , the result being as follows:
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Theorem 5.23. We have a closed subgroup BI+
N ⊂ O+

N , defined via the formula

C(BI+
N ) = C(O+

N)
/
⟨uξI = ξI⟩

with the vector ξI being as follows, with I ⊂ {1, . . . , N} being a subset:

ξI =
1√
|I|

(δi∈I)i

Moreover, we can talk about classical groups BI
N too, in a similar way.

Proof. We must check the Hopf algebra axioms, and the proof goes as follows:

(1) Let us set Uij =
∑

k uik ⊗ ukj. We have then the following computation:

(UξI)i =
1√
|I|

∑
j∈I

Uij

=
1√
|I|

∑
j∈I

∑
k

uik ⊗ ukj

=
∑
k

uik ⊗ (uξI)k

=
∑
k

uik ⊗ (ξI)k

=
1√
|I|

∑
k∈I

uik ⊗ 1

= (uξI)i ⊗ 1

= (ξI)i ⊗ 1

Thus we can define indeed a comultiplication map, by ∆(uij) = Uij.

(2) In order to construct the counit map, ε(uij) = δij, we must prove that the identity
matrix 1 = (δij)ij satisfies 1ξI = ξI . But this is clear.

(3) In order to construct the antipode, S(uij) = (u−1)ij, we must prove that the inverse
matrix u−1 = (u−1)ij satisfies u

−1ξI = ξI . But this is clear from uξI = ξI .

(4) Finally, we can talk about classical groups BI
N in a similar way, with these appear-

ing as subgroups of the quantum groups BI+
N , in the obvious way. □

We should mention that the above quantum groups are of key importance in connection
with the notion of “affine homogeneous space”, which is something generalizing the usual
spheres, and requires an index set I ⊂ {1, . . . , N}, as above. We will be back to this later
in this book, in Part IV, with a brief introduction to the affine homogeneous spaces.
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5d. Lower liberations

We would like to discuss now some “lower liberations” of the group GLN and its
subgroups of type ON , and why not of some other subgroups too, which do not have free
versions. With this meaning looking for intermediate quantum groups G ⊂ G× ⊂ G+, or
just looking for partial liberations G ⊂ G×, when G+ does not really exist.

All this is something a bit philosophical, beyond Hopf algebras, just in relation with
the notion of commutativity. And, we are led right away to the following question:

Question 5.24. What is simple and natural as relation between commutativity

ab = ba

and no relation at all, or freeness, ∅?

In order to answer this question, we can use a diagrammatic approach to it. Obviously,
the notion of commutativity, ab = ba, comes from the following diagram:

◦ ◦

◦ ◦

With this idea in mind, we are led right way into the following diagram:

◦ ◦ ◦

◦ ◦ ◦

But, by following this path, why not using as well the following diagram:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

And so on. A clarification is certainly needed here, and we have:

Claim 5.25. Under suitable combinatorial assumptions, only half-commutativity,

abc = cba

has its place between commutativity, ab = ba, and freeness, ∅.
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In order to discuss this claim, which is something quite subtle, the idea will be that
of regarding the above diagrams as being set-theoretic pairings, and then talk about
categories of pairings, rather of pairings themselves. Indeed, let us formulate:

Definition 5.26. A category of pairings is a collection of sets of pairings,

D =
⊔
k,l

D(k, l)

with D(k, l) ⊂ P2(k, l), having the following properties:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ], with matching middle symbols.
(3) Stability under the upside-down turning ∗, with switching of colors, ◦ ↔ •.
(4) Each set P (k, k) contains the identity partition || . . . ||.
(5) The sets P (∅, ◦•) and P (∅, •◦) both contain the semicircle ∩.

This might look a bit complicated, at the first glance, but if you are a bit familiar with
Tannakian duality, this definition will certainly bring you joy. If not, you can simply take
the above definition as such, sort of an abstract notion introduced for our theory below
to work, and we will be back to this in chapter 11, with more details about all this.

The point now is that, with the above definition in hand, we can formulate the fol-
lowing statement, making our previous Claim 5.25 into something very precise:

Theorem 5.27. There are only 3 categories of pairings, namely

NC2 ⊂ P ∗2 ⊂ P2

with P2, all pairings, corresponding to commutativity, NC2, noncrossing pairings, corre-
sponding to freeness, and P ∗2 =< /\| > corresponding to half-commutativity.

Proof. As already mentioned, this is something quite technical and precise, and with
the last part being of course a bit informal, making the link with Claim 5.25.

(1) In order to prove the uniqueness result, consider a crossing pairing, π ∈ P2−NC2,
having s ≥ 4 strings. Our claim is that the following happen:

– If π ∈ P2 − P ∗2 , there exists a semicircle capping π′ ∈ P2 − P ∗2 .
– If π ∈ P ∗2 −NC2, there exists a semicircle capping π′ ∈ P ∗2 −NC2.

Indeed, both these assertions can be easily proved, by drawing pictures.

(2) Consider now a partition π ∈ P2(k, l)−NC2(k, l). Our claim is that:

– If π ∈ P2(k, l)− P ∗2 (k, l) then < π >= P2.

– If π ∈ P ∗2 (k, l)−NC2(k, l) then < π >= P ∗2 .

But this can be indeed proved by recurrence on the number of strings, s = (k + l)/2,
by using (1), which provides us with a descent procedure s→ s− 1, at any s ≥ 4.
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(3) Finally, given a category of pairings NC2 ⊂ D ⊂ P2, we have three cases:

– If D ̸⊂ P ∗2 , we obtain D = P2.

– If D ⊂ P2, D ̸⊂ NC2, we obtain D = P ∗2 .

– If D ⊂ NC2, we obtain D = NC2.

Thus, we have proved the uniquess result, as desired. □

We will be back to all this later in this book, the idea being that what we just proved is
that, under suitable combinatorial assumptions, of Brauer theory type, there are exactly
3 orthogonal quantum groups, namely ON ⊂ O∗N ⊂ O+

N . More on this later.

With the above discussed, let us go back now to quantum groups, and discuss the half-
liberation operation, obtained by replacing the commutation relations ab = ba between
standard coordinates with half-commutation relations, abc = cba. We have here:

Theorem 5.28. We have intermediate quantum groups as follows,

F (G∗) = F (G+)
/〈

abc = cba
∣∣∣∀a, b, c ∈ {uij, ūij}〉

which have the following properties:

(1) The projective versions PF (G∗) are commutative.
(2) The diagonal algebras F (G∗)δ are not commutative, for G = GLN , ON .
(3) Thus, the algebras F (G∗) are not commutative, for G = GLN , ON .
(4) However, collapsing F (G∗) = F (G) can happen, for instance for G = BN .

Proof. There are many things going on here, and with this being just the tip of the
iceberg, on what can be said, with the idea with all this being as follows:

(1) To start with, the fact that G∗ as constructed above is indeed a quantum group,
lying as a proper intermediate subgroup G ⊂ G∗ ⊂ G+, can be checked via a routine
computation, but the best is to view this via representation theory. Indeed, intuitively,
the half-commutation relations abc = cba come from the half-classical crossing:

/\| ∈ P2(3, 3)

Thus, we are led to the conclusion in the statement, by imposing the following condi-
tions, with the convention that /\| stands for all 8 possible colorings of /\| :

/\| ∈ End(uα ⊗ uβ ⊗ uγ)

And we will be back to this, correspondence between intertwiners and partitions, later
in this book, in chapter 11, when talking Tannakian duality and Brauer theorems.



5D. LOWER LIBERATIONS 127

(2) Regarding now the claim that the projective version PF (G∗) is commutative, this
is something immediate, coming from the following computation:

ab · cd = abc · d
= cba · d
= c · bad
= c · dab
= cd · ab

(3) Next, in the cases G = GLN , ON the diagonal algebras F (G∗)δ are respectively
equal to the group algebras of H = Z◦N ,Z◦N2 , with the symbol ◦ standing for the half-
classical product of groups, lying between the classical product × and the free product ∗,
by imposing the commutation relations ghk = khg. Now since these latter groups H are
not abelian, nor are the corresponding group algebras commutative, as claimed.

(4) Still in the cases G = GLN , ON , since the diagonal algebras F (G∗)δ are not com-
mutative, nor are the algebras F (G∗) themselves commutative, as claimed.

(5) Finally, in the case G = BN , as a first observation, the above argument involving
diagonal algebras will not work, because these diagonal algebras collapse to F , which
half-liberate and liberate into F too. In fact, as said in the statement, the half-liberation
procedure fails for the bishochastic groups, and this because by summing the matrix
entries over a row, the relations abc = cba get converted into the relations ab = ba. □

Many other things can be said about half-liberation, following Bichon-Dubois-Violette
[26] and related work, with a key observation here being the fact that the 2×2 antidiagonal
scalar matrices half-commute. Indeed, we have the following computation:(

0 a
b 0

)(
0 x
y 0

)(
0 c
d 0

)
=

(
ay 0
0 bx

)(
0 c
d 0

)
=

(
0 ayc
bxd 0

)
On the other hand, we have as well the following computation:(

0 c
d 0

)(
0 x
y 0

)(
0 a
b 0

)
=

(
cy 0
0 dx

)(
0 a
b 0

)
=

(
0 cya
dxb 0

)
Thus, we have indeed half-commutation, and based on this, it is possible to work out

explicit 2× 2 matrix models for our quantum groups. More on this, later in this book.

As a last topic, back to the bistochastic groups, it is possible to construct intermediate
objects for BN ⊂ B+

N . Let us recall from Theorem 5.22 that we have an isomorphism as
follows, whenever K ∈ GLN satisfies Ke0 =

1√
N
ξ, where ξ is the all-one vector:

C(O+
N−1)→ C(B+

N) , wij → (K−1uK)ij
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Here, and in what follows, we use indices i, j = 0, 1, . . . , N −1 for the N ×N quantum
groups, and indices i, j = 1, . . . , N − 1 for their (N − 1)× (N − 1) subgroups. But with
this, we can construct intermediate objects for BN ⊂ B+

N , as follows:

Theorem 5.29. Assuming that K ∈ GLN satisfies Ke0 =
1√
N
ξ, we have inclusions

BN ⊂ B◦K ⊂ B+
N

obtained by taking the image of the standard inclusions

ON−1 ⊂ O∗N−1 ⊂ O+
N−1

via the above isomorphism O+
N−1 ≃ B+

N induced by K.

Proof. The fact that we have inclusions as in the statement follows from the above
isomorphism, which produces a diagram as follows:

ON−1 // O∗N−1
// O+

N−1

BN
// B◦K

// B+
N

To be more precise, the quantum group B◦K from the bottom is by definition the image
of the quantum group O∗N−1 from the top, and this gives the result. □

Many other things can be said, as a continuation of the above. We will back to
this, and with some further examples of bistochastic quantum groups too, later on, when
systematically discussing the half-liberation operation, over F = C.

5e. Exercises

We had a lot of interesting algebra in this chapter, and as exercises, we have:

Exercise 5.30. Clarify the isomorphisms between the quantum groups GL+
Q.

Exercise 5.31. Clarify the deformation of the quantum groups O+
N .

Exercise 5.32. Learn more about the bistochastic matrices.

Exercise 5.33. Clarify the details, in relation with the half-liberation operation.

Exercise 5.34. Try constructing more general half-liberation operations.

Exercise 5.35. Further study the bistochastic quantum groups B◦K.

As bonus exercise, study the representations of our various quantum groups.



CHAPTER 6

Symmetric groups

6a. Symmetric groups

Welcome to quantum permutations. Our next goal, coming as a continuation of the
general liberation material from chapter 5, will be to talk about quantum permutations,
and quantum reflections too, over arbitrary fields F . To be more precise, we would first
like to talk about quantum permutation groups S+

N , and then about more general quantum
reflection groups, appearing as certain products, Hs

N = Zs ≀∗ S+
N with s ∈ N ∪ {∞}.

As before with the rotation groups, the story with quantum permutations involves
some key work of Wang from the 1990s, in the case F = C, and then some subsequent
work of Bichon, from the 2000s, in the case where F is arbitrary. We will be following
here the paper of Bichon [23], which includes adaptations of most of Wang’s results.

Let us start with the following standard result, regarding the group SN itself:

Theorem 6.1. Consider the symmetric group SN , viewed as permutation group of the
N coordinate axes of FN . The coordinate functions on SN ⊂ ON are given by

uij = χ
(
σ ∈ G

∣∣∣σ(j) = i
)

and the matrix u = (uij) that these functions form is magic, in the sense that:

(1) Its entries are projections, p2 = p,
(2) Which satisfy pq = 0, on each row and column,
(3) And which sum up to 1 on each row and column.

Proof. The action of SN on the standard basis e1, . . . , eN ∈ FN being given by
σ : ej → eσ(j), this gives the formula of uij in the statement. As for the fact that the
matrix u = (uij) that these functions form is magic, this is clear. □

As a comment here, in the case F = C the above projections uij are orthogonal
projections, p2 = p∗ = p, and by using this, the condition (2) automatically follows from
(3), via some standard positivity tricks, that we will leave as an exercise. In the general
case, however, as explained in [23], the good magic conditions are (1,2,3) above.

Now back to the general case, where our ground field F is arbitrary, with a bit more
effort, we obtain the following nice algebraic characterization of SN :

129
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Theorem 6.2. The algebra of functions on SN has the following presentation,

F (SN) = Fcomm

(
(uij)i,j=1,...,N

∣∣∣u = magic
)

and the multiplication, unit and inversion map of SN appear from the maps

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij , S(uij) = uji

defined at the algebraic level, of functions on SN , by transposing.

Proof. This follows indeed from Theorem 6.1, via some basic algebra, that we will
leave here as an exercise, and with the comment that there are no topological issues of
any kind involved, both the algebras in the statement being finite dimensional. We will
actually do this basic algebra in a moment, when talking about liberations of SN . □

Following now Wang and Bichon, we can liberate SN , as follows:

Theorem 6.3. The following universal algebra, with magic meaning as usual formed
by projections, p2 = p, satisfying pq = 0 and

∑
p = 1 on each row and column,

F (S+
N) = F

(
(uij)i,j=1,...,N

∣∣∣u = magic
)

is a Hopf algebra, with comultiplication, counit and antipode given by:

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij , S(uij) = uji

We call the quantum group S+
N quantum permutation group.

Proof. We must construct morphisms of algebras ∆, ε, S given by the formulae in
the statement. Consider the following matrices:

u∆ij =
∑
k

uik ⊗ ukj , uεij = δij , uSij = uji

Our claim is that, since u is magic, so are these three matrices:

(1) Indeed, regarding the matrix u∆, its entries are projections, as shown by:

(u∆ij)
2 =

∑
kl

uikuil ⊗ ukjulj

=
∑
kl

δkluik ⊗ δklukj

=
∑
k

uik ⊗ ukj

= u∆ij
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(2) Next, the condition pq = 0 is satisfied on the rows of u∆, as shown by:

uijuik =
∑
lm

uiluim ⊗ uljumk

=
∑
lm

δlmuil ⊗ uljumk

=
∑
l

uil ⊗ uljulk

=
∑
l

uil ⊗ δjkulj

= δjkuij

(3) The condition pq = 0 is satisfied on the columns of u∆ too, as shown by:

uijukj =
∑
lm

uilukm ⊗ uljumj

=
∑
lm

uilukm ⊗ δlmulj

=
∑
l

uilukl ⊗ ulj

=
∑
l

δikuil ⊗ ulj

= δikuij

(4) The row sums for the matrix u∆ can be computed as follows:∑
j

u∆ij =
∑
jk

uik ⊗ ukj

=
∑
k

uik ⊗ 1

= 1

(5) As for the column sums, the computation here is similar, as follows:∑
i

u∆ij =
∑
ik

uik ⊗ ukj

=
∑
k

1⊗ ukj

= 1

(6) We conclude from these computations that the matrix u∆ is magic, as claimed.
As for uε, uS, these matrices are magic too, and this for obvious reasons.
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(7) Thus, all our three matrices u∆, uε, uS are magic, so we can define ∆, ε, S by the
formulae in the statement, by using the universality property of F (S+

N). □

Very nice, but our first task now is to make sure that Theorem 6.3 produces indeed a
new quantum group, which does not collapse to SN . Following Wang, we have:

Theorem 6.4. We have an embedding SN ⊂ S+
N , given at the algebra level by:

uij → χ
(
σ ∈ SN

∣∣∣σ(j) = i
)

This is an isomorphism at N ≤ 3, but not at N ≥ 4, where S+
N is not classical, nor finite.

Proof. The fact that we have indeed an embedding as above follows from Theorem
6.2. Observe that in fact more is true, because Theorems 6.2 and 6.3 give:

F (SN) = F (S+
N)
/〈

ab = ba
〉

Thus, the inclusion SN ⊂ S+
N is a “liberation”, in the sense that SN is the classical

version of S+
N . We will often use this basic fact, in what follows. Regarding now the

second assertion, we can prove this in four steps, as follows:

Case N = 2. The fact that S+
2 is indeed classical, and hence collapses to S2, is trivial,

because the 2× 2 magic matrices are as follows, with p being a projection:

U =

(
p 1− p

1− p p

)
Indeed, this shows that the entries of U commute. Thus F (S+

2 ) is commutative, and
so equals its biggest commutative quotient, which is F (S2). Thus, S

+
2 = S2.

Case N = 3. By using the same argument as in the N = 2 case, and the symmetries
of the problem, it is enough to check that u11, u22 commute. We have:

u11u22 = u11u22(u11 + u12 + u13)

= u11u22u11 + u11u22u13

= u11u22u11 + u11(1− u21 − u23)u13
= u11u22u11

On the other hand, we have as well the following computation:

u22u11 = (u11 + u12 + u13)u22u11

= u11u22u11 + u13u22u11

= u11u22u11 + u13(1− u21 − u23)u11
= u11u22u11

By comparing the above formulae we obtain u11u22 = u22u11, as desired.
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Case N = 4. Consider the following matrix, with p, q being projections:

U =


p 1− p 0 0

1− p p 0 0
0 0 q 1− q
0 0 1− q q


This matrix is magic, and we can choose p, q as for the algebra < p, q > to be non-

commutative and infinite dimensional. We conclude that F (S+
4 ) is noncommutative and

infinite dimensional as well, and so S+
4 is non-classical and infinite, as claimed.

Case N ≥ 5. Here we can use the standard embedding S+
4 ⊂ S+

N , obtained at the level
of the corresponding magic matrices in the following way:

u→
(
u 0
0 1N−4

)
Indeed, with this in hand, the fact that S+

4 is a non-classical, infinite quantum group
implies that S+

N with N ≥ 5 has these two properties as well. □

As a first observation, as a matter of doublechecking our findings, we are not wrong
with our formalism, because as explained once again in [23], [92], we have as well:

Theorem 6.5. The quantum permutation group S+
N acts on the set X = {1, . . . , N},

the corresponding coaction map α : F (X)→ F (X)⊗ F (S+
N) being given by:

α(ei) =
∑
j

ej ⊗ uji

In fact, S+
N is the biggest quantum group acting on X, by leaving the counting measure

invariant, in the sense that (tr ⊗ id)α = tr(.)1, where tr(ei) =
1
N
,∀i.

Proof. Our claim, which will prove the result, is that given a Hopf algebra A, the
following formula defines a morphism of algebras, which is a coaction map, leaving the
trace invariant, precisely when u = (uij) is a magic corepresentation of A:

α(ei) =
∑
j

ej ⊗ uji

(1) To start with, we know from chapter 3 that the following happen:

(α⊗ id)α = (id⊗∆)α ⇐⇒ ∆(uij) =
∑
k

uik ⊗ ukj

(id⊗ ε)α = id ⇐⇒ (id⊗ ε)u = 1

In other words, α is a coaction precisely when u is a corepresentation.
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(2) Next, let us determine when the above map α is multiplicative. We have:

α(ei)α(ek) =
∑
jl

ejel ⊗ ujiulk =
∑
j

ej ⊗ ujiujk

α(eiek) = δikα(ei) = δik
∑
j

ej ⊗ uji

Thus the multiplicativity of α is equivalent to the following conditions:

ujiujk = δikuji , ∀i, j, k
In other words, the entries uij must be projections, satisfying pq = 0 on rows.

(3) Regarding now the unitality property of α, we have the following formulae:

α(1) = α

(∑
i

ei

)
=
∑
ij

ej ⊗ uji

1 =
∑
j

ej

We conclude that our map α is unital when the following condition is satisfied:∑
i

uji = 1 , ∀j

(4) Time for a partial conclusion, to all this. We just found that, in order for our
linear map α(ei) =

∑
j ej ⊗ uji to be a morphism of algebras, the elements uij must be

projections, satisfying pq = 0 on each row, and summing up to 1 on each row.

(5) Regarding now the preservation of the trace condition, observe that we have:

(tr ⊗ id)α(ei) =
1

N

∑
j

uji

Thus the trace is preserved precisely when the following condition is satisfied:∑
j

uij = 1 , ∀i

(6) Time for an updated conclusion. We found that, in order for α(ei) =
∑

j ej ⊗ uji
to be a morphism of algebras, preserving the trace, the elements uij must be projections,
satisfying pq = 0 on each row, and summing up to 1 on each row and column.

(7) And with this, we are almost there, but we still have to prove, based on what we
have, that the elements uij satisfy the condition pq = 0, on any column. Now for this
purpose, observe that, by using the conditions found in (6), we have:

uut = 1
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Now remember from (1) that the matrix u = (uij) must be a corepresentation. Thus
(id⊗ S)u = ut, and so S(uij) = uji, and by using the formulae in (2) we get:

ujiujk = δikuji =⇒ S(ujiujk) = δikS(uji)

=⇒ uijukj = δikuij

Thus the condition pq = 0 on the columns is indeed satisfied, as desired.

(8) Summarizing, we have proved that α(ei) =
∑

j ej⊗uji is a coaction, preserving the

trace, precisely when u = (uij) is a magic corepresentation, and this gives the result. □

And with this, end of our preliminary discussion regarding the quantum permutations,
these definitely exist, in the real life, we even have multiple proofs for their existence, and
so, welcome to them, we will have to live with this, for the rest of our lives.

Retrospectively thinking, the origin of these phenomena was in chapter 5, where we
opened the Pandora box of liberations. At that time, the first beasts emerging from
that box were not the scary, but now that we got into permutations, we obviously face
some truly wild beasts. But do not worry, in the long run we will manage to have some
understanding of the free world, and in the end, we will even get to love it.

6b. Orbits, orbitals

Getting now to quantum subgroups G ⊂ S+
N , there are many of them. In order to

have some theory going on for them, again following Bichon [23], let us formulate:

Theorem 6.6. Given a quantum subgroup G ⊂ S+
N , with standard coordinates denoted

uij ∈ C(G), the following defines an equivalence relation on X = {1, . . . , N},

i ∼ j ⇐⇒ uij ̸= 0

that we call orbit decomposition associated to the action G ↷ X. In the classical case,
G ⊂ SN , this is the usual orbit equivalence.

Proof. We first check the fact that we have indeed an equivalence relation. The
reflexivity axiom i ∼ i follows by using the counit, as follows:

ε(uii) = 1 =⇒ uii ̸= 0

The symmetry axiom i ∼ j =⇒ j ∼ i follows by using the antipode:

S(uji) = uij =⇒ [uij ̸= 0 =⇒ uji ̸= 0]
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As for the transitivity axiom i ∼ k, k ∼ j =⇒ i ∼ j, this is something more tricky.
In order to prove this, we can use the following formula:

∆(uij)(1⊗ ukj) =

(∑
l

uil ⊗ ulj

)
(1⊗ ukj)

=
∑
l

uil ⊗ uljukj

= uik ⊗ ukj

We deduce from this that we have, as required by the transitivity condition:

uik ̸= 0, ukj ̸= 0 =⇒ uij ̸= 0

Finally, in the classical case, where G ⊂ SN , the standard coordinates are:

uij = χ
(
σ ∈ G

∣∣∣σ(j) = i
)

Thus uij ̸= 0 means that i, j must be in the same orbit, as claimed. □

Generally speaking, the theory from the classical case extends well to the quantum
group setting, and we have in particular the following result, also from [23]:

Theorem 6.7. Given a subgroup G ⊂ S+
N , the following algebras are equal,

Fix(u) =
{
ξ ∈ F (X)

∣∣∣uξ = ξ
}

Fix(α) =
{
ξ ∈ F (X)

∣∣∣α(ξ) = ξ ⊗ 1
}

Fix(∼) =
{
ξ ∈ F (X)

∣∣∣i ∼ j =⇒ ξi = ξj

}
where ∼ is the orbit equivalence relation constructed in Theorem 6.6.

Proof. The fact that we have Fix(u) = Fix(α) is standard, with this being valid for
any corepresentation u = (uij). Indeed, we first have the following computation:

ξ ∈ Fix(u) ⇐⇒ uξ = ξ

⇐⇒ (uξ)j = ξj,∀j
⇐⇒

∑
i

ujiξi = ξj,∀j
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On the other hand, we have as well the following computation:

ξ ∈ Fix(α) ⇐⇒ α(ξ) = ξ ⊗ 1

⇐⇒
∑
i

α(ei)ξi = ξ ⊗ 1

⇐⇒
∑
ij

ej ⊗ ujiξi =
∑
j

ej ⊗ ξj

⇐⇒
∑
i

ujiξi = ξj, ∀j

Thus we have Fix(u) = Fix(α), as claimed. Regarding now the equality of this
algebra with Fix(∼), observe first that given a vector ξ ∈ Fix(∼), we have:∑

i

ujiξi =
∑
i∼j

ujiξi

=
∑
i∼j

ujiξj

=
∑
i

ujiξj

= ξj

Thus ξ ∈ Fix(u) = Fix(α). Finally, for the reverse inclusion, we know from Theorem
6.6 that the magic unitary u = (uij) is block-diagonal, with respect to the orbit decompo-
sition there. But this shows that the algebra Fix(u) = Fix(α) decomposes as well with
respect to the orbit decomposition, and this gives the result. See [23]. □

As an application of the above, let us discuss now the notion of transitivity. We have
here the following result, once again coming from [23]:

Theorem 6.8. For a subgroup G ⊂ S+
N , the following are equivalent:

(1) G is transitive, in the sense that i ∼ j, for any i, j.
(2) Fix(u) = Fξ, where ξ is the all-one vector.

In the classical case, G ⊂ SN , this is the usual notion of transitivity.

Proof. We use the standard fact that the fixed point space of a corepresentation
coincides with the fixed point space of the associated coaction:

Fix(u) = Fix(α)

As we explained in Theorem 6.7, the fixed point space of the magic corepresentation
u = (uij) has the following interpretation, in terms of orbits:

Fix(u) =
{
ξ ∈ F (X)

∣∣∣i ∼ j =⇒ ξ(i) = ξ(j)
}

In particular, the transitivity condition corresponds to Fix(u) = Fξ, as stated. □
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Following Lupini, Mančinska and Roberson, let us discuss now the higher orbitals.
Things are quite tricky here, and we have the following result, to start with:

Theorem 6.9. For a subgroup G ⊂ S+
N , with magic corepresentation u = (uij), and

k ∈ N, the relation

(i1, . . . , ik) ∼ (j1, . . . , jk) ⇐⇒ ui1j1 . . . uikjk ̸= 0

is reflexive and symmetric, and is transitive at k = 1, 2. In the classical case, G ⊂ SN ,
this relation is transitive at any k ∈ N, and is the usual k-orbital equivalence.

Proof. This is something quite tricky, the proof being as follows:

(1) The reflexivity of ∼ follows by using the counit, as follows:

ε(uirir) = 1,∀r =⇒ ε(ui1i1 . . . uikik) = 1

=⇒ ui1i1 . . . uikik ̸= 0

=⇒ (i1, . . . , ik) ∼ (i1, . . . , ik)

(2) The symmetry follows by applying the antipode, and then the involution:

(i1, . . . , ik) ∼ (j1, . . . , jk) =⇒ ui1j1 . . . uikjk ̸= 0

=⇒ ujkik . . . uj1i1 ̸= 0

=⇒ uj1i1 . . . ujkik ̸= 0

=⇒ (j1, . . . , jk) ∼ (i1, . . . , ik)

(3) The transitivity at k = 1, 2 is more tricky. Here we need to prove that:

ui1j1 . . . uikjk ̸= 0 , uj1l1 . . . ujklk ̸= 0 =⇒ ui1l1 . . . uiklk ̸= 0

In order to do so, we can use the following formula:

∆(ui1l1 . . . uiklk) =
∑
s1...sk

ui1s1 . . . uiksk ⊗ us1l1 . . . usklk

At k = 1, we already know this. At k = 2 now, we can use the following trick:

(ui1j1 ⊗ uj1l1)∆(ui1l1ui2l2)(ui2j2 ⊗ uj2l2) =
∑
s1s2

ui1j1ui1s1ui2s2ui2j2 ⊗ uj1l1us1l1us2l2uj2l2

= ui1j1ui2j2 ⊗ uj1l1uj2l2
Indeed, we obtain from this the following implication, as desired:

ui1j1ui2j2 ̸= 0, uj1l1uj2l2 ̸= 0 =⇒ ui1l1ui2l2 ̸= 0

(4) Finally, assume that we are in the classical case, G ⊂ SN . We have:

uij = χ
(
σ ∈ G

∣∣∣σ(j) = i
)
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But this formula shows that we have the following equivalence:

ui1j1 . . . uikjk ̸= 0 ⇐⇒ ∃σ ∈ G, σ(i1) = j1, . . . , σ(ik) = jk

In other words, (i1, . . . , ik) ∼ (j1, . . . , jk) happens precisely when (i1, . . . , ik) and
(j1, . . . , jk) are in the same k-orbital of G, and this gives the last assertion. □

The above result raises the question about what exactly happens at k = 3, in relation
with the transitivity property of ∼, and the answer here is negative in general. For more
on all this, in the case F = C, we refer to the recent work of McCarthy.

Summarizing, we can talk about orbits and orbitals, but not about higher orbitals. In
what regards now the orbitals, we have the following key analogue of Theorem 6.7:

Theorem 6.10. Given a subgroup G ⊂ S+
N , with magic corepresentation u = (uij),

consider the following vector space coaction map, where X = {1, . . . , N}:

α : F (X ×X)→ F (X ×X)⊗ F (G) , eik →
∑
jl

ejl ⊗ ujiulk

The following three algebras are then isomorphic,

End(u) =
{
d ∈MN(F )

∣∣∣du = ud
}

Fix(α) =
{
ξ ∈ F (X ×X)

∣∣∣α(ξ) = ξ ⊗ 1
}

Fix(∼) =
{
ξ ∈ F (X ×X)

∣∣∣(i, k) ∼ (j, l) =⇒ ξik = ξjl

}
where ∼ is the orbital equivalence relation coming from Theorem 6.9.

Proof. This follows by doing some computations which are quite similar to those
from the proof of Theorem 6.7, and we refer here to the literature, for the details. □

Finally, as a theoretical application of the theory of orbitals, as developed above, let
us discuss now the notion of double transitivity. We have here:

Definition 6.11. Let G ⊂ S+
N be a subgroup, with magic corepresentation u = (uij),

and consider as before the equivalence relation on {1, . . . , N}2 given by:

(i, k) ∼ (j, l) ⇐⇒ uijukl ̸= 0

(1) The equivalence classes under ∼ are called orbitals of G.
(2) G is called doubly transitive when the action has two orbitals.

In other words, we call G ⊂ S+
N doubly transitive when uijukl ̸= 0, for any i ̸= k, j ̸= l.



140 6. SYMMETRIC GROUPS

To be more precise, it is clear from definitions that the diagonal D ⊂ {1, . . . , N}2 is
an orbital, and that its complement Dc must be a union of orbitals. With this remark in
hand, the meaning of (2) is that the orbitals must be D,Dc.

We will be back to this, orbitals, double transitivity and applications, later in this
chapter. Moving ahead now, still following Bichon [23], we have:

Theorem 6.12. Given a quotient group ZN1 ∗ . . . ∗ ZNk
→ Γ, we have an embedding

Γ̂ ⊂ S+
N , with N = N1 + . . .+Nk, having the following properties:

(1) This embedding appears by diagonally joining the embeddings ẐNk
⊂ S+

Nk
, and

the corresponding magic matrix has blocks of sizes N1, . . . , Nk.
(2) The equivalence relation on X = {1, . . . , N} coming from the orbits of the action

Γ̂ ↷ X appears by refining the partition N = N1 + . . .+Nk.

Proof. This is something elementary, the idea being as follows:

(1) Given a quotient group ZN1 ∗ . . . ∗ ZNk
→ Γ, we have indeed an embedding as

follows, with N = N1 + . . .+Nk, with all inclusions being the standard ones:

Γ̂ ⊂ ̂ZN1 ∗ . . . ∗ ZNk
= ẐN1 ∗̂ . . . ∗̂ ẐNk

≃ ZN1 ∗̂ . . . ∗̂ZNk
⊂ SN1 ∗̂ . . . ∗̂SNk

⊂ S+
N1
∗̂ . . . ∗̂S+

Nk
⊂ S+

N

(2) Regarding now the second assertion in the statement, this is clear from the fact
that u is block-diagonal, with blocks corresponding to the partition N = N1 + . . . +Nk.
For more on all this, and related topics, we refer as before to the paper of Bichon [23]. □

Many other things can be said, as a continuation of the above. We will be back to
this later in this book, with a more detailed study in the case F = C.

6c. Graph symmetries

Switching topics now, we can construct many interesting quantum permutation groups
as quantum symmetry groups of graphs, in the following way:

Theorem 6.13. Given a finite graph X, with adjacency matrix d ∈ MN(0, 1), the
following construction produces a quantum permutation group,

F (G+(X)) = F (S+
N)
/〈

du = ud
〉

whose classical version G(X) is the usual automorphism group of X.
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Proof. The fact that we have indeed a quantum group comes from the fact that du =
ud reformulates as d ∈ End(u), which makes it clear that ∆, ε, S factorize. Regarding
now the second assertion, we must establish here the following equality:

F (G(X)) = F (SN)
/〈

du = ud
〉

For this purpose, recall that we have uij(σ) = δσ(j)i. We therefore obtain:

(du)ij(σ) =
∑
k

dikukj(σ) =
∑
k

dikδσ(j)k = diσ(j)

On the other hand, we have as well the following formula:

(ud)ij(σ) =
∑
k

uik(σ)dkj =
∑
k

δσ(k)idkj = dσ−1(i)j

Thus du = ud reformulates as dij = dσ(i)σ(j), which gives the result. □

Let us work out some examples. With the convention that ∗̂ is the dual free product,
obtained by diagonally concatenating the magic unitaries, we have:

Theorem 6.14. The construction X → G+(X) has the following properties:

(1) For the N-point graph, having no edges at all, we obtain S+
N .

(2) For the N-simplex, having edges everywhere, we obtain as well S+
N .

(3) We have G+(X) = G+(Xc), where Xc is the complementary graph.
(4) For a disconnected union, we have G+(X) ∗̂G+(Y ) ⊂ G+(X ⊔ Y ).
(5) For the square, we obtain a non-classical, proper subgroup of S+

4 .

Proof. All these results are elementary, the proofs being as follows:

(1) This follows from definitions, because here we have d = 0.

(2) Here d = I − 1, where I is the all-one matrix, and the magic condition gives
uI = Iu = NI. We conclude that du = ud is automatic, and so G+(X) = S+

N .

(3) The adjacency matrices of X,Xc being related by the following formula:

dX + dXc = I− 1

By using now the above formula uI = Iu = NI, we conclude that dXu = udX is
equivalent to dXcu = udXc . Thus, we obtain, as claimed, G+(X) = G+(Xc).

(4) The adjacency matrix of a disconnected union is given by:

dX⊔Y =

(
dX 0
0 dY

)
Now let w = diag(u, v) be the fundamental corepresentation of G+(X) ∗̂G+(Y ). We

have then dXu = udX and dY v = vdY , and we obtain from this, as desired:

dX⊔Yw = wdX⊔Y
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(5) We know from (3) that we have G+(□) = G+(| |). We know as well from (4) that
we have Z2 ∗̂Z2 ⊂ G+(| |). It follows that G+(□) is non-classical. Finally, the inclusion
G+(□) ⊂ S+

4 is indeed proper, because S4 ⊂ S+
4 does not act on the square. □

In order to further advance, and explicitly compute various quantum automorphism
groups, we need some sharper techniques, based on the spectral decomposition of the
adjacency matrix d ∈ MN(0, 1). However, this decomposition is not something which is
available over any field F , so we will make the convention, for the material that follows
next, that such a decomposition exists indeed. With this convention, we first have:

Theorem 6.15. A subgroup G ⊂ S+
N acts on a graph X precisely when

Pλu = uPλ , ∀λ ∈ F

where d =
∑

λ λ · Pλ is the spectral decomposition of the adjacency matrix of X.

Proof. With d =
∑

λ λ · Pλ as above, we have the following formula:

< d >= span
{
Pλ

∣∣∣λ ∈ F}
Thus d ∈ End(u) when Pλ ∈ End(u) for all λ ∈ F , which gives the result. □

In practice, in order to exploit the invariance condition in Theorem 6.15, we can
combine it with the following elementary fact, coming from definitions:

Proposition 6.16. Given a subgroup G ⊂ S+
N , with associated coaction

α : FN → FN ⊗ F (G) , ei →
∑
j

ej ⊗ uji

and a linear subspace V ⊂ FN , the following are equivalent:

(1) The magic matrix u = (uij) commutes with PV .
(2) V is invariant, in the sense that α(V ) ⊂ V ⊗ F (G).

Proof. Let P = PV , with this being by definition allowed to be any projection having
image V . For any i ∈ {1, . . . , N} we have the following formula:

α(P (ei)) = α

(∑
k

Pkiek

)
=

∑
jk

Pkiej ⊗ ujk

=
∑
j

ej ⊗ (uP )ji
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On the other hand the linear map (P ⊗ id)α is given by a similar formula:

(P ⊗ id)(α(ei)) =
∑
k

P (ek)⊗ uki

=
∑
jk

Pjkej ⊗ uki

=
∑
j

ej ⊗ (Pu)ji

Thus uP = Pu is equivalent to αP = (P ⊗ id)α, and the conclusion follows. □

Next, we have the following result, complementary to Theorem 6.15, which again
basically assumes that the ground field F is the field of the complex numbers:

Theorem 6.17. Given a matrix p ∈MN(F ), consider its color decomposition

p =
∑
c∈F

c · pc

with the color components pc ∈MN(0, 1) with c ∈ F being constructed as follows:

(pc)ij =

{
1 if pij = c

0 otherwise

Then a magic matrix u = (uij) commutes with p iff it commutes with all matrices pc.

Proof. Consider the multiplication and counit maps of the algebra FN :

M : ei ⊗ ej → eiej , C : ei → ei ⊗ ei
Since M,C intertwine u, u⊗2, their iterations M (k), C(k) intertwine u, u⊗k, and so:

M (k)p⊗kC(k) =
∑
c∈F

ckpc ∈ End(u)

Now since this formula holds for any k ∈ N, we obtain the result. □

The above results can be combined, and we are led to the following statement:

Theorem 6.18. A subgroup G ⊂ S+
N acts on a graph X precisely when

u = (uij)

commutes with all the matrices coming from the color-spectral decomposition of d.

Proof. This follows by combining Theorem 6.15 and Theorem 6.17, with the “color-
spectral” decomposition in the statement referring to what comes out by succesively doing
the color and spectral decomposition, until the process stabilizes. □
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This latter statement is quite interesting, with the color-spectral decomposition there
being something quite intriguing. We will be back to this later in this book, when dis-
cussing planar algebras, which is the good framework for discussing such things.

As something more concrete now, we have the following result:

Theorem 6.19. In order for a quantum permutation group G ⊂ S+
N to act on a graph

X, having N vertices, the adjacency matrix d ∈ MN(0, 1) of the graph must be, when
regarded as function on the set {1, . . . , N}2, constant on the orbitals of G.

Proof. This follows indeed from the following isomorphism, from Theorem 6.10:

End(u) ≃ Fix(∼)
For more on all this, details, examples, applications, we refer to the literature. □

We would like to understand now how the construction X → G+(X) behaves, with
respect to the various products of graphs. Let us start with the following definition:

Definition 6.20. Let X, Y be two finite graphs.

(1) The direct product X × Y has vertex set X × Y , and edges:

(i, α)− (j, β)⇐⇒ i− j, α− β
(2) The Cartesian product X □Y has vertex set X × Y , and edges:

(i, α)− (j, β)⇐⇒ i = j, α− β or i− j, α = β

We call these operations the standard products of graphs.

The above products are indeed well-known and standard in graph theory. In relation
now with symmetry groups, we first have the following elementary result:

Proposition 6.21. We have embeddings as follows,

G+(X)×G+(Y ) ⊂ G+(X × Y )

G+(X)×G+(Y ) ⊂ G+(X □Y )

valid for any two graphs X, Y .

Proof. We use the following identification, given by δ(i,α) = δi ⊗ δα:
F (X × Y ) = F (X)⊗ F (Y )

(1) The adjacency matrix of the direct product is given by:

dX×Y = dX ⊗ dY
Thus if u commutes with dX and v commutes with dY , then u⊗ v = (uijvαβ)(iα,jβ) is

a magic matrix that commutes with dX×Y . But this gives a morphism as follows:

F (G+(X × Y ))→ F (G+(X)×G+(Y ))
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Finally, the surjectivity of this morphism follows by summing over i and β.

(2) The adjacency matrix of the Cartesian product is given by:

dX □Y = dX ⊗ 1 + 1⊗ dY

Thus if u commutes with dX and v commutes with dY , then u⊗ v = (uijvαβ)(iα,jβ) is
a magic unitary that commutes with dX □Y , and this gives the result. □

The problem now is that of deciding when the embeddings in Proposition 6.21 are
isomorphisms. This is something quite subtle, and we have here the following result:

Theorem 6.22. Let X and Y be finite connected regular graphs. If their spectra {λ}
and {µ} do not contain 0 and satisfy{

λi/λj
}
∩
{
µk/µl

}
= {1}

then G+(X × Y ) = G+(X)×G+(Y ). Also, if their spectra satisfy{
λi − λj

}
∩
{
µk − µl

}
= {0}

then G+(X □Y ) = G+(X)×G+(Y ).

Proof. Let λ1 be the valence of X. Since X is regular we have λ1 ∈ Sp(X), with 1 as
eigenvector, and since X is connected λ1 has multiplicity 1. Hence if P1 is the orthogonal
projection onto F1, the spectral decomposition of dX is of the following form:

dX = λ1P1 +
∑
i ̸=1

λiPi

We have a similar formula for the adjacency matrix dY , namely:

dY = µ1Q1 +
∑
j ̸=1

µjQj

But this gives the following formulae for the products:

dX×Y =
∑
ij

(λiµj)Pi ⊗Qj

dX □Y =
∑
ij

(λi + µi)Pi ⊗Qj

Here the projections form partitions of unity, and the scalars are distinct, so these are
spectral decompositions. The coactions will commute with any of the spectral projections,
and hence with both P1 ⊗ 1, 1⊗Q1. In both cases the universal coaction v is the tensor
product of its restrictions to the images of P1 ⊗ 1, 1⊗Q1, which gives the result. □
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6d. Wreath products

Let us talk now about free wreath products, as a joint continuation of the above,
and of the product operation material from Part I. Following Bichon [21], we have the
following result, with our usual convention of formulating things in terms of quantum
groups, according to the informal formula A = F (G), for the Hopf algebras A:

Theorem 6.23. Given a quantum group G, and a subgroup H ⊂ S+
k , with fundamental

corepresentations u, v, the following construction produces a quantum group:

F (G ≀∗ H) = (F (G)∗k ∗ F (H))/ < [u
(a)
ij , vab] = 0 >

In the case where G,H are classical, the classical version of G ≀∗ H is the usual wreath
product G ≀H. Also, when G is a quantum permutation group, so is G ≀∗ H.

Proof. There are many things going on here, the idea being as follows:

(1) Consider indeed the matrix wia,jb = u
(a)
ij vab, over the quotient algebra in the state-

ment. This matrix is then a corepresentation, with respect to the standard Hopf algebra
structure of the quotient algebra in the statement, and this gives the first assertion.

(2) Next, we must prove that under the supplementary assumption G ⊂ S+
N , this

matrix wia,jb = u
(a)
ij vab is magic. For this purpose, observe first that the entries of this

matrix are projections, because they appear as products of commuting projections.

(3) In what regards now the verification of pq = 0 on rows, this goes as follows:

wia,jbwia,kc = u
(a)
ij vabu

(a)
ik vac

= u
(a)
ij u

(a)
ik vabvac

= δjku
(a)
ij δbcvab

= δjb,kcwia,jb

As for the verification of pq = 0 on columns, this is quite similar, as follows:

wia,jbwkc,jb = u
(a)
ij vabu

(c)
kj vcb

= u
(a)
ij u

(c)
kj vabvcb

= u
(a)
ij u

(c)
kj δacvab

= δacu
(a)
ij u

(a)
kj vab

= δacδiku
(a)
ij vab

= δia,kcwia,jb
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(4) Next, the row sums for the matrix w are computed as follows:∑
jb

wia,jb =
∑
jb

u
(a)
ij vab

=
∑
b

vab
∑
j

u
(a)
ij

= 1

As for the column sums of w, these are computed similarly, as follows:∑
ia

wia,jb =
∑
ia

u
(a)
ij vab

=
∑
a

vab
∑
i

u
(a)
ij

= 1

(5) We conclude that in the case G ⊂ S+
N , the matrix wia,jb = u

(a)
ij vab is indeed magic,

so we obtain a certain quantum permutation group G ≀∗ H ⊂ S+
Nk, as claimed. Finally,

the assertion regarding the classical version is standard as well. See [21]. □

In relation now with the quantum symmetry groups of graphs, let us recall that, as a
complement to the product operations from Definition 6.20, we have as well:

Definition 6.24. Given two graphs X, Y , we can construct a graph having vertex set
X × Y , and edges as follows,

(i, α)− (j, β)⇐⇒ α− β or α = β, i− j

which is denoted X ◦ Y , and called lexicographic product of X, Y .

As before with the other products of graphs, from Definition 6.20, this is something
quite standard in graph theory, and the interesting examples abound. The point now is
that, somehow in analogy with Theorem 6.22, we have as well the following result, under
our usual present assumptions, that the adjacency matrices are diagonalizable:

Theorem 6.25. Let X, Y be regular graphs, with X connected. If their spectra {λi}
and {µj} satisfy the condition{

λ1 − λi
∣∣i ̸= 1

}
∩
{
− nµj

}
= ∅

where n and λ1 are the order and valence of X, then G+(X ◦ Y ) = G+(X) ≀∗ G+(Y ).

Proof. This is something quite tricky, the idea being as follows:

(1) First, it is clear from definitions that we have an embedding as follows:

G+(X) ≀∗ G+(Y ) ⊂ G+(X ◦ Y )
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(2) Let us denote now by Pi, Qj the spectral projections corresponding to λi, µj. Since
X was assumed to be connected we have P1 = I/n, and we obtain:

dX◦Y = dX ⊗ 1 + I⊗ dY

=

(∑
i

λiPi

)
⊗

(∑
j

Qj

)
+ (nP1)⊗

(∑
i

µjQj

)
=

∑
j

(λ1 + nµj)(P1 ⊗Qj) +
∑
i ̸=1

λi(Pi ⊗ 1)

Since in this formula the projections form a partition of unity, and the scalars are
distinct, we conclude that this is the spectral decomposition of dX◦Y .

(3) Now let W be the universal magic matrix for X ◦Y . Then W must commute with
all spectral projections, and in particular, we have:

[W,P1 ⊗Qj] = 0

Summing over j gives [W,P1 ⊗ 1] = 0, so 1 ⊗ F (Y ) is invariant under the coaction.
So, consider the restriction of W , which gives a coaction of G+(X ◦ Y ) on 1⊗F (Y ), that
we can denote as follows, with y being a certain magic unitary:

W (1⊗ ea) =
∑
b

1⊗ eb ⊗ yba

(4) On the other hand, according to our definition of W , we can write:

W (ei ⊗ 1) =
∑
jb

ej ⊗ eb ⊗ xbji

By multiplying by the previous relation, found in (3), we obtain:

W (ei ⊗ ea) =
∑
jb

ej ⊗ eb ⊗ ybaxbji =
∑
jb

ej ⊗ eb ⊗ xbjiyba

But this shows that the coefficients of W are of the following form:

Wjb,ia = ybax
b
ji = xbjiyba

(5) Consider now the matrix xb = (xbij). Since W is a morphism of algebras, each row

of xb is a partition of unity. Also, by using the antipode, we have:

S

(∑
j

xbji

)
= S

(∑
ja

Wjb,ia

)
=
∑
ja

Wia,jb = 1

As a conclusion to this, the matrix xb constructed above is magic.

(6) We check now that both xa, y commute with dX , dY . We have:

(dX◦Y )ia,jb = (dX)ijδab + (dY )ab
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Thus the two products between W and dX◦Y are given by:

(WdX◦Y )ia,kc =
∑
j

Wia,jc(dX)jk +
∑
jb

Wia,jb(dY )bc

(dX◦YW )ia,kc =
∑
j

(dX)ijWja,kc +
∑
jb

(dY )abWjb,kc

(7) Now since the magic matrix W commutes by definition with dX◦Y , the terms on
the right in the above equations are equal, and by summing over c we get:∑

j

xaij(dX)jk +
∑
cb

yab(dY )bc =
∑
j

(dX)ijx
a
jk +

∑
cb

(dY )abybc

The second sums in both terms are equal to the valence of Y , so we get:

[xa, dX ] = 0

Now once again from the formula coming from [W,dX◦Y ] = 0, we get:

[y, dY ] = 0

(8) Summing up, the coefficients of W are of the following form, where xb are magic
matrices commuting with dX , and y is a magic matrix commuting with dY :

Wjb,ia = xbjiyba

But this gives a morphism F (G+(X) ≀∗ G+(Y ))→ F (G+(X ◦ Y )) mapping u
(b)
ji → xbji

and vba → yba, which is inverse to the morphism in (1), as desired. □

As a main application of the above result, we have:

Theorem 6.26. Given a connected graph X, and k ∈ N, we have the formulae

G(kX) = G(X) ≀ Sk , G+(kX) = G+(X) ≀∗ S+
k

where kX = X ⊔ . . . ⊔X is the k-fold disjoint union of X with itself.

Proof. There are several things going on here, the idea being as follows:

(1) The first formula is something very intuitive and well-known, and technically
follows as well from the second formula, by taking the classical version.

(2) Regarding the second formula, this follows from Theorem 6.25, but let us discuss
this in detail. Our first claim is that we have an inclusion as follows, for any graph X:

G+(X) ≀∗ S+
k ⊂ G+(kX)

Indeed, we want to construct an action G+(X) ≀∗ S+
k ↷ kX, and this amounts in

proving that we have [w, d] = 0. But, the matrices w, d are given by:

wia,jb = u
(a)
ij vab , dia,jb = δijdab
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With these formulae in hand, we have the following computation:

(dw)ia,jb =
∑
k

dikwka,jb

=
∑
k

diku
(a)
kj vab

= (du(a))ijvab

On the other hand, we have as well the following computation:

(wd)ia,jb =
∑
k

wia,kbdkj

=
∑
k

u
(a)
ik vabdkj

= (u(a)d)ijvab

Thus we have commutation, [w, d] = 0, and from this we obtain, as claimed:

G+(X) ≀∗ S+
k ⊂ G+(kX)

(3) Regarding now the reverse inclusion, which requiresX to be connected, this follows
by doing some matrix analysis, by using the commutation with u. To be more precise, let
us denote by w the fundamental corepresentation of G+(kX), and set:

u
(a)
ij =

∑
b

wia,jb , vab =
∑
i

vab

It is then routine to check that we have here magic matrices. Thus we obtain the
reverse inclusion, that we were looking for, and this gives the result, as desired.

(4) Alternatively, the reverse inclusion follows as well from Theorem 6.25, because the
spectral condition there is trivially satisfied, in the present case. □

Good news, we can now construct quantum reflection groups. Let us start with:

Definition 6.27. A (s,N)-sudoku matrix is a magic matrix of size sN , of the form

m =


a0 a1 . . . as−1

as−1 a0 . . . as−2

...
...

...
a1 a2 . . . a0


where a0, . . . , as−1 are N ×N matrices.
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The basic examples of such matrices come from the group Hs
N = Zs ≀SN . Indeed, with

w = e2πi/s, each of the N2 matrix coordinates uij : H
s
N → C decomposes as follows:

uij =
s−1∑
r=0

wrarij

Here each arij is a function taking values in {0, 1}, and so a projection in the algebraic
sense, and it follows from definitions that these projections form a sudoku matrix.

In fact, regarding the group Hs
N = Zs ≀ SN , we have the following result:

Theorem 6.28. The algebra of functions F (Hs
N) on the complex reflection group

Hs
N = Zs ≀ SN

is the universal commutative algebra generated by the entries of a (s,N)-sudoku matrix.

Proof. This is indeed something which is clear from definitions, and from the above
observations, and we will leave working out the details here, as an instructive exercise. □

Now based on the above result, we can formulate, a bit as we did before, in the
beginning of this chapter, for the permutation groups:

Theorem 6.29. The universal algebra F (Hs+
N ) generated by the entries of a (s,N)-

sudoku matrix is a Hopf algebra, which appears as a liberation of F (Hs
N).

Proof. As before with Theorem 6.28, this is again something which is clear from
definitions, and we will leave working out the details here, as an instructive exercise. □

We call the quantum group type objects Hs+
N appearing above quantum reflection

groups. Regarding now the study of these quantum groups, we first have:

Theorem 6.30. We have the following results:

(1) Hs
N = Zs ≀ SN .

(2) Hs+
N = Zs ≀∗ S+

N .

Proof. Here the first assertion is something that we already know, coming from
Theorem 6.28, and the proof of the second assertion is standard, coming from definitions,
that we will leave here as an exercise. We will be actually back in a moment to this second
assertion, with an alternative proof as well, using our graph technology. □

In order to further advance, we will need the following simple fact:
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Proposition 6.31. A sN × sN magic unitary commutes with the matrix

Σ =


0 IN 0 . . . 0
0 0 IN . . . 0
...

...
. . .

0 0 0 . . . IN
IN 0 0 . . . 0


precisely when it is a sudoku matrix in the sense of Definition 6.27.

Proof. This follows from the fact that commutation with Σ means that the matrix
is circulant. Thus, we obtain the sudoku relations from Definition 6.27. □

Now let Zs be the oriented cycle with s vertices, and consider the graph NZs consisting
of N disjoint copies of it. Observe that, with a suitable labeling of the vertices, the
adjacency matrix of this graph is precisely the above matrix Σ. We have:

Theorem 6.32. We have the following results:

(1) Hs
N is the symmetry group of NZs.

(2) Hs+
N is the quantum symmetry group of NZs.

Proof. This is again something elementary, the idea being as follows:

(1) This follows indeed from definitions.

(2) This follows by combining the various results above, because the algebra F (Hs+
N )

follows to be the quotient of the algebra F (S+
sN) by the relations making the fundamental

corepresentation commute with the adjacency matrix of NZs. □

Many other things can be said about the complex reflection groups Hs+
N , and notably

about the hyperoctahedral quantum group H+
N = H2+

N . We will be back to this.

6e. Exercises

We had a lot of interesting algebra in this chapter, and as exercises, we have:

Exercise 6.33. Find the simplest proof ever for the isomorphism S3 = S+
3 .

Exercise 6.34. Try computing the quantum symmetry group of the N-cycle.

Exercise 6.35. Further investigate the spectral-color decomposition.

Exercise 6.36. Read about the classification of complex reflection groups.

Exercise 6.37. Try to compute the quantum symmetry group of the hypercube.

Exercise 6.38. Study more the quantum reflection groups constructed above.

As bonus exercise, study the representations of our various quantum groups.



CHAPTER 7

Standard twists

7a. Standard twists

We have seen in chapters 5-6 that many interesting examples of Hopf algebras and
quantum groups can be constructed via liberation, and half-liberation:

ab = ba → ∅
ab = ba → abc = cba

We discuss in this chapter, and in the next one too, another operation of the same
type, called twisting. We will see that this leads to many new examples of quantum
groups, which are sometimes related, in a quite subtle way, to liberation.

Getting started, there are many ways of twisting, and we will first discuss the simplest
twists, namely the anticommutation ones. The idea is very simple, consisting of suitably
replacing the commutation relations with anticommutation relations:

ab = ba → ab = ±ba
abc = cba → abc = ±cba

However, in practice this is something quite tricky, which will take some time, to be
developed. The problem comes from the choice of commutation vs anticommutation, for
each pair of relevant variables {a, b}, typically coefficients of u, ū, which, as we will soon
discover, leads us into some combinatorics, which is not exactly of trivial type.

Let us formulate, to start with, the following definition:

Definition 7.1. We say that an invertible matrix u ∈MN(A) is twisted when

ab =

{
−ba for a, b at distinct places, on the same row or column of u×

ab otherwise

with u× standing for the N ×N array obtained by superposing u and v = (id⊗ t)u−1.

This notion looks like something quite tricky, so let us see how this works. Taking
N = 2, consider an invertible matrix u ∈MN(A), set v = (id⊗ t)u−1, and write:

u =

(
u11 u12
u21 u22

)
, v =

(
v11 v12
v21 v22

)
153
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The 2× 2 array obtained by superposing these two matrices is then as follows:

u× =

u11, v11 u12, v12

u21, v21 u22, v22


With [[a, b]] = 0 standing for anticommutation, the anticommutation relations to be

imposed, coming from the two rows, then the two columns, are then as follows:

[[u11, u12]] = [[u11, v12]] = [[v11, u12]] = [[v11, v12]] = 0

[[u21, u22]] = [[u21, v22]] = [[v21, u22]] = [[v21, v22]] = 0

[[u11, u21]] = [[u11, v21]] = [[v11, u21]] = [[v11, v21]] = 0

[[u12, u22]] = [[u12, v22]] = [[v12, u22]] = [[v12, v22]] = 0

As for the remaining pairs of variables, these are all subject to commutation, [a, b] = 0.
That is, the commutation relations to be imposed are as follows:

u11, v11, u22, v22 commute

u12, v12, u21, v21 commute

In general, at arbitrary N ∈ N, the picture is quite similar, and with the remark here
that at N >> 0 the variables uij, vij generically commute, with the anticommutation
being reserved for what happens on rows and columns, as indicated in Definition 7.1.

We can now twist the general linear groups, as follows:

Theorem 7.2. We have twisted general linear groups

GL′N ⊂ GL+
N

obtained by assuming that the fundamental corepresentation u is twisted.

Proof. This is somehing quite routine, the idea being as follows:

(1) To start with, let us first recall from chapter 5 that the free general linear groups
GL+

N are constructed according to the following formula:

F (GL+
N) =

〈
(uij, vij)i,j=1,...,N

∣∣∣u−1 = vt, v−1 = ut
〉

To be more precise, as explained in chapter 5, what we have here is a Hopf algebra,
with comultiplication, counit and antipode making u, v corepresentations, as follows:

∆(uij) =
∑
k

uij ⊗ ukj , ∆(vij) =
∑
k

vij ⊗ vkj

ε(uij) = ε(vij) = δij

S(uij) = vji , S(vij) = uji
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(2) Now let us construct GL′N ⊂ GL+
N as in the statement, by performing the following

quotient operation, with the relations being those in Definition 7.1:

F (GL′N) = F (GL+
N)
/〈

u = twisted
〉

In order to prove that what we get is indeed a quantum group, we must prove that
we have here a Hopf algebra. That is, we must construct factorizations as follows:

∆ : F (GL′N)→ F (GL′N)⊗ F (GL′N)

ε : F (GL′N)→ F

S : F (GL′N)→ F (GL′N)
opp

(3) Let us first discuss the construction of the factorized comultiplication map ∆. For
this purpose, consider the following elements:

Uij =
∑
k

uik ⊗ ukj , Vij =
∑
k

vik ⊗ vkj

We know that the original comultiplication map ∆, that of the Hopf algebra F (GL+
N),

comes via the following formulae, on the standard generators:

∆(uij) = Uij , ∆(vij) = Vij

Thus, in order to prove that ∆ factorizes indeed, we must prove that we have:

u = twisted =⇒ U = twisted

(4) So, let us prove this. For any i and j ̸= k we have, with w = u, v:

UijWik =
∑
st

uiswit ⊗ usjwtk

=
∑
s̸=t

uiswit ⊗ usjwtk +
∑
s

uiswis ⊗ usjwsk

=
∑
s̸=t

(−wituis)⊗ wtkusj +
∑
s

wisuis ⊗ (−wskusj)

= −
∑
st

wituis ⊗ wtkusj

= −WikUij

Similarly, for any i and j ̸= k we have, again with w = u, v:

UjiWki = −WkiUji

Thus, the anticommutation relations from Definition 7.1 are satisfied for U .
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(5) Regarding now the commutation relations to be verified, for i ̸= k, j ̸= l we have
the following computation, as before with w = u, v:

UijWkl =
∑
st

uiswkt ⊗ usjwtl

=
∑
s ̸=t

uiswkt ⊗ usjwtl +
∑
s

uiswks ⊗ usjwsl

=
∑
s ̸=t

wktuis ⊗ wtlusj +
∑
s

(−wksuis)⊗ (−wslusj)

=
∑
st

wktuis ⊗ wtlusj

= WklUij

Finally, for any i, j we have the following computation:

UijVij =
∑
st

uisvit ⊗ usjvtj

=
∑
s ̸=t

uisvit ⊗ usjvtj +
∑
s

uisvis ⊗ usjvsj

=
∑
s ̸=t

(−vituis)⊗ (−vtjusj) +
∑
s

visuis ⊗ vsjusj

=
∑
s ̸=t

vituis ⊗ vtjusj +
∑
s

visuis ⊗ vsjusj

=
∑
st

vituis ⊗ vtjusj

= VijUij

Thus, the commutation relations from Definition 7.1 are satisfied for U .

(6) Summarizing, we can define a comultiplication map for F (GL′N), by using the
universal property of the algebra F (GL′N), by setting:

∆(uij) = Uij , ∆(vij) = Vij

(7) Regarding now the counit ε and the antipode S, things are clear here, by using
the same method, and with no computations needed, the formulae to be satisfied being
trivially satisfied. We conclude that GL′N is indeed a quantum group, as desired. □

The above result is quite nice, as stated, but all in all, there are many ingredients
there, and relations that are imposed. To illustrate this, at N = 2 we have:
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Theorem 7.3. The quantum group GL′2 ⊂ GL+
2 appears from

F (GL+
2 ) =

〈
(uij, vij)i,j=1,2

∣∣∣u−1 = vt, v−1 = ut
〉

by further imposing the following commutation and anticommutation relations:

(1) u11, v11, u22, v22 commute.
(2) u12, v12, u21, v21 commute.
(3) Everything else anticommutes.

Proof. This is indeed a reformulation of Theorem 7.2 at N = 2, by taking into
account the N = 2 discussion made after Definition 7.1. □

At N = 3 things get obviously more complicated, and formulating a simple statement
as Theorem 7.3 is not an easy task. Theorem 7.2 remains our main result there.

At at opposite end now, N >> 0, let us make the following observation:

Proposition 7.4. The standard coordinates uij, ūij of the quantum group

GL′N ⊂ GL+
N

with N >> 0 generically commute.

Proof. This is just a theoretical remark, of rather statistical nature, coming from
Definition 7.1. Indeed, we have a total of 2N2 variables of type uij, ūij, which are subject

to a total of
(
2N2

2

)
commutation and anticommutation relations, as follows:

(1) First, we have the anticommutation relations on the rows and columns of the double
matrix u× = u, ū, and since there are 2N such rows and columns, with each producing
4
(
N
2

)
anticommutation relations, the total number of anticommutation relations is:

A = 8N

(
N

2

)
= 4N2(N − 1)

(2) And then, everything else must commute, so the number of commutation relations
is given by the following formula, which asympotically means C ≃ NA/2:

C =

(
2N2

2

)
− A = N2(2N2 − 4N + 3)

(3) Thus, we are led to the conclusion in the statement. Before leaving, however, let
us take N = 2, as a matter to see if we have not messed up our computations, and if our
figures above are correct. And here, our formula is C = 4× 3 = 12, which is in agreement
indeed with Theorem 7.3, and the 6 + 6 = 12 commutation relations there. □
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Many other things can be said, as a continuation of this. For instance, we can try to
impose twisting conditions to the fundamental corepresentation of GL+

Q, given by:

F (GL+
Q) =

〈
(uij, vij)i,j=1,...,N

∣∣∣u−1 = vt, v−1 = QutQ−1
〉

However, things are quite technical here, and a bit ill-posed too, because it does not
make much sense, conceptually speaking, to deform and twist at the same time. We will
discuss such questions in the next section, in the orthogonal group setting, where things
get more interesting, due to the different nature of the deformation operation there.

7b. Half-liberation

Another interesting question, that we will get into now, is that of twisting the half-
liberations introduced in chapter 5, by replacing the half-commutation relations there
abc = cba with twisted half-commutation relations, of the following type:

abc = ±cba

Let us begin with a summary of what we know about half-liberation, since chapter 5,
along with a bit more, in relation with the material from chapter 6, as follows:

Theorem 7.5. We have quantum groups G ⊂ G∗ ⊂ G+, constructed via

F (G∗) = F (G+)
/〈

abc = cba
∣∣∣∀a, b, c ∈ {uij, ūij}〉

which have the following properties:

(1) The projective versions PG∗ are classical.
(2) The quantum groups G∗ are not classical, for G = GLN , ON , H

s
N with s ≥ 2.

(3) However, collapsing G = G∗ can happen, for instance for G = BN , SN .

Proof. This is something from chapter 5, along with a bit more, as follows:

(1) In what regards the first assertion, this is something immediate, coming from:

abcd = cbad = cdab

(2) This comes by looking at the diagonal algebras F (G∗)δ, which are respectively
equal to the group algebras of H = Z◦N ,Z◦N2 ,Z◦Ns , with the symbol ◦ standing for the
half-classical product of groups, obtained via ghk = khg. Now since these latter groups
H are not abelian, nor are the corresponding group algebras commutative, as desired.

(3) Finally, for G = SN , BN the above argument involving diagonal algebras will not
work, because these diagonal algebras collapse to F . In fact, as said in the statement, the
half-liberation procedure fails here, because by summing the matrix entries over a row,
the relations abc = cba get converted into the commutation relations ab = ba. □
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As explained in chapter 5, the above result is in fact just the tip of the iceberg, and
there are far more things that can be said about half-liberation, including:

(1) A uniqueness result for G ⊂ G∗ ⊂ G+, and in fact about half-liberation itself,
viewed as an abstract operation, under strong combinatorial assumptions.

(2) The fact that the antidiagonal 2× 2 scalar matrices automatically half-commute,
which potentially produces interesting matrix models for the algebras F (G∗).

(3) The related fact that, with the projective version PG∗ being classical, the half-
liberation G∗ can be potentially understood as being the maximal affine lift of PG∗.

(4) And finally, some tricks for half-liberating however the bistochastic group BN , via
a related procedure, but with these tricks still not applying, however, to SN .

Quite interesting all this, obviously the half-classical world is quite rich, and worth a
more detailed study, and as main questions now, coming from this, let us formulate:

Questions 7.6. In relation with the half-liberation operation:

(1) How to further develop its abstract aspects mentioned above?
(2) How to develop algebraic and differential geometry, in this setting?
(3) Is there any intermediate quantum group SN ⊂ S×N ⊂ S+

N at all?
(4) How to adapt the half-liberation procedure, to the twisted setting?

We will discuss these questions in what follows, with a look right next at (4), in the
remainder of this section, then with a look at (3) too, which is in fact related to twisting,
afterwards, and then with a look at (1,2) too, later in this book, directly over the complex
numbers, where the theory can be fully developed, along the lines mentioned above.

Getting to work now, in order to solve (4), we are facing the same problem as in
the beginning of this chapter, namely lots of choices commutation vs anticommutation.
However, things get considerably more complicated in the half-classical setting, because
the formulae abc = ±cba involve far more variables than the formulae ab = ±ba.

So, we will trick here, by using the following noncommutative geometry idea:

Idea 7.7. In order to adapt the half-liberation procedure, to the twisted setting,

(1) We will first construct quantum spheres SN−1 ⊂ SN−1∗ ⊂ SN−1+ ,
(2) Then, we will twist these spheres, into SN−1,′ ⊂ SN−1,′∗ ⊂ SN−1+ ,
(3) And then, we will talk about O′N ⊂ O∗′N ⊂ O+

N , and other quantum groups,

the point being that the sphere case is easier, the sphere coordinates having single indices.
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So, this was for the general idea, and if you have some troubles in understanding,
please be sure that the same happened to me, when I first learned this, from my cats.
Getting started now, we can formally define a free sphere, in the following way:

F (SN−1+ ) = F

(
z1, . . . , zN

∣∣∣∑
i

z2i = 1

)
By imposing commutation relations between the coordinates, we obtain:

F (SN−1) = F

(
z1, . . . , zN

∣∣∣∑
i

z2i = 1, zizj = zjzi

)
We can define as well a half-classical sphere, in the following way:

F (SN−1∗ ) = F

(
z1, . . . , zN

∣∣∣∑
i

z2i = 1, zizjzk = zkzjzi

)
Summarizing, we have three spheres, with inclusions between them, as follows:

SN−1 ⊂ SN−1∗ ⊂ SN−1+

Now let us try to twist these spheres. The free sphere is obviously not twistable.
Regarding now the classical sphere, this is easy to twist, as follows:

Definition 7.8. We can construct a twisted sphere as follows,

F (SN−1,′) = F

(
z1, . . . , zN

∣∣∣∑
i

z2i = 1, zizj = (−1)εijzjzi

)
where εij = 1− δij, with δij being Kronecker symbols.

Observe that this construction is compatible with the quantum group twisting method
developed before, via standard actions of type ON ↷ SN−1, and we will leave some
computations here as an instructive exercise. In fact, retrospectively thinking, the signs
in Definition 7.1 can be thought of as coming from those in Definition 7.8.

Getting now to half-commutation, we can use the same idea, and do some reverse en-
gineering, by first twisting the spheres, and then the quantum groups themselves. Indeed,
we can first twist the half-classical sphere, in a quite standard way, as follows:

Definition 7.9. We can construct a twisted half-classical sphere as follows,

F (SN−1,′∗ ) = F

(
z1, . . . , zN

∣∣∣∑
i

z2i = 1, zizjzk = (−1)εij+εjk+εikzkzjzi

)
where εij = 1− δij as before, with δij being Kronecker symbols.
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To be more precise here, our claim is that the commutation relations in the above are
uniquely determined, in order to have inclusions of twisted spheres, as follows:

SN−1,′ ⊂ SN−1,′∗ ⊂ SN−1+

Indeed, this claim basically comes from the following computation:

zizjzk = (−1)εijzjzizk
= (−1)εij+εikzjzkzi
= (−1)εij+εjk+εikzkzjzi

Summarizing, we have solved the twisting question at the level of the spheres, in a
quite standard way, with our conclusion being as follows:

Conclusion 7.10. We have twisted quantum spheres, as follows,

SN−1,′ ⊂ SN−1,′∗ ⊂ SN−1+

in analogy with the usual spheres SN−1 ⊂ SN−1∗ ⊂ SN−1+ .

We must do now some further computations, in order to deduce from this the solution
of the twisting question for the quantum groups themselves:

(1) In what regards the twisting of the classical groups, there is nothing to be done
here, because as already mentioned after Definition 7.8, this method leads to the signs in
Definition 7.1. In fact, this is how the signs in Definition 7.1 were originally found.

(2) In what regards now the twisting of the half-classical groups, things here are
considerably more complicated, and our sphere technology above is more or less the only
way of reaching to the correct signs. We will explain this, in what follows.

So, let us explain the solution. Given three coordinates a, b, c ∈ {uij}, let us set, where
r, c ∈ {1, 2, 3} are the number of rows and columns spanned by a, b, c:

span(a, b, c) = (r, c)

In other words, if we write a = uij, b = ukl, c = upq then r, c ∈ {1, 2, 3} are given by:

r = #{i, k, p} , l = #{j, l, q}
With this convention, we can now formulate, in analogy with Definition 7.1:

Definition 7.11. We say that an invertible matrix u ∈MN(A) is half-twisted when

abc =

{
−cba for a, b, c with span(a, b, c) = (≤ 2, 3) or (3,≤ 2)

cba otherwise

for a, b, c belonging to the N ×N array obtained by superposing u and v = (id⊗ t)u−1.
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As before with Definition 7.1, this notion is something quite tricky, so let us first
see how this works. As a first observation, the rules for the various commutation and
anticommutation signs in the statement can be summarized as follows:

r\c 1 2 3
1 + + −
2 + + −
3 − − +

At the level of examples now, things are a bit more complicated than before, because
at N = 2 we cannot have triples a, b, c spanning 3 rows or columns, and so all signs in
Definition 7.11 are +. Thus, the first non-trivial examples appear at N = 3. So, let us
take N = 3, consider an invertible matrix u ∈MN(A), set v = (id⊗ t)u−1, and write:

u =

u11 u12 u13
u21 u22 u23
u31 u32 u33

 , v =

v11 v12 v13
v21 v22 v23
v31 v32 v33


The 3× 3 array obtained by superposing these two matrices is then as follows:

u× =


u11, v11 u12, v12 u13, v13

u21, v21 u22, v22 u23, v23

u31, v31 u32, v32 u33, v33


This array has 18 entries, and so there are 183 = 5832 relations to be imposed, and as

an exercise for you, find out how many abc = cba and abc = −cba relations there are.

In general, at arbitrary N ∈ N, the picture is quite similar, and with the remark here
that at N >> 0 the variables uij, vij must generically half-commute, and this because the
number of rows, and of columns as well, spanned by a triple a, b, c is generically 3.

We can now twist the half-classical general linear groups, as follows:

Theorem 7.12. We have twisted half-classical general linear groups

GL∗′N ⊂ GL+
N

obtained by assuming that the fundamental corepresentation u is half-twisted.

Proof. This is somehing quite routine, the idea being as follows:

(1) To start with, let us first recall from chapter 5 that the free general linear groups
GL+

N are constructed according to the following formula:

F (GL+
N) =

〈
(uij, vij)i,j=1,...,N

∣∣∣u−1 = vt, v−1 = ut
〉
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Now let us construct GL∗′N ⊂ GL+
N as in the statement, by performing the following

quotient operation, with the relations being those in Definition 7.11:

F (GL∗′N) = F (GL+
N)
/〈

u = half−twisted
〉

(2) Let us first discuss the construction of the factorized comultiplication map ∆. For
this purpose, consider the following elements:

Uij =
∑
k

uik ⊗ ukj , Vij =
∑
k

vik ⊗ vkj

We know that the original comultiplication map ∆, that of the Hopf algebra F (GL+
N),

comes via the following formulae, on the standard generators:

∆(uij) = Uij , ∆(vij) = Vij

Thus, in order to prove that ∆ factorizes indeed, we must prove that we have:

u = half−twisted =⇒ U = half−twisted

(3) So, let us prove this. We have the following computation, with w = u, v and
W = U, V , and with the signs being those coming from Definition 7.11:

WiaWjbWkc =
∑
xyz

wixwjywkz ⊗ wxawybwzc

=
∑
xyz

±wkzwjywix ⊗±wzcwybwxa

= ±WkcWjbWia

We must show that, when examining the precise two ± signs in the middle formula,
their product produces the correct ± sign at the end. But the point is that both these
signs depend only on s = span(x, y, z), and for s = 1, 2, 3 respectively, we have:

– For a (3, 1) span we obtain +−, +−, −+, so a product − as needed.

– For a (2, 1) span we obtain ++, ++, −−, so a product + as needed.

– For a (3, 3) span we obtain −−, −−, ++, so a product + as needed.

– For a (3, 2) span we obtain +−, +−, −+, so a product − as needed.

– For a (2, 2) span we obtain ++, ++, −−, so a product + as needed.

Together with the fact that our problem is invariant under (r, c) → (c, r), and with
the fact that for a (1, 1) span there is nothing to prove, this finishes the proof for ∆.

(4) Regarding now the counit ε and the antipode S, things are clear here, by using
the same method, and with no computations needed, the formulae to be satisfied being
trivially satisfied. We conclude that GL∗′N is indeed a quantum group, as desired. □
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As yet another question, we can now talk about quantum groups related to the special
linear group SLN . Indeed, recall that SLN ⊂ GLN is defined by imposing the condition
detU = 1, which amounts in imposing the following condition to the coordinates:∑

σ∈SN

ε(σ)u1σ(1) . . . uNσ(N) = 1

As explained in chapter 5, this relation does not liberate, or even half-liberate. How-
ever, and here comes our point, this relation has a twisted analogue, namely:∑

σ∈SN

u1σ(1) . . . uNσ(N) = 1

To be more precise, at the quantum group level we have the folowing construction,
making appear, eventually, SLN in our quantum group discussion:

Theorem 7.13. We have a quantum subgroup, as follows,

SL′N ⊂ GL′N

obtained by imposing to u, v the twisted determinant one condition.

Proof. This is something quite tricky, as follows:

(1) Let us first see how this construction goes at N = 2. Consider the fundamental
corepresentation of the algebra F (GL′N), denoted as follows:

u =

(
u11 u12
u21 u22

)
The twisted determinant one condition, on this matrix, reads:

u11u22 + u21u12 = 1

In order to construct the comultiplication of the algebra F (SL′N), let us set:

Uij =
∑
k

uik ⊗ ukj = ui1 ⊗ u1j + ui2 ⊗ u2j

We must prove that these elements satisfy the twisted determinant one condition,
and the verification here, using the commutation and anticommutation relations for the
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variables uij, and then the twisted determinant one condition for u, goes as follows:

U11U22 + U21U12

= (u11 ⊗ u11 + u12 ⊗ u21)(u21 ⊗ u12 + u22 ⊗ u22)
+(u21 ⊗ u11 + u22 ⊗ u21)(u11 ⊗ u12 + u12 ⊗ u22)

= u11u21 ⊗ u11u12 + u11u22 ⊗ u11u22 + u12u21 ⊗ u21u12 + u12u22 ⊗ u21u22
+u21u11 ⊗ u11u12 + u21u12 ⊗ u11u22 + u22u11 ⊗ u21u12 + u22u12 ⊗ u21u22

= u11u21 ⊗ u11u12 + u11u22 ⊗ u11u22 + u21u12 ⊗ u21u12 + u12u22 ⊗ u21u22
−u11u21 ⊗ u11u12 + u21u12 ⊗ u11u22 + u11u22 ⊗ u21u12 − u12u22 ⊗ u21u22

= u11u22 ⊗ u11u22 + u21u12 ⊗ u21u12 + u21u12 ⊗ u11u22 + u11u22 ⊗ u21u12
= (u11u22 + u21u12)⊗ (u11u22 + u21u12)

= 1⊗ 1

= 1

Thus we can define indeed ∆. Regarding ε, the verification here is trivial. Finally,
regarding S, this follows from the fact that we imposed our relations on both u, v.

(2) At N = 3 the verification is similar, but considerably more complicated, with the
twisted determinant one condition for the variables uij involving 6 terms, and with this
same relation for the variables Uij involving 6× 27 = 162 terms. We will leave this as an
instructive exercise, and we will come back to N = 3 later in this chapter, with a simple,
ad-hoc proof for the fact that SO′3 = O+

3 ∩ SL′3 is indeed a quantum group.

(3) In the general case now, where N ∈ N is arbitrary, the proof is similar. Consider
as usual the following variables, that we must study in order to construct ∆:

Uij =
∑
k

uik ⊗ ukj

We must prove that these variables Uij satisfy the twisted determinant one condition,
provided that the original variables uij do. For this purpose, observe that we have:∑

σ∈SN

U1σ(1) . . . UNσ(N) =
∑
σ∈SN

∑
k1,...,kN

(u1k1 ⊗ uk1σ(1)) . . . (uNkN ⊗ ukNσ(N))

=
∑
σ∈SN

∑
k1,...,kN

u1k1 . . . uNkN ⊗ uk1σ(1) . . . ukNσ(N)

=
∑

k1,...,kN

u1k1 . . . uNkN ⊗
∑
σ∈SN

uk1σ(1) . . . ukNσ(N)

The point now is that, due to the commutation and anticommutation relations for
the variables uij, from Definition 7.1, the sum on the right vanishes, unless the indices
k1, . . . , kN are all distinct. Thus, we can finish the computation in the following way,
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again by using the commutation and anticommutation relations for the variables uij, and
then the twisted determinant one condition for these variables, at the very end:∑

σ∈SN

U1σ(1) . . . UNσ(N) =
∑

k1,...,kN distinct

u1k1 . . . uNkN ⊗
∑
σ∈SN

uk1σ(1) . . . ukNσ(N)

=
∑
τ∈SN

u1τ(1) . . . uNτ(N) ⊗
∑
σ∈SN

uτ(1)σ(1) . . . uτ(N)σ(N)

=
∑
τ∈SN

u1τ(1) . . . uNτ(N) ⊗
∑
ρ∈SN

u1ρ(1) . . . uNρ(N)

= 1⊗ 1

= 1

Thus we can define indeed ∆. Regarding ε, the verification here is trivial. Finally,
regarding S, this follows from the fact that we imposed our relations on both u, v. □

Summarizing, we have some basic twisting theory up and working.

7c. Twisted rotations

Let us discuss now the twisted versions of the orthogonal groups ON , and more gen-
erally of the groups OJ with J t = ±J , considered in chapter 5. We first have:

Theorem 7.14. We can construct a twisted orthogonal group by setting

O′N = O+
N ∩GL

′
N

with the intersection being computed inside GL+
N .

Proof. The result as stated is of course something trivial, simply obtained by apply-
ing the intersection operation, that we constructed in chapter 4. However, at the level of
the examples, at small values of N , things are quite tricky. We will be back to this. □

We have as well a twisted special orthogonal group, constructed as follows:

Theorem 7.15. We can construct a twisted special orthogonal group by setting

SO′N = O′N ∩ SL′N
with the intersection being computed inside GL′N .

Proof. As before, the result as stated is something trivial, obtained by applying the
intersection operation, that we constructed in chapter 4. The interesting things happen
at the level of examples, at small values of N , and we will be back to this. □

As a more technical question now, we would like to perform the above two operations,
O → O′ → SO′, to the general quantum groups OJ considered in chapter 5. So, let us
recall from there that, barring some examples which are not very interesting, with the
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fundamental corepresentation u being trivially reducible, the quantum groups O+
J ⊂ GL+

N ,
with J t = ±J , appear via the following relation, with ū = (t⊗ id)u−1:

u = JūJ−1

Since we have by definition O+
J ⊂ GL+

N , we can use the above twisiting and intersection
technology, as to successively get twisted orthogonal quantum groups, as follows:

Theorem 7.16. We can construct a twisted orthogonal group by setting

O′J = O+
J ∩GL

′
N

inside GL+
N , and then a twisted special orthogonal group by setting

SO′J = O′J ∩ SL′N
inside GL′N , for any matrix J ∈ GLN satisfying J t = ±J .

Proof. As before, the result as stated is something trivial, obtained by applying the
intersection operation, that we constructed in chapter 4. However, at the level of the
examples, at small values of N , things are quite tricky. We will be back to this. □

Going now towards some applications, the idea is that, with the above twisting tech-
nology, we can say many interesting things at N = 4. Let us formulate:

Definition 7.17. We let SO′3 ⊂ O′3 be the subgroup coming from the relation∑
σ∈S3

u1σ(1)u2σ(2)u3σ(3) = 1

called twisted determinant one condition.

Normally, when formulating such a definition, we should prove that F (SO′3) is indeed
an affine Hopf algebra. This is of course possible, directly, and actually we already did
such verifications, in the beginning of this chapter, for some similar quantum groups.

However, the point is that this follows as well from the following result, from [8]:

Theorem 7.18. We have an isomorphism of compact quantum groups

S+
4 = SO′3

given by the Fourier transform over the Klein group K = Z2 × Z2.

Proof. Consider the following matrix, coming from the action of SO′3 on F 4:

u+ =

(
1 0
0 u

)
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We apply to this matrix the Fourier transform over the Klein group K = Z2 × Z2:

v =
1

4


1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1



1 0 0 0
0 u11 u12 u13
0 u21 u22 u23
0 u31 u32 u33



1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1


By performing the matrix products, we are led to a formula of the following type, with

each entry vij being a certain linear combination of the entries uij:

v =


v11 v12 v13 v14
v21 v22 v23 v24
v31 v32 v33 v34
v41 v42 v43 v44


This matrix is then magic, and vice versa, so the Fourier transform over K converts

the relations in Definition 7.17 into the magic relations. But this gives the result. □

As a continuation of this, which is something more technical, and far-reaching, we
have the following classification result, over F = C, for the subgroups of S+

4 = SO′3:

Theorem 7.19. The subgroups of S+
4 = SO′3 are as follows:

(1) Infinite quantum groups: S+
4 , O

′
2, D̂∞.

(2) Finite groups: S4, and its subgroups.
(3) Finite group twists: S ′4, A

′
5.

(4) Series of twists: D′2n (n ≥ 3), DC ′2n (n ≥ 2).

(5) A group dual series: D̂n, with n ≥ 3.

Moreover, these quantum groups are subject to an ADE classification result.

Proof. This is something quite technical, from [8], and we will be back to this in the
next chapter, with some further explanations on the various twists appearing above, by
using some more advanced twisting technology, to be developed at that time. □

Let us explore now some consequences of the above result. By restricting the attention
to the transitive case, which is the most important one, we obtain the following result:

Theorem 7.20. The transitive quantum groups G ⊂ S+
N are as follows:

(1) At N = 1, 2, 3 we have {1}, Z2, Z3, S3.
(2) At N = 4 we have Z2 × Z2,Z4, D4, A4, S4, O

′
2, S

+
4 and S ′4, A

′
5.

Proof. This follows from the above result, the idea being as follows:

(1) This follows from the fact that we have SN = S+
N at N ≤ 3.

(2) This follows from the ADE classification of the subgroups G ⊂ S+
4 , with all the

twists appearing in the statement being standard twists. □
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Inspired by this, let us study now the transitive subgroups G ⊂ S+
5 . This is something

substantially more complicated, and we first have here the following result:

Proposition 7.21. The transitive subgroups G ⊂ S5 are

Z5, D5, GA1(5), A5, S5

with GA1(5) = Z5 ⋊ Z4 being the general affine group of F5.

Proof. This is something well-known, and elementary. Observe that the group
GA1(5) = Z5 ⋊ Z4, appearing as the general affine group of F5, is indeed transitive. □

In the quantum case now, the study is something quite difficult, but we have here the
following result, again over F = C, based on advanced subfactor theory:

Theorem 7.22. The set of principal graphs of transitive subgroups G ⊂ S+
5 coincide

with the set of principal graphs of the following subgroups,

Z5, D5, GA1(5), A5, S5, S
+
5

and this gives the full list of transitive subgroups G ⊂ S+
5 .

Proof. This is something quite advanced, the idea being that subfactor theory tells
us that the principal graphs of the irreducible index 5 subfactors are as follows:

– A∞, and a non-extremal perturbation of A
(1)
∞ .

– The McKay graphs of Z5, D5, GA1(5), A5, S5.

– The twists of the McKay graphs of A5, S5.

Thus, we must take the this list, and exclude the graphs which cannot be realized by
a transitive subgroup G ⊂ S+

5 . And here, we have 3 cases, as follows:

– The graph A∞ corresponds to S+
5 itself. As for the perturbation of A

(1)
∞ , this dissa-

pears, because our notion of transitivity requires the subfactor extremality.

– For the McKay graphs of the groups Z5, D5, GA1(5), A5, S5 there is nothing to be
done, all these graphs being solutions to our problem.

– The possible twists ofA5, S5, coming from the subfactor graphs above, cannot contain
S5, because their cardinalities are smaller or equal than |S5| = 120. □

Still with me, I hope, and do not worry, we will come back later to subfactors, in this
book. Now the point is that, as an interesting consequence of the above, we have:

Theorem 7.23. The inclusion of quantum groups

SN ⊂ S+
N

is maximal at N ≤ 5, in the sense that there is no quantum group in between.
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Proof. This follows indeed from the various classification results above:

(1) At N = 2, 3 this simply follows from SN = S+
N .

(2) At N = 4 this follows from Theorem 7.20.

(3) At N = 5 this follows from Theorem 7.22. □

In general, it is conjectured that the quantum group inclusion SN ⊂ S+
N is maximal

at any N ∈ N. We will be back to this, later in this book, with further results about it.

7d. Reflection groups

Time now for some further applications of our twisting technology developed above,
in higher dimensions. We have, following [11], the following result:

Theorem 7.24. The quantum symmetry group of the N-hypercube is

G+(□N) = O′N

with the corresponding coaction map on the vertex set being given by

α : F [ZN2 ]→ F [ZN2 ]⊗ F (O′N) , gi →
∑
j

gj ⊗ uji

via the standard identification □N = ẐN2 . In particular we have G+(□) = O′2.

Proof. This result is from [11], with its N = 2 particular case, corresponding to the
last assertion, going back to [20], the idea being as follows:

(1) To start with, the result in the statement is clear atN = 2, coming as a consequence
of the various results about S+

4 and its subgroups, from the previous section.

(2) In the general case now, where N ∈ N is arbitrary, our first claim is that the
N -hypercube □N is the Cayley graph of the following group:

ZN2 =< τ1, . . . , τN >

Indeed, in order to prove this, let us recall that the vertices of this latter Cayley graph
are by definition the products of group elements of the following form:

g = τ i11 . . . τ iNN

Now observe that the sequence of 0-1 exponents defining such a group element uniquely
determines a point of FN , which is a vertex of the cube. We conclude that the vertices
of the Cayley graph are indeed the vertices of the cube.

(3) Now regarding the edges, in the Cayley graph these are drawn between elements
g, h having the property g = hτi for some i. In terms of coordinates, the operation h→ hτi
means to switch the sign of the i-th coordinate, and to keep the other coordinates fixed.
In other words, we get in this way the edges of the cube, as desired.
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(4) Our second claim is that, when identifying the vector space spanned by the vertices
of □N with the algebra F [ZN2 ], the eigenvectors and eigenvalues of □N are given by:

vi1...iN =
∑
j1...jN

(−1)i1j1+...+iN jN τ j11 . . . τ jNN

λi1...iN = (−1)i1 + . . .+ (−1)iN

Indeed, let us recall that the action of d on the functions on vertices is given by the
following formula, with q − p standing for the fact that q, p are joined by an edge:

df(p) =
∑
q−p

f(q)

Now by identifying the vertices with the the elements of ZN2 , hence the functions on
the vertices with the elements of the algebra F [ZN2 ], we get the following formula:

dv = τ1v + . . .+ τNv

With vi1...iN as above, we have the following computation, which proves our claim:

dvi1...iN =
∑
s

τs
∑
j1...jN

(−1)i1j1+...+iN jN τ j11 . . . τ jNN

=
∑
s

∑
j1...jN

(−1)i1j1+...+iN jN τ j11 . . . τ js+1
s . . . τ jNN

=
∑
s

∑
j1...jN

(−1)is(−1)i1j1+...+iN jN τ j11 . . . τ jss . . . τ jNN

=
∑
s

(−1)is
∑
j1...jN

(−1)is(−1)i1j1+...+iN jN τ j11 . . . τ jNN

= λi1...iNvi1...iN

(5) We prove now that the quantum group O′N acts on the hypercube □N . For this
purpose, observe first that we have a morphism of algebras as follows:

α : F [ZN2 ]→ F [ZN2 ]⊗ F (O′N) , τi →
∑
j

τj ⊗ uji

It is routine to check that for i1 ̸= i2 ̸= . . . ̸= il we have:

α(τi1 . . . τil) =
∑

j1 ̸=... ̸=jl

τj1 . . . τjl ⊗ uj1i1 . . . ujlil

In terms of eigenspaces Es of the adjacency matrix, this gives:

α(Es) ⊂ Es ⊗ F (O′N)

Thus α preserves the adjacency matrix of □N , so is a coaction on □N , as claimed.
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(6) Conversely now, consider the universal coaction on the cube:

β : F [ZN2 ]→ F [ZN2 ]⊗ F (G) , τi →
∑
j

τj ⊗ uji

By applying β to the relation τiτj = τjτi we get utu = 1, so the matrix u = (uij) is
orthogonal. By applying β to the relation τ 2i = 1 we get:

1⊗
∑
k

u2ki +
∑
k<l

τkτl ⊗ (ukiuli + uliuki) = 1⊗ 1

This gives ukiuli = −uliuki for i ̸= j, k ̸= l, and by using the antipode we get
uikuil = −uiluik for k ̸= l. Also, by applying β to τiτj = τjτi with i ̸= j we get:∑

k<l

τkτl ⊗ (ukiulj + uliukj) =
∑
k<l

τkτl ⊗ (ukjuli + uljuki)

It follows that for i ̸= j and k ̸= l, we have:

ukiulj + uliukj = ukjuli + uljuki

In other words, we have [uki, ulj] = [ukj, uli]. By using the antipode we get:

[ujl, uik] = [uil, ujk]

Now by combining these relations we get:

[uil, ujk] = [uik, ujl] = [ujk, uil] = −[uil, ujk]

Thus [uil, ujk] = 0, so the elements uij satisfy the relations for F (O′N), as desired.
Thus, we are led to the conclusions in the statement. □

With the above discussed, which is quite intriguing, our purpose now, assuming some
basic representation theory knowledge, will be to understand which exact representation
of ON produces by twisting the magic representation of O′N , appearing above.

In order to solve this question, we will need the following standard fact:

Proposition 7.25. The Fourier transform over ZN2 is the map

φ : F (ZN2 )→ F [ZN2 ] , δ
g
i1
1 ...g

iN
N
→ 1

2N

∑
j1...jN

(−1)<i,j>gj11 . . . g
jN
N

with the usual convention < i, j >=
∑

k ikjk, and its inverse is the map

ψ : F [ZN2 ]→ F (ZN2 ) , gi11 . . . g
iN
N →

∑
j1...jN

(−1)<i,j>δ
g
j1
1 ...g

jN
N

with all the exponents being binary, i1, . . . , iN , j1, . . . , jN ∈ {0, 1}.
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Proof. Observe first that the group ZN2 can be written as follows:

ZN2 =
{
gi11 . . . g

iN
N

∣∣∣i1, . . . , iN ∈ {0, 1}}
Thus both φ, ψ are well-defined, and it is elementary to check that both are morphisms

of algebras. Also, we have φψ = ψφ = id, coming from the following standard formula:

1

2N

∑
j1...jN

(−1)<i,j> =
N∏
k=1

(
1

2

∑
jr

(−1)irjr
)

= δi0

Thus we have indeed a pair of inverse Fourier morphisms, as claimed. □

By using now these Fourier transforms, we obtain following result:

Proposition 7.26. The magic matrix for the embedding O′N ⊂ S+
2N

is given by

wi1...iN ,k1...kN =
1

2N

∑
j1...jN

∑
b1...bN

(−1)<i+kb,j>
(

1

N

)#(0∈j)

uj11b1 . . . u
jN
NbN

where kb = (kb1 , . . . , kbN ), with respect to multi-indices i, k ∈ {0, 1}N as above.

Proof. By composing the coaction map α from Theorem 7.24 with the above Fourier
transform isomorphisms φ, ψ, we have a diagram as follows:

F [ZN2 ]
α // F [ZN2 ]⊗ F (O′N)

ψ⊗id

��
F (ZN2 )

φ

OO

β // F (ZN2 )⊗ F (O′N)

In order to compute the composition on the bottom β, we first recall from Theorem
7.24 that the coaction map α is defined by the following formula:

α(gb) =
∑
a

ga ⊗ uab

Now by making products of such quantities, we obtain the following global formula
for α, valid for any exponents i1, . . . , iN ∈ {1, . . . , N}:

Φ(gi11 . . . g
iN
N ) =

(
1

N

)#(0∈i) ∑
b1...bN

gi1b1 . . . g
iN
bN
⊗ ui11b1 . . . u

iN
NbN

The term on the right can be put in “standard form” as follows:

gi1b1 . . . g
iN
bN

= g
∑

bx=1 ix
1 . . . g

∑
bx
ix

N
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We therefore obtain the following formula for the coaction map α:

α(gi11 . . . g
iN
N ) =

(
1

N

)#(0∈i) ∑
b1...bN

g
∑

bx=1 ix
1 . . . g

∑
bx=N ix

N ⊗ ui11b1 . . . u
iN
NbN

Now by applying the Fourier transforms, we obtain the following formula:

α(δ
g
i1
1 ...g

iN
N
)

= (ψ ⊗ id)Φ

(
1

2N

∑
j1...jN

(−1)<i,j>gj11 . . . g
jN
N

)

=
1

2N

∑
j1...jN

∑
b1...bN

(−1)<i,j>
(

1

N

)#(0∈j)

ψ
(
g
∑

bx=1 jx
1 . . . g

∑
bx=N jx

N

)
⊗ uj11b1 . . . u

jN
NbN

By using now the formula of ψ from Proposition 7.25, we obtain:

β(δ
g
i1
1 ...g

iN
N
) =

1

2N

∑
j1...jN

∑
b1...bN

∑
k1...kN

(
1

N

)#(0∈j)

(−1)<i,j>(−1)<(
∑

bx=1 jx,...,
∑

bx=N jx),(k1,...,kN )>

δ
g
k1
1 ...g

kN
N

⊗ uj11b1 . . . u
jN
NbN

Now observe that, with the notation kb = (kb1 , . . . , kbN ), we have:〈(∑
bx=1

jx, . . . ,
∑
bx=N

jx

)
, (k1, . . . , kN)

〉
=< j, kb >

Thus, we obtain the following formula for our map β:

β(δ
g
i1
1 ...g

iN
N
) =

1

2N

∑
j1...jN

∑
b1...bN

∑
k1...kN

(−1)<i+kb,j>
(

1

N

)#(0∈j)

δ
g
k1
1 ...g

kN
N

⊗ uj11b1 . . . u
jN
NbN

But this gives the formula in the statement for the corresponding magic matrix, with
respect to the basis {δ

g
i1
1 ...g

iN
N
} of the algebra F (ZN2 ), and we are done. □

We can now solve our original question, namely understanding where the magic rep-
resentation of O′N really comes from, with the following final answer to it:

Theorem 7.27. The magic representation of O′N , coming from its action on the N-
cube, corresponds to the antisymmetric representation of ON , via twisting.

Proof. This follows from the formula of w in Proposition 7.26, by computing the
character, and then interpreting the result via twisting, as follows:
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(1) By applying the trace to the formula of w, we obtain:

χ =
∑
j1...jN

∑
b1...bN

(
1

2N

∑
i1...iN

(−1)<i+ib,j>
)(

1

N

)#(0∈j)

uj11b1 . . . u
jN
NbN

(2) By computing the Fourier sum in the middle, we are led to the following formula,
with binary indices j1, . . . , jN ∈ {0, 1}, and plain indices b1, . . . , bN ∈ {1, . . . , N}:

χ =
∑
j1...jN

∑
b1...bN

(
1

N

)#(0∈j)

δj1,
∑

bx=1 jx
. . . δjN ,

∑
bx=N jxu

j1
1b1
. . . ujNNbN

(3) With the notation r = #(1 ∈ j) we obtain a decomposition as follows:

χ =
N∑
r=0

χr

To be more precise, the variables χr are as follows:

χr =
1

NN−r

∑
#(1∈j)=r

∑
b1...bN

δj1,
∑

bx=1 jx
. . . δjN ,

∑
bx=N jxu

j1
1b1
. . . ujNNbN

(4) Consider now the set A ⊂ {1, . . . , N} given by:

A =
{
a
∣∣∣ja = 1

}
The binary multi-indices j ∈ {0, 1}N satisfying #(1 ∈ j) = r being in bijection with

such subsets A, satisfying |A| = r, we can replace the sum over j with a sum over such
subsets A. We obtain a formula as follows, where j is the index corresponding to A:

χr =
1

NN−r

∑
|A|=r

∑
b1...bN

δj1,
∑

bx=1 jx
. . . δjN ,

∑
bx=N jx

∏
a∈A

uaba

(5) Let us identify b with the corresponding function b : {1, . . . , N} → {1, . . . , N}, via
b(a) = ba. Then for any p ∈ {1, . . . , N} we have:

δjp,
∑

bx=p jx
= 1 ⇐⇒ |b−1(p) ∩ A| = χA(p) (mod 2)

We conclude that the multi-indices b ∈ {1, . . . , N}N which effectively contribute to
the sum are those coming from the functions satisfying b < A. Thus, we have:

χr =
1

NN−r

∑
|A|=r

∑
b<A

∏
a∈A

uaba
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(6) We can further split each χr over the sets A ⊂ {1, . . . , N} satisfying |A| = r. The
point is that for each of these sets we have:

1

NN−r

∑
b<A

∏
a∈A

uaba =
∑
σ∈SA

N

∏
a∈A

uaσ(a)

Thus, the magic character of O′N splits as χ =
∑N

r=0 χr, the components being:

χr =
∑
|A|=r

∑
σ∈SA

N

∏
a∈A

uaσ(a)

(7) The twisting operation ON → O′N makes correspond the following products:

ε(σ)
∏
a∈A

uaσ(a) →
∏
a∈A

uaσ(a)

Now by summing over sets A and permutations σ, we conclude that the twisting
operation ON → O′N makes correspond the following quantities:∑

|A|=r

∑
σ∈SA

N

ε(σ)
∏
a∈A

uaσ(a) →
∑
|A|=r

∑
σ∈SA

N

∏
a∈A

uaσ(a)

Thus, we are led to the conclusion in the statement. □

The above result is not the end of the story with the cube, because we still have
the question of understanding how the hyperoctahedral group HN = Z2 ≀ SN correctly
liberates. But, as explained in chapter 6, the correct liberation is H+

N = Z2 ≀∗ S+
N .

7e. Exercises

We had an advanced algebraic chapter here, and as exercises on this, we have:

Exercise 7.28. Clarify our twisting results for the groups GLN .

Exercise 7.29. Work out twisting results in the parametric context.

Exercise 7.30. Check all the details for the twisted half-liberation operation.

Exercise 7.31. Work out the anticommutation twisting question for SpN .

Exercise 7.32. Find a more conceptual approach to anticommutation twisting.

Exercise 7.33. Find other graphs whose quantum symmetry groups are twists.

As bonus exercise, learn about braided Hopf algebras, and R-matrix deformation.



CHAPTER 8

Cocycle twists

8a. Cocycle twists

We have seen in the previous chapter how to construct many interesting twists, by
using a simple idea, namely suitably replacing commutation by anticommutation:

ab = ba → ab = ±ba

Moreover, we have seen as well some variations of this idea, such as twisting the
half-liberations, by suitably replacing half-commutation by half-anticommutation:

abc = cba → abc = ±cba

However, this is not the end of the story, with twisting. There are several other
methods for doing this, notably by using cocycles, and we will explain this here, with the
material that follows standing as a useful complement to what we learned in chapter 7.

There are several ways of doing the cocycle twisting, at various levels of generality. In
what concerns us, let us start with something fairly general, from [42], as follows:

Definition 8.1. A 2-cocycle on a Hopf algebra A is a linear map

σ : A⊗ A→ F

which is convolution invertible and satisfies the following conditions,∑
σ(x1 ⊗ y1)σ(x2y2 ⊗ z) =

∑
σ(y1 ⊗ z1)σ(x⊗ y2z2)

σ(x⊗ 1) = σ(1⊗ x) = ε(x)

in Sweedler notation ∆(x) =
∑
x1 ⊗ x2.

To be more precise, the first cocycle condition in the statement, which must hold for
any x, y, z ∈ A, is taken with respect to the following Sweedler writing formulae:

∆(x) =
∑

x1 ⊗ x2 , ∆(y) =
∑

y1 ⊗ y2 , ∆(z) =
∑

z1 ⊗ z2

Thus, the first cocycle condition is in fact something quite complicated. As for the
second cocycle condition, that simply uses the counit map ε, as indicated.

177
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There are many examples of such cocycles, the general idea being that, for the Hopf
algebras of type A = F (G) or A = F [H], these cocycles come from group-theoretical
cocycles, on the underlying groups G,H. More on this later, when discussing examples.

Getting now to the twisting operation, once a cocycle σ : A ⊗ A → F as above is
given, this is something quite subtle, which is best done in 3 steps, as follows:

(1) First, by suitably perturbing the multiplication of A, by using the cocycle σ, we
can construct a certain left twisted algebra σA, which is an associative algebra.

(2) By perturbing in a similar way the multiplication of A, by using σ−1, we can
construct a certain right twisted algebra Aσ−1 , which is an associative algebra too.

(3) And the point now is that, when jointly performing the above two operations, the
associative algebra Aσ = σAσ−1 that we obtain is a Hopf algebra.

So, this was for the idea, and in practice now, let us see how this works. As a first
task, we must construct the left twisted algebra σA, and this can be done as follows:

Proposition 8.2. Given σ : A ⊗ A → F , we can construct the left twisted algebra

σA, which as a vector space is σA = A, and with product being defined by

{x}{y} =
∑

σ(x1 ⊗ y1){x2y2}

with the convention that any x ∈ A is denoted {x}, when viewed as an element of σA.

Proof. This is something quite straightforward, the idea being as follows:

(1) Observe first that σA is indeed an associative algebra, as shown by the following
computation, based on the associativity condition satisfied by σ:

({x}{y}){z} =
∑

σ(x1 ⊗ y1){x2y2}{z}

=
∑

σ(x1 ⊗ y1)σ((x2y2)1 ⊗ z1){(x2y2)2z2}

=
∑

σ(x1 ⊗ (y2z2)1)σ(y1 ⊗ z1){x2(y2z2)2}

=
∑

σ(y1 ⊗ z1){x}{y2z2}
= {x}({y}{z})



8A. COCYCLE TWISTS 179

(2) The unit stays the same when performing the operation A → σA. Indeed, we
have the following computation, based on the first unitality condition satisfied by σ:

{x}{1} =
∑

σ(x1 ⊗ 1){x2}

=
∑

ε(x1){x2}

=
∑

(ε⊗ id)
∑

x1 ⊗ x2
= (ε⊗ id)∆(x)

= x

(3) Similarly, still regarding the unit, we have as well the following computation, based
this time on the second unitality condition satisfied by σ:

{1}{x} =
∑

σ(1⊗ x1){x2}

=
∑

ε(x1){x2}

=
∑

(ε⊗ id)
∑

x1 ⊗ x2
= (ε⊗ id)∆(x)

= x

(4) Thus, we have an associative algebra, as claimed, and with the cocycle conditions
in Definition 8.1 being in fact exactly those which are needed, for having this. □

Next, and still following our three-step twisting plan explained above, we must con-
struct the right twisted algebra Aσ−1 . This can be done as follows:

Proposition 8.3. Given σ : A ⊗ A → F , we can construct the right twisted algebra
Aσ−1, which as a vector space is Aσ−1 = A, and with product being defined by

< x >< y >=
∑

σ−1(x2 ⊗ y2) < x1y1 >

where σ−1 is the convolution inverse of σ, with the convention that any x ∈ A is denoted
< x >, when viewed as an element of Aσ−1.

Proof. As before with the construction of the left twisted algebra σA, there are some
elementary verifications to be performed here, the idea being as follows:

(1) To start with, the present result can be proved exactly as we did before for Propo-
sition 8.2, by performing some elementary computations, using the cocycle axioms and
the Sweedler notation, that we will leave here as an instructive exercise.
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(2) Alternatively, at a more conceptual level, let us first review Definition 8.1 and
Proposition 8.2, with various right and left considerations in mind. We recall from Defi-
nition 8.1 that the axioms there for the 2-cocycles on Hopf algebras were as follows:∑

σ(x1 ⊗ y1)σ(x2y2 ⊗ z) =
∑

σ(y1 ⊗ z1)σ(x⊗ y2z2)

σ(x⊗ 1) = σ(1⊗ x) = ε(x)

The point now is that, technically speaking, these are in fact the axioms for the left
2-cocycles. We have as well the notion of right 2-cocycle, which must satisfy:∑

τ(x1y1 ⊗ z)τ(x1 ⊗ y2) =
∑

τ(x⊗ y1z1)τ(y2 ⊗ z2)

τ(x⊗ 1) = τ(1⊗ x) = ε(x)

In what follows we will only need the notion of left 2-cocycle, that from Definition 8.1,
and this is why we simply called there 2-cocycles, the objects axiomatized there.

(3) However, and here comes the point, in the context of the present result, the
distinction between left and right 2-cocycles can be something useful, avoiding us some of
the computations evoked in (1). Indeed, it follows from definitions that if σ : A⊗A→ F
is a left 2-cocycle, then its convolution inverse σ−1 : A ⊗ A → F is a right 2-cocycle.
Thus, this convolution inverse is subject to the following conditions:∑

σ−1(x1y1 ⊗ z)σ−1(x1 ⊗ y2) =
∑

σ−1(x⊗ y1z1)σ−1(y2 ⊗ z2)

σ−1(x⊗ 1) = σ−1(1⊗ x) = ε(x)

But with these latter conditions in hand, it is quite clear that the proof of Proposition
8.2 can be adapted, with minimal changes, to the present setting, and gives the result.

(4) Finally, as yet another proof, we can see that Aσ−1 is indeed an associative algebra,
as a particular case of what we did before for σA, by suitably changing both A and σ,
and again we will leave the clarification of all this as an instructive exercise. □

And with this, good news, we can now perform the third and final step of our twisting
program, with the final twisting statement, which is self-contained, formally making no
reference to Proposition 8.2 and Proposition 8.3, being as follows:

Theorem 8.4. Given a Hopf algebra A, and a 2-cocycle σ : A ⊗ A → F , we can
construct a Hopf algebra Aσ, which as a coalgebra is Aσ = A, with product

[x][y] =
∑

σ(x1 ⊗ y1)σ−1(x3 ⊗ y3)[x2y2]

and with the antipode being given by the following formula,

Sσ([x]) =
∑

σ(x1 ⊗ S(x2))σ−1(S(x4)⊗ x5)[S(x3)]

where an element x ∈ A is denoted [x], when viewed as an element of Aσ.
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Proof. This is a mixture of trivial and non-trivial facts, basically going back to the
work of Doi [42], the idea with this being as follows:

(1) The first assertion is something standard, the point being that the Hopf algebra
in the statement appears as follows, in terms of the algebra constructions before:

Aσ = σAσ−1

(2) Indeed, recall from the above that the multiplication of Aσ−1 is given by:

< x >< y >=
∑

σ−1(x2 ⊗ y2) < x1y1 >

On the other hand, the multiplication of an algebra of type σB is given by:

{x}{y} =
∑

σ(x1 ⊗ y1){x2y2}

Now with B = Aσ−1 as input, for this latter construction, we deduce that the multi-
plication of the algebra σB = σAσ−1 is given by the following formula:

{< x >}{< y >} =
∑

σ(x1 ⊗ y1){< x >2< y >2}

=
∑

σ(x1 ⊗ y1){(< x >< y >)2}

=
∑

σ(x1 ⊗ y1)σ−1(x3 ⊗ y3){< x2y2 >}

But this is exactly the formula in the statement, with the convention [x] =< {x} >,
which means that x ∈ A is denoted [x], when viewed as an element of Aσ.

(3) Summarizing, we have proved that Aσ with the multiplication in the statement is
indeed an associative algebra, with this coming from Aσ = σAσ−1 .

(4) Next, as indicated in the statement, what we have is in fact a bialgebra, with the
usual comultiplication map ∆ and counit map ε of the original Hopf algebra A. Indeed,
the fact that ∆ and ε remain morphisms of algebras, when changing the multiplication
as above, is something standard, that we will leave here as an exercise.

(5) Regarding now the remaining bialgebra axioms to be satisfied, let us have a look
at the Hopf algebra axioms for A, concerning ∆ and ε, namely:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

Now since these axioms do not make reference to the multiplicative structure, they
will remain unchanged, when perturbing the multiplicative structure, as we did.

(6) Getting now to the final, and most technical point, the existence of the antipode
S requires some work, and this follows from the explicit formula for the antipode in
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the statement. To be more precise, we obtain in this way an antimultiplicative map
S : Aσ → Aσ, which satisfies the usual Hopf algebra axiom for the antipode, namely:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

Thus, we obtain the result. For more on all this, details and examples, and some
further generalizations too, we refer to Doi [42], and related work. □

As a conclusion to all this, we have some general twisting theory up and working, and
we refer to the specialized Hopf algebra literature, for more on all this. We will see later
that the above formalism is quite general, in particular with the anticommutation twists
constructed in chapter 7 appearing in this way, for some suitable cocycles.

8b. Basic examples

As an application of the above cocycle twisting methods, we can go back now to the
isomorphism S+

4 = SO′3, briefly explained in chapter 7, and the subsequent ADE classifi-
cation result for the subgroups of this quantum group, similar to the ADE classification
of the subgroups of SO3, briefly explained there too, this time with more details.

Let us begin with the following definition, that we already met in chapter 7:

Definition 8.5. We let SO′3 ⊂ O′3 be the subgroup coming from the relation∑
σ∈S3

u1σ(1)u2σ(2)u3σ(3) = 1

called twisted determinant one condition.

Normally, when formulating such a definition, we should prove that F (SO′3) is indeed
an affine Hopf algebra. This is of course possible, directly, and actually we already did
such verifications, in the beginning of the chapter 7, for some similar quantum groups.

However, the point is that this follows as well from the following result, from [8]:

Theorem 8.6. We have an isomorphism of compact quantum groups

S+
4 = SO′3

given by the Fourier transform over the Klein group K = Z2 × Z2.

Proof. This is something which is quite routine, the idea being as follows:

(1) Consider the following matrix, coming from the action of SO′3 on F 4:

u+ =

(
1 0
0 u

)
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We apply to this matrix the Fourier transform over the Klein group K = Z2 × Z2:

v =
1

4


1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1



1 0 0 0
0 u11 u12 u13
0 u21 u22 u23
0 u31 u32 u33



1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1


By performing the matrix products, we are led to a formula of the following type, with

each entry vij being a certain linear combination of the entries uij:

v =


v11 v12 v13 v14
v21 v22 v23 v24
v31 v32 v33 v34
v41 v42 v43 v44


Our claim now, which will prove the result, is that this matrix is magic, and vice

versa, so that the above Fourier transform over the Klein group K = Z2 × Z2 converts
the relations in Definition 8.5 into the magic relations.

(2) In order to prove our claim, let us begin with some preliminaries. For i, j ∈ {1, 2, 3}
with i ̸= j, we let < i, j > be the unique element in {1, 2, 3} such that:

{i, j, < i, j >} = {1, 2, 3}

Now let i, j, k, l ∈ {1, 2, 3} with i ̸= j and k ̸= l. Our claim is that we have:

u<i,j><k,l> = uikujl + ujkuil

Indeed, for i, j ∈ {1, 2, 3}, let i1, i2, j1, j2 be the elements of {1, 2, 3} satisfying:

{i, i1, i2} = {j, j1, j2} = {1, 2, 3}

Then, the well-known formula for the antipode of the quantum group SU ′3 gives:

S(uji) = ui1j1ui2j2 + ui2j1ui1j2

But since the matrix u = (uij) is orthogonal, we have the following formula:

uij = S(uij)

Thus, we have proved the above claim, regarding the value of u<i,j><k,l>.

(3) Let us prove now that SO′3 is the universal quantum group acting on F 4. Let
e1, e2, e3, e4 be the canonical basis of F 4, and consider as well the following basis:

1 = e1 + e2 + e3 + e4

ε1 = e1 − e2 − e3 + e4

ε2 = e1 − e2 + e3 − e4
ε3 = e1 + e2 − e3 − e4
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Observe that this latter basis is precisely the one obtained by using the Fourier trans-
form of the Klein group K = Z2×Z2, mentioned in (1). We have the following formulae,
regarding this latter basis, which define a presentation of the algebra F 4:

ε2i = 1 , ∀i

εiεj = εjεi = ε<i,j> , ∀i ̸= j

Consider now the linear map α : F 4 → F 4 ⊗ F (SO′3) defined as follows:

α(1) = 1⊗ 1 , α(εi) =
∑
j

εj ⊗ uji

Our claim is that α is a coaction. Indeed, it is clear that α is coassociative, so it
remains to check that α is a morphism of algebras. First, we have:

α(εi)
2 =

∑
kl

εkεl ⊗ ukiuli

=
∑
k

ε2k ⊗ u2ki +
∑
k ̸=l

εkεl ⊗ ukiuli

= 1⊗

(∑
k

u2ki

)
+
∑
k<l

εkεl ⊗ (ukiuli + uliuki)

= 1⊗ 1

= α(ε2i )

Also, by using the formula found in (2), we have, for any i ̸= j:

α(εi)α(εj) =
∑
kl

εkεl ⊗ ukiulj

=
∑
k

ε2k ⊗ ukiukj +
∑
k ̸=l

εkεl ⊗ ukiulj

= 1⊗

(∑
k

ukiukj

)
+
∑
k<l

εkεl ⊗ (ukiulj + uliukj)

=
∑
k<l

ε<k,l> ⊗ u<k,l <i,j>

=
∑
k

εk ⊗ uk<i,j>

= α(ε<i,j>)

We conclude that our map α constructed above is indeed a coaction.
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(4) Our claim now is that α is the universal coaction on F 4. In order to prove this,
consider a Hopf algebra A coacting on F 4, with coaction denoted as follows:

β : F 4 → F 4 ⊗ A

We set ε0 = 1 and we write, with xj0 = δj0:

β(εi) =
∑
j

εj ⊗ xji

Let ϕ : F 4 → F be the map given by ϕ(ei) = 1/4, so that ϕ(εi) = 0 if i > 0. This
linear map ϕ is A-colinear, and so the linear map F 4 ⊗ F 4 → F given by x⊗ y → ϕ(xy)
is A-colinear too. It follows that the matrix x = (xij) is orthogonal, and so:

x201 + x202 + x203 = 0

Therefore x0i = δ0i, the matrix x′ = (xij)1≤i,j≤3 is orthogonal and:

β(εi) =
3∑
j=1

εj ⊗ xji , ∀i ∈ {1, 2, 3}

By using these formulae, we have the following computation:

β(1) = β(ε2i )

= β(εi)
2

=
∑
kl

εkεl ⊗ xkixli

=
∑
k

ε2k ⊗ x2ki +
∑
k ̸=l

εkεl ⊗ xkixli

= 1⊗

(∑
k

x2ki

)
+
∑
k<l

εkεl ⊗ (xkixli + xlixki)

= 1⊗ 1 +
∑
k<l

εkεl ⊗ (xkixli + xlixki)

But β(1) = 1⊗ 1, so we deduce that for k ̸= l, we have the following formula:

xkixli = −xlixki

By using now the antipode S, which satisfies S(xij) = xji since the matrix x′ is
orthogonal, we have as well the following formula:

xikxil = −xilxik
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(5) Next, for any i ̸= j, we have the following computation:

α(ε<i,j>) = α(εiεj)

= α(εi)α(εj)

=
∑
kl

εkεl ⊗ xkixlj

=
∑
k

ε2k ⊗ xkixkj +
∑
k ̸=l

εkεl ⊗ xkixlj

= 1⊗

(∑
k

xkixkj

)
+
∑
k<l

εkεl ⊗ (xkixlj + xlixkj)

=
∑
k<l

ε<k,l> ⊗ (xkixlj + xlixkj)

We conclude from this computation that we have the following formula:

x<k,l><i,j> = xkixlj + xlixkj

Similarly, since εiεj = εjεi, we have as well the following formula:

x<k,l><i,j> = xkjxli + xljxki

By combining now these two relations that we found, we get, for i ̸= j and k ̸= l:

[xki, xlj] = [xkj, xli]

Now by using the antipode, we have as well the following formula:

[xki, xlj] = [xli, xkj]

Summarizing, we have established the following equalities:

[xki, xlj] = [xli, xkj] = [xkj, xli] = −[xli, xkj]
But this shows that we have the following equality:

xlixkj = xkjxli

(6) We can now finish. Indeed, we have the following computation, in relation with
the quantum determinant one condition, from Definition 8.5:

x11x22x33 + x11x23x32 + x12x21x33 + x12x23x31 + x13x22x31 + x13x23x31

= x11(x22x33 + x23x32) + x12(x21x33 + x23x31) + x13(x22x31 + x23x31)

= x211 + x212 + x213
= 1

Thus the quantum determinant one condition is satisfied, so we obtain a Hopf algebra
morphism F (SO′3)→ A commuting with the respective coactions, and we are done. □
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We will prove now that the quantum group SO′3 appears from the group SO3, via
cocycle twisting. Let A be the algebra of representative functions on SO3, with the
canonical coordinate functions denoted xij. Consider as well the Klein group:

K = Z2 × Z2 =
〈
t1, t2

∣∣∣ t21 = t22 = 1, t1t2 = t2t1

〉
We set t3 = t1t2. Now observe that the restriction of the functions on SO3 to the

diagonal subgroup of SO3, which is K, gives a Hopf algebra surjection, as follows:

πd : A→ F [K] , xij → δijti

In view of this, let σ : K ×K → F ∗ be the unique bimultiplicative map such that:

σ(ti, tj) =

{
−1 if i ≤ j

1 otherwise

Then σ is a usual group 2-cocycle, and its unique linear extension to the group algebra
F [K] ⊗ F [K] is a 2-cocycle in the previous sense, still denoted σ. We get in this way a
cocycle on A, given by the following formula, and satisfying σd = σ−1d :

σd = σ ◦ (πd ⊗ πd)
We can now formulate our twisting result regarding SO′3, as follows:

Theorem 8.7. We have an isomorphism of Hopf algebras

F (SO′3) = Aσd

and so SO′3 appears as a cocycle twist of SO3.

Proof. With the notations above, we have the following computation:

[xij][xkl] =
∑
p,q,r,s

σd(xip ⊗ xkq)σ−1d (xrj ⊗ xsl)[xprxqs]

= σ(ti, tk)σ(tj, tl)[xijxkl]

More generally, we have in fact the following formula, valid for any r ∈ N:

[xi1j1 ][xi2j2 ] . . . [xirjr ] =

(∏
p<q

σ(tip , tiq)

)(∏
p<q

σ(tjp , tjq)

)
[xi1j1xi2j2 . . . xirjr ]

Thus, we see that we have a Hopf algebra morphism, as follows:

F (SO′3)→ Aσd , uij → [xij]

This morphism is then clearly surjective, and a standard representation theory argu-
ment, for which we refer to [8] and the related literature, including [23], shows that this
morphism must be in fact an isomorphism. Thus, the result follows. □

As a continuation of this, which is something more technical, we have the following
classification result, over F = C, for the subgroups of S+

4 = SO′3:
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Theorem 8.8. The subgroups of S+
4 = SO′3 are as follows:

(1) Infinite quantum groups: S+
4 , O

′
2, D̂∞.

(2) Finite groups: S4, and its subgroups.
(3) Finite group twists: S ′4, A

′
5.

(4) Series of twists: D′2n (n ≥ 3), DC ′2n (n ≥ 2).

(5) A group dual series: D̂n, with n ≥ 3.

Moreover, these quantum groups are subject to an ADE classification result.

Proof. This is something quite technical, based on the twisting technology that we
developed above, the idea with all this being as follows:

(1) Regarding the statement, the idea is that, with prime standing for twists, which
all unique, and double prime denotes pseudo-twists, the classification is as follows:

– A case: Z1, Z2, Z3, K, D̂n (n = 2, 3, . . . ,∞), S+
4 .

– D case: Z4, D
′
2n, D

′′
2n (n = 2, 3, . . .), H+

2 , D1, S3.

– E case: A4, S4, S
′
4, A

′
5.

(2) There are many comments to be made here, regarding conventions, as follows:

– To start with, the 2-element group Z2 = {1, τ} can act in 2 ways on 4 points: either
with the transposition τ acting without fixed point, and we use here the notation Z2, or
with τ acting with 2 fixed points, and we use here the notation D1.

– Similarly, the Klein group K = Z2×Z2 can act in 2 ways on 4 points: either with 2
non-trivial elements having 2 fixed points each, and we use here the notation K, or with

all non-trivial elements having no fixed points, and we use here the notation D2 = D̂2.

– We have D′4 = D4, and D
′′
4 = G0, the Kac-Paljutkin quantum group. Besides being

a pseudo-twist of D2n, the quantum group D′′2n with n ≥ 2 is known to be as well a
pseudo-twist of the dicyclic, or binary cyclic group DC2n.

– Also, the definition of D′2n, D
′′
2n can be extended at n = 1,∞, and we formally have

D′2 = D′′2 = K, and D′∞ = D′′∞ = H+
2 , but these conventions are not very useful. Finally,

the groups D1, S3 are a bit special in the D case of the classification.

(3) So, this was for the statement of the theorem, and with the various twists involved
being constructed by using the general cocycle twisting procedure from the beginning of
this chapter. In what regards now the proof, this is something quite technical, making a
heavier use of the twisting technology, and we refer here to [8] and related papers. □

We will be back to all this, which remains something non-trivial, later in this book.
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8c. Group algebras

As a continuation of the above, let us develop some more applications. Following [12],
we will prove in what follows that we have a general twisting result, as follows:

PO+
n = (S+

n2)
′

In order to explain this material, which is quite technical, requiring good algebraic
knowledge, let us begin with some generalities. We first have:

Proposition 8.9. Given a finite group G, the algebra F (S+

Ĝ
) is isomorphic to the

abstract algebra presented by generators xgh with g, h ∈ G, with the following relations:

x1g = xg1 = δ1g , xs,gh =
∑
t∈G

xst−1,gxth , xgh,s =
∑
t∈G

xgt−1xh,ts

The comultiplication, counit and antipode are given by the formulae

∆(xgh) =
∑
s∈G

xgs ⊗ xsh , ε(xgh) = δgh , S(xgh) = xh−1g−1

on the standard generators xgh.

Proof. This follows indeed from a direct verification, based on the coaction axioms
that must be satisfied by the algebra F (S+

Ĝ
), that we will leave here as an exercise. □

Let us discuss now the twisted version of the above result. Consider a 2-cocycle on G,
which is by definition a map σ : G×G→ F ∗ satisfying the following conditions:

σgh,sσgh = σg,hsσhs , σg1 = σ1g = 1

Given such a cocycle, we can construct the associated twisted group algebra F (Ĝσ),

as being the vector space F (Ĝ) = F [G], with product egeh = σghegh. We have:

Proposition 8.10. The algebra F (S+

Ĝσ
) is isomorphic to the abstract algebra presented

by generators xgh with g, h ∈ G, with the relations x1g = xg1 = δ1g and:

σghxs,gh =
∑
t∈G

σst−1,txst−1,gxth , σ−1gh xgh,s =
∑
t∈G

σ−1t−1,tsxgt−1xh,ts

The comultiplication, counit and antipode are given by the formulae

∆(xgh) =
∑
s∈G

xgs ⊗ xsh , ε(xgh) = δgh , S(xgh) = σh−1hσ
−1
g−1gxh−1g−1

on the standard generators xgh.

Proof. Once again, this follows from a direct verification, which is quite similar to
the verifications did before, and that we will leave here as an exercise. □
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In what follows, we will prove that the quantum groups S+

Ĝ
and S+

Ĝσ
are related by a

cocycle twisting operation. Let A be a Hopf algebra. We recall that a left 2-cocycle is a
convolution invertible linear map σ : A⊗ A→ F satisfying the following conditions:∑

σ(x1 ⊗ y1)σ(x2y2 ⊗ z) =
∑

σ(y1 ⊗ z1)σ(x⊗ y2z2)

σ(x⊗ 1) = σ(1⊗ x) = ε(x)

As explained before, σ is a left 2-cocycle precisely when σ−1, the convolution inverse
of σ, is a right 2-cocycle, in the sense that we have:∑

σ−1(x1y1 ⊗ z)σ−1(x1 ⊗ y2) =
∑

σ−1(x⊗ y1z1)σ−1(y2 ⊗ z2)

σ−1(x⊗ 1) = σ−1(1⊗ x) = ε(x)

We recall that given a left 2-cocycle σ on A, one can form the 2-cocycle twist Aσ

as follows. As a coalgebra, Aσ = A, and an element x ∈ A, when considered in Aσ, is
denoted [x]. The product in Aσ is then defined, in Sweedler notation, as follows:

[x][y] =
∑

σ(x1 ⊗ y1)σ−1(x3 ⊗ y3)[x2y2]

As for the antipode of Aσ, this is given by the following formula:

Sσ([x]) =
∑

σ(x1 ⊗ S(x2))σ−1(S(x4)⊗ x5)[S(x3)]

We can now state and prove a main theorem, from [12], regarding the twisting of the
quantum automorphism groups of the group algebras, as follows:

Theorem 8.11. If G is a finite group and σ is a 2-cocycle on G, the Hopf algebras

F (S+

Ĝ
) , F (S+

Ĝσ
)

are 2-cocycle twists of each other, in the above sense.

Proof. In order to prove this result, we use the following Hopf algebra map:

π : F (S+

Ĝ
)→ F (Ĝ) , xgh → δgheg

Our 2-cocycle σ : G × G → F ∗ can be extended by linearity into a linear map as
follows, which is a left and right 2-cocycle in the above sense:

σ : F (Ĝ)⊗ F (Ĝ)→ F

Consider now the following composition:

α = σ(π ⊗ π) : F (S+

Ĝ
)⊗ F (S+

Ĝ
)→ F (Ĝ)⊗ F (Ĝ)→ F
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Then α is a left and right 2-cocycle, because it is induced by a cocycle on a group
algebra, and so is its convolution inverse α−1. Thus we can construct the twisted algebra
F (S+

Ĝ
)α

−1
, and inside this algebra we have the following computation:

[xgh][xrs] = α−1(xg ⊗ xr)α(xh ⊗ xs)[xghxrs]
= σ−1(g ⊗ r)σ(h⊗ s)[xghxrs]

By using this identity, we obtain the following formula:∑
t∈G

σ(st−1 ⊗ t)[xst−1,g][xth] =
∑
t∈G

σ(st−1 ⊗ t)σ−1(st−1 ⊗ t)σgh[xst−1,gxth]

= σ(g ⊗ h)[xs,gh]

Similarly, we have the following formula:∑
t∈G

σ−1(t−1 ⊗ ts)[xg,t−1 ][xh,ts] = σ−1(g ⊗ h)[xgh,s]

We deduce from this that there exists a Hopf algebra map, as follows:

Φ : F (S+

Ĝσ
)→ F (S+

Ĝ
)α

−1

, xgh → [xg,h]

This map is clearly surjective, and is injective as well, by a standard fusion semiring
argument, because both Hopf algebras have the same fusion semiring. See [12]. □

Thus, we have proved our twisting result. As a first consequence, we have:

Proposition 8.12. If G is a finite group and σ is a 2-cocycle on G, then

Φ(xg1h1 . . . xgmhm) = Ω(g1, . . . , gm)
−1Ω(h1, . . . , hm)xg1h1 . . . xgmhm

with the coefficients on the right being given by the formula

Ω(g1, . . . , gm) =
m−1∏
k=1

σg1...gk,gk+1

is a coalgebra isomorphism F (S+

Ĝσ
)→ F (S+

Ĝ
), commuting with the Haar integrals.

Proof. This is indeed just a technical reformulation of Theorem 8.11. □

Let us discuss now some concrete applications of these twisting results, over F = C.
Consider the group G = Z2

n, let w = e2πi/n, and consider the following cocycle:

σ : G×G→ T , σ(ij)(kl) = wjk

In order to understand what is the formula that we obtain, we must do some compu-
tations. Let Eij with i, j ∈ Zn be the standard basis of Mn(C). We first have:
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Proposition 8.13. The linear map given by

ψ(e(i,j)) =
n−1∑
k=0

wkiEk,k+j

defines an isomorphism of algebras ψ : C(Ĝσ) ≃Mn(C).

Proof. Consider indeed the following linear map:

ψ′(Eij) =
1

n

n−1∑
k=0

w−ike(k,j−i)

It is routine to check that both ψ, ψ′ are morphisms of algebras, and that these maps
are inverse to each other. In particular, ψ is an isomorphism of algebras, as stated. □

Next in line, we have the following result:

Proposition 8.14. The algebra map given by

φ(uijukl) =
1

n

n−1∑
a,b=0

wai−bjx(a,k−i),(b,l−j)

defines a Hopf algebra isomorphism φ : C(S+
Mn

) ≃ C(S+

Ĝσ
).

Proof. Consider the universal coactions on the two algebras in the statement:

α :Mn(C) → Mn(C)⊗ C(S+
Mn

)

β : C(Ĝσ) → C(Ĝσ)⊗ C(S+

Ĝσ
)

In terms of the standard bases, these coactions are given by:

α(Eij) =
∑
kl

Ekl ⊗ ukiulj

β(e(i,j)) =
∑
kl

e(k,l) ⊗ x(k,l),(i,j)

We use now the identification C(Ĝσ) ≃ Mn(C) from Proposition 8.13. This identifi-
cation produces a coaction map, as follows:

γ :Mn(C)→Mn(C)⊗ C(S+

Ĝσ
)

Now observe that this map is given by the following formula:

γ(Eij) =
1

n

∑
ab

Eab ⊗
∑
kr

war−ikx(r,b−a),(k,j−i)

By comparing with the formula of α, we obtain the isomorphism in the statement. □

We will need one more result of this type, as follows:
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Proposition 8.15. The algebra map given by

ρ(x(a,b),(i,j)) =
1

n2

∑
klrs

wki+lj−ra−sbp(r,s),(k,l)

defines a Hopf algebra isomorphism ρ : C(S+

Ĝ
) ≃ C(S+

G).

Proof. We have a Fourier transform isomorphism, as follows:

C(Ĝ) ≃ C(G)

Thus the algebras in the statement are indeed isomorphic. □

As a conclusion to all this, we have the following result:

Theorem 8.16. Let n ≥ 2 and w = e2πi/n. Then

Θ(uijukl) =
1

n

n−1∑
ab=0

w−a(k−i)+b(l−j)pia,jb

defines a coalgebra isomorphism C(PO+
n )→ C(S+

n2) commuting with the Haar integrals.

Proof. We know that we have identifications as follows, where the projective version
of (A, u) is the pair (PA, v), with PA =< vij > and v = u⊗ ū:

PO+
n = PU+

n = S+
Mn

With this in hand, the result follows from Theorem 8.11 and Proposition 8.12, by
combining them with the various isomorphisms established above. □

Many other things can be said, as a continuation of the above. We will be back to
this later in this book, when systematically discussing what happens over F = C.

8d. Matrix models

Let us discuss now some further applications of the above methods and results, to the
matrix modeling questions for our quantum permutation groups, again in the case F = C.
Let us first recall from chapter 4 that we have the following notion:

Definition 8.17. A matrix model for an affine Hopf algebra (A, u) is a morphism of
associative algebras as follows, with T being a certain space:

π : A→MK(F (T )) , uij → Uij

When this morphism π is an inclusion, we say that our model is faithful.

Obviously, we would like our models to be faithful, in order for our computations in
the random matrix algebra MK(F (T )) to be relevant, to our questions regarding A.

But, the problem is that this situation is not always possible, due to a number of
analytic reasons, the idea here being that the random matrix algebras MK(F (T )) are
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quite “thin”, from a certain functional analytic viewpoint, while the algebra A to be
modeled might be “thick”, from the same functional analytic viewpoint.

However, and here comes our point, the notion of inner faithfulness introduced and
studied in chapter 4 provide us with a potential solution to this, as follows:

Definition 8.18. We say that a matrix model as above,

π : A→MK(F (T )) , uij → Uij

is inner faithful when there is no Hopf algebra factorization as follows:

π : A→ B →MK(F (T )) , uij → vij → Uij

That is, we can use our inner faithfulness notion, for the matrix models.

And the point is that, with this notion in hand, we can model far more affine Hopf
algebras than before, with the above-mentioned analytic obstructions dissapearing. In
fact, there is no known obstruction on the algebras A than can be modeled as above.

Still in relation with the notions from chapter 4, let us record as well:

Theorem 8.19. Given an arbitrary matrix model, as before,

π : A→MK(F (T )) , uij → Uij

we can always factorize it via a smallest Hopf algebra, as follows,

π : A→ B →MK(F (T )) , uij → vij → Uij

and the resulting factorized model B →MK(F (T )) is then inner faithful.

Proof. This is indeed something self-explanatory, coming from definitions. □

According to our general matrix model philosophy, we must look for concrete realiza-
tions of the standard coordinates uij ∈ C(G). In the quantum permutation group case,
G ⊂ S+

N , these standard coordinates are projections, so a natural idea is that of looking
at the rank of these projections, in the model. We are led to the following notion:

Definition 8.20. Given a subgroup G ⊂ S+
N , a random matrix model of type

π : C(G)→MK(C(T ))

is called flat when the fibers P x
ij = π(uij)(x) all have rank 1.

We will see in what follows that there are many interesting examples of such models.
Observe however, as an obstruction, that in order for such a model to exist, the subgroup
G ⊂ S+

N must be transitive, due to the following trivial fact:

Pij ̸= 0 =⇒ uij ̸= 0
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In view of this, it makes sense to talk, more generally, about matrix models which are
quasi-flat, in the sense that the fibers P x

ij = π(uij)(x) all have rank ≤ 1, and we refer here
to the literature. In what follows we will only use flat models, as axiomatized above.

In order to construct now some explicit models, following [16], which will lead to some
interesting new twists too, we will need the following standard notion:

Definition 8.21. Given a finite abelian group H, the associated Weyl matrices are

Wia : eb →< i, b > ea+b

where i ∈ H, a, b ∈ Ĥ, and where (i, b)→< i, b > is the Fourier coupling H × Ĥ → T.

As a basic illustration here, consider the simplest cyclic group, namely:

H = Z2 = {0, 1}

In this case, the Fourier coupling is given by < i, b >= (−1)ib, and so the Weyl
matrices act in the following way, in the standard basis:

W00 : eb → eb , W10 : eb → (−1)beb

W11 : eb → (−1)beb+1 , W01 : eb → eb+1

Thus, we have the following formulae for the Weyl matrices, in this case:

W00 =

(
1 0
0 1

)
, W10 =

(
1 0
0 −1

)

W11 =

(
0 −1
1 0

)
, W01 =

(
0 1
1 0

)
We recognize here, up to some multiplicative factors, the four Pauli matrices.

Now back to the general case, we will need the following well-known result:

Proposition 8.22. The Weyl matrices are unitaries, and satisfy:

(1) W ∗
ia =< i, a > W−i,−a.

(2) WiaWjb =< i, b > Wi+j,a+b.
(3) WiaW

∗
jb =< j − i, b > Wi−j,a−b.

(4) W ∗
iaWjb =< i, a− b > Wj−i,b−a.

Proof. The unitary follows from (3,4), and the rest of the proof goes as follows:
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(1) We have indeed the following computation:

W ∗
ia =

(∑
b

< i, b > Ea+b,b

)∗
=

∑
b

< −i, b > Eb,a+b

=
∑
b

< −i, b− a > Eb−a,b

= < i, a > W−i,−a

(2) Here the verification goes as follows:

WiaWjb =

(∑
d

< i, b+ d > Ea+b+d,b+d

)(∑
d

< j, d > Eb+d,d

)
=

∑
d

< i, b >< i+ j, d > Ea+b+d,d

= < i, b > Wi+j,a+b

(3,4) By combining the above two formulae, we obtain:

WiaW
∗
jb = < j, b > WiaW−j,−b

= < j, b >< i,−b > Wi−j,a−b

We obtain as well the following formula:

W ∗
iaWjb = < i, a > W−i,−aWjb

= < i, a >< −i, b > Wj−i,b−a

But this gives the formulae in the statement, and we are done. □

Observe that, with n = |H|, we can use an isomorphism l2(Ĥ) ≃ Cn as to view each
Wia as a usual matrix, Wia ∈Mn(C), and hence as a usual unitary, Wia ∈ Un.

Given a vector ξ, we denote by Proj(ξ) the orthogonal projection onto Cξ. With
these conventions, we have the following result:

Theorem 8.23. Given a closed subgroup E ⊂ Un, we have a representation

πH : C(S+
N)→MN(C(E))

wia,jb → [U → Proj(WiaUW
∗
jb)]

where n = |H|, N = n2, and where Wia are the Weyl matrices associated to H.
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Proof. The Weyl matrices being given by Wia : eb →< i, b > ea+b, we have:

tr(Wia) =

{
1 if (i, a) = (0, 0)

0 if (i, a) ̸= (0, 0)

Together with the formulae in Proposition 8.22, this shows that the Weyl matrices are
pairwise orthogonal with respect to the following scalar product on Mn(C):

< x, y >= tr(xy∗)

Thus, these matrices form an orthogonal basis of Mn(C), consisting of unitaries:

W =
{
Wia

∣∣∣i ∈ H, a ∈ Ĥ}
Thus, each row and each column of the matrix ξia,jb = WiaUW

∗
jb is an orthogonal basis

of Mn(C), and so the corresponding projections form a magic unitary, as claimed. □

Still following [16], let us discuss now some interesting generalizations of the Weyl
matrix models. We will need the following standard definition:

Definition 8.24. A 2-cocycle on a group G is a function σ : G×G→ T satisfying:

σ(gh, k)σ(g, h) = σ(g, hk)σ(h, k) , σ(g, 1) = σ(1, g) = 1

The algebra C∗(G), with multiplication given by g ·h = σ(g, h)gh, and with the involution
making the standard generators g ∈ C∗σ(G) unitaries, is denoted C∗σ(G).

As explained in [16], we have the following general construction:

Proposition 8.25. Given a finite group G = {g1, . . . , gN} and a 2-cocycle on it,
σ : G×G→ T, we have a matrix model as follows,

π : C(S+
N)→MN(C(E)) , wij → [x→ Proj(gixg

∗
j )]

for any closed subgroup E ⊂ UA, where A = C∗σ(G).

Proof. This is clear from definitions, because the standard generators {g1, . . . , gN}
are pairwise orthogonal with respect to the canonical trace of A. See [16]. □

Now with the above construction in hand, we have the following result:

Theorem 8.26. For any intermediate closed subgroup G ⊂ E ⊂ UA, the model

π : C(S+
N)→MN(C(E))

constructed above is faithful.
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Proof. This is something quite tricky, from [16], the idea being as follows:

(1) To start with, in the present analytic setting, over F = C, the faithfulness of a
matrix model uij → Uij can be verified with respect to the trace, the criterion here being
that we must have the formula T 2

p = Tp, for any p ∈ N and any e ∈ {1, ∗}p, where:

(Tp)i1...ip,j1...jp =

(
tr ⊗

∫
T

)
(U e1

i1j1
. . . U

ep
ipjp

)

We will be back to this faithfulness criterion, with full details, in Part III below, when
discussing more in detail what happens in the analytic setting, over F = C.

(2) In our case, according to the definition of Tp, we have the following formula:

(Tp)i1...ip,j1...jp =

(
tr ⊗

∫
E

)(
Proj(gi1xg

∗
j1
) . . . P roj(gipxg

∗
jp)
)
dx

=
1

N

∫
E

< gi1xg
∗
j1
, gi2xg

∗
j2
> . . . < gipxg

∗
jp , gi1xg

∗
j1
> dx

In order to compute the scalar products, we can use the following formula:

gigi−1k = σ(i, i−1k)gk

Indeed, we obtain from this the following formula:

g∗i gk = σ(i, i−1k)gi−1k

We therefore obtain the following formula, for the above scalar products:

< gixg
∗
j , gkxg

∗
l > = tr(gjx

∗g∗i gkxg
∗
l )

= tr(g∗i gkxg
∗
l gjx

∗)

= σ(i, i−1k) · σ(l, l−1j) · tr(gi−1kxgl−1jx
∗)

By plugging these quantities into the formula of Tp, we obtain the following formula:

(Tp)i1...ip,j1...jp = σ(i1, i
−1
1 i2) . . . σ(ip, i−1p i1) · σ(j2, j−12 j1) . . . σ(j1, j

−1
1 jp)

1

N

∫
E

tr(gi−1
1 i2

xgj−1
2 j1

x∗) . . . . . . tr(gi−1
p i1

xgj−1
1 jp

x∗)dx

(3) Now let us write (Tp)ij = ρ(i, j)(T ◦p )ij, where ρ(i, j) is the product of σ terms
appearing in the above formula. With this convention, we have:

(T 2
p )ij =

∑
k

(Tp)ik(Tp)kj

=
∑
k

ρ(i, k)ρ(k, j)(T ◦p )ik(T
◦
p )kj
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Let us first compute the ρ term. We have:

ρ(i, k)ρ(k, j) = σ(i1, i
−1
1 i2) . . . σ(ip, i−1p i1) · σ(k2, k−12 k1) . . . σ(k1, k

−1
1 kp)

σ(k1, k
−1
1 k2) . . . σ(kp, k−1p k1) · σ(j2, j−12 j1) . . . σ(j1, j

−1
1 jp)

= σ(i, j) · σ(k2, k−12 k1) · σ(k1, k−11 k2) . . . . . . σ(k1, k
−1
1 kp) · σ(kp, k−1p k1)

In order to compute now this quantity, observe that by multiplying the formulae
σ(i, i−1k)g∗i gk = gi−1k and σ(k, k−1i)g∗kgi = gk−1i we obtain the following formula:

σ(i, i−1k)σ(k, k−1i) = σ(i−1k, k−1i)

Thus, our expression further simplifies, as follows:

ρ(i, k)ρ(k, j) = σ(i, j) · σ(k−12 k1, k
−1
1 k2) . . . . . . σ(k

−1
1 kp, k−1p k1)

On the other hand, the T ◦ term can be written as follows:

(T ◦p )ik(T
◦
p )kj =

1

N2

∫
E

∫
E

tr(gi−1
1 i2

xgk−1
2 k1

x∗)tr(gk−1
1 k2

ygj−1
2 j1

y∗)

. . . . . .

tr(gi−1
p i1

xgk−1
1 k1p

x∗)tr(gk−1
p k1

ygj−1
1 jp

y∗)dxdy

We therefore conclude that we have the following formula:

(T 2
p )ij =

σ(i, j)

N2

∫
E

∫
E

∑
k1...kp

σ(k−12 k1, k
−1
1 k2)tr(gi−1

1 i2
xgk−1

2 k1
x∗)tr(gk−1

1 k2
ygj−1

2 j1
y∗)

...

σ(k−11 kp, k−1p k1)tr(gi−1
p i1

xgk−1
1 kp

x∗)tr(gk−1
p k1

ygj−1
1 jp

y∗)dxdy

(4) By using now g∗i = σ(i, i−1)gi−1 , and moving the x∗ variables at left, we obtain:

(T 2
p )ij =

σ(i, j)

N2

∫
E

∫
E

∑
k1...kp

tr(x∗gi−1
1 i2

xgk−1
2 k1

)tr(g∗
k−1
2 k1

ygj−1
2 j1

y∗)

...

tr(x∗gi−1
p i1

xgk−1
1 kp

)tr(g∗
k−1
1 kp

ygj−1
1 jp

y∗)dxdy

We can compute the products of traces by using the following formula:

tr(Agk)tr(g
∗
kB) =

∑
qs

< gq, Agk >< gs, g
∗
kB >

=
∑
qs

tr(g∗qAgk)tr(g
∗
sg
∗
kB)

Thus are left with an integral involving the variable z = xy, which gives T ◦p . □
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The above construction is something quite general, and in relation with the Weyl
matrix models discussed before, we have the following result:

Theorem 8.27. Given a finite abelian group H, consider the product G = H × Ĥ,
and endow it with its standard Fourier cocycle.

(1) With E = Un, where n = |H|, the model π : C(S+
N) → MN(C(Un)) constructed

above, where N = n2, is the Weyl matrix model associated to H.
(2) When assuming in addition that H is cyclic, H = Zn, we obtain in this way the

matrix model for C(S+
N) coming from the usual Weyl matrices.

(3) In the particular case H = Z2, the model π : C(S+
4 ) → MN(C(U2)) constructed

above is the matrix model for C(S+
4 ) coming from the Pauli matrices.

Proof. All this is indeed clear from definitions, and from the above results. □

Many more things can be said about the above models, and all this suggests that the
quantum group associated to a Weyl matrix model, as above, should appear as a suitable
twist of PE. For more on all this, we refer to [8], [14], [16] and related papers.

8e. Exercises

We had an advanced algebraic chapter here, and as exercises on this, we have:

Exercise 8.28. Further build on our twisted action results above.

Exercise 8.29. Work out the general theory of pseudo-2-cocycle twists.

Exercise 8.30. Fill in all the details for the ADE classification result.

Exercise 8.31. Find matrix models for the group dual subgroups of S+
N .

Exercise 8.32. Work out the Weyl twisting results in the Pauli matrix case.

Exercise 8.33. Discuss twisting questions for the general Weyl matrix models.

As bonus exercise, learn about braided Hopf algebras, and R-matrix deformation.



Part III

Quantum groups



Voi canta
Pentru mileniul trei
Vreau, vreau sa-i las
Un semn din anii mei



CHAPTER 9

Complex algebras

9a. Complex algebras

Welcome to quantum groups. These are typically defined over the complex numbers,
so let us first discuss what happens when the field of scalars is F = C, and when our
algebras are ∗-algebras. We will do this in this chapter, with a quick remake of Parts I-II,
by insisting on various simplifications, and other new phenomena that might appear.

Following the material in chapter 1, let us start with the following definition:

Definition 9.1. A Hopf ∗-algebra is a ∗-algebra A, with morphisms of ∗-algebras

∆ : A→ A⊗ A , ε : A→ C , S : A→ Aopp

called comultiplication, counit and antipode, satisfying the following conditions:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

If the square of the antipode is the identity, S2 = id, we say that A is undeformed.
Otherwise, in the case S2 ̸= id, we say that A is deformed.

In other words, we are using here exactly the same formalism as in chapter 1, and
in the whole first half of this book, save for our assumption that A is a ∗-algebra, over
F = C. It is in fact possible to talk about ∗-algebras A defined over an algebrically closed
field F of characteristic 0, and most of our results below will extend to this setting.

However, the field of complex numbers F = C has its own magic, hope we agree on
this, that will come into play later, so we will stay with it, as indicated in Definition 9.1.
To be more precise, for putting things squarely, we are currently looking for the quantum
groups, which are most likely quite complicated objects, so in our quest we will not bother
much, and use of course the smartest field of scalars of them all, which is F = C.

At the level of the examples now, we first have the following result:

203
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Theorem 9.2. Given a finite group G, the ∗-algebra of complex functions on it,
C(G) = {φ : G→ C}, with the usual pointwise product of functions,

(φψ)(g) = φ(g)ψ(g)

is a Hopf ∗-algebra, with comultiplication, counit and antipode as follows:

∆(φ) = [(g, h)→ φ(gh)]

ε(φ) = φ(1)

S(φ) = [g → φ(g−1)]

This Hopf algebra is finite dimensional, commutative, and undeformed.

Proof. This is something that we know from chapter 1, with the only new input
coming from the fact that C(G) is a ∗-algebra, with involution as follows:

φ∗(g) = φ(g)

Indeed, with this formula in hand, we can see that the morphisms in the statement
∆, ε, S are morphisms of ∗-algebras, so we have indeed a Hopf ∗-algebra, as stated. □

Next, still following the material in chapter 1, we have as well the following result:

Theorem 9.3. Given a group H, which can be finite or not, its group algebra

C[H] = span(H)

is a Hopf ∗-algebra, with structural maps given on group elements as follows:

∆(g) = g ⊗ g , ε(g) = 1 , S(g) = g−1

This Hopf algebra is cocommutative, and undeformed.

Proof. As before, this is something that we know from chapter 1, with the only new
input coming from the fact that C[H] is a ∗-algebra, with involution as follows:(∑

g

λgg

)∗
=
∑
g

λ̄gg
−1

Indeed, with this formula in hand, we can see that the morphisms in the statement
∆, ε, S are morphisms of ∗-algebras, so we have indeed a Hopf ∗-algebra, as stated. □

We refer to chapter 1 for various technical reformulations of the above result, say by
using convolution products, as well as for all sorts of comments that can be made.

In order to discuss now the precise relation between Theorem 9.2 and Theorem 9.3,
we will need the following fact, that we also basically know from chapter 1:
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Theorem 9.4. If G,H are finite abelian groups, dual to each other via Pontrjagin
duality, in the sense that each of them is the character group of the other,

G =
{
χ : H → T

}
, H =

{
ρ : G→ T

}
we have an identification of Hopf ∗-algebras as follows:

C(G) = C[H]

In the case G = H = ZN , this identification is the usual discrete Fourier transform
isomorphism. In general, we obtain a tensor product of such Fourier transforms.

Proof. As before, this is something that we know from chapter 1, with the only
new input coming from the fact that we are now dealing with Hopf ∗-algebras. Indeed,
the isomorphism C(G) ≃ C[H] that we constructed in chapter 1 is easily seen to be a
∗-algebra morphism, so we have an isomorphism of Hopf ∗-algebras, as stated. □

Moving ahead, in what regards now the main theorem established in chapter 1, which
was the duality one, in the finite dimensional case, things again extend well, as follows:

Theorem 9.5. Given a finite dimensional Hopf ∗-algebra A, its dual space

A∗ =
{
φ : A→ C linear

}
is also a finite dimensional Hopf ∗-algebra, with multiplication and unit as follows,

∆t : A∗ ⊗ A∗ → A∗ , εt : C→ A∗

and with comultiplication, counit and antipode as follows:

mt : A∗ → A∗ ⊗ A∗ , ut : A∗ → C , St : A∗ → A∗

This duality makes correspond the commutative algebras to the cocommutative algebras.
Also, this duality makes correspond C(G) to C[G], for any finite group G.

Proof. Again, this is something that we know from chapter 1, with the few verifica-
tions in relation with the ∗-structure being all trivial, basically coming from the fact that
the transpose of a ∗-algebra morphism is again a ∗-algebra morphism. □

As a conclusion to all this, again following chapter 1, let us formulate:

Speculation 9.6. We can think of any finite dimensional Hopf ∗-algebra A, not
necessarily commutative or cocommutative, as being of the form

A = C(G) = C[H]

with G,H being finite quantum groups, related by a generalized Pontrjagin duality. And
with this generalizing what we know about the abelian groups.
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And good news, this is all, in what concerns the quick remake of chapters 1-2. There
are of course still a number of things there, waiting to be discussed in the present ∗-algebra
setting, especially in what regards the Lie algebra material in chapter 2. But, we will keep
this for later, in chapter 12 below, where we will discuss Lie algebra aspects.

Getting now into the material from chapters 3-4, and afterwards, we have split the
remake of that, in the present ∗-algebra setting, into 3 parts: we will first discuss corep-
resentations, then various product operations, and then symmetry groups and twists.

So, let us first talk about corepresentations of Hopf ∗-algebras. We will choose these
corepresentations to be unitary, and we have here the following definition, that we know
perfectly well, since chapter 3, save for the added unitarity assumption:

Definition 9.7. A unitary corepresentation of a Hopf ∗-algebra A is a unitary matrix
u ∈MN(A) satisfying the following relations, with the first one implying the other two:

(id⊗∆)u = u12u13 , (id⊗ ε)u = 1 , (id⊗ S)u = u−1

The contragradient, or conjugate corepresentation to u, is constructed as follows:

ū = (t⊗ id)u−1 = (t⊗ S)u = (u∗ij)

We say that our algebra A is affine when it is of the form A =< uij >, with u ∈ MN(A)
being a certain corepresentation, called fundamental corepresentation.

We refer to chapters 3-4 for some basic theory and observations, regarding the corep-
resentations, and their relation with the equivalent notion of coaction. Among others, let
us recall from there that when F = C, and assuming that A is a ∗-algebra, and that u is
a unitary corepresentation, u∗ = u−1, as above, the conjugate is simply given by:

ūij = u∗ij

The corepresentations are subject to a number of operations, as follows:

Theorem 9.8. The unitary corepresentations are subject to:

(1) Making sums, u+ v = diag(u, v).
(2) Making tensor products, (u⊗ v)ia,jb = uijvab.
(3) Taking conjugates, ū = (u∗ij).
(4) Spinning by unitary scalar matrices, u→ V uV ∗.

Proof. We already know this from chapter 3, the only new input coming from the
fact that the above operations preserve the unitarity, which can be checked as follows:

(1) The unitarity of u+ v = diag(u, v) is indeed clear.
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(2) In order to check that (u⊗ v)ia,jb = uijvab is unitary, we first have:∑
jb

(u⊗ v)ia,jb(u⊗ v)∗kc,jb =
∑
jb

uijvabv
∗
cbu
∗
kj

= δac
∑
j

uiju
∗
kj

= δikδac

In the other sense, the computation is similar, as follows, which gives the result:∑
jb

(u⊗ v)∗jb,ia(u⊗ v)jb,kc =
∑
jb

v∗bau
∗
jiujkvbc

= δik
∑
b

v∗bavbc

= δikδac

(3) Our more precise claim here is that a corepresentation u = (uij) is a biunitary,
meaning unitary, with unitary transpose. Indeed, the idea is that ut = ū−1 comes from
u∗ = u−1, by applying the antipode. To be more precise, by denoting (a, b) → a · b the
multiplication of the opposite algebra Aopp, we have the following computation:

(uu∗)ij = δij =⇒
∑
k

uiku
∗
jk = δij

=⇒
∑
k

S(uik) · S(u∗jk) = δij

=⇒
∑
k

ukju
∗
ki = δij

=⇒ (utū)ji = δij

Similarly, we have the following computation, which gives the result:

(u∗u)ij = δij =⇒
∑
k

u∗kiukj = δij

=⇒
∑
k

S(u∗ki) · S(ukj) = δij

=⇒
∑
k

u∗jkuik = δij

=⇒ (ūut)ji = δij

Thus, we are led to the conclusion in the statement.

(4) Finally, the unitarity of V uV ∗, when V is taken unitary, is clear. □

In order to reach now to a more advanced theory, let us introduce as well:
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Definition 9.9. Given a Hopf ∗-algebra A, and a corepresentation u ∈ MN(A), we
define the character of u to be its matrix trace:

χu =
∑
i

uii ∈ A

In the case where A is an affine Hopf algebra, with u ∈ MN(A) being its fundamental
corepresentation, we call χu ∈ A the main character of A.

Generally speaking, the idea in what follows will be that of proving that, under suitable
assumptions on A, the corepresentations are uniquely determined by their characters.

But more on this later, for the moment let us get more familiar with the operation
u→ χu. In relation with the various operations in Theorem 9.8, we have:

Theorem 9.10. The characters of corepresentations satisfy the formulae

χu+v = χu + χv , χu⊗v = χuχv , χū = χ∗u , χV uV ∗ = χu

valid for any corepresentations u, v, and any unitary scalar matrix V .

Proof. This is something elementary, the idea being as follows:

(1) The first formula is clear from the definition of the sum, as follows:

χu+v = Tr(diag(u, v)) = Tr(u) + Tr(v) = χu + χv

(2) The second formula comes from the following computation:

χu⊗v =
∑
ia

uiivaa =
∑
i

uii
∑
a

vaa = χuχv

(3) The third formula comes from the following computation:

χū =
∑
i

u∗ii =

(∑
i

uii

)∗
= χ∗u

(4) Finally, the last formula comes from the following computation:

χV uV ∗ = Tr(V uV ∗) = Tr(u) = χu

Thus, we are led to the conclusions in the statement. □

As already mentioned, we will be back to such characters later, under some suitable
extra assumptions on our Hopf ∗-algebras A, of compactness type, allowing us to develop
an analogue of the Peter-Weyl theory for them. More on this later.

Next in line, also at the general level, we have the following key definition:
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Definition 9.11. Given two corepresentations u ∈MN(A), v ∈MM(A), we set

Hom(u, v) =
{
T ∈MM×N(C)

∣∣∣Tu = vT
}

and we use the following conventions:

(1) We use the notations Fix(u) = Hom(1, u), and End(u) = Hom(u, u).
(2) We write u ∼ v when m = n, and Hom(u, v) contains an invertible element.
(3) We say that u is irreducible, and write u ∈ Irr(A), when End(u) = C1.

In the function algebra case A = C(G) we obtain the usual notions concerning the
representations of G. Observe also that in the group dual case, A = C[H], we have:

g ∼ h ⇐⇒ g = h

Finally, observe that u ∼ v means that u, v are conjugated by an invertible matrix.
Here are now a few basic results, regarding the above Hom spaces:

Theorem 9.12. We have the following results:

(1) T ∈ Hom(u, v), S ∈ Hom(v, w) =⇒ ST ∈ Hom(u,w).
(2) S ∈ Hom(p, q), T ∈ Hom(v, w) =⇒ S ⊗ T ∈ Hom(p⊗ v, q ⊗ w).
(3) T ∈ Hom(v, w) =⇒ T ∗ ∈ Hom(w, v).

In other words, the Hom spaces between corepresentations form a tensor ∗-category.

Proof. These assertions are all elementary, as follows:

(1) By using our assumptions Tu = vT and Sv = Ws we obtain, as desired:

STu = SvT = wST

(2) Assume indeed that we have Sp = qS and Tv = wT . With standard tensor
product notations, we have the following computation:

(S ⊗ T )(p⊗ v) = S1T2p13v23 = (Sp)13(Tv)23

On the other hand, we have as well the following computation:

(q ⊗ w)(S ⊗ T ) = q13w23S1T2 = (qS)13(wT )23

(3) This is something new, with respect to what we previously knew from Part I.
Indeed, by conjugating, and then using the unitarity of v, w, we obtain, as desired:

Tv = wT =⇒ v∗T ∗ = T ∗w∗

=⇒ vv∗T ∗w = vT ∗w∗w

=⇒ T ∗w = vT ∗

Finally, the last assertion follows from definitions, and from the obvious fact that, in
addition to (1,2,3) above, the Hom spaces are linear spaces, and contain the units. In
short, this is just a theoretical remark, that will be used only later on. □
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We will be back to tensor ∗-categories, and their uses in the above context, later on.
The general idea will be that all this leads us into linear algebra, as follows:

(1) To start with, Theorem 9.12 shows that the intertwiner algebras End(u) ⊂MN(C)
are ∗-algebras. Thus, we can decompose such algebras End(u) into components.

(2) But this ultimately this leads to Peter-Weyl theory, namely a decomposition of
the corepresentations u themselves into irreducible components, u = u1 + . . .+ uk.

(3) Moreover, some further work shows that the irreducible corepresentations are fully
described by their characters, and with this completing the Peter-Weyl theory.

So, this was for the general idea, and in practice, we will discuss all this in detail in
chapter 10 below, following Woronowicz [99], under some suitable extra assumptions on
the Hopf ∗-algebras A that we are considering, of compactness type.

9b. Basic operations

Let us discuss now the operations that can be performed on our Hopf ∗-algebras.
Following the material from chapter 3, we first have the following construction:

Theorem 9.13. Given two Hopf ∗-algebras A,B, so is their tensor product

C = A⊗B
and as main illustrations for this operation, we have the following formulae:

(1) C(G×H) = C(G)⊗ C(H).
(2) C[G×H] = C[G]⊗ C[H].

Proof. As before with many other things, this is something that we know from
chapter 3, with the few checks in regards with the ∗-structure being all trivial. □

Next, and still following the material from chapter 3, we have:

Theorem 9.14. Given two Hopf ∗-algebras A,B, so is their free product

C = A ∗B
and as main illustrations for this operation, we have the following formulae:

(1) C(G ∗̂H) = C(G) ∗ C(H), standing as definition for G ∗̂H, as quantum group.
(2) C[G ∗H] = C[G] ∗ C[H].

Proof. Again, this is something that we know well from chapter 3, with the few
needed checks in regards with the ∗-structure being all trivial. □

Still following the material from chapter 3, coming next, we have:
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Theorem 9.15. Given a Hopf ∗-algebra A, so is its quotient B = A/I, provided that
I ⊂ A is a ∗-ideal satisfying the following conditions, called Hopf ideal conditions,

∆(I) ⊂ A⊗ I + I ⊗ A , ε(I) = 0 , S(I) ⊂ I

and as main illustrations for this operation, we have the following formulae:

(1) C(G)/I = C(H), with H ⊂ G being a certain subgroup.
(2) C[G]/I = C[H], with G→ H being a certain quotient.

Proof. As before, this is something that we know from chapter 3, with the few checks
in regards with the ∗-structure being all trivial. Be said in passing, sure I know that all
this is a bit boring for you, but please believe me that it is boring for me too, dumb
copy/paste from chapter 3, by replacing F → C. By the way, as a funny story here,
chapter 3, and in fact the whole Part I of this book, was basically made by starting with
material from my quantum group books [5], [6], [7], copy/paste by replacing C→ F . So
now I have to switch back to C, life as a math book author is not funny every day. □

Still following the material from chapter 3, and as something more interesting now,
substantially clarifying our considerations there, on this matter, we have:

Theorem 9.16. Given a Hopf ∗-algebra A, and a finite dimensional unitary corepre-
sentation u = (uij), the subalgebra generated by the coefficients of u,

B =< uij >⊂ A

is a Hopf algebra. As main illustrations for this operation, we obtain subalgebras:

(1) C(H) ⊂ C(G), with G→ H being certain quotients.
(2) C[H] ⊂ C[G], with H ⊂ G being certain subgroups.

Proof. This is something that we know from chapter 3, with the few checks in regards
with the ∗-structure being trivial, and clarifying our previous considerations there. □

Getting now to the material from chapter 4, and again as something more interesting
now, clarifying our considerations there, on this matter, we have:

Theorem 9.17. Given an affine Hopf ∗-algebra (A, u), we can construct its free com-

plexification (Ã, ũ) as follows,

Ã =< ũ >⊂ C[Z] ∗ A , ũ = zu

with z = 1 ∈ C[Z]. As main illustrations for this operation, we have:

(1) C̃(G) = C(G̃), standing as definition for G̃, as quantum group.

(2) C̃[H] = C[H̃], with H̃ ⊂ Z ∗H being constructed similarly.

Proof. This is something that we know from chapter 4, with the few checks in regards
with the ∗-structure being trivial, and clarifying our previous considerations there. □

Still following the material from chapter 4, coming next, we have:
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Theorem 9.18. Given an affine Hopf ∗-algebra (A, u), we can construct its projective
version (PA, v) by setting

PA =< via,jb >⊂ A , via,jb = uijūab

and as main illustrations for this construction, we have the following formulae:

(1) PC(G) = C(PG), with PG = G/(G ∩ TN).
(2) PC[H] = C[PH], with PH =< gig

−1
j >, assuming H =< gi >.

Proof. Again, this is something from chapter 4, with the few checks in regards with
the ∗-structure being trivial, and clarifying our previous considerations there. □

As in chapter 4, we can formulate a result about these latter operations, as follows:

Theorem 9.19. Given an affine Hopf ∗-algebra (A, u), construct its free complexifi-

cation (Ã, ũ), with ũ = zu. We have then an identification

PÃ = PA

and the same happens at the level of right projective versions.

Proof. As before, this is something from chapter 4, with the few checks in regards
with the ∗-structure being trivial, and clarifying our previous considerations there. □

Getting now to the more specialized operations on the Hopf algebras, we have:

Theorem 9.20. The quantum subgroups of a given quantum group G, in the general
Hopf algebra sense, are subject to operations as follows:

(1) Intersection: H ∩K is the biggest quantum subgroup of H,K.
(2) Generation: < H,K > is the smallest quantum group containing H,K.

Proof. As before, this is something from chapter 4, with the few checks in regards
with the ∗-structure being trivial, and clarifying our previous considerations there. □

Next, we have the following result, which is straightforward too:

Theorem 9.21. Given a representation π : C(G) → A, there exists a smallest Hopf
∗-algebra quotient C(L) = C(G)/I producing a factorization as follows,

π : C(G)→ C(L)→ A

called Hopf image of π. More generally, we can talk about the Hopf image of a family

πi : C(G)→ C(L)→ Ai

constructed in a similar way, by dividing by a suitable Hopf ideal.

Proof. Again, this is something from chapter 4, with the few checks in regards with
the ∗-structure being trivial, and clarifying our previous considerations there. □

Finally, still following chapter 4, we have the following key notion:
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Definition 9.22. We say that a representation π : C(G)→ A is inner faithful when
there is no proper factorization of type

π : C(G)→ C(L)→ A

that is, when its Hopf image is C(G) itself. Alternatively, we say that a representation
π : C[H]→ A is inner faithful when there is no proper factorization of type

π : C[H]→ C[K]→ A

that is, when its Hopf image is C[H] itself.

As in chapter 4, as a basic result about Hopf images, we have:

Theorem 9.23. Assuming H,K ⊂ G, the quantum group < H,K > is such that

C(G)→ C(H ∩K)→ C(H),C(K)

is the joint Hopf image of the following quotient maps:

C(G)→ C(H),C(K)

A similar result holds for a family of quantum subgroups Hi ⊂ G.

Proof. Again, this is something from chapter 4, with the few checks in regards with
the ∗-structure being trivial, and clarifying our previous considerations there. □

And good news, that is all. Job well done, everything in chapter 4 extends well.

9c. Normed algebras

Getting now to the material from Part II, in order to discuss what happens to the
constructions there, in the case of the Hopf ∗-algebras A over F = C, it is actually
convenient to further fine-tune our formalism, by adding a norm to the picture.

So, let us formulate the following definition, which is standard functional analysis:

Definition 9.24. A C∗-algebra is a complex algebra A, having a norm ||.|| making it
a Banach algebra, and an involution ∗, related to the norm by the formula

||aa∗|| = ||a||2

which must hold for any a ∈ A.

As a basic example, the algebraMN(C) of the complex N×N matrices is a C∗-algebra,
with the usual matrix norm and involution of matrices, namely:

||M || = sup
||x||=1

||Mx|| , (M∗)ij = M̄ji

More generally, any ∗-subalgebra A ⊂ MN(C) is automatically closed, and so is a
C∗-algebra. In fact, in finite dimensions, the situation is as follows:



214 9. COMPLEX ALGEBRAS

Theorem 9.25. The finite dimensional C∗-algebras are exactly the algebras

A =Mn1(C)⊕ . . .⊕Mnk
(C)

with norm ||(a1, . . . , ak)|| = supi ||ai||, and involution (a1, . . . , ak)
∗ = (a∗1, . . . , a

∗
k).

Proof. In one sense this is clear. In the other sense, this comes by splitting the unit
of our algebra A as a sum of central minimal projections, 1 = p1 + . . .+ pk. Indeed, when
doing so, each of the ∗-algebras Ai = piApi follows to be a matrix algebra, Ai ≃Mni

(C),
and this gives the direct sum decomposition in the statement. □

As a generalization now of the basic A = MN(C) example, the algebra A = B(H)
formed by the bounded linear operators T : H → H over a complex Hilbert space H is a
C∗-algebra, with the usual norm and involution of linear operators, given by:

||T || = sup
||x||=1

||Tx|| , < T ∗x, y >=< x, Ty >

More generally, any normed closed ∗-algebra A ⊂ B(H) is a C∗-algebra. Now inspired
by this, we can develop some spectral theory for the C∗-algebras, as follows:

Proposition 9.26. Given an element a ∈ A of a C∗-algebra, define its spectrum as:

σ(a) =
{
λ ∈ C

∣∣∣a− λ /∈ A−1
}

The following spectral theory results hold, exactly as in the A = B(H) case:

(1) We have σ(ab) ∪ {0} = σ(ba) ∪ {0}.
(2) We have σ(f(a)) = f(σ(a)), for any f ∈ C(X) having poles outside σ(a).
(3) The spectrum σ(a) is compact, non-empty, and contained in D0(||a||).
(4) The spectra of unitaries (u∗ = u−1) and self-adjoints (a = a∗) are on T,R.
(5) The spectral radius of normal elements (aa∗ = a∗a) is given by ρ(a) = ||a||.

In addition, assuming a ∈ A ⊂ B, the spectra of a with respect to A and to B coincide.

Proof. Here the assertions (1-5), which are formulated a bit informally, are well-
known for the full operator algebra A = B(H), and the proof in general is similar:

(1) Assuming that 1− ab is invertible, with inverse c, we have abc = cab = c− 1, and
it follows that 1 − ba is invertible too, with inverse 1 + bca. Thus σ(ab), σ(ba) agree on
1 ∈ C, and by linearity, it follows that σ(ab), σ(ba) agree on any point λ ∈ C∗.

(2) The formula σ(f(a)) = f(σ(a)) is clear for polynomials, f ∈ C[X], by factorizing
f − λ, with λ ∈ C. Then, the extension to the rational functions is straightforward,
because P (a)/Q(a)− λ is invertible precisely when P (a)− λQ(a) is.

(3) By using 1/(1− b) = 1+ b+ b2 + . . . for ||b|| < 1 we obtain that a− λ is invertible
for |λ| > ||a||, and so σ(a) ⊂ D0(||a||). It is also clear that σ(a) is closed, so what we
have is a compact set. Finally, assuming σ(a) = ∅ the function f(λ) = φ((a − λ)−1) is
well-defined, for any φ ∈ A∗, and by Liouville we get f = 0, contradiction.



9C. NORMED ALGEBRAS 215

(4) Assuming u∗ = u−1 we have ||u|| = 1, and so σ(u) ⊂ D0(1). But with f(z) = z−1

we obtain via (2) that we have as well σ(u) ⊂ f(D0(1)), and this gives σ(u) ⊂ T. As
for the result regarding the self-adjoints, this can be obtained from the result for the
unitaries, by using (2) with functions of type f(z) = (z + it)/(z − it), with t ∈ R.

(5) It is routine to check, by integrating quantities of type zn/(z− a) over circles cen-
tered at the origin, and estimating, that the spectral radius is given by ρ(a) = lim ||an||1/n.
But in the self-adjoint case, a = a∗, this gives ρ(a) = ||a||, by using exponents of type
n = 2k, and then the extension to the general normal case is straightforward.

(6) Regarding now the last assertion, the inclusion σB(a) ⊂ σA(a) is clear. For the
converse, assume a− λ ∈ B−1, and set b = (a− λ)∗(a− λ). We have then:

σA(b)− σB(b) =
{
µ ∈ C− σB(b)

∣∣∣(b− µ)−1 ∈ B − A}
Thus this difference in an open subset of C. On the other hand b being self-adjoint,

its two spectra are both real, and so is their difference. Thus the two spectra of b are
equal, and in particular b is invertible in A, and so a− λ ∈ A−1, as desired. □

We can now a prove a key result regarding the C∗-algebras, as follows:

Theorem 9.27 (Gelfand). If X is a compact space, the algebra C(X) of continuous
functions on it f : X → C is a C∗-algebra, with usual norm and involution, namely:

||f || = sup
x∈X
|f(x)| , f ∗(x) = f(x)

Conversely, any commutative C∗-algebra is of this form, A = C(X), with

X =
{
χ : A→ C , normed algebra character

}
with topology making continuous the evaluation maps eva : χ→ χ(a).

Proof. There are several things going on here, the idea being as follows:

(1) The first assertion is clear from definitions. Observe that we have indeed:

||ff ∗|| = sup
x∈X
|f(x)|2 = ||f ||2

Observe also that the algebra C(X) is commutative, because fg = gf .

(2) Conversely, given a commutative C∗-algebra A, let us define X as in the statement.
Then X is compact, and a→ eva is a morphism of algebras, as follows:

ev : A→ C(X)

(3) We first prove that ev is involutive. We use the following formula, which is similar
to the z = Re(z) + iIm(z) decomposition formula for usual complex numbers:

a =
a+ a∗

2
+ i · a− a

∗

2i
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Thus it is enough to prove eva∗ = ev∗a for the self-adjoint elements a. But this is the
same as proving that a = a∗ implies that eva is a real function, which is in turn true, by
Proposition 9.26, because eva(χ) = χ(a) is an element of σ(a), contained in R.

(4) Since A is commutative, each element is normal, so ev is isometric:

||eva|| = ρ(a) = ||a||
It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass

theorem, because ev(A) is a closed subalgebra of C(X), which separates the points. □

As a second main result now about the C∗-algebras, we have:

Theorem 9.28. Any C∗-algebra appears as an operator algebra:

A ⊂ B(H)

Moreover, when A is separable, which is usually the case, H can be taken separable.

Proof. This result, called GNS representation theorem after Gelfand-Naimark-Segal,
comes as a continuation of the Gelfand theorem, the idea being as follows:

(1) Let us first prove that the result holds in the commutative case, A = C(X). Here,
we can pick a positive measure on X, and construct our embedding as follows:

C(X) ⊂ B(L2(X)) , f → [g → fg]

(2) In general the proof is similar, the idea being that given a C∗-algebra A we can
construct a Hilbert space H = L2(A), and then an embedding as above:

A ⊂ B(L2(A)) , a→ [b→ ab]

(3) Finally, the last assertion is clear, because when A is separable, meaning that it
has a countable algebraic basis, so does the associated Hilbert space H = L2(A). □

Many more things can be said about the C∗-algebras, and for more on this, we refer
to any operator algebra book. Also, and in answer to a question that you surely might
have, right now, in what regards the Hopf algebra axioms, these can be indeed upgraded,
from ∗-algebras to C∗-algebras. However, all this is a bit technical, especially in what
regards the tensor products, and we will discuss this later, in chapter 10 below.

9d. Symmetry groups

Getting back now to the material from chapter 5, at the level of basic examples of
quantum groups, we have the orthogonal and unitary groups, and their free versions, and
more generally, their liberations and twists. The study here is quite standard, and for
more on this, we refer to the Hopf algebra literature, including Bichon’s paper [22].

In what follows, we would like to discuss a key related question, namely the relation
between the quantum orthogonal and symplectic groups. As a starting point here, and
by slightly upgrading our formalism, by using C∗-algebras as above, we have:
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Theorem 9.29. The algebra of continuous functions on SU2 appears as

C(SU2) = C∗
(
(uij)i,j=1,2

∣∣∣u = JūJ−1 = unitary
)

where J is the following matrix,

J =

(
0 1
−1 0

)
called super-identity matrix.

Proof. This can be done in several steps, as follows:

(1) Let us first compute SU2. Consider an arbitrary 2× 2 complex matrix:

U =

(
a b
c d

)
Assuming detU = 1, the unitarity condition U−1 = U∗ reads:(

d −b
−c a

)
=

(
ā c̄
b̄ d̄

)
Thus we must have d = ā, c = −b̄, and we obtain the following formula:

SU2 =

{(
a b
−b̄ ā

) ∣∣∣ |a|2 + |b|2 = 1

}
(2) Now observe that we have the following equality:(

a b
−b̄ ā

)(
0 1
−1 0

)
=

(
−b a
−ā −b̄

)
=

(
0 1
−1 0

)(
ā b̄
−b a

)
Thus, with J being as in the statement, we have uJ = Jū, and so:

u = JūJ−1

We conclude that, if A is the universal algebra in the statement, we have:

A→ C(SU2)

(3) Conversely now, let us compute the universal algebra A in the statement. For this
purpose, let us write its fundamental corepresentation as follows:

u =

(
a b
c d

)
We have uJ = Jū, with these quantities being respectively given by:

uJ =

(
a b
c d

)(
0 1
−1 0

)
=

(
−b a
−d c

)
Jū =

(
0 1
−1 0

)(
a∗ b∗

c∗ d∗

)
=

(
c∗ d∗

−a∗ −b∗
)
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Thus we must have d = a∗, c = −b∗, and we obtain the following formula:

u =

(
a b
−b∗ a∗

)
We also know that this matrix must be unitary, and we have:

uu∗ =

(
a b
−b∗ a∗

)(
a∗ −b
b∗ a

)
=

(
aa∗ + bb∗ ba− ab
a∗b∗ − b∗a∗ a∗a+ b∗b

)
u∗u =

(
a∗ −b
b∗ a

)(
a b
−b∗ a∗

)
=

(
a∗a+ bb∗ a∗b− ba∗
b∗a− ab∗ aa∗ + b∗b

)
Thus, the unitarity equations for u are as follows:

aa∗ = a∗a = 1− bb∗ = 1− b∗b

ab = ba, a∗b = ba∗, ab∗ = a∗b, a∗b∗ = b∗a∗

It follows that a, b, a∗, b∗ commute, so our algebra is commutative. Now since this
algebra is commutative, the involution ∗ becomes the usual conjugation −, and so:

u =

(
a b
−b̄ ā

)
But this tells us that we have A = C(X) with X ⊂ SU2, and so we have a quotient

map C(SU2)→ A, which is inverse to the map constructed in (2), as desired. □

Now with the above result in hand, we can see right away the relation with O+
N , and

more specifically with O+
2 . Indeed, this latter quantum group appears as follows:

C(O+
2 ) = C∗

(
(uij)i,j=1,2

∣∣∣u = ū = unitary
)

Thus, SU2 appears from O+
2 by replacing the identity with the super-identity, or

perhaps vice versa. Which looks like something interesting, worth some more study.

In order to better understand now what happens in the orthogonal case, as a contin-
uation of the material from chapter 5, following [5], [25], we first have:

Proposition 9.30. Given a closed subgroup G ⊂ U+
N , with irreducible fundamental

corepresentation u = (uij), this corepresentation is self-adjoint, u ∼ ū, precisely when

u = JūJ−1

for some unitary matrix J ∈ UN , satisfying the following condition:

JJ̄ = ±1

Moreover, when N is odd we must have JJ̄ = 1.
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Proof. Since u is self-adjoint, u ∼ ū, we must have u = JūJ−1, for a certain matrix
J ∈ GLN(C). We obtain from this, by using our assumption that u is irreducible:

u = JūJ−1 =⇒ ū = J̄uJ̄−1

=⇒ u = (JJ̄)u(JJ̄)−1

=⇒ JJ̄ = c1

=⇒ J̄J = c̄1

=⇒ c ∈ R
Now by rescaling we can assume c = ±1, so we have proved so far that:

JJ̄ = ±1
In order to establish now the formula JJ∗ = 1, we can proceed as follows:

(id⊗ S)u = u∗ =⇒ (id⊗ S)ū = ut

=⇒ (id⊗ S)(JūJ−1) = JutJ−1

=⇒ u∗ = JutJ−1

=⇒ u = (J∗)−1ūJ∗

=⇒ ū = J∗u(J∗)−1

=⇒ ū = J∗JūJ−1(J∗)−1

=⇒ JJ∗ = d1

We have JJ∗ > 0, so d > 0. On the other hand, from JJ̄ = ±1, JJ∗ = d1 we get:

| det J |2 = det(JJ̄) = (±1)N

| det J |2 = det(JJ∗) = dN

Since d > 0 we obtain from this d = 1, and so JJ∗ = 1 as claimed. We obtain as well
that when N is odd the sign must be 1, and so JJ̄ = 1, as claimed. □

It is convenient to diagonalize J . Once again following Bichon-De Rijdt-Vaes [25],
up to an orthogonal base change, we can assume that our matrix is as follows, where
N = 2p+ q and ε = ±1, with the 1q block at right disappearing if ε = −1:

J =



0 1
ε1 0(0)

. . .
0 1
ε1 0(p)

1(1)
. . .

1(q)


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To be more precise, in the case ε = 1, the super-identity is the following matrix:

J =



0 1
1 0(1)

. . .
0 1
1 0(p)

1(1)
. . .

1(q)


In the case ε = −1 now, the diagonal terms vanish, and the super-identity is:

J =


0 1
−1 0(1)

. . .
0 1
−1 0(p)


We are therefore led into the following definition:

Definition 9.31. The “super-space” CN
J is the usual space CN , with its standard basis

{e1, . . . , eN}, with a chosen sign ε = ±1, and a chosen involution on the set of indices,

i→ ī

with J being the “super-identity” matrix, Jij = δij̄ for i ≤ j and Jij = εδij̄ for i ≥ j.

In what follows we will usually assume that J is the explicit matrix appearing in the
above. Indeed, up to a permutation of the indices, we have a decomposition n = 2p + q
such that the involution is, in standard permutation notation, given by:

(12) . . . (2p− 1, 2p)(2p+ 1) . . . (q)

Now let us construct some basic compact quantum groups, orthogonal and symplectic,
in our “super” setting. We can indeed formulate the following definition:

Definition 9.32. Associated to the super-space CN
J are the following objects,

(1) The super-orthogonal group, given by:

OJ =
{
U ∈ UN

∣∣∣U = JŪJ−1
}

(2) The super-orthogonal quantum group, given by:

C(O+
J ) = C

(
(uij)i,j=1,...,n

∣∣∣u = JūJ−1 = unitary
)

with J standing as usual for the super-identity matrix.
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It it possible to considerably extend this list, but for our purposes here, this is what
we need for the moment. We have indeed the following result:

Theorem 9.33. The basic orthogonal groups and quantum groups are as follows:

(1) At ε = −1 we have OJ = SpN and O+
J = Sp+N .

(2) At ε = −1 and N = 2 we have OJ = O+
J = SU2.

(3) At ε = 1 we have OJ = ON and O+
J = O+

N .

Proof. These results are all elementary, as follows:

(1) At ε = −1 this follows from definitions, because SpN ⊂ UN is given by:

SpN =
{
U ∈ UN

∣∣∣U = JŪJ−1
}

(2) Still at ε = −1, the equation U = JŪJ−1 tells us that the symplectic matrices
U ∈ SpN are exactly the unitaries U ∈ UN which are patterned as follows:

U =

 a b . . .
−b̄ ā
...

. . .


In particular, the symplectic matrices at N = 2 are as follows:

U =

(
a b
−b̄ ā

)
Thus we have Sp2 = U2, and the formula Sp+2 = Sp2 is elementary as well.

(3) At ε = 1 now, consider the root of unity ρ = eπi/4, and set:

K =
1√
2

(
ρ ρ7

ρ3 ρ5

)
This matrix K is then unitary, and we have:

K

(
0 1
1 0

)
Kt = 1

Thus the following matrix is unitary as well, and satisfies LJLt = 1:

L =


K(1)

. . .

K(p)

1q


Thus in terms of the matrix V = LUL∗ we have:

U = JŪJ−1 = unitary ⇐⇒ V = V̄ = unitary

We obtain in this way an isomorphism O+
J = O+

N as in the statement, and by passing
to classical versions, we obtain as well OJ = ON , as desired. □
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As a last topic for this chapter, let us discuss now the quantum permutation and
quantum reflection groups. For dealing with quantum permutations, we will need:

Proposition 9.34. If p1, . . . , pN are projections, p2 = p∗ = p, satisfying

p1 + . . .+ pN = 1

then these projections are pairwise orthogonal, pipj = 0 for i ̸= j.

Proof. We have indeed the following computation, using our assumptions:

pi = pi · 1 · pi

= pi

(∑
j

pj

)
pi

= pi +
∑
i ̸=j

pipjpi

= pi +
∑
i ̸=j

(pipj)(pipj)
∗

Thus by positivity we get pipj = 0 for any i ̸= j, as desired. □

Now by using the above result, we can simplify the definition of S+
N , as follows:

Theorem 9.35. The quantum permutation group S+
N is given by the formula

C(S+
N) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = magic
)

with magic meaning formed of projections, summing up to 1 on each row and column.

Proof. This is something that we know well since chapter 6, with the only change
coming from the exact magic conditions which are used, which are precisely those from
chapter 6, altered by our findings from Proposition 9.34, which simplify them a bit. □

Getting now to the quantum reflection groups, here we have some simplifications too.
It is actually convenient to rewrite here the whole theory, by starting with:

Definition 9.36. The algebra C(Hs+
N ) is the universal C∗-algebra generated by N2

normal elements uij, subject to the following relations,

(1) u = (uij) is unitary,
(2) ut = (uji) is unitary,
(3) pij = uiju

∗
ij is a projection,

(4) usij = pij,

with Hopf algebra maps ∆, ε, S constructed by universality.
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Here we allow the value s = ∞, with the convention that the last axiom simply
disappears in this case. Observe that at s < ∞ the normality condition is actually
redundant, because a partial isometry a subject to the relation aa∗ = as is normal.

Let us prove now that Hs+
N with s < ∞ is a quantum permutation group. For this

purpose, we must change the fundamental representation. Let us start with:

Definition 9.37. A (s,N)-sudoku matrix is a magic unitary of size sN , of the form

m =


a0 a1 . . . as−1

as−1 a0 . . . as−2

...
...

...
a1 a2 . . . a0


where a0, . . . , as−1 are N ×N matrices.

Now with this notion in hand, we have the following result, which shows that the
quantum groups constructed in Definition 9.36 coincide with those from chapter 6:

Theorem 9.38. The following happen:

(1) The algebra C(Hs
N) is isomorphic to the universal commutative C∗-algebra gen-

erated by the entries of a (s,N)-sudoku matrix.
(2) The algebra C(Hs+

N ) is isomorphic to the universal C∗-algebra generated by the
entries of a (s,N)-sudoku matrix.

Proof. The first assertion follows from the second one. In order to prove now the
second assertion, consider the universal algebra in the statement, namely:

A = C∗
(
apij

∣∣∣ (aq−pij

)
pi,qj

= (s,N)− sudoku
)

Consider also the algebra C(Hs+
N ). According to Definition 9.36, this is presented by

certain relations R, that we will call here level s cubic conditions:

C(Hs+
N ) = C∗

(
uij

∣∣∣ u = N ×N level s cubic
)

We can construct a pair of inverse morphisms between these algebras, as follows:

(1) Our first claim is that Uij =
∑

pw
−papij is a level s cubic unitary. Indeed, by using

the sudoku condition, the verification of (1-4) in Definition 9.36 is routine.

(2) Our second claim is that the elements Apij = 1
s

∑
r w

rpurij, with the convention

u0ij = pij, form a level s sudoku unitary. Once again, the proof here is routine.

(3) According to the above, we can define a morphism Φ : C(Hs+
N )→ A by the formula

Φ(uij) = Uij, and a morphism Ψ : A→ C(Hs+
N ) by the formula Ψ(apij) = Apij.
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(4) We check now the fact that Φ,Ψ are indeed inverse morphisms:

ΨΦ(uij) =
∑
p

w−pApij

=
1

s

∑
p

w−p
∑
r

wrpurij

=
1

s

∑
pr

w(r−1)purij

= uij

(5) As for the other composition, we have the following computation:

ΦΨ(apij) =
1

s

∑
r

wrpU r
ij

=
1

s

∑
r

wrp
∑
q

w−rqaqij

=
1

s

∑
q

aqij
∑
r

wr(p−q)

= apij

Thus we have an isomorphism C(Hs+
N ) = A, as claimed. □

Many other things can be said, as a continuation of the above, and we refer here to
the quantum permutation group literature. We will be back to this.

9e. Exercises

This was a quite elementary chapter, and as exercises here, we have:

Exercise 9.39. What happens to the above, over a field F with char(F ) ̸= 0?

Exercise 9.40. What happens to the above, over a field F not algebrically closed?

Exercise 9.41. What happens to the above, over a field F having no involution?

Exercise 9.42. All in all, can the above be extended, to other fields F ̸= C?

Exercise 9.43. Learn more about tensor categories, over C and other fields.

Exercise 9.44. Learn more about symplectic groups, and their various properties.

As bonus exercise, in relation with this, learn about the field of p-adic numbers.



CHAPTER 10

Quantum groups

10a. Quantum groups

We have been talking about quantum groups since the beginning of this book, but
these were quite often speculatory objects, rather mentioned in order to get a better
understanding of the Hopf algebra theory that we were developing.

Time now to come up with a more precise definition for them, or at least to come up
with a precise definition for a large class of quantum groups, which covers many interesting
examples. The idea is very simple, based on Gelfand duality, as follows:

Principle 10.1. According to Gelfand duality, any C∗-algebra can be thought of as
being of the form A = C(X), with X being a compact quantum space. Thus, a Hopf
C∗-algebra should be of the form A = C(G), with G being a compact quantum group.

In practice now, formulating the Hopf algebra axioms in the C∗-algebra context is not
exactly an easy task, due to various topological issues. So, we will choose here to trick,
by restricting the attention to the compact Lie group case, and by following:

Principle 10.2 (update). The compact Lie groups, G ⊂ UN , have their multiplica-
tion, unit and inverse operations given by the formulae

(UV )ij =
∑
k

UikVkj , (1N)ij = δij , (U−1)ij = U∗ji

and based on this, we should axiomatize the algebras A = C(G), and then lift the commu-
tativity assumption on A, as to have axioms for the compact quantum Lie groups.

In short, we are proposing here to forget about the Hopf algebra axioms, or rather
leave these axioms for later, and follow instead the above straightforward approach. As
we will see in a moment, this is something that will majestically work, but in case you
still have doubts about our method, here is for you, some more philosophy:

Comment 10.3. The groups appeared in mathematics as transformation groups,

G ⊂ UN

and abstract groups came afterwards. The same should happen for quantum groups.

225
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But probably too much philosophy, let us get to work, following Principle 10.2. Getting
directly to the answer, and with the Gelfand duality details to be explained in a moment,
we are led in this way to the following key definition, due to Woronowicz [99]:

Definition 10.4. A Woronowicz algebra is a C∗-algebra A, given with a unitary
matrix u ∈MN(A) whose coefficients generate A, such that the formulae

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij , S(uij) = u∗ji

define morphisms of C∗-algebras as follows,

∆ : A→ A⊗ A , ε : A→ C , S : A→ Aopp

called comultiplication, counit and antipode.

Obviously, this is something tricky, that will take us some time, to understand. Here
are some quick comments in relation with this, and more on everything later:

(1) To start with, the above formulae of ∆, ε, S are straightforward, obtained from
those of m,u, i from Principle 10.2, by transposition. So, at least we know one thing.

(2) Regarding the tensor product ⊗ appearing above, that can be any topological
tensor product, and with the choice here being irrelevant. More on this later.

(3) Finally, as we will see in a moment, the above axioms force S2 = id, in analogy
with i2 = id, happening in the context of Principle 10.2. More on this later too.

We say that A is cocommutative when Σ∆ = ∆, where Σ(a ⊗ b) = b ⊗ a is the flip.
With this convention, we have the following key result, from Woronowicz [99]:

Theorem 10.5. The following are Woronowicz algebras:

(1) C(G), with G ⊂ UN compact Lie group. Here the structural maps are:

∆(φ) = (g, h)→ φ(gh)

ε(φ) = φ(1)

S(φ) = g → φ(g−1)

(2) C∗(Γ), with FN → Γ finitely generated group. Here the structural maps are:

∆(g) = g ⊗ g

ε(g) = 1

S(g) = g−1

Moreover, we obtain in this way all the commutative/cocommutative algebras.
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Proof. Everything here, or almost, is elementary, the idea being as follows:

(1) Given a closed subgroup G ⊂ UN , consider the matrix u = (uij) formed by the
standard coordinates, uij(g) = gij. That is, define u = (uij) by the following formula:

g =

u11(g) . . . u1N(g)
...

...
uN1(g) . . . uNN(g)


Let us check now the conditions in Definition 10.4, with the comultiplication, counit

and antipode being the maps in the statement, appearing as transposes, as follows:

∆ = mt , ε = ut , S = it

To strat with, the fact that the transpose of the multiplication map mt satisfies the
condition in Definition 10.4 is clear, coming from the following computation:

mt(uij)(U ⊗ V ) = (UV )ij

=
∑
k

UikVkj

=
∑
k

(uik ⊗ ukj)(U ⊗ V )

Regarding now the transpose of the unit map ut, the verification of the condition in
Definition 10.4 is trivial, coming from the following equalities:

ut(uij) = 1ij = δij

Finally, the transpose of the inversion map it verifies the condition in Definition 10.4,
because we have the following computation, valid for any U ∈ G:

it(uij)(U) = (U−1)ij = Ūji = u∗ji(U)

Summarizing, main assertion proved. Regarding now the converse, assume that a
Woronowicz algebra A is commutative. By using the Gelfand theorem, we can write
A = C(G), with G being a certain compact space. By using now the coordinates uij,
we obtain an embedding G ⊂ UN . Finally, by using ∆, ε, S, it follows that the subspace
G ⊂ UN that we have obtained is in fact a closed subgroup, and we are done.

(2) Given a finitely generated group Γ =< g1, . . . , gN >, as in the statement, consider
the diagonal matrix u = (uij) formed by the generators of Γ:

u =

g1 0
. . .

0 gN


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Let us verify now the axioms in Definition 10.4. In order to deal with the first axiom,
consider the following map, which is a unitary representation:

Γ→ C∗(Γ)⊗ C∗(Γ) , g → g ⊗ g
This representation extends, as desired, into a morphism of algebras, as follows:

∆ : C∗(Γ)→ C∗(Γ)⊗ C∗(Γ) , ∆(g) = g ⊗ g
The situation for ε is similar, because this comes from the trivial representation:

Γ→ {1} , g → 1

Finally, the antipode S comes from the following unitary representation:

Γ→ C∗(Γ)opp , g → g−1

Summarizing, we have shown that we have a Woronowicz algebra, with ∆, ε, S being
as in the statement. Regarding now the last assertion, observe that we have:

Σ∆(g) = Σ(g ⊗ g) = g ⊗ g = ∆(g)

Thus the formula Σ∆ = ∆ holds on the group elements g ∈ Γ, and by linearity and
continuity, this formula must hold on the whole algebra C∗(Γ), as desired. As for the
converse, stating that any cocommutative Woronowicz algebra must be of this form, this
is something more technical, that we will discuss later in this chapter. □

In general now, the structural maps ∆, ε, S have the following properties:

Theorem 10.6. Let (A, u) be a Woronowicz algebra.

(1) ∆, ε satisfy the usual axioms for a comultiplication and a counit, namely:

(∆⊗ id)∆ = (id⊗∆)∆

(ε⊗ id)∆ = (id⊗ ε)∆ = id

(2) S satisfies the antipode axiom, on the ∗-subalgebra generated by entries of u:

m(S ⊗ id)∆ = m(id⊗ S)∆ = ε(.)1

(3) In addition, the square of the antipode is the identity, S2 = id.

Proof. Observe first that the result holds in the case where the algebra A is com-
mutative. Indeed, by using Theorem 10.5 (1) we can write:

∆ = mt , ε = ut , S = it

And with this done, the 3 conditions in the statement simply come then by transpo-
sition from the basic 3 group theory conditions satisfied by m,u, i, namely:

m(m× id) = m(id×m)

m(id× u) = m(u× id) = id

m(id× i)δ = m(i× id)δ = 1
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As for the last condition, S2 = id, this is satisfied too, coming from i2 = id. Now
observe that the result holds as well in the case where A is cocommutative, by using
Theorem 10.5 (2). Indeed, the 3 formulae in the statement are all trivial, and the condition
S2 = id follows once again from i2 = id. In general now, the proof goes as follows:

(1) We have the following computation:

(∆⊗ id)∆(uij) =
∑
l

∆(uil)⊗ ulj =
∑
kl

uik ⊗ ukl ⊗ ulj

We have as well the following computation, which gives the first formula:

(id⊗∆)∆(uij) =
∑
k

uik ⊗∆(ukj) =
∑
kl

uik ⊗ ukl ⊗ ulj

On the other hand, we have the following computation:

(id⊗ ε)∆(uij) =
∑
k

uik ⊗ ε(ukj) = uij

We have as well the following computation, which gives the second formula:

(ε⊗ id)∆(uij) =
∑
k

ε(uik)⊗ ukj = uij

(2) By using the fact that the matrix u = (uij) is unitary, we obtain:

m(id⊗ S)∆(uij) =
∑
k

uikS(ukj)

=
∑
k

uiku
∗
jk

= (uu∗)ij

= δij

We have as well the following computation, which gives the result:

m(S ⊗ id)∆(uij) =
∑
k

S(uik)ukj

=
∑
k

u∗kiukj

= (u∗u)ij

= δij

(3) Finally, the formula S2 = id holds as well on the generators, and we are done. □

Still talking basics, let us record as well the following useful technical result:
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Proposition 10.7. Given a Woronowicz algebra (A, u), we have

ut = ū−1

so u is biunitary, in the sense that it is unitary, with unitary transpose.

Proof. We have the following computation, based on the fact that u is unitary:

(uu∗)ij = δij =⇒
∑
k

S(uiku
∗
jk) = δij

=⇒
∑
k

ukju
∗
ki = δij

=⇒ (utū)ji = δij

Similarly, we have the following computation, once again using the unitarity of u:

(u∗u)ij = δij =⇒
∑
k

S(u∗kiukj) = δij

=⇒
∑
k

u∗jkuik = δij

=⇒ (ūut)ji = δij

Thus, we are led to the conclusion in the statement. □

Summarizing, the Woronowicz algebras appear to have nice properties. In view of
Theorem 10.5 and of Theorem 10.6, we can formulate the following definition:

Definition 10.8. Given a Woronowicz algebra A, we formally write

A = C(G) = C∗(Γ)

and call G compact quantum group, and Γ discrete quantum group.

When A is commutative and cocommutative, G and Γ are usual abelian groups, dual

to each other. In general, we still agree to write G = Γ̂,Γ = Ĝ, but in a formal sense. As
a final piece of general theory now, let us complement Definitions 10.4 and 10.8 with:

Definition 10.9. Given two Woronowicz algebras (A, u) and (B, v), we write

A ≃ B

and identify the corresponding quantum groups, when we have an isomorphism

< uij >≃< vij >

of ∗-algebras, mapping standard coordinates to standard coordinates.
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With this convention, any compact or discrete quantum group corresponds to a unique
Woronowicz algebra, up to equivalence. Also, we can see now why in Definition 10.4 the
choice of the exact topological tensor product ⊗ was irrelevant. Indeed, no matter what
tensor product ⊗ we choose to use there, we end up with the same Woronowicz algebra,
and the same compact and discrete quantum groups, up to equivalence.

Moving ahead now, let us call corepresentation of A any unitary matrix v ∈ Mn(A),
where A =< uij >, satisfying the same conditions are those satisfied by u, namely:

∆(vij) =
∑
k

vik ⊗ vkj , ε(vij) = δij , S(vij) = v∗ji

These corepresentations can be thought of as corresponding to the finite dimensional
unitary smooth representations of the underlying compact quantum group G. Following
Woronowicz [99], we can now formulate a first Peter-Weyl theorem, as follows:

Theorem 10.10 (PW1). Let u ∈MN(A) be a corepresentation, consider the ∗-algebra
B = End(u), and write its unit as 1 = p1 + . . .+ pk. We have then

u = u1 + . . .+ uk

with each ui being an irreducible corepresentation, obtained by restricting u to Im(pi).

Proof. This is something very classical, well-known to hold for the compact groups,
and the proof in general can be established in a similar way, as follows:

(1) We first associate to our corepresentation u ∈MN(A) the corresponding coaction
map α : CN → CN ⊗ A, given by the following formula:

α(ei) =
∑
j

ej ⊗ uji

We say that a linear subspace V ⊂ CN is invariant under u if we have:

α(V ) ⊂ V ⊗ A
In this case, we can consider the following restriction map:

α|V : V → V ⊗ A
This is a coaction map too, which must come from a subcorepresentation v ⊂ u.

(2) Consider now a projection p ∈ End(u). From pu = up we obtain that the linear
space V = Im(p) is invariant under u, and so this space must come from a subcorepre-
sentation v ⊂ u. It is routine to check that the operation p → v maps subprojections to
subcorepresentations, and minimal projections to irreducible corepresentations.

(3) With these preliminaries in hand, let us decompose now the ∗-algebra End(u) as
a multimatrix algebra, by using the decomposition of 1 into minimal projections:

1 = p1 + . . .+ pk
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Consider now the following vector spaces, obtained as images of these projections:

Vi = Im(pi)

If we denote by ui ⊂ u the subcorepresentations coming from these vector spaces, then
we obtain in this way a decomposition u = u1 + . . .+ uk, as in the statement. □

In order to formulate our second Peter-Weyl type theorem, we will need:

Definition 10.11. Given a Woronowicz algebra (A, u), we denote by u⊗k, with k =
◦ • • ◦ . . . being a colored integer, the tensor products between u, ū, with the rules

u⊗∅ = 1 , u⊗◦ = u , u⊗• = ū

and multiplicativity, u⊗kl = u⊗k ⊗ u⊗l, and call them Peter-Weyl corepresentations.

Here are a few examples of such corepresentations, namely those coming from the
colored integers of length 2, to be often used in what follows:

u⊗◦◦ = u⊗ u , u⊗◦• = u⊗ ū

u⊗•◦ = ū⊗ u , u⊗•• = ū⊗ ū
Here is now our second Peter-Weyl theorem, adding to Theorem 10.10:

Theorem 10.12 (PW2). Each irreducible corepresentation of A appears as:

v ⊂ u⊗k

That is, v appears inside a certain Peter-Weyl corepresentation.

Proof. Given an arbitrary corepresentation v ∈ Mn(A), consider its space of co-
efficients, C(v) = span(vij). It is routine to check that the construction v → C(v) is
functorial, in the sense that it maps subcorepresentations into subspaces. By definition
of the Peter-Weyl corepresentations, we have an equality as follows:

A =
∑
k∈N∗N

C(u⊗k)

Now given a corepresentation v ∈ Mn(A), the corresponding coefficient space is a
finite dimensional subspace C(v) ⊂ A, and so we must have, for certain k1, . . . , kp:

C(v) ⊂ C(u⊗k1 ⊕ . . .⊕ u⊗kp)

We deduce from this that we have an inclusion of corepresentations, as follows:

v ⊂ u⊗k1 ⊕ . . .⊕ u⊗kp

Together with Theorem 10.10, this leads to the conclusion in the statement. □
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10b. Haar integration

Our goal now will be to prove that our Woronowicz algebras A have a Haar integration
functional, meaning a functional satisfying the following invariance condition:(∫

A

⊗id
)
∆ =

(
id⊗

∫
A

)
∆ =

∫
A

(.)1

Our source of inspiration will be the classical proof of the existence of the Haar measure
on the compact Lie groups G ⊂ UN . Following Woronowicz [99], we first have:

Proposition 10.13. Given an arbitrary unital linear form φ ∈ A∗, the limit∫
φ

a = lim
n→∞

1

n

n∑
k=1

φ∗k(a)

exists, and for a coefficient of a corepresentation a = (τ ⊗ id)v, we have∫
φ

a = τ(P )

where P is the orthogonal projection onto the 1-eigenspace of (id⊗ φ)v.

Proof. By linearity, it is enough to prove the first assertion for elements of the
following type, where v is a Peter-Weyl corepresentation, and τ is a linear form:

a = (τ ⊗ id)v

Thus we are led into the second assertion, and more precisely we can have the whole
result proved if we can establish the following formula, with a = (τ ⊗ id)v:

lim
n→∞

1

n

n∑
k=1

φ∗k(a) = τ(P )

In order to prove this latter formula, observe that we have:

φ∗k(a) = (τ ⊗ φ∗k)v = τ((id⊗ φ∗k)v)

Consider now the following matrix, which is a usual complex matrix:

M = (id⊗ φ)v

In terms of this matrix, we have the following formula:

((id⊗ φ∗k)v)i0ik+1
=
∑
i1...ik

Mi0i1 . . .Mikik+1
= (Mk)i0ik+1

Thus for any k ∈ N we have the following formula:

(id⊗ φ∗k)v =Mk
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It follows that our Cesàro limit is given by the following formula:

lim
n→∞

1

n

n∑
k=1

φ∗k(a) = lim
n→∞

1

n

n∑
k=1

τ(Mk)

= τ

(
lim
n→∞

1

n

n∑
k=1

Mk

)
Now since the matrix v is unitary we have ||v|| = 1, and we conclude from this that

we have ||M || ≤ 1. Thus, by standard calculus, the above Cesàro limit on the right exists,
and equals the orthogonal projection onto the 1-eigenspace of M :

lim
n→∞

1

n

n∑
k=1

Mk = P

Thus our initial Cesàro limit converges as well, to τ(P ), as desired. □

When φ is faithful, we have the following finer result, also from Woronowicz [99]:

Proposition 10.14. Given a faithful unital linear form φ ∈ A∗, the limit∫
φ

a = lim
n→∞

1

n

n∑
k=1

φ∗k(a)

exists, and is independent of φ, given on coefficients of corepresentations by(
id⊗

∫
φ

)
v = P

where P is the orthogonal projection onto Fix(v) = {ξ ∈ Cn|vξ = ξ}.

Proof. In view of Proposition 10.13, it remains to prove that when φ is faithful, the
1-eigenspace of M = (id⊗ φ)v equals Fix(v). But we can do this as follows:

“⊃” This is clear, and for any φ, because we have:

vξ = ξ =⇒ Mξ = ξ

“⊂” Here we must prove that, when φ is faithful, we have:

Mξ = ξ =⇒ vξ = ξ

For this purpose, we use a positivity trick. Consider the following element:

a =
∑
i

(∑
j

vijξj − ξi

)(∑
k

vikξk − ξi

)∗
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We want to prove that we have a = 0. Since v is biunitary, we have:

a =
∑
i

(∑
j

(
vijξj −

1

N
ξi

))(∑
k

(
v∗ikξ̄k −

1

N
ξ̄i

))

=
∑
ijk

vijv
∗
ikξj ξ̄k −

1

N
vijξj ξ̄i −

1

N
v∗ikξiξ̄k +

1

N2
ξiξ̄i

=
∑
j

|ξj|2 −
∑
ij

vijξj ξ̄i −
∑
ik

v∗ikξiξ̄k +
∑
i

|ξi|2

= ||ξ||2− < vξ, ξ > −< vξ, ξ >+ ||ξ||2

= 2(||ξ||2 −Re(< vξ, ξ >))

By using now our assumption Mξ = ξ, we obtain from this:

φ(a) = 2φ(||ξ||2 −Re(< vξ, ξ >))

= 2(||ξ||2 −Re(< Mξ, ξ >))

= 2(||ξ||2 − ||ξ||2)
= 0

Thus a = 0, and by positivity we obtain vξ = ξ, as desired. □

We can now formulate the general Haar measure result, due to Woronowicz [99]:

Theorem 10.15. Any Woronowicz algebra has a unique Haar integration, which can
be constructed by starting with any faithful positive unital state φ ∈ A∗, and setting∫

G

= lim
n→∞

1

n

n∑
k=1

φ∗k

where ϕ ∗ ψ = (ϕ⊗ ψ)∆. Moreover, for any corepresentation v we have(
id⊗

∫
G

)
v = P

where P is the orthogonal projection onto Fix(v) = {ξ ∈ Cn|vξ = ξ}.

Proof. Let us first go back to the general context of Proposition 10.13. Since convolv-
ing one more time with φ will not change the Cesàro limit appearing there, the functional∫
φ
∈ A∗ constructed there has the following invariance property:∫

φ

∗φ = φ ∗
∫
φ

=

∫
φ
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In the case where φ is assumed to be faithful, as in Proposition 10.14, our claim is
that we have the following formula, valid this time for any ψ ∈ A∗:∫

φ

∗ψ = ψ ∗
∫
φ

= ψ(1)

∫
φ

By linearity, it is enough to prove this formula on a coefficient of a corepresentation,
a = (τ ⊗ id)v. In order to do so, consider the following matrices:

P =

(
id⊗

∫
φ

)
v , Q = (id⊗ ψ)v

In terms of these matrices, we have the following formula:(∫
φ

∗ψ
)
a =

(
τ ⊗

∫
φ

⊗ψ
)
(v12v13) = τ(PQ)

Similarly, we have the following computation, for the term in the middle:(
ψ ∗

∫
φ

)
a =

(
τ ⊗ ψ ⊗

∫
φ

)
(v12v13) = τ(QP )

Finally, regarding the term on the right, this is given by:

ψ(1)

∫
φ

a = ψ(1)τ(P )

Thus, our claim above is equivalent to the following equality:

PQ = QP = ψ(1)P

But this latter equality follows from the fact, coming from Proposition 10.14, that
P = (id⊗

∫
φ
)v equals the orthogonal projection onto Fix(v). Thus, we have proved our

claim. Now observe that our formula can be written as:

ψ

(∫
φ

⊗id
)
∆ = ψ

(
id⊗

∫
φ

)
∆ = ψ

∫
φ

(.)1

This formula being true for any ψ ∈ A∗, we can simply delete ψ, and we conclude that
the invariance formula holds indeed, with

∫
G
=
∫
φ
. Finally, assuming that we have two

invariant integrals
∫
G
,
∫ ′
G
, we have the following computation:(∫

G

⊗
∫ ′
G

)
∆ =

(∫ ′
G

⊗
∫
G

)
∆

=

∫
G

(.)1

=

∫ ′
G

(.)1

Thus we have
∫
G
=
∫ ′
G
, and this finishes the proof. □
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Let us record as well the following result, which is very useful in practice:

Theorem 10.16. The integration over G ⊂u U+
N is given by the Weingarten formula∫

G

ue1i1j1 . . . u
ek
ikjk

=
∑

π,σ∈Dk

δπ(i)δσ(j)Wk(π, σ)

for any colored integer k = e1 . . . ek and indices i, j, where Dk is a linear basis of Fix(u⊗k),

δπ(i) =< π, ei1 ⊗ . . .⊗ eik >
and Wk = G−1k , with Gk(π, σ) =< π, σ >.

Proof. We know from Theorem 10.15 that the integrals in the statement form alto-
gether the orthogonal projection P k onto the following space:

Fix(u⊗k) = span(Dk)

Consider now the following linear map, with Dk = {ξk} being as in the statement:

E(x) =
∑
π∈Dk

< x, ξπ > ξπ

By a standard linear algebra computation, it follows that we have P = WE, where W
is the inverse on span(Tπ|π ∈ Dk) of the restriction of E. But this restriction is the linear
map given by Gk, and so W is the linear map given by Wk, and this gives the result. □

The above result is something quite far-reaching, allowing many explicit computations,
and we will be back to it in chapter 11, with examples and applications.

10c. Peter-Weyl theory

Let us get back now to algebra, and establish two more Peter-Weyl theorems. We will
need the following result, which is something very useful, of independent interest:

Proposition 10.17. We have a Frobenius type isomorphism

Hom(v, w) ≃ Fix(v̄ ⊗ w)
valid for any two corepresentations v, w.

Proof. According to the definitions, we have the following equivalence:

T ∈ Hom(v, w) ⇐⇒ Tv = wT

⇐⇒
∑
j

Tajvji =
∑
b

wabTbi

On the other hand, we have as well the following equivalence:

T ∈ Fix(v̄ ⊗ w) ⇐⇒ (v̄ ⊗ w)T = T

⇐⇒
∑
kb

v∗ikwabTbk = Tai
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With these formulae in hand, we must prove that we have:∑
j

Tajvji =
∑
b

wabTbi ⇐⇒
∑
kb

v∗ikwabTbk = Tai

(1) In one sense, the computation is as follows, using the unitarity of vt:∑
kb

v∗ikwabTbk =
∑
k

v∗ik
∑
b

wabTbk

=
∑
k

v∗ik
∑
j

Tajvjk

=
∑
j

(v̄vt)ijTaj

= Tai

(2) In the other sense we have, once again by using the unitarity of vt:∑
j

Tajvji =
∑
j

vji
∑
kb

v∗jkwabTbk

=
∑
kb

(vtv̄)ikwabTbk

=
∑
b

wabTbi

Thus, we are led to the conclusion in the statement. □

We can now establish a third Peter-Weyl theorem, as follows:

Theorem 10.18 (PW3). The dense subalgebra A ⊂ A decomposes as a direct sum

A =
⊕

v∈Irr(A)

Mdim(v)(C)

with this being an isomorphism of ∗-coalgebras, and with the summands being pairwise
orthogonal with respect to the scalar product given by

< a, b >=

∫
G

ab∗

where
∫
G
is the Haar integration over G.

Proof. By combining the previous Peter-Weyl results, from Theorem 10.10 and The-
orem 10.12, we deduce that we have a linear space decomposition as follows:

A =
∑

v∈Irr(A)

C(v) =
∑

v∈Irr(A)

Mdim(v)(C)
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Thus, in order to conclude, it is enough to prove that for any two irreducible corepre-
sentations v, w ∈ Irr(A), the corresponding spaces of coefficients are orthogonal:

v ̸∼ w =⇒ C(v) ⊥ C(w)

But this follows from Theorem 10.15, via Proposition 10.17. Let us set indeed:

Pia,jb =

∫
G

vijw
∗
ab

Then P is the orthogonal projection onto the following vector space:

Fix(v ⊗ w̄) ≃ Hom(v̄, w̄) = {0}
Thus we have P = 0, and this gives the result. □

Finally, we have the following result, completing the Peter-Weyl theory:

Theorem 10.19 (PW4). The characters of irreducible corepresentations belong to

Acentral =
{
a ∈ A

∣∣∣Σ∆(a) = ∆(a)
}

called “algebra of smooth central functions”, and form an orthonormal basis of it.

Proof. As a first remark, the linear space Acentral defined above is indeed an algebra.
In the classical case, we obtain in this way the usual algebra of smooth central functions.
Also, in the group dual case, where we have Σ∆ = ∆, we obtain the whole convolution
algebra. Regarding now the proof, in general, this goes as follows:

(1) The algebra Acentral contains indeed all the characters, because we have:

Σ∆(χv) = Σ

(∑
ij

vij ⊗ vji

)
=

∑
ij

vji ⊗ vij

= ∆(χv)

(2) Conversely, consider an element a ∈ A, written as follows:

a =
∑

v∈Irr(A)

av

The condition a ∈ Acentral is then equivalent to the following conditions:

av ∈ Acentral ,∀v ∈ Irr(A)
But each condition av ∈ Acentral means that av must be a scalar multiple of the

corresponding character χv, and so the characters form a basis of Acentral, as stated.
(3) The fact that we have an orthogonal basis follows from Theorem 10.18.
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(4) Finally, regarding the norm 1 assertion, consider the following integrals:

Pik,jl =

∫
G

vijv
∗
kl

We know from Theorem 10.15 that these integrals form the orthogonal projection onto
the following vector space, computed via Proposition 10.17:

Fix(v ⊗ v̄) ≃ End(v̄) = C1
By using this fact, we obtain the following formula:∫

G

χvχ
∗
v =

∑
ij

∫
G

viiv
∗
jj

=
∑
i

1

N

= 1

Thus the characters have indeed norm 1, and we are done. □

We can now solve a problem that we left open before, namely:

Proposition 10.20. The cocommutative Woronowicz algebras appear as the quotients

C∗(Γ)→ A→ C∗red(Γ)

given by A = C∗π(Γ) with π ⊗ π ⊂ π, with Γ being a discrete group.

Proof. This follows from the Peter-Weyl theory, and clarifies a number of things said
before, in Theorem 10.5. Indeed, for a cocommutative Woronowicz algebra the irreducible
corepresentations are all 1-dimensional, and this gives the result. □

As another consequence of the above results, once again by following Woronowicz [99],
we have the following statement, dealing with functional analysis aspects, and extending
some standard facts regarding the C∗-algebras of the usual discrete groups:

Theorem 10.21. Let Afull be the enveloping C
∗-algebra of A, and Ared be the quotient

of A by the null ideal of the Haar integration. The following are then equivalent:

(1) The Haar functional of Afull is faithful.
(2) The projection map Afull → Ared is an isomorphism.
(3) The counit map ε : Afull → C factorizes through Ared.
(4) We have N ∈ σ(Re(χv)), the spectrum being taken inside Ared.

If this is the case, we say that the underlying discrete quantum group Γ is amenable.

Proof. This is well-known in the group dual case, A = C∗(Γ), with Γ being a usual
discrete group. In general, the result follows by adapting the group dual case proof:

(1) ⇐⇒ (2) This simply follows from the fact that the GNS construction for the
algebra Afull with respect to the Haar functional produces the algebra Ared.
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(2) ⇐⇒ (3) Here =⇒ is trivial, and conversely, a counit ε : Ared → C produces an

isomorphism Φ : Ared → Afull, by slicing the map ∆̃ : Ared → Ared ⊗ Afull.
(3) ⇐⇒ (4) Here =⇒ is clear, coming from ε(N −Re(χ(u))) = 0, and the converse

can be proved by doing some functional analysis. See [99]. □

The above was quite short, but we will be back to this, later, with further details.
Also, many other things can be said about amenability. We will be back to amenability
on several occasions, in what follows, and notably in chapter 12 below.

10d. Tannakian duality

In this section we discuss Tannakian duality, in its various forms, and there are many
of them, together with its various abstract applications. This will further clarify some of
the theory that we learned both in Parts I-II, and in the present chapter.

Let us first discuss Tannakian duality for the usual compact Lie groups. We use the
following notion, that already we met in the above, in more general settings:

Definition 10.22. Given a closed subgroup G ⊂ UN , its Peter-Weyl representations
are the tensor products between the fundamental representation and its conjugate,

u : G ⊂ UN , ū : G ⊂ UN

denoted u⊗k, and indexed by colored integers k = ◦ • • ◦ . . . according to the formulae

u⊗∅ = 1 , u⊗◦ = u , u⊗• = ū

and multiplicativity, u⊗kl = u⊗k ⊗ u⊗l.

Here are a few examples of such corepresentations, namely those coming from the
colored integers of length 2, to be often used in what follows:

u⊗◦◦ = u⊗ u , u⊗◦• = u⊗ ū
u⊗•◦ = ū⊗ u , u⊗•• = ū⊗ ū

As something new appearing in the classical setting, with respect to what we already
knew about the representations of compact quantum groups, observe that we have the
following formula, due to the commutativity of the algebra C(G):

u⊗◦• ∼ u⊗•◦

In view of this, we can index if we want the Peter-Weyl representations by indices
l ∈ N× N, by moving all ◦ symbols to the left, and all • symbols to the right. However,
since we want to generalize this afterwards to the case of quantum groups, which are not
necessarily braided, it is better to use colored exponents k = ◦ • • ◦ . . . , as above.

We can now formulate a key result, namely Tannakian duality for the compact groups,
in its various abstract and concrete formulations, as follows:
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Theorem 10.23. Given a compact group G, the following happen:

(1) G can be reconstructed from the knowledge of the associated tensor category of
representations C, as group of symmetries of the functor C → V ect(C).

(2) When G ⊂ UN , the group G can be reconstructed from the knowledge of the
Peter-Weyl subcategory C ⊂ C, in a similar way.

(3) Moreover, there is in fact no need for the functor C → V ect(C), with the group
G appearing as the plain group of symmetries of C, or of C.

Proof. This is something quite technical, the idea being as follows:

(1) This is something very classical, due to Tannaka and Krein, with the statement
being self-explanatory category theory, and with the proof being long, but straightforward
too. In what follows we will not really need this result, so we refer here to the classical
Tannakian literature, or to the paper of Woronowicz [100], for generalizations.

(2) This is something sharper, that will be our central formulation of Tannakian
duality, for our purposes here, which follows from (1), or from the following formula:

G =
{
g ∈ UN

∣∣∣Tg⊗k = g⊗lT,∀k, l, ∀T ∈ Hom(u⊗k, u⊗l)
}

To be more precise, our first claim is that in this formula the set on the right is an

intermediate subgroup G ⊂ G̃ ⊂ UN . Indeed, consider the set on the right:

G̃ =
{
g ∈ UN

∣∣∣Tg⊗k = g⊗lT,∀k, l, ∀T ∈ Hom(u⊗k, u⊗l)
}

Assuming now that we have g, h ∈ G̃, it follows that we have gh ∈ G̃, due to the
following computation, valid for any k, l and any T ∈ Ckl:

T (gh)⊗k = Tg⊗kh⊗k

= g⊗lTh⊗k

= g⊗lh⊗lT

= (gh)⊗lT

Also, we have 1 ∈ G̃, trivially. Finally, assuming g ∈ G̃, we have:

T (g−1)⊗k = (g−1)⊗l[g⊗lT ](g−1)⊗k

= (g−1)⊗l[Tg⊗k](g−1)⊗k

= (g−1)⊗lT

Thus we have g−1 ∈ G̃, and so G̃ is a group, as claimed. Finally, the fact that we

have an inclusion G ⊂ G̃, and that G̃ ⊂ UN is closed, are both clear. Thus, we have an
intermediate subgroup as follows, that we want to prove to be equal to G itself:

G ⊂ G̃ ⊂ UN
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In order to prove this, consider the Tannakian category of G̃, namely:

C̃kl =
{
T ∈ L(H⊗k, H⊗l)

∣∣∣Tg⊗k = g⊗lT,∀g ∈ G̃
}

By functoriality, from G ⊂ G̃ we obtain C̃ ⊂ C. On the other hand, according to the

definition of G̃, we have C ⊂ C̃. Thus, we have the following equality:

C = C̃

Assume now by contradiction that G ⊂ G̃ is not an equality. Then, at the level of
algebras of functions, the following quotient map is not an isomorphism either:

C(G̃)→ C(G)

On the other hand, we know from Peter-Weyl that we have decompositions as follows,
with the sums being over all the irreducible unitary representations:

C(G̃) =
⊕

π∈Irr(G̃)
Mdimπ(C) , C(G) =

⊕
ν∈Irr(G)

Mdim ν(C)

Now observe that each unitary representation π : G̃→ UK restricts into a certain rep-

resentation π′ : G → UK . Since the quotient map C(G̃) → C(G) is not an isomorphism,
we conclude that there is at least one representation π satisfying:

π ∈ Irr(G̃) , π′ /∈ Irr(G)

We are now in position to conclude. By using Peter-Weyl theory again, the above

representation π ∈ Irr(G̃) appears in a certain tensor power of the fundamental repre-

sentation u : G̃ ⊂ UN . Thus, we have inclusions of representations, as follows:

π ∈ u⊗k , π′ ∈ u′⊗k

Now since we know that π is irreducible, and that π′ is not, by using one more time
Peter-Weyl theory, we conclude that we have a strict inequality, as follows:

dim(C̃kk) = dim(End(u⊗k))

< dim(End(u′⊗k))

= dim(Ckk)

But this contradicts the equality C = C̃ found above, which finishes the proof.

(3) This is something far more tricky, due to Doplicher-Roberts [43] and Deligne [40],
and whose proof is non-trivial. In what follows, we will not really need this result, so we
will simply refer here to the above-mentioned papers, and the related literature. □

There are many more things that can be said here, and in particular, we have:
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Fact 10.24. The diagonal part of C = (Ckl), formed by the algebras

Ckk =
{
T ∈ L(H⊗k)

∣∣∣Tg⊗k = g⊗kT,∀g ∈ G
}

does not determine G. For instance G = {1},Z2 are not distinguished by it.

Obviously, this is something quite annoying, because there are countless temptations
to use ∆C = (Ckk) instead of C, for instance because the spaces Ckk are algebras, and
also, at a more advanced level, because ∆C is a planar algebra in the sense of Jones [60].
But, we are not allowed to do this, at least in general. More on this later.

Our purpose now will be to establish Tannakian duality results which are analogous
to those above, for the compact quantum groups. We first have the following result:

Theorem 10.25. Any compact quantum group G can be reconstructed from the knowl-
edge of the associated tensor category of representations C, as being, in a suitable sense,
the quantum group of symmetries of the functor C → V ect(C).

Proof. This is something a bit technical, although following the same ideas as for
the usual compact groups, and we refer here to Woronowicz [100] and related papers. In
what follows, technically speaking, we will not really need this result. □

Importantly now, and contrary to what happensfor the usual groups, the need for the
functor C → V ect(C) in the above is essential, at least at our level of generality in this
book. For more on all this, need for this functor, we refer to [46] and related papers.

Summarizing, we are left with extending Theorem 10.23 (2). In order to discuss this,
let us start with the following definition, inspired from the Peter-Weyl categories:

Definition 10.26. Let H be a finite dimensional Hilbert space. A tensor category
over H is a collection C = (Ckl) of subspaces

Ckl ⊂ L(H⊗k, H⊗l)
satisfying the following conditions:

(1) S, T ∈ C implies S ⊗ T ∈ C.
(2) If S, T ∈ C are composable, then ST ∈ C.
(3) T ∈ C implies T ∗ ∈ C.
(4) Each Ckk contains the identity operator.
(5) C∅,◦• and C∅,•◦ contain the operator R : 1→

∑
i ei ⊗ ei.

To be more precise, the point with this is that, given a Woronowicz algebra (A, u)
with u ∈ L(H)⊗ A, the conditions (1-5) are those satisfied by the following spaces:

Ckl = Hom(u⊗k, u⊗l)

We have the following key result, coming from the work of Woronowicz in [100]:
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Theorem 10.27. The following operations are inverse to each other:

(1) The construction G → C, which associates to a compact quantum group G the
tensor category formed by the intertwiner spaces Ckl = Hom(u⊗k, u⊗l).

(2) The construction C → G, associating to a tensor category C the compact quantum
group G coming from the relations T ∈ Hom(u⊗k, u⊗l), with T ∈ Ckl.

Proof. This is something quite deep, going back to Woronowicz [100] in a slightly
different form, and to Malacarne [71] in the simplified form above:

(1) Regarding the precise statement of the result, the idea is that, fixing N ∈ N as
the matrix size of our quantum groups, we have indeed a construction G → CG, whose
output is a tensor category over the Hilbert space H = CN , as follows:

(CG)kl = Hom(u⊗k, u⊗l)

We have as well a construction C → GC , producing out of a Tannakian category C a
certain compact quantum group GC , according to the following formula:

C(GC) = C∗
(
(uij)i,j=1,...,N

)/〈
Tu⊗k = u⊗lT,∀k, l, ∀T ∈ Ckl

〉
Thus, we have correspondences as in the statement, and the result itself states that

these correspondences are inverse to each other, in the sense that we have:

CGC
= C , GCG

= G

(2) Regarding now the proof, this can be deduced from Theorem 10.25, but following
Malacarne [71], we can prove this as well directly. Indeed, up to some standard study, we
must establish an inclusion as follows, for any Tannakian category C:

CGC
⊂ C

Now for this purpose, given a tensor category C = (Ckl) over a Hilbert space H = CN ,
consider the following direct sum, which is easily seen to be a ∗-algebra:

EC =
⊕
k,l

Ckl ⊂
⊕
k,l

B(H⊗k, H⊗l) ⊂ B

(⊕
k

H⊗k

)
Consider also, inside this ∗-algebra, the following ∗-subalgebra:

E
(s)
C =

⊕
|k|,|l|≤s

Ckl ⊂
⊕
|k|,|l|≤s

B(H⊗k, H⊗l) = B

⊕
|k|≤s

H⊗k


It is then routine to check that we have equivalences as follows:

CGC
⊂ C ⇐⇒ ECGC

⊂ EC

⇐⇒ E
(s)
CGC
⊂ E

(s)
C , ∀s

⇐⇒ E
(s)′

CGC
⊃ E

(s)′

C ,∀s
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Summarizing, we would like to prove that we have the following inclusion:

E
(s)′

C ⊂ E
(s)′

CGC

(3) In order to prove this, let us first study the commutant on the right. We have the

following equality, between subalgebras of the algebra B
(⊕

|k|≤sH
⊗k
)
:

E
(s)
CG

= End

⊕
|k|≤s

u⊗k


We have to compute the commutant of this algebra. But for this purpose, we can

use the standard fact that, given a unitary corepresentation v ∈ Mn(C(G)), we have an
algebra representation as follows, whose image is given by Im(πv) = End(v)′:

πv : C(G)
∗ →Mn(C) , φ→ (φ(vij))ij

(4) Generally speaking, in order to prove anything about GC , we are in need of an
explicit model for this quantum group. In order to construct such a model, let < uij >
be the free ∗-algebra over dim(H)2 variables, with bialgebra structure as follows:

∆(uij) =
∑
k

uik ⊗ ukj , ε(uij) = δij

Consider also the following pair of dual vector spaces:

V =
⊕
k

B
(
H⊗k

)
, V ∗ =

⊕
k

B
(
H⊗k

)∗
Finally, let fij, f

∗
ij ∈ V ∗ be the standard generators of B(H)∗, B(H̄)∗. Then:

– V ∗ is a ∗-algebra, with multiplication ⊗ and involution as follows:

fij ↔ f ∗ij

– V ∗ is in fact a ∗-bialgebra, with ∗-bialgebra operations as follows:

∆(fij) =
∑
k

fik ⊗ fkj , ε(fij) = δij

– We have a ∗-bialgebra isomorphism < uij >≃ V ∗, given by uij → fij.

(5) The point now is that the smooth part of the algebra AC = C(GC) is given by
AC ≃ V ∗/J , where J ⊂ V ∗ is the ideal coming from the following relations, for any i, j,
one for each pair of colored integers k, l, and each T ∈ C(k, l):∑

p1,...,pk

Ti1...il,p1...pkfp1j1 ⊗ . . .⊗ fpkjk =
∑
q1,...,ql

Tq1...ql,j1...jkfi1q1 ⊗ . . .⊗ filql
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Moreover, the linear space A∗C is given by the following formula:

A∗C =
{
a ∈ V

∣∣∣Tak = alT,∀T ∈ C(k, l)
}

(6) Now consider the representation that we are interested in, namely:

πv : A∗C → B

⊕
|k|≤s

H⊗k


This representation appears then diagonally, by truncating, as follows:

πv : a→ (ak)kk

(7) In order to further advance, consider the following vector spaces:

Vs =
⊕
|k|≤s

B
(
H⊗k

)
, V ∗s =

⊕
|k|≤s

B
(
H⊗k

)∗
If we denote by a → as the truncation operation V → Vs, it is routine to check, by

using the categorical axioms for C, that the following inclusions and equalities hold:

– E
(s)′

C ⊂ Vs.

– E ′C ⊂ V .

– A∗C = E ′C .

– Im(πv) = (E ′C)s.

(8) We can now prove the duality. According to our results above, we have to prove
that, for any Tannakian category C, and any s ∈ N, we have an inclusion as follows:

E
(s)′

C ⊂ (E ′C)s

By taking duals, this is the same as proving that we have:{
f ∈ V ∗s

∣∣∣f|(E′
C)s = 0

}
⊂
{
f ∈ V ∗s

∣∣∣f|E(s)′
C

= 0
}

(9) In order to do so, we use the following formula, established above:

A∗C = E ′C

We also know from the above that we have an identification as follows:

AC = V ∗/J

We conclude that the ideal J is given by the following formula:

J =
{
f ∈ V ∗

∣∣∣f|E′
C
= 0
}

(10) Our claim now is that we have the following formula, for any s ∈ N:

J ∩ V ∗s =
{
f ∈ V ∗s

∣∣∣f|E(s)′
C

= 0
}
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Indeed, let us denote by Xs the spaces on the right. The axioms for C show that these
spaces are increasing, that their union X = ∪sXs is an ideal, and that:

Xs = X ∩ V ∗s
(11) We must prove that we have J = X, and this can be done as follows:

“⊂” This follows from the following fact, for any T ∈ C(k, l) with |k|, |l| ≤ s:

(fT )|{T}′ = 0 =⇒ (fT )|E(s)′
C

= 0

=⇒ fT ∈ Xs

“⊃” This follows from our description of J , because from E
(s)
C ⊂ EC we obtain:

f|E(s)′
C

= 0 =⇒ f|E′
C
= 0

(12) Summarizing, we have proved our claim. On the other hand, we have:

J ∩ V ∗s =
{
f ∈ V ∗

∣∣∣f|E′
C
= 0
}
∩ V ∗s

=
{
f ∈ V ∗s

∣∣∣f|E′
C
= 0
}

=
{
f ∈ V ∗s

∣∣∣f|(E′
C)s = 0

}
Thus, our claim is exactly the inclusion that we wanted to prove, and we are done. □

10e. Exercises

We had a lot of advanced algebra in this chapter, and as exercises, we have:

Exercise 10.28. Learn about further examples of semisimple quantum groups.

Exercise 10.29. Discuss as well the Haar functionals of these quantum groups.

Exercise 10.30. Can we have some Lie theory going on, in our setting?

Exercise 10.31. Learn with full details the classical Tannakian duality.

Exercise 10.32. Learn as well the Doplicher-Roberts and Deligne theorems.

Exercise 10.33. Clarify all the details in relation with Tannakian duality.

As bonus exercise, have a look at the Drinfeld-Jimbo theory of deformations.



CHAPTER 11

Brauer theorems

11a. Diagrams, easiness

Good news, with the theory that we developed so far in this book, we can now talk
about easiness. As an answer to a question that you might have right away, namely what
exactly is easiness, well, this is something quite philosophical, as follows:

Answer 11.1. The real, true quantum groups, which do not depend on the ground
field F , and which in addition are something simple and easy, are the easy ones.

In practice now, yes I know, this rather sounds like an enigmatic statement coming
from my cat, so more details are certainly needed. Here they are, in brief:

(1) We have learned in the previous chapter, under the various technical assumptions
there, the Tannakian duality correspondence, G ↔ C. In this correspondence both the
quantum group G and the tensor category C were of course taken over F = C.

(2) However, with a bit more work, and some extra assumptions, we can get rid of
F = C. Indeed, we can call a tensor category C easy when it is of the form C = span(D),
with D being a certain purely combinatorial structure, called category of partitions.

(3) But then, by using the Tannakian correspondence G↔ C, we can call a quantum
group G easy when its corresponding Tannakian category C is easy. That is, we can call
G easy when we have C = span(D), for a certain category of partitions D.

(4) Thus, we have our basically scalarless, easy quantum groupsG. And with this being
something powerful, and useful, because the easiness condition C = span(D) corresponds
every time to a subtle and useful theorem, called Brauer theorem for G.

So, this was for the general idea, and we will see the details in a moment. Before
starting, however, you might still wonder why using F = C in our plan above, instead of
simply developing easiness over an arbitrary field F . Good point, and in answer:

Comment 11.2. Normally easiness can be developed over an arbitrary field F , provided
that we have a good knowledge of Tannakian duality there. In our situation, however,
which is rather beginner level, we will use F = C, as indicated above.

249
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And for more details here, developing easiness over F = C, which is what we will
do, is something quite standard, following [17] and related papers, which themselves are
basically a slight reformulation and generalization of some old work of Weyl, Brauer and
others. As for easiness over an arbitrary field F , this is something more subtle, requiring
far more algebra know-how, and we refer here to the papers of Bichon and his collaborators
[20], [21], [22], [23], [24], [25], [26], [27], [28], [29], which basically do this.

In short, modesty, what we will be doing here will be rather an introduction to easi-
ness, instead of the presentation of the final, and probably trivial easiness theory, which
undoubtedly exists somewhere, on the heights of abstract algebra, say next to schemes.

And with this discussion made, time I guess to get to work. But not however before
asking the cat about what he thinks, about our plan. And cat declares:

Cat 11.3. Human beginners should stay indeed with F = C, but you forgot to mention
two important points, over your F = C, in your easiness plan:

(1) Easier than easiness should be super-easiness, covering all Lie types.
(2) Easiness should apply too to spheres, and other types of manifolds.

Okay, thanks cat, not that I really understand what you are saying, but we will
certainly add these two topics, which look quite interesting, on our to-do list. And in any
case, this is good to hear, so with F = C we are definitely safe, no need for more.

Getting started now, as indicated above, we first need to make sense of the formula
C = span(D), for the tensor categories C axiomatized in chapter 10. But here, the answer
is quite straightforward, obtained by delinearizing our axioms for C, as follows:

Definition 11.4. Let P (k, l) be the set of partitions between an upper colored integer
k, and a lower colored integer l. A collection of subsets

D =
⊔
k,l

D(k, l)

with D(k, l) ⊂ P (k, l) is called a category of partitions when it has the following properties:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ], with matching middle symbols.
(3) Stability under the upside-down turning ∗, with switching of colors, ◦ ↔ •.
(4) Each set P (k, k) contains the identity partition || . . . ||.
(5) The sets P (∅, ◦•) and P (∅, •◦) both contain the semicircle ∩.

As basic examples of such categories, with the verification of the axioms being trivial,
in each case, we have the category P of all partitions, the category NC of all noncross-
ing partitions, the category P2 of all pairings, and the category NC2 of all noncrossing
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pairings. Observe that these four basic categories form a diagram, as follows:

P2
// P

NC2

OO

// NC

OO

There are many other examples of such categories, and more on this later. Getting
now to the point, the relation with the Tannakian categories of linear maps comes from
the fact that we can associate linear maps to the partitions, as follows:

Definition 11.5. Associated to any π ∈ P (k, l) and any N ∈ N is the linear map

Tπ : (CN)⊗k → (CN)⊗l

given by the following formula, with {e1, . . . , eN} being the standard basis of CN ,

Tπ(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

and with the Kronecker symbols δπ ∈ {0, 1} depending on whether the indices fit or not.

To be more precise here, in the definition of the Kronecker symbols, we agree to put
the two multi-indices on the two rows of points of the partition, in the obvious way. The
Kronecker symbols are then defined by δπ = 1 when all the strings of π join equal indices,
and by δπ = 0 otherwise. Observe that all this is independent of the coloring.

In practice now, here are a few basic examples of such linear maps:

Proposition 11.6. The correspondence π → Tπ has the following properties, where
R is the operator mapping 1→

∑
i ei ⊗ ei, and Σ(a⊗ b) = b⊗ a is the flip operator:

(1) T∩ = R.
(2) T∪ = R∗.
(3) T||...|| = id.
(4) T/\ = Σ.

Proof. We can assume if we want that all the upper and lower legs of π are colored
◦. With this assumption made, the proof goes as follows:



252 11. BRAUER THEOREMS

(1) We have ∩ ∈ P2(∅, ◦◦), and so the corresponding operator is a certain linear map
T∩ : C→ CN ⊗ CN . The formula of this map is as follows:

T∩(1) =
∑
ij

δ∩(i j)ei ⊗ ej

=
∑
ij

δijei ⊗ ej

=
∑
i

ei ⊗ ei

We recognize here the formula of R(1), and so we have T∩ = R, as claimed.

(2) Here we have ∪ ∈ P2(◦◦, ∅), and so the corresponding operator is a certain linear
form T∩ : CN ⊗ CN → C. The formula of this linear form is as follows:

T∩(ei ⊗ ej) = δ∩(i j)

= δij

Since this is the same as R∗(ei ⊗ ej), we have T∪ = R∗, as claimed.

(3) Consider indeed the “identity” pairing || . . . || ∈ P2(k, k), with k = ◦ ◦ . . . ◦ ◦. The
corresponding linear map is then the identity, because we have:

T||...||(ei1 ⊗ . . .⊗ eik) =
∑
j1...jk

δ||...||

(
i1 . . . ik
j1 . . . jk

)
ej1 ⊗ . . .⊗ ejk

=
∑
j1...jk

δi1j1 . . . δikjkej1 ⊗ . . .⊗ ejk

= ei1 ⊗ . . .⊗ eik
(4) In the case of the basic crossing /\ ∈ P2(◦◦, ◦◦), the corresponding linear map

T/\ : CN ⊗ CN → CN ⊗ CN can be computed as follows:

T/\(ei ⊗ ej) =
∑
kl

δ/\

(
i j
k l

)
ek ⊗ el

=
∑
kl

δilδjkek ⊗ el

= ej ⊗ ei
Thus we obtain the flip operator Σ(a⊗ b) = b⊗ a, as claimed. □

Summarizing, the correspondence π → Tπ provides us with some simple formulae for
the duality operators R,R∗ from chapter 10, and for other important operators, such as
the flip map Σ(a⊗ b) = b⊗ a, and has as well some interesting categorical properties.
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Let us further explore now these properties, and make the link with the Tannakian
categories. We have the following result, from [17]:

Proposition 11.7. The assignement π → Tπ is categorical, in the sense that we have

Tπ ⊗ Tσ = T[πσ] , TπTσ = N c(π,σ)T[σπ ] , T ∗π = Tπ∗

where c(π, σ) are certain integers, coming from the erased components in the middle.

Proof. The formulae in the statement are all elementary, as follows:

(1) The concatenation axiom follows from the following computation:

(Tπ ⊗ Tσ)(ei1 ⊗ . . .⊗ eip ⊗ ek1 ⊗ . . .⊗ ekr)

=
∑
j1...jq

∑
l1...ls

δπ

(
i1 . . . ip
j1 . . . jq

)
δσ

(
k1 . . . kr
l1 . . . ls

)
ej1 ⊗ . . .⊗ ejq ⊗ el1 ⊗ . . .⊗ els

=
∑
j1...jq

∑
l1...ls

δ[πσ]

(
i1 . . . ip k1 . . . kr
j1 . . . jq l1 . . . ls

)
ej1 ⊗ . . .⊗ ejq ⊗ el1 ⊗ . . .⊗ els

= T[πσ](ei1 ⊗ . . .⊗ eip ⊗ ek1 ⊗ . . .⊗ ekr)

(2) The composition axiom follows from the following computation:

TπTσ(ei1 ⊗ . . .⊗ eip)

=
∑
j1...jq

δσ

(
i1 . . . ip
j1 . . . jq

) ∑
k1...kr

δπ

(
j1 . . . jq
k1 . . . kr

)
ek1 ⊗ . . .⊗ ekr

=
∑
k1...kr

N c(π,σ)δ[σπ ]

(
i1 . . . ip
k1 . . . kr

)
ek1 ⊗ . . .⊗ ekr

= N c(π,σ)T[σπ ](ei1 ⊗ . . .⊗ eip)

(3) Finally, the involution axiom follows from the following computation:

T ∗π (ej1 ⊗ . . .⊗ ejq)

=
∑
i1...ip

< T ∗π (ej1 ⊗ . . .⊗ ejq), ei1 ⊗ . . .⊗ eip > ei1 ⊗ . . .⊗ eip

=
∑
i1...ip

δπ

(
i1 . . . ip
j1 . . . jq

)
ei1 ⊗ . . .⊗ eip

= Tπ∗(ej1 ⊗ . . .⊗ ejq)

Summarizing, our correspondence is indeed categorical. □

In relation now with quantum groups, we have the following result, also from [17]:
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Theorem 11.8. Each category of partitions D = (D(k, l)) produces a family of quan-
tum groups G = (GN), one for each N ∈ N, via the formula

Hom(u⊗k, u⊗l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

which produces a Tannakian category, and the Tannakian duality correspondence. We call
such quantum groups, coming from a category of partitions D = (D(k, l)), easy.

Proof. This follows indeed from the Tannakian duality established in the previous
chapter. Indeed, consider the following collection of linear spaces:

Ckl = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

By using the axioms in Definition 11.4, and the categorical properties of the operation
π → Tπ, from Propositions 11.6 and 11.7, we deduce that C = (Ckl) is a Tannakian
category. Thus the Tannakian duality applies, and gives the result. □

As a first comment, the terminology in the above result, which is from [17], and has
endured so far several unfortunate attempts of change, by younger mathematicians who
hate God, life, beauty and easiness, is motivated by the fact that, from the point of view
of Tannakian duality, the above quantum groups are indeed the “easiest” ones.

Observe also that the category of pairings producing an easy quantum group is not
unique, for instance because at N = 1 all the possible categories of pairings produce the
same easy group, namely the trivial group G = {1}. We will be back to this.

And with the above theory in hand, we are ready to go. On the menu, proving that
the various groups and quantum groups that we know well are indeed easy. Followed by
some further investigations, suggested by Cat 11.3, Comment 11.2 and Answer 11.1.

11b. Rotations, reflections

Getting now to applications, let us first talk about rotation groups. We already know
a bit about them, from chapters 5 and 9, but it is better to start all over again, with
fresh, self-contained definitions. Following Wang [92], we have the following result:

Theorem 11.9. The following universal algebras are Woronowicz algebras,

C(O+
N) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = ū, ut = u−1
)

C(U+
N ) = C∗

(
(uij)i,j=1,...,N

∣∣∣u∗ = u−1, ut = ū−1
)

so the underlying quantum spaces O+
N , U

+
N are compact quantum groups.
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Proof. This follows from the elementary fact that if a matrix u = (uij) is orthogonal
or biunitary, then so must be the following matrices:

(u∆)ij =
∑
k

uik ⊗ ukj , (uε)ij = δij , (uS)ij = u∗ji

Thus, we can indeed define Woronowicz algebra morphisms ∆, ε, S as in chapter 10,
by using the universal properties of C(O+

N), C(U
+
N ), and this gives the result. □

Getting now to Brauer theorems, we have the following result about the above quan-
tum groups, with the convention that P2 stands for the matching pairings, meaning the
pairings which pair ◦ − ◦ or • − • on the vertical, and ◦ − • on the horizontal:

Theorem 11.10. The basic classical and quantum rotation groups are all easy,

O+
N

// U+
N

ON

OO

// UN

OO

:

NC2

��

NC2oo

��
P2 P2
oo

with the quantum groups on the left corresponding to the categories on the right.

Proof. This is quite standard, by using Tannakian duality, as follows:

(1) The quantum group U+
N is defined via the following relations:

u∗ = u−1 , ut = ū−1

But, via our correspondence between partitions and maps, these relations tell us that
the following two operators must be in the associated Tannakian category C:

Tπ , π = ∩
◦• ,

∩
•◦

Thus the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< ∩
◦• ,

∩
•◦ >= NC2

(2) The quantum group O+
N ⊂ U+

N is defined by imposing the following relations:

uij = ūij

Thus, the following operators must be in the associated Tannakian category C:

Tπ , π = |◦• , |•◦
Thus the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< NC2, |◦•, |•◦ >= NC2

(3) The group UN ⊂ U+
N is defined via the following relations:

[uij, ukl] = 0 , [uij, ūkl] = 0
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Thus, the following operators must be in the associated Tannakian category C:

Tπ , π = /\◦◦◦◦ , /\
◦•
•◦

Thus the associated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< NC2, /\◦◦◦◦, /\
◦•
•◦ >= P2

(4) In order to deal now with ON , we can simply use the following formula:

ON = O+
N ∩ UN

Indeed, at the categorical level, this formula tells us that the associated Tannakian
category is given by C = span(Tπ|π ∈ D), with:

D =< NC2,P2 >= P2

Thus, we are led to the conclusions in the statement. □

Getting now towards quantum reflections, we first have the following result, for the
quantum permutations, discussed in chapter 6, and then in chapter 9, which provides
among others a more reasonable explanation for the liberation operation SN → S+

N :

Theorem 11.11. The following hold, for the quantum permutation groups:

(1) The quantum groups SN , S
+
N are both easy, coming respectively from the categories

P,NC of partitions, and noncrossing partitions.
(2) Thus, SN → S+

N is just a regular easy quantum group liberation, coming from
D → D ∩NC at the level of the associated categories of partitions.

Proof. We proceed a bit as for the rotation groups. Let us first prove the result for
S+
N . In order to do so, recall that the subgroup S+

N ⊂ O+
N appears as follows:

C(S+
N) = C(O+

N)
/〈

u = magic
〉

In order to interpret the magic condition, consider the fork partition:

Y ∈ P (2, 1)
Given a corepresentation u, we have the following formulae:

(TY u
⊗2)i,jk =

∑
lm

(TY )i,lm(u
⊗2)lm,jk = uijuik

(uTY )i,jk =
∑
l

uil(TY )l,jk = δjkuij

We conclude from this that we have the following equivalence:

TY ∈ Hom(u⊗2, u) ⇐⇒ uijuik = δjkuij,∀i, j, k
The condition on the right being equivalent to the magic condition, we obtain:

C(S+
N) = C(O+

N)
/〈

TY ∈ Hom(u⊗2, u)
〉
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Thus S+
N is indeed easy, the corresponding category of partitions being:

D =< Y >= NC

Finally, observe that this proves the result for SN too, because from the formula
SN = S+

N∩ON we obtain that the group SN is easy, coming from the category of partitions
D =< NC,P2 >= P . Thus, we are led to the conclusions in the statement. □

With this understood, we can get now into quantum reflection groups. We recall from
chapter 9 that we have quantum groups H+

N , K
+
N , constructed as follows:

C(H+
N) = C∗

(
(uij)i,j=1,...,N

∣∣∣uij = u∗ij, (u
2
ij) = magic

)
C(K+

N) = C∗
(
(uij)i,j=1,...,N

∣∣∣[uij, u∗ij] = 0, (uiju
∗
ij) = magic

)
These are liberations of HN , KN , and we have H+

N = Z2 ≀∗ S+
N and K+

N = T ≀∗ S+
N , in

analogy with the formulae HN = Z2 ≀ SN and KN = T ≀ SN from the classical case.

The point now is that, by working out Brauer theorems for these quantum groups, we
reach to something quite conceptual, namely having a nice 3D cube, as follows:

Theorem 11.12. The main quantum rotation and reflection groups,

K+
N

// U+
N

H+
N

//

==

O+
N

>>

KN
//

OO

UN

OO

HN

OO

<<

// ON

OO

<<

are all easy, the corresponding categories of partitions being as follows,

NCeven

{{

��

NC2

��

oo

��

NCeven

��

NC2

��

oo

Peven

{{

P2

��

oo

Peven P2
oo

with on top, the symbol NC standing everywhere for noncrossing partitions.
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Proof. This is something that we know for the objects on the right, and for those
on the left, this follows by using the same arguments as for SN , S

+
N , as follows:

(1) We know that H+
N ⊂ O+

N appears via the cubic relations, namely:

uijuik = ujiuki = 0 , ∀j ̸= k

Our claim now is that, in Tannakian terms, these relations reformulate as follows, with
H ∈ P (2, 2) being the 1-block partition, joining all 4 points:

TH ∈ End(u⊗2)
In order to prove our claim, observe first that we have, by definition of TH :

TH(ei ⊗ ej) = δijei ⊗ ei
With this formula in hand, we have the following computation:

THu
⊗2(ei ⊗ ej ⊗ 1) = TH

(∑
abij

eai ⊗ ebj ⊗ uaiubj

)
(ei ⊗ ej ⊗ 1)

= TH
∑
ab

ea ⊗ eb ⊗ uaiubj

=
∑
a

ea ⊗ ea ⊗ uaiuaj

On the other hand, we have as well the following computation:

u⊗2TH(ei ⊗ ej ⊗ 1) = δiju
⊗2(ei ⊗ ej ⊗ 1)

= δij

(∑
abij

eai ⊗ ebj ⊗ uaiubj

)
(ei ⊗ ej ⊗ 1)

= δij
∑
ab

ea ⊗ eb ⊗ uaiubi

We conclude that THu
⊗2 = u⊗2TH means that u is cubic, as desired. Thus, our claim

is proved. But this shows that H+
N is easy, coming from the following category:

D =< H >= NCeven

(2) Regarding now the full quantum reflection group K+
N , the proof here is similar,

leading this time to the category NCeven of noncrossing matching partitions.

(3) Finally, both the passages H+
N → HN and K+

N → KN come by adding the crossing,
at the level of partitions, and this leads to the conclusions in the statement. □

So long for basic Brauer theorems. We should mention that much more is true, with
the general reflection groups Hs

N , H
s+
N being easy too, and with the same going for the

bistochastic groups BN , CN and B+
N , C

+
N . We will be back to this, later in this chapter.
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11c. Liberation theory

With the above results in hand, we can now review the half-liberation and twisting
operations, that we met in Part II, via some ad-hoc constructions. Let us start with the
half-liberation operation. We have here the following key result, to start with:

Theorem 11.13. We have an intermediate easy quantum group UN ⊂ U∗N ⊂ U+
N ,

given by the following formula, and called half-classical unitary group,

C(U∗N) = C(U+
N )
/〈

abc = cba
∣∣∣∀a, b, c ∈ {uij, u∗ij}〉

corresponding to the category of matching pairings P∗2 having the property that when re-
labelling clockwise the legs ◦ • ◦ • . . ., the formula #◦ = #• must hold in each block.

Proof. Here the fact that U∗N as constructed above is indeed a quantum group, lying
as a proper intermediate subgroup UN ⊂ U∗N ⊂ U+

N , can be checked via a routine compu-
tation, but the best is to view this via Tannakian duality. Indeed, the half-commutation
relations abc = cba come from the map T/\| associated to the half-classical crossing:

/\| ∈ P (3, 3)

Thus, by Tannakian duality, we are led to the first conclusions in the statement, and
with the category of partitions associated to U∗N being as follows, with the convention
that the symbol /\| stands here for all 8 possible colorings of the diagram /\| :

D =< /\| >

Regarding now the explicit computation of D, observe that no matter how we color
the legs of /\| , of course as for strings to join ◦ − ◦ or • − •, we have a matching pairing,
having in addition the property that when relabelling clockwise the legs ◦ • ◦ • . . ., the
formula #◦ = #• must hold in each block. Thus, we have an inclusion as follows:

D ⊂ P∗2

On the other hand, by doing some standard combinatorics, we see that any element
of P∗2 can be decomposed into a composition of diagrams of type /\| , appearing with all its
8 possible colorings, as above. Thus, we have as well an inclusion as follows:

P∗2 ⊂ D

But this shows that we have D = P∗2 , which proves the last assertion. □

Now with the above construction in hand, we can perform a “cutting the cube” oper-
ation, and we are led to the following statement, improving what we have so far:
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Theorem 11.14. We have easy quantum groups as follows, obtained via the commu-
tation relations abc = cba, applied to the standard coordinates and their adjoints,

K∗N
// U∗N

H∗N
//

AA

O∗N

BB

which fit horizontally, in the middle, into the diagram of basic easy quantum groups

K+
N

// U+
N

H+
N

//

==

O+
N

>>

KN
//

OO

UN

OO

HN

OO

<<

// ON

OO

<<

with the enlarged diagram being an intersection/easy generation diagram.

Proof. There are several things going on here, and we will be quite brief:

(1) First, the fact that we have indeed quantum groups as in the statement, which are
all easy, follows from our previous results, and from Theorem 11.13.

(2) Once again by using our previous results and Theorem 11.13, we conclude as well
that the categories of partitions for our new quantum groups are as follows:

P∗even

~~

P∗2oo

��
P ∗even P ∗2oo
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(3) Now let us insert this latter square diagram into the standard cube of categories
of partitions, on the horizontal, in the middle:

K+
N

// U+
N

H+
N

//

==

O+
N

>>

KN
//

OO

UN

OO

HN

OO

<<

// ON

OO

<<

(4) We obtain in this way an intersection and generation diagram. Thus, the diagram
formed by quantum groups is an intersection/easy generation diagram, as stated. □

Many other things can be said here, for instance with the construction of “hybrid”
quantum groups between real and complex too, again cutting the standard cube.

Also, in the non-easy case, we have available the modern approach to half-liberation,
by Bichon and Dubois-Violette [26], based on crossed products and 2× 2 matrix models.
We will be back to this later, when discussing more in detail the matrix models.

We would like to end this section with the discussion of the bistochastic groups and
quantum groups BN , CN , B

+
N , C

+
N , which are quite interesting objects.

These groups and quantum groups are all easy, and are not half-liberable, so our
discussion here will be quite simple and pleasant, basically consisting in explaining what
BN , CN , B

+
N , C

+
N are, and then working out their easiness property. Let us start with:

Proposition 11.15. We have groups as follows:

(1) BN ⊂ ON , consisting of the orthogonal matrices which are bistochastic.
(2) CN ⊂ UN , consisting of the unitary matrices which are bistochastic.

Proof. We know that the sets of bistochastic matrices BN , CN in the statement
appear as follows, with ξ being the all-one vector:

BN =
{
U ∈ ON

∣∣∣Uξ = ξ
}

, CN =
{
U ∈ UN

∣∣∣Uξ = ξ
}

It is then clear that both BN , CN are stable under the multiplication, contain the unit,
and are stable by inversion. Thus, we have indeed groups, as stated. □

Getting back now to quantum groups, we would like to talk about the free analogues
B+
N , C

+
N of the orthogonal and unitary bistochastic groups. Following [17], we have the

following result, including as well the above construction of BN , CN :
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Theorem 11.16. We have the following groups and quantum groups:

(1) BN ⊂ ON , consisting of the orthogonal matrices which are bistochastic.
(2) CN ⊂ UN , consisting of the unitary matrices which are bistochastic.
(3) B+

N ⊂ O+
N , coming via uξ = ξ, where ξ is the all-one vector.

(4) C+
N ⊂ U+

N , coming via uξ = ξ, where ξ is the all-one vector.

Also, we have inclusions BN ⊂ B+
N and CN ⊂ C+

N , which are both liberations.

Proof. There are several things to be proved, the idea being as follows:

(1) We already know from Proposition 11.15 that BN , CN are indeed groups. In what
regards now B+

N , C
+
N , these appear by definition as follows:

C(B+
N) = C(O+

N)
/〈

ξ ∈ Fix(u)
〉

C(C+
N) = C(U+

N )
/〈

ξ ∈ Fix(u)
〉

But since the relation ξ ∈ Fix(u) is categorical, we have indeed quantum groups.

(2) In what regards the last assertion, since we already know that ON ⊂ O+
N and

UN ⊂ U+
N are liberations, we must prove that we have isomorphisms as follows:

C(BN) = C(ON)
/〈

ξ ∈ Fix(u)
〉

C(CN) = C(UN)
/〈

ξ ∈ Fix(u)
〉

But these isomorphisms are both clear from the formulae of BN , CN in (1). □

The above might seem a bit puzzling, because the “basic” compact groups can be of
type ABCD, and there was no mention there, in that Lie algebra theory and classification,
of bistochastic groups as above. Good point, and in answer, we have indeed:

Theorem 11.17. We have isomorphisms as follows:

(1) BN ≃ ON−1.
(2) B+

N ≃ O+
N−1.

(3) CN ≃ UN−1.
(4) C+

N ≃ U+
N−1.

Proof. Let us pick indeed a matrix F ∈ UN satisfying the following condition, where
ξ is the all-one vector, and e0 = (1, 0, . . . , 0) is the first vector of the standard basis of
CN , written with indices 0, 1, . . . , N − 1, as usual in discrete Fourier analysis:

Fe0 =
1√
N
ξ

Such matrices exist of course, the basic example being the Fourier matrix:

FN =
1√
N
(wij)ij , w = e2πi/N
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We have then the following computation, for any corepresentation u:

uξ = ξ ⇐⇒ uFe0 = Fe0

⇐⇒ F ∗uFe0 = e0

⇐⇒ F ∗uF = diag(1, w)

Thus we have an isomorphism given by wij → (F ∗uF )ij, as desired. □

Getting now to the real thing, the point is that our newly constructed bistochastic
groups and quantum groups are all easy, and following [17], [88], we have:

Theorem 11.18. The classical and quantum bistochastic groups are all easy, with the
quantum groups on the left corresponding to the categories on the right,

B+
N

// C+
N

BN

OO

// CN

OO

:

NC12

��

NC12oo

��
P12 P12

oo

where the symbol 12 stands for “category of singletons and pairings”.

Proof. This comes from the fact that the all-one vector ξ used in the constructions
in Theorem 11.16 is the vector associated to the singleton partition:

ξ = T|

Indeed, we obtain that BN , CN , B
+
N , C

+
N are inded easy, appearing from the categories

of partitions for ON , UN , O
+
N , U

+
N , by adding singletons. Thus, we get the result. □

11d. Character laws

This book was supposed to be about algebra, but we would like to end this chapter
with some analysis. Here is something analytic, which is truly beautiful:

Theorem 11.19. Consider the symmetric group SN , regarded as a compact group of
matrices, SN ⊂ ON , via the standard permutation matrices.

(1) The main character χ ∈ C(SN), defined as usual as χ =
∑

i uii, counts the
number of fixed points, χ(σ) = #{i|σ(i) = i}.

(2) The probability for a permutation σ ∈ SN to be a derangement, meaning to have
no fixed points at all, becomes, with N →∞, equal to 1/e.

(3) The law of the main character χ ∈ C(SN) becomes with N →∞ the Poisson law
p1 =

1
e

∑
k δk/k!, with respect to the counting measure.
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Proof. This is something very classical, the proof being as follows:

(1) We have indeed the following computation, which gives the result:

χ(σ) =
∑
i

uii(σ) =
∑
i

δσ(i)i = #
{
i
∣∣∣σ(i) = i

}
(2) We use the inclusion-exclusion principle. Consider the following sets:

SiN =
{
σ ∈ SN

∣∣∣σ(i) = i
}

The probability that we are interested in is then given by:

P (χ = 0) =
1

N !

(
|SN | −

∑
i

|SiN |+
∑
i<j

|SiN ∩ S
j
N | −

∑
i<j<k

|SiN ∩ S
j
N ∩ S

k
N |+ . . .

)

=
1

N !

N∑
r=0

(−1)r
∑

i1<...<ir

(N − r)!

=
1

N !

N∑
r=0

(−1)r
(
N

r

)
(N − r)!

=
N∑
r=0

(−1)r

r!

Since we have here the expansion of 1/e, this gives the result.

(3) This follows by generalizing the computation in (2). Indeed, we get:

lim
N→∞

P (χ = k) =
1

k!e

Thus, we obtain in the limit a Poisson law of parameter 1, as stated. □

The above result is very beautiful, but we can in fact do even better, as follows:

Theorem 11.20. For the symmetric group SN ⊂ ON , the truncated character

χt =

[tN ]∑
i=1

uii

with t ∈ [0, 1] follows with N →∞ the Poisson law pt = e−t
∑

k δkt
k/k!.

Proof. This follows by suitably modifying the proof of Theorem 11.19. Indeed,
according to our definition of χt, we first have the following formula:

χ(σ) = #
{
i ∈ {1, . . . , [tN ]}

∣∣∣σ(i) = i
}
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Then, the inclusion-exclusion principle gives the following formula:

lim
N→∞

P (χt = k) =
tk

k!et

Thus, we obtain in the limit a Poisson law of parameter t, as stated. □

Summarizing, we have some interesting theory going on here, and this is probably just
the tip of the iceberg. So, let us formulate the following question:

Question 11.21. Given G ⊂ U+
N , what is the law of the truncated character

χt =

[tN ]∑
i=1

uii

with respect to Haar integration? Also, in the easy case, what is the asymptotic law

lim
N→∞

law(χt)

say regarded as a formal measure, determined by its moments?

Our goal in what follows will be that of answering this question, by extending what
we have about SN to all the easy groups and easy quantum groups that we know.

In order to reach to our goals, we first need to know how to integrate on the easy
quantum groups. The formula here, coming from Peter-Weyl theory, is as follows:

Theorem 11.22. Assuming that a closed subgroup G ⊂ U+
N is easy, coming from a

category of partitions D ⊂ P , we have the Weingarten formula∫
G

ue1i1j1 . . . u
ek
ikjk

=
∑

π,σ∈D(k)

δπ(i)δσ(j)WkN(π, σ)

where δ ∈ {0, 1} are the usual Kronecker type symbols, and where the Weingarten matrix
WkN = G−1kN is the inverse of the Gram matrix GkN(π, σ) = N |π∨σ|.

Proof. We know from chapter 10 that the integrals in the statement form altogether
the orthogonal projection P k onto the following space:

Fix(u⊗k) = span
(
ξπ

∣∣∣π ∈ D(k)
)

In order to prove the result, consider the following linear map:

E(x) =
∑

π∈D(k)

< x, ξπ > ξπ

By a standard linear algebra computation, it follows that we have P = WE, where W
is the inverse on Fix(u⊗k) of the restriction of E. But this restriction is the linear map
given by GkN , and so W is the linear map given by WkN , and this gives the result. □
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In relation now with truncated characters, we have the following formula:

Proposition 11.23. The moments of truncated characters are given by the formula∫
G

(u11 + . . .+ uss)
k = Tr(WkNGks)

where GkN and WkN = G−1kN are the associated Gram and Weingarten matrices.

Proof. We have indeed the following computation:∫
G

(u11 + . . .+ uss)
k =

s∑
i1=1

. . .

s∑
ik=1

∫
ui1i1 . . . uikik

=
∑

π,σ∈D(k)

WkN(π, σ)
s∑

i1=1

. . .
s∑

ik=1

δπ(i)δσ(i)

=
∑

π,σ∈D(k)

WkN(π, σ)Gks(σ, π)

= Tr(WkNGks)

Thus, we have obtained the formula in the statement. □

All this is very good, and normally we have here what is needed in order to answer
Question 11.21, in the easy case. In practice, however, before doing so, we will need some
training in probability theory. Let us start with something very standard, as follows:

Definition 11.24. Let A be a C∗-algebra, given with a trace tr : A→ C.
(1) The elements a ∈ A are called random variables.
(2) The moments of such a variable are the numbers Mk(a) = tr(ak).
(3) The law of such a variable is the functional µ : P → tr(P (a)).

Here k = ◦ • • ◦ . . . is by definition a colored integer, and the corresponding powers ak

are defined by the following formulae, and multiplicativity:

a∅ = 1 , a◦ = a , a• = a∗

As for the polynomial P , this is a noncommuting ∗-polynomial in one variable:

P ∈ C < X,X∗ >

Observe that the law is uniquely determined by the moments, because we have:

P (X) =
∑
k

λkX
k =⇒ µ(P ) =

∑
k

λkMk(a)

Generally speaking, the above definition is something quite abstract, but there is no
other way of doing things, at least at this level of generality. However, in certain special
cases, the formalism simplifies, and we recover more familiar objects, as follows:
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Proposition 11.25. Assuming that a ∈ A is normal, aa∗ = a∗a, its law corresponds
to a probability measure on its spectrum σ(a) ⊂ C, according to the following formula:

tr(P (a)) =

∫
σ(a)

P (x)dµ(x)

When the trace is faithful we have supp(µ) = σ(a). Also, in the particular case where the
variable is self-adjoint, a = a∗, this law is a real probability measure.

Proof. Since the C∗-algebra < a > generated by a is commutative, the Gelfand
theorem applies to it, and gives an identification of C∗-algebras, as follows:

< a >= C(σ(a))

Now by using the Riesz theorem, the restriction of tr to this algebra must come from
a probability measure µ as in the statement, and this gives all the assertions. □

Getting now where we wanted to get, we want our “quantum probability” theory to
apply to the two main cases that we have in mind, namely classical and free. So, following
Voiculescu [90], let us introduce the following two notions of independence:

Definition 11.26. Two subalgebras A,B ⊂ C are called independent when

tr(a) = tr(b) = 0 =⇒ tr(ab) = 0

holds for any a ∈ A and b ∈ B, and free when

tr(ai) = tr(bi) = 0 =⇒ tr(a1b1a2b2 . . .) = 0

holds for any ai ∈ A and bi ∈ B.

In other words, what we have here is a straightforward noncommutative extension of
the usual notion of independence, along with a natural free analogue of it.

In order to understand now what is going on, let us discuss some basic models for
independence and freeness. We have the following result, which clarifies things:

Proposition 11.27. Given two algebras (A, tr) and (B, tr), the following hold:

(1) A,B are independent inside their tensor product A⊗B.
(2) A,B are free inside their free product A ∗B.

Proof. Both the assertions are clear from definitions, after some standard discussion
regarding the tensor product and free product trace. See Voiculescu [90]. □

In relation with groups and algebra, we have the following result:

Proposition 11.28. We have the following results, valid for group algebras:

(1) C∗(Γ), C∗(Λ) are independent inside C∗(Γ× Λ).
(2) C∗(Γ), C∗(Λ) are free inside C∗(Γ ∗ Λ).
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Proof. This follows from the general results in Proposition 11.27, along with the
following two isomorphisms, which are both standard:

C∗(Γ× Λ) = C∗(Λ)⊗ C∗(Γ) , C∗(Γ ∗ Λ) = C∗(Λ) ∗ C∗(Γ)
Alternatively, we can prove this directly, by using the fact that each algebra is spanned

by the corresponding group elements, and checking the result on group elements. □

In order to study independence and freeness, our main tool will be:

Theorem 11.29. The convolution is linearized by the log of the Fourier transform,

Ff (x) = E(eixf )

and the free convolution is linearized by the R-transform, which is given by

Gµ(ξ) =

∫
R

dµ(t)

ξ − t
=⇒ Gµ

(
Rµ(ξ) +

1

ξ

)
= ξ

and so is the inverse of the Cauchy transform, up to a ξ−1 factor.

Proof. For the first assertion, if f, g are independent, we have indeed:

Ff+g(x) =

∫
R
eixzd(µf ∗ µg)(z)

=

∫
R×R

eix(z+t)dµf (z)dµg(t)

= Ff (x)Fg(x)

For the second assertion, we need a good model for free convolution, and the best is
to use the semigroup algebra of the free semigroup on two generators:

A = C∗(N ∗ N)
Indeed, we have some freeness in the semigroup setting, a bit in the same way as for

the group algebras C∗(Γ ∗ Λ), from Proposition 11.28. In addition to this fact, and to
what happens in the group algebra case, the following things happen:

(1) The variables of type S∗+f(S), with S ∈ C∗(N) being the shift, and with f ∈ C[X]
being a polynomial, model in moments all the distributions µ : C[X]→ C. This is indeed
something elementary, which can be checked via a direct algebraic computation.

(2) Given f, g ∈ C[X], the variables S∗+ f(S) and T ∗+ g(T ), where S, T ∈ C∗(N ∗N)
are the shifts corresponding to the generators of N ∗ N, are free, and their sum has the
same law as S∗ + (f + g)(S). This follows indeed by using a 45◦ argument.

(3) But with this in hand, we can see that µ→ f linearizes the free convolution. We
are therefore left with a computation inside C∗(N), whose conclusion is that Rµ = f can
be recaptured from µ via the Cauchy transform Gµ, as stated. See [90]. □



11D. CHARACTER LAWS 269

As a first main result now, we have the following statement, called Central Limit
Theorem (CLT), which in the free case is due to Voiculescu [90]:

Theorem 11.30 (CLT). Given self-adjoint random variables x1, x2, x3, . . . which are
i.i.d./f.i.d., centered, with variance t > 0, we have, with n→∞, in moments,

1√
n

n∑
i=1

xi ∼ gt/γt

where the limiting laws gt/γt are the following measures,

gt =
1√
2πt

e−x
2/2tdx , γt =

1

2πt

√
4t2 − x2dx

called normal, or Gaussian, and Wigner semicircle law of parameter t.

Proof. This is routine, by using the linearization properties of the Fourier transform
and the R-transform from Theorem 11.29, and for details here, we refer to any classical
probability book for the classical result, and to [90] for the free result. □

Next, we have the following complex version of the CLT:

Theorem 11.31 (CCLT). Given variables x1, x2, x3, . . . which are i.i.d./f.i.d., cen-
tered, with variance t > 0, we have, with n→∞, in moments,

1√
n

n∑
i=1

xi ∼ Gt/Γt

where Gt/Γt are the complex normal and Voiculescu circular law of parameter t, given by:

Gt = law

(
1√
2
(a+ ib)

)
, Γt = law

(
1√
2
(α + iβ)

)
where a, b/α, β are independent/free, each following the law gt/γt.

Proof. This follows indeed from the CLT, by taking real and imaginary parts of all
the variables involved, and for details and more here, including the combinatorics of the
Voiculescu circular law Γt, which is quite subtle, we refer again to [90]. □

We denote by ⊞ the free convolution operation for the real probability measures, given
by the fact that we have the following formula, when a, b are free:

µa+b = µa ⊞ µb

With this convention, and adding to our collection of limiting results, we have the
following discrete version of the CLT, called Poisson Limit Theorem (PLT):
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Theorem 11.32 (PLT). The following Poisson limits converge, for any t > 0,

pt = lim
n→∞

((
1− t

n

)
δ0 +

t

n
δ1

)∗n
, πt = lim

n→∞

((
1− t

n

)
δ0 +

t

n
δ1

)⊞n

the limiting measures being the Poisson law pt, and the Marchenko-Pastur law πt,

pt =
1

et

∞∑
k=0

tkδk
k!

, πt = max(1− t, 0)δ0 +
√
4t− (x− 1− t)2

2πx
dx

with at t = 1, the Marchenko-Pastur law being π1 =
1
2π

√
4x−1 − 1 dx.

Proof. This is again routine, by using the Fourier and R-transform, and as before
we refer here to any classical probability book, and to [90]. □

Finally, we have the following “compound” generalization of the PLT:

Theorem 11.33 (CPLT). Given a compactly supported positive measure ρ, of mass
c = mass(ρ), the following compound Poisson limits converge,

pρ = lim
n→∞

((
1− c

n

)
δ0 +

1

n
ρ

)∗n
, πρ = lim

n→∞

((
1− c

n

)
δ0 +

1

n
ρ

)⊞n

and if we write ρ =
∑s

i=1 ciδzi with ci > 0 and zi ∈ R we have the formula

pρ/πρ = law

(
s∑
i=1

ziαi

)
where the variables αi are Poisson/free Poisson(ci), independent/free.

Proof. As before, this follows by using the Fourier and the R-transform, and details
can be found in any probability book, and in [90]. □

So long for limiting results in classical and free probability. To finish with, for our
purposes here, we will need the following notions, coming from Theorem 11.33:

Definition 11.34. The Bessel and free Bessel laws, depending on parameters s ∈
N ∪ {∞} and t > 0, are the following compound Poisson and free Poisson laws,

bst = ptεs , βst = πtεs

with εs being the uniform measure on the s-th roots of unity. In particular:

(1) At s = 1 we recover the Poisson laws pt, πt.
(2) At s = 2 we have the real Bessel laws bt, βt.
(3) At s =∞ we have the complex Bessel laws Bt,Bt.
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Here the terminology comes from the fact that the density of the measure bt from (2)
is a Bessel function of the first kind, the formula, from [11], being as follows:

bt = e−t
∞∑

r=−∞

δr

∞∑
p=0

(t/2)|r|+2p

(|r|+ p)!p!

Good news, with the above general theory in hand, we can now formulate our truncated
character results for the main examples of easy quantum groups, as follows:

Theorem 11.35. For the main quantum rotation and reflection groups,

K+
N

// U+
N

H+
N

//

==

O+
N

>>

KN
//

OO

UN

OO

HN

OO

<<

// ON

OO

<<

the corresponding truncated characters follow with N →∞ the laws

Bt Γt

βt γt

Bt Gt

bt gt

which are the main limiting laws in classical and free probability.

Proof. We know from earlier in this chapter that the above quantum groups are all
easy, coming from the following categories of partitions:

NCeven

zz

��

NC2

��

oo

��

NCeven

��

NC2

��

oo

Peven

zz

P2

��

oo

Peven P2
oo
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(1) At t = 1, we can use the following formula, coming from easiness:

lim
N→∞

∫
GN

χk = |D(k)|

But this gives the laws in the statement, via some standard calculus.

(2) In order to compute now the asymptotic laws of truncated characters, at any t > 0,
we can use the general moment formula in Proposition 11.23, namely:∫

G

(u11 + . . .+ uss)
k = Tr(WkNGks)

To be more precise, what happens is that in each of the cases under consideration, the
Gram matrix is asymptotically diagonal, and so the Weingarten matrix is asymptotically
diagonal too. Thus, in the limit we obtain the following moment formula:

lim
N→∞

∫
GN

χkt =
∑

π∈D(k)

t|π|

But this gives the laws in the statement, via some standard calculus. □

11e. Exercises

We had a lot of combinatorics in this chapter, and as exercises, we have:

Exercise 11.36. Fill in the missing details for our various Brauer theorems.

Exercise 11.37. Find easiness results for other groups and quantum groups.

Exercise 11.38. Discuss the half-liberation operation, in the unitary setting.

Exercise 11.39. Learn about the Idel-Wolf theorem, involving the group CN .

Exercise 11.40. Learn more about free probability, and random matrices too.

Exercise 11.41. Do all computations for the asymptotic laws of characters.

As bonus exercise, try developing a general theory of Lie-Brauer algebras.



CHAPTER 12

Advanced results

12a. Deformation, twists

We have already seen some non-trivial quantum group theory in this book, with this
certainly making it for an introduction to the subject. The present chapter will be our last,
regarding quantum groups, with Part IV below rather dealing with quantum manifolds.
We have many things that we can talk about, here, and we have chosen 4, as follows:

(1) Deformation, twists. We will talk here about Drinfeld-Jimbo deformations, involv-
ing a parameter q ∈ C − {0}, then about Woronowicz deformations, where q > 0, and
finally we will discuss a certain Schur-Weyl twisting procedure, where q = −1.

(2) Amenability, growth. We have seen some analysis, of probabilistic flavor, at the
end of chapter 11, but that is not the end of the story. The bulk of analysis on quantum

groups regards the amenability and growth of Γ = Ĝ, and we will discuss this here.

(3) Planar algebras. Besides the above-mentioned deformations, there are many ver-
sions and generalizations of the compact quantum groups discussed before, and notably
the tensor categories, and the planar algebras. We will have a look into these.

(4) Matrix models. Finally, with planar algebras and the related subfactors being
something more general, and a bit more concrete too, than our quantum groups, what to
do. Well, we will strike back with some sharp results, regarding the matrix models.

So, this was for the general idea with this chapter, our final one on quantum groups,
and in practice, many things to be discussed, and do not expect of course many proofs,
or so. However, we will provide links to the relevant literature, on each subject.

Getting started now, in relation with deformations and twists, the first question that
we would like to understand is something very simple and natural, as follows:

Question 12.1. Can a compact Lie group G be deformed or not, within the framework
of Hopf algebras, or so to say, within the framework of quantum groups?

273
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As a first observation, this is certainly not possible within the framework of classical
Lie groups, because these are subject to a discrete classification, ABCDEFG. In fact, this
follows as well from an elementary result, stating that any Lie algebra is rigid, in the sense
that when attempting to change a bit the structure constants, this is impossible.

In the Hopf algebra setting, however, everything changes. The discovery here, coming
from the work of Faddeev and the Leningrad School of Physics from the late 70s [47],
then that of Drinfeld [44] and Jimbo [57] from the mid 80s, is as follows:

Theorem 12.2. Given a classical Lie group G, with Lie algebra g, the enveloping
Lie algebra Ug, regarded as Hopf algebra, admits a non-trivial deformation Uqg, with
q ∈ F−{0}. This latter deformation can be in fact recovered as being something canonical,
and can be thought of as being the enveloping Lie algebra of a quantum group Gq.

Proof. This is something coming from the above-mentioned papers of Drinfeld [44]
and Jimbo [57], and which is best understood for G = SU2, the idea being as follows:

(1) Deforming SU2 with the help of a generic parameter q ∈ F is something not very
complicated, that you can actually recover by yourself, by doing some computations, once
of course someone told you in advance that this is possible.

(2) For more complicated Lie groups, however, some Lie algebra theory is needed.
Also, switching from the generic parameter q ∈ F to the concrete parameter q ∈ F −{0}
is something quite delicate too, again requiring some good Lie algebra knowledge.

(3) Finally, in what regards the interpretation of the output, navigating between Lie
groups, Lie algebras and enveloping Lie algebras, at the quantum level, requires a good
knowledge of both Hopf algebras and Lie groups and Lie algebra theory.

(4) In short, a bit complicated all this, with lots of algebra involved, but again, the
case of SU2, which is the most important one, is quite easy to be fully understood, and
for more, you have several books dedicated to this, such as Lusztig [69]. □

At the representation theory level now, which is the one that matters, as we previously
know from the present book, things are quite tricky, as follows:

Theorem 12.3. When the deformation parameter q ∈ F − {0} is not a root of unity,
Gq is semisimple, with representations similar to those of the original Lie group G = G1.
However, when q ∈ F − {0, 1} is a root of unity, Gq is not semisimple.

Proof. Again, there is a long story here, the idea being that semisimplicity is easy
to establish in the framework of the deformations with generic parameter q ∈ F , but then
the study of the specializations, at the various values of q ∈ F − {0}, is something quite
delicate. As before, we refer here to Lusztig [69], and other books on the subject. □

Many other things can be said about the above quantum groups, notably with the
following statement, clarifying the relation with the Woronowicz quantum groups:
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Theorem 12.4. The quantum groups Gq with q ∈ C− {0} are as follows,

(1) At q = 1, these are the original Lie groups G.
(2) At q > 0, these are semisimple, but with S2 ̸= id at q ̸= 1.
(3) Still at q > 0, these are covered by an extension of the Woronowicz formalism,
(4) With this being best seen via Tannakian duality, as explained by Rosso.
(5) At q ̸> 0, no Woronowicz type algebra formalism is available,
(6) However, subfactors and planar algebras do cover these q ̸> 0 beasts,
(7) And in particular, they do cover the case where q ̸= 1 is a root of unity.

and with all this coming, as we will soon discover, with an uncertainty at q = −1.

Proof. Crowded statement that we have here, and for more on all this, we refer to
the papers of Woronowicz [99], [100] and of Rosso [80], [81], which are a must-read, if
you are interested in q-deformations, and to Jones [58], [60] and Kirillov Jr. [64] and
Wenzl [95] for the last part, in relation with subfactors, which are again a must-read. □

With this discussed, which is more than borderline with respect to what a mathematics
book is supposed to contain, Theorems coming with Proofs, let us focus now on a modest
question, with the aim of discussing it with full details, as mathematicians do:

Question 12.5. What exactly happens at q = −1?

To be more precise, we have seen in chapters 7-8 that anticommutation twists, which
normally should correspond to the parameter value q = −1, do exist, and are very inter-
esting and natural objects, in the general affine Hopf algebra setting. And the point now
is that, if you get back to that chapters 7-8 material, you will certainly discover that, in
most of the cases, what we have there, over F = C, are Woronowicz algebras.

Summarizing, we have here a bit of contradiction with what Drinfeld-Jimbo and the
others are saying, coming from the fact that their q = −1 twists are not semisimple, due
to the fact that q = −1 is a root of unity, while our q = −1 twists are semisimple.

Not an easy situation that we have here, with each camp, they and us, claiming that
their theory is the correct one at q = −1. So, which theory is correct? God only knows,
but if that can help, here is what cat declares, about all this:

Cat 12.6. Anticommutation comes from quantum mechanics, that you humans would
like to understand, with your quantum groups. So go with it, and by the way, you should
update your anticommutation twisting methods, now that you know about easiness.

Thanks cat, not only I am pleased to learn this, but I eventually have a plan, for the
remainder of this section. So, let us review now the anticommutation twisting operation
G→ G′, that we know about since chapters 7-8, by using Tannakian duality.
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Given a partition τ ∈ P (k, l), let us call “switch” the operation which consists in
switching two neighbors, belonging to different blocks, in the upper row, or in the lower
row. With this convention, we have the following key result:

Proposition 12.7. There is a signature map ε : Peven → {−1, 1}, given by

ε(τ) = (−1)c

where c is the number of switches needed to make τ noncrossing. In addition:

(1) For τ ∈ Sk, this is the usual signature.
(2) For τ ∈ P2 we have (−1)c, where c is the number of crossings.
(3) For τ ≤ π ∈ NCeven, the signature is 1.

Proof. The fact that ε is indeed well-defined comes from the fact that the number
c in the statement is well-defined modulo 2, which is standard combinatorics. In order
to prove now the remaining assertion, observe that any partition τ ∈ P (k, l) can be put
in “standard form”, by ordering its blocks according to the appearence of the first leg in
each block, counting clockwise from top left, and then by performing the switches as for
block 1 to be at left, then for block 2 to be at left, and so on:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

With this convention, the proof of the remaining assertions is as follows:

(1) For τ ∈ Sk the standard form is τ ′ = id, and the passage τ → id comes by
composing with a number of transpositions, which gives the signature.

(2) For a general τ ∈ P2, the standard form is of type τ ′ = | . . . |∪...∪∩...∩, and the passage
τ → τ ′ requires c mod 2 switches, where c is the number of crossings.

(3) Assuming that τ ∈ Peven comes from π ∈ NCeven by merging a certain number of
blocks, we can prove that the signature is 1 by proceeding by recurrence. □

With the above result in hand, we can now formulate:

Definition 12.8. Associated to any partition π ∈ Peven(k, l) is the linear map

T ′π : (CN)⊗k → (CN)⊗l

given by the following formula, with e1, . . . , eN being the standard basis of CN ,

T ′π(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δ′π

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

and where δ′π ∈ {−1, 0, 1} is δ′π = ε(τ) if τ ≥ π, and δ′π = 0 otherwise, with τ = ker(ij).
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In other words, what we are doing here is to add signatures to the usual formula of
Tπ. Indeed, observe that the usual formula for Tπ can be written as folllows:

Tπ(ei1 ⊗ . . .⊗ eik) =
∑

j:ker(ij)≥π

ej1 ⊗ . . .⊗ ejl

Now by inserting signs, coming from the signature map ε : Peven → {±1}, we are led
to the following formula, which coincides with the one given above:

T ′π(ei1 ⊗ . . .⊗ eik) =
∑
τ≥π

ε(τ)
∑

j:ker(ij)=τ

ej1 ⊗ . . .⊗ ejl

We will be back later to this analogy, with more details on what can be done with it.
For the moment, we must first prove a key categorical result, as follows:

Proposition 12.9. The assignement π → T ′π is categorical, in the sense that

T ′π ⊗ T ′σ = T ′[πσ] , T ′πT
′
σ = N c(π,σ)T ′[σπ ] , (T ′π)

∗ = T ′π∗

where c(π, σ) are certain positive integers.

Proof. We have to go back to the proof from the untwisted case, from chapter 11,
and insert signs. We have to check three conditions, as follows:

1. Concatenation. In the untwisted case, this was based on the following formula:

δπ

(
i1 . . . ip
j1 . . . jq

)
δσ

(
k1 . . . kr
l1 . . . ls

)
= δ[πσ]

(
i1 . . . ip k1 . . . kr
j1 . . . jq l1 . . . ls

)
In the twisted case, it is enough to check the following formula:

ε

(
ker

(
i1 . . . ip
j1 . . . jq

))
ε

(
ker

(
k1 . . . kr
l1 . . . ls

))
= ε

(
ker

(
i1 . . . ip k1 . . . kr
j1 . . . jq l1 . . . ls

))
Let us denote by τ, ν the partitions on the left, so that the partition on the right is

of the form ρ ≤ [τν]. Now by switching to the noncrossing form, τ → τ ′ and ν → ν ′, the
partition on the right transforms into ρ → ρ′ ≤ [τ ′ν ′]. Now since the partition [τ ′ν ′] is
noncrossing, we can use Proposition 12.7 (3), and we obtain the result.

2. Composition. In the untwisted case, this was based on the following formula:∑
j1...jq

δπ

(
i1 . . . ip
j1 . . . jq

)
δσ

(
j1 . . . jq
k1 . . . kr

)
= N c(π,σ)δ[πσ ]

(
i1 . . . ip
k1 . . . kr

)
In order to prove now the result in the twisted case, it is enough to check that the

signs match. More precisely, we must establish the following formula:

ε

(
ker

(
i1 . . . ip
j1 . . . jq

))
ε

(
ker

(
j1 . . . jq
k1 . . . kr

))
= ε

(
ker

(
i1 . . . ip
k1 . . . kr

))
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Let τ, ν be the partitions on the left, so that the partition on the right is of the form
ρ ≤ [τν ]. Our claim is that we can jointly switch τ, ν to the noncrossing form. Indeed, we
can first switch as for ker(j1 . . . jq) to become noncrossing, and then switch the upper legs
of τ , and the lower legs of ν, as for both these partitions to become noncrossing. Now
observe that when switching in this way to the noncrossing form, τ → τ ′ and ν → ν ′,
the partition on the right transforms into ρ → ρ′ ≤ [τ

′

ν′ ]. Now since the partition [τ
′

ν′ ] is
noncrossing, we can apply Proposition 12.7 (3), and we obtain the result.

3. Involution. Here we must prove the following formula:

δ′π

(
i1 . . . ip
j1 . . . jq

)
= δ′π∗

(
j1 . . . jq
i1 . . . ip

)
But this is clear from the definition of δ′π, and we are done. □

As a conclusion, our twisted construction π → T ′π has all the needed properties for
producing quantum groups, via Tannakian duality, and we can now formulate:

Theorem 12.10. Given a category of partitions D ⊂ Peven, the construction

Hom(u⊗k, u⊗l) = span
(
T ′π

∣∣∣π ∈ D(k, l)
)

produces via Tannakian duality a quantum group G′N ⊂ U+
N , for any N ∈ N.

Proof. This follows indeed from the Tannakian results from chapter 10, exactly as
in the easy case, by using this time Proposition 12.9 as technical ingredient. □

We can unify the easy quantum groups, or at least the examples coming from categories
D ⊂ Peven, with the quantum groups constructed above, as follows:

Definition 12.11. A closed subgroup G ⊂ U+
N is called q-easy, or quizzy, with defor-

mation parameter q = ±1, when its tensor category appears as follows,

Hom(u⊗k, u⊗l) = span
(
Ṫπ

∣∣∣π ∈ D(k, l)
)

for a certain category of partitions D ⊂ Peven, where, for q = −1, 1:
Ṫ = T ′, T

The Schur-Weyl twist of G is the quizzy quantum group G′ ⊂ U+
N obtained via q → −q.

Let us clarify now the relation between the maps Tπ, T
′
π. We recall that the Möbius

function of any lattice, and in particular of Peven, is given by:

µ(σ, π) =


1 if σ = π

−
∑

σ≤τ<π µ(σ, τ) if σ < π

0 if σ ̸≤ π

With this notation, we have the following useful result:
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Theorem 12.12. For any partition π ∈ Peven we have the formula

T ′π =
∑
τ≤π

ατTτ

where ασ =
∑

σ≤τ≤π ε(τ)µ(σ, τ), with µ being the Möbius function of Peven.

Proof. The linear combinations T =
∑

τ≤π ατTτ acts on tensors as follows:

T (ei1 ⊗ . . .⊗ eik) =
∑
τ≤π

ατTτ (ei1 ⊗ . . .⊗ eik)

=
∑
τ≤π

ατ
∑
σ≤τ

∑
j:ker(ij)=σ

ej1 ⊗ . . .⊗ ejl

=
∑
σ≤π

( ∑
σ≤τ≤π

ατ

) ∑
j:ker(ij)=σ

ej1 ⊗ . . .⊗ ejl

Thus, in order to have T ′π =
∑

τ≤π ατTτ , we must have ε(σ) =
∑

σ≤τ≤π ατ , for any
σ ≤ π. But this problem can be solved by using the Möbius inversion formula, and we
obtain the numbers ασ =

∑
σ≤τ≤π ε(τ)µ(σ, τ) in the statement. □

We can now twist ON , UN , and O
∗
N , U

∗
N too, the result here being as follows:

Theorem 12.13. The twists of ON , UN are obtained by replacing the commutation
relations ab = ba between the coordinates uij and their adjoints u∗ij with the relations

ab = ±ba
with anticommutation on rows and columns, and commutation otherwise, so we obtain
the previous twists O′N , U

′
N . Similarly, for O∗N , U

∗
N we obtain O∗′N , U

∗′
N .

Proof. The basic crossing, ker
(
ij
ji

)
with i ̸= j, comes from the transposition τ ∈ S2,

so its signature is −1. As for its degenerated version ker
(
ii
ii

)
, this is noncrossing, so here

the signature is 1. We conclude that the linear map associated to the basic crossing is:

T̄/\(ei ⊗ ej) =

{
−ej ⊗ ei for i ̸= j

ej ⊗ ei otherwise

We can proceed now as in the untwisted case, and since the intertwining relations
coming from T̄/\ correspond to the relations defining O′N , U

′
N , we obtain the result. The

study is similar for O∗N , U
∗
N , where we obtain the previous twists O∗′N , U

∗′
N . □

There are many more things that can be said about Schur-Weyl twists, notably with
the fact that the quantum reflection groups equal their own twists. Also, at the analytic
level, the Gram and Weingarten matrices stay the same, under twisting, with the signs
appearing as coefficients. For more on all this, we refer to the twisting literature.
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12b. Amenability, growth

Switching topics, as a second theme of discussion for the present chapter, let us discuss
analysis on discrete quantum groups, notably with the notions of amenability, and growth.
We have already met amenability in chapter 10, with our discussion there being quite brief.
Here is the main result, again, coming this time with a complete proof, or almost:

Theorem 12.14. Let Afull be the enveloping C∗-algebra of A, and let Ared be the
quotient of A by the null ideal of the Haar integration. The following are equivalent:

(1) The Haar functional of Afull is faithful.
(2) The projection map Afull → Ared is an isomorphism.
(3) The counit map ε : A→ C factorizes through Ared.
(4) We have N ∈ σ(Re(χu)), the spectrum being taken inside Ared.
(5) ||axk − ε(a)xk|| → 0 for any a ∈ A, for certain norm 1 vectors xk ∈ L2(A).

If this is the case, we say that the underlying discrete quantum group Γ is amenable.

Proof. We will work out explicitly all the possible implications between (1-5), when-
ever possible, adding to the global formal proof, which will be linear, as follows:

(1) =⇒ (2) =⇒ (3) =⇒ (4) =⇒ (5) =⇒ (1)

In order to prove these implications, and the other ones too, the general idea is that
this is is well-known in the group dual case, A = C∗(Γ), with Γ being a usual discrete
group, and in general, the result follows by adapting the group dual case proof.

(1) ⇐⇒ (2) This follows from the fact that the GNS construction for the algebra
Afull with respect to the Haar functional produces the algebra Ared.

(2) =⇒ (3) This is trivial, because we have quotient maps Afull → A → Ared, and
so our assumption Afull = Ared implies that we have A = Ared.

(3) =⇒ (2) Assume indeed that we have a counit map ε : Ared → C. In order to
prove Afull = Ared, we can use the right regular corepresentation. Indeed, we can define
such a corepresentation by the following formula:

W (a⊗ x) = ∆(a)(1⊗ x)

This corepresentation is unitary, so we can define a morphism as follows:

∆′ : Ared → Ared ⊗ Afull , a→ W (a⊗ 1)W ∗

Now by composing with ε⊗ id, we obtain a morphism as follows:

(ε⊗ id)∆′ : Ared → Afull , uij → uij

Thus, we have our inverse for the canonical projection Afull → Ared, as desired.
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(3) =⇒ (4) This implication is clear, because we have:

ε(Re(χu)) =
1

2

(
N∑
i=1

ε(uii) +
N∑
i=1

ε(u∗ii)

)
=

1

2
(N +N)

= N

Thus the element N −Re(χu) is not invertible in Ared, as claimed.

(4) =⇒ (3) In terms of the corepresentation v = u + ū, whose dimension is 2N and
whose character is 2Re(χu), our assumption N ∈ σ(Re(χu)) reads:

dim v ∈ σ(χv)

By functional calculus the same must hold for w = v + 1, and then once again by
functional calculus, the same must hold for any tensor power of w:

wk = w⊗k

Now choose for each k ∈ N a state εk ∈ A∗red having the following property:

εk(wk) = dimwk

By Peter-Weyl we must have εk(r) = dim r for any r ≤ wk, and since any irreducible
corepresentation appears in this way, the sequence εk converges to a counit map:

ε : Ared → C

(4) =⇒ (5) Consider the following elements of Ared, which are positive:

ai = 1−Re(uii)

Our assumption N ∈ σ(Re(χu)) tells us that a =
∑
ai is not invertible, and so there

exists a sequence xk of norm one vectors in L2(A) such that:

< axk, xk >→ 0

Since the summands < aixk, xk > are all positive, we must have, for any i:

< aixk, xk >→ 0

We can go back to the variables uii by using the following general formula:

||vx− x||2 = ||vx||2 + 2 < (1−Re(v))x, x > −1

Indeed, with v = uii and x = xk the middle term on the right goes to 0, and so the
whole term on the right becomes asymptotically negative, and so we must have:

||uiixk − xk|| → 0
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Now let Mn(Ared) act on Cn ⊗ L2(A). Since u is unitary we have:∑
i

||uijxk||2 = ||u(ej ⊗ xk)|| = 1

From ||uiixk|| → 1 we obtain ||uijxk|| → 0 for i ̸= j. Thus we have, for any i, j:

||uijxk − δijxk|| → 0

Now by remembering that we have ε(uij) = δij, this formula reads:

||uijxk − ε(uij)xk|| → 0

By linearity, multiplicativity and continuity, we must have, for any a ∈ A, as desired:

||axk − ε(a)xk|| → 0

(5) =⇒ (1) This is well-known, coming from standard functional analysis.

(1) =⇒ (5) Once again this is something well-known, and standard. See [99]. □

Let us focus now on the Kesten amenability criterion, the one from Theorem 12.14
(4), which will be our main amenability criterion, in what follows. We will need:

Proposition 12.15. Given a Woronowicz algebra (A, u), with u ∈ MN(A), the mo-
ments of the main character χ =

∑
i uii are given by:∫

G

χk = dim
(
Fix(u⊗k)

)
In the case u ∼ ū the law of χ is a usual probability measure, supported on [−N,N ].

Proof. There are two assertions here, the proof being as follows:

(1) The first assertion follows from the Peter-Weyl theory, which tells us that we have
the following formula, valid for any corepresentation v ∈Mn(A):∫

G

χv = dim(Fix(v))

Indeed, for v = u⊗k we have χv = χk, so we obtain the formula in the statement.

(2) As for the second assertion, if we assume u ∼ ū then we have χ = χ∗, and so
the general theory, explained above, tells us that law(χ) is in this case a real probability
measure, supported by the spectrum of χ. But, since u ∈MN(A) is unitary, we have:

uu∗ = 1 =⇒ ||uij|| ≤ 1,∀i, j =⇒ ||χ|| ≤ N

Thus the spectrum of the character satisfies σ(χ) ⊂ [−N,N ], as claimed. □

In relation now with the notion of amenability, we have the following result:
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Theorem 12.16. A Woronowicz algebra (A, u), with u ∈MN(A), is amenable when:

N ∈ supp
(
law [Re(χ)]

)
Also, the support on the right depends only on law(χ).

Proof. There are two assertions here, the proof being as follows:

(1) According to the Kesten amenability criterion, from Theorem 12.14 (4), the algebra
A is amenable precisely when the following condition is satisfied:

N ∈ σ(Re(χ))

Now since Re(χ) is self-adjoint, we know from spectral theory that the support of its
spectral measure law(Re(χ)) is precisely its spectrum σ(Re(χ)), as desired:

supp(law(Re(χ))) = σ(Re(χ))

(2) Regarding the second assertion, once again the variable Re(χ) being self-adjoint,
its law depends only on the moments

∫
G
Re(χ)p, with p ∈ N. But, we have:∫

G

Re(χ)p =

∫
G

(
χ+ χ∗

2

)p
=

1

2p

∑
|k|=p

∫
G

χk

Thus law(Re(χ)) depends only on law(χ), and this gives the result. □

As a first illustration, let us work out now in detail the group dual case. Here we
obtain a very interesting measure, called Kesten measure of the group, as follows:

Theorem 12.17. In the case A = C∗(Γ) and u = diag(g1, . . . , gN), and by enlarging
if necessary the generating set g1, . . . , gN , as for the following to happen,

1 ∈ u = ū

the moments of the main character are given by the formula∫
Γ̂

χp = #
{
i1, . . . , ip

∣∣∣gi1 . . . gip = 1
}

counting the loops based at 1, having lenght p, on the corresponding Cayley graph.

Proof. Consider indeed a discrete group Γ =< g1, . . . , gN >. The main character of
A = C∗(Γ), with fundamental corepresentation u = diag(g1, . . . , gN), is then:

χ = g1 + . . .+ gN

Given a colored integer k = e1 . . . ep, the corresponding moment is given by:∫
Γ̂

χk =

∫
Γ̂

(g1 + . . .+ gN)
k = #

{
i1, . . . , ip

∣∣∣ge1i1 . . . gepip = 1
}
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In the self-adjoint case, u ∼ ū, we are only interested in the moments with respect to
usual integers, p ∈ N, and the above formula becomes:∫

Γ̂

χp = #
{
i1, . . . , ip

∣∣∣gi1 . . . gip = 1
}

Assume now that we have in addition 1 ∈ u, so that the condition 1 ∈ u = ū in the
statement is satisfied. At the level of the generating set S = {g1, . . . , gN} this means:

1 ∈ S = S−1

Thus the corresponding Cayley graph is well-defined, with the elements of Γ as vertices,
and with the edges g − h appearing when the condition gh−1 ∈ S is satisfied. A loop on
this graph based at 1, having lenght p, is then a sequence as follows:

(1)− (gi1)− (gi1gi2)− . . .− (gi1 . . . gip−1)− (gi1 . . . gip = 1)

Thus the moments of χ count indeed such loops, as claimed. □

In order to generalize the above result, we will need the following standard fact:

Theorem 12.18. Let (A, u) be a Woronowicz algebra, and assume, by enlarging if
necessary u, that we have 1 ∈ u = ū. The following formula

d(v, w) = min
{
k ∈ N

∣∣∣1 ⊂ v̄ ⊗ w ⊗ u⊗k
}

defines then a distance on Irr(A), which coincides with the geodesic distance on the
associated Cayley graph. In the group dual case we obtain the usual distance.

Proof. There are several assertions here, the idea being as follows:

(1) The fact that the lengths are finite follows from Peter-Weyl theory, and the other
verifications are standard too, using Frobenius duality, as a main ingredient.

(2) In the group dual case now, where our algebra is of the form A = C∗(Γ), with
Γ =< S > being a finitely generated discrete group, our normalization condition 1 ∈ u = ū
from the statement means that the generating set S ⊂ Γ must satisfy:

1 ∈ S = S−1

But this is precisely the normalization condition made before for the discrete groups,
and the fact that we obtain the same metric space is clear. □

We can now formulate a generalization of Theorem 12.17, as follows:

Theorem 12.19. Let (A, u) be a Woronowicz algebra, with the normalization assump-
tion 1 ∈ u = ū made. The moments of the main character,∫

G

χp = dim
(
Fix(u⊗p)

)
count then the loops based at 1, having lenght p, on the corresponding Cayley graph.
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Proof. Here the formula of the moments, with p ∈ N, is the one coming from Peter-
Weyl, and the Cayley graph interpretation comes from Theorem 12.18. □

As an application of all this, corepresentation theory used for “discrete” questions, we
can introduce the notion of growth for discrete quantum groups, as follows:

Definition 12.20. Given a closed subgroup G ⊂ U+
N , with 1 ∈ u = ū, consider the

series whose coefficients are the ball volumes on the corresponding Cayley graph,

f(z) =
∑
k

bkz
k , bk =

∑
l(v)≤k

dim(v)2

and call it growth series of the discrete quantum group Ĝ. In the group dual case, G = Γ̂,
we obtain in this way the usual growth series of Γ.

As a first result about this, in relation with the notion of amenability, we have:

Theorem 12.21. Polynomial growth implies amenability.

Proof. We recall from Theorem 12.18 that the Cayley graph of Ĝ has by definition
the elements of Irr(G) as vertices, and the distance is as follows:

d(v, w) = min
{
k ∈ N

∣∣∣1 ⊂ v̄ ⊗ w ⊗ u⊗k
}

By taking w = 1 and by using Frobenius reciprocity, the lenghts are given by:

l(v) = min
{
k ∈ N

∣∣∣v ⊂ u⊗k
}

By Peter-Weyl we have a decomposition as follows, where Bk is the ball of radius k,
and mk(v) ∈ N are certain multiplicities:

u⊗k =
∑
v∈Bk

mk(v) · v

By using now Cauchy-Schwarz, we obtain the following inequality:

m2k(1)bk =
∑
v∈Bk

mk(v)
2
∑
v∈Bk

dim(v)2

≥

(∑
v∈Bk

mk(v) dim(v)

)2

= N2k

But shows that if bk has polynomial growth, then the following happens:

lim sup
k→∞

m2k(1)
1/2k ≥ N

Thus, the Kesten type criterion applies, and gives the result. □

For more on these topics, we refer to [35], [39] and related papers.
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12c. Planar algebras

Switching again topics, let us discuss now the Jones theory of subfactors and planar
algebras [58], [59], [60], [61], which can be regarded as being a far-reaching generalization
of the usual quantum group theory, as developed in the previous chapters.

For this purpose, we will need some basic operator algebra theory. The foundational
result here is the bicommutant theorem of von Neumann, which is as follows:

Theorem 12.22. For a ∗-algebra of operators A ⊂ B(H) the following conditions are
equivalent, and if satisfied, we say that A is a von Neumann algebra:

(1) A is closed under the weak topology, making each T → Tx continuous.
(2) A equals its bicommutant, A = A′′, computed inside B(H).

Proof. The above equivalence is indeed something very standard, by using an am-
plification trick, and for details here, we refer to any operator algebra book. □

Moving ahead, the continuation of the story involves an accumulation of non-trivial
results, due to Murray and von Neumann, from the 1930s and 1940s, and then due to
Connes, much later, in the 1970s, the main conclusions being as follows:

Theorem 12.23. The von Neumann algebras are as follows:

(1) In the commutative case, these are the algebras A = L∞(X), with X measured
space, represented on H = L2(X), up to a multiplicity.

(2) If we write the center as Z(A) = L∞(X), then we have a decomposition of type
A =

∫
X
Ax dx, with the fibers Ax having trivial center, Z(Ax) = C.

(3) The factors, Z(A) = C, can be fully classified in terms of II1 factors, which are
those satisfying dimA =∞, and having a faithful trace tr : A→ C.

Proof. This is something quite heavy, the idea being as follows:

(1) To start with, it is clear that L∞(X) is indeed a von Neumann algebra on H =
L2(X). The converse can be proved as well, by using spectral theory, one way of viewing
this being by saying that, given a commutative von Neumann algebra A ⊂ B(H), its
elements T ∈ A are commuting normal operators, so the Spectral Theorem for such
operators applies, and gives A = L∞(X), for some measured space X.

(2) This is von Neumann’s reduction theory main result, whose statement is already
quite hard to understand, and whose proof uses advanced functional analysis. To be
more precise, in finite dimensions this is something that we know well, with the formula
A =

∫
X
Ax dx corresponding to our usual direct sum decomposition, namely:

A =Mn1(C)⊕ . . .⊕Mnk
(C)

In infinite dimensions, things are more complicated, but the idea remains the same,
namely using (1) for the commutative von Neumann algebra Z(A), as to get a measured
space X, and then making your way towards a decomposition of type A =

∫
X
Ax dx.
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(3) This is something fairly heavy, due to Murray-von Neumann and Connes, the idea
being that the other factors can be basically obtained via crossed product constructions.
To be more precise, the various type of factors can be classified as follows:

– Type I. These are the matrix algebras MN(C), called of type IN , and their infinite
generalization, B(H) with H infinite dimensional, called of type I∞. Although these
factors are very interesting and difficult mathematical objects, from the perspective of
the general von Neumann algebra classification work, they are dismissed as “trivial”.

– Type II. These are the infinite dimensional factors having a trace, which is a usual
trace tr : A→ C in the type II1 case, and is something more technical, possibly infinite, in
the remaining case, the type II∞ one, with these latter factors being of the form B(H)⊗A,
with A being a II1 factor, and with H being an infinite dimensional Hilbert space.

– Type III. These are the factors which are infinite dimensional, and do not have a
trace tr : A→ C. Murray and von Neumann struggled a lot with such beasts, with even
giving an example being a non-trivial task, but later Connes came and classified them,
basically showing that they appear from II1 factors, via crossed product constructions. □

So long for basic, or rather advanced but foundational, von Neumann algebra theory.
In what follows we will focus on the II1 factors, according to the following principle:

Principle 12.24. The building blocks of the von Neumann algebra theory are the II1
factors, which are the von Neumann algebras having the following properties:

(1) They are infinite dimensional, dimA =∞.
(2) They are factors, their center being Z(A) = C.
(3) They have a faithful trace tr : A→ C.

But you might perhaps ask, is it even clear that such beasts exist? Good point, and in
answer, given a discrete group Γ, you can talk about its von Neumann algebra, obtained
by talking the weak closure of the usual group algebra, or group C∗-algebra:

L(Γ) ⊂ B(l2(Γ))

This algebra is then infinite dimensional when Γ is infinite, and also has a trace, given
on group elements by tr(g) = δg1. As for the center, this consists of the functions on Γ
which are constant on the conjugacy classes, so when Γ has infinite conjugacy classes,
called ICC property, what we have is a factor. Thus, as a conclusion, when Γ is infinite
and has the ICC property, its von Neumann algebra L(Γ) is a II1 factor.

Summarizing, we have our objects, the II1 factors, but what about morphisms. And
here, a natural idea is that of looking at the inclusions of such factors:

Definition 12.25. A subfactor is an inclusion of II1 factors A0 ⊂ A1.
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So, these will be the objects that we will be interested in, in what follows. Now given
a subfactor A0 ⊂ A1, a first question is that of defining its index, measuring how big A1

is, when compared to A0. But this can be done as follows:

Theorem 12.26. Given an inclusion of II1 factors A0 ⊂ A1, the number

N =
dimA0 H

dimA1 H

is independent of the ambient Hilbert space H, and is called index.

Proof. This is standard, with the fact that the index as defined by the above formula
is independent of the ambient Hilbert space H coming from the various properties of the
coupling constant dimAH, coming from the work of Murray and von Neumann. □

With this discussed, time now for a systematic study of subfactors. Following Jones
[58], let us start with the following standard result:

Proposition 12.27. Associated to any subfactor A0 ⊂ A1 is the orthogonal projection

e : L2(A1)→ L2(A0)

producing the conditional expectation E : A1 → A0 via the following formula:

exe = E(x)e

This projection is called Jones projection for the subfactor A0 ⊂ A1.

Proof. This is indeed somehing quite routine. See [58]. □

Quite remarkably, the subfactor A0 ⊂ A1, as well as its commutant, can be recovered
from the knowledge of this projection, in the following way:

Proposition 12.28. Given a subfactor A0 ⊂ A1, with Jones projection e, we have

A0 = A1 ∩ {e}′ , A′0 = (A′1 ∩ {e})′′

as equalities of von Neumann algebras, acting on the space L2(A1).

Proof. The above two formulae both follow from exe = E(x)e, via some elementary
computations, and for details here, we refer to Jones’ paper [58]. □

We are now ready to formulate a key definition, as follows:

Definition 12.29. Associated to any subfactor A0 ⊂ A1 is the basic construction

A0 ⊂e A1 ⊂ A2

with A2 =< A1, e > being the algebra generated by A1 and by the Jones projection

e : L2(A1)→ L2(A0)

acting on the Hilbert space L2(A1).
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The idea now, following [58], will be that A1 ⊂ A2 appears as a kind of “reflection” of
A0 ⊂ A1, and also that the basic construction can be iterated, and with all this leading
to non-trivial results. To be more precise, following [58], we have:

Theorem 12.30. Associated to any subfactor A0 ⊂ A1 is the Jones tower

A0 ⊂e1 A1 ⊂e2 A2 ⊂e3 A3 ⊂ . . . . . .

with the Jones projections having the following properties:

(1) e2i = ei = e∗i .
(2) eiej = ejei for |i− j| ≥ 2.
(3) eiei±1ei = [A1 : A0]

−1ei.
(4) tr(wen+1) = [A1 : A0]

−1tr(w), for any word w ∈< e1, . . . , en >.

Proof. This follows indeed by doing some routine computations. See [58]. □

The relations found in Theorem 12.30 are in fact well-known, from the standard theory
of the Temperley-Lieb algebra. This algebra, discovered by Temperley and Lieb in the
context of statistical mechanics, has a very simple definition, as follows:

Definition 12.31. The Temperley-Lieb algebra of index N ∈ [1,∞) is defined as

TLN(k) = span(NC2(k, k))

with product given by vertical concatenation, with the rule

⃝ = N

for the closed circles that might appear when concatenating.

As already mentioned, this algebra was discovered by Temperley and Lieb in the
context of general statistical mechanics, and we refer here to the physics literature. In
what concerns us, still following Jones’ paper [58], we have the following result:

Theorem 12.32. Given a subfactor A0 ⊂ A1, construct its the Jones tower:

A0 ⊂e1 A1 ⊂e2 A2 ⊂e3 A3 ⊂ . . . . . .

The rescaled sequence of projections e1, e2, e3, . . . ∈ B(H) produces then a representation

TLN ⊂ B(H)

of the Temperley-Lieb algebra of index N = [A1 : A0].

Proof. We know from Theorem 12.30 that the rescaled sequence of Jones projections
e1, e2, e3, . . . ∈ B(H) behaves algebrically exactly as the following TLN diagrams:

ε1 =
∪
∩ , ε2 = | ∪∩ , ε3 = || ∪∩ , . . .

But these diagrams generate TLN , and so we have an embedding TLN ⊂ B(H), where
H is the Hilbert space where our subfactor A0 ⊂ A1 lives, as claimed. □
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Quite remarkably, the planar algebra structure of TLN , taken in an intuitive sense, of
composing diagrams, extends to a planar algebra structure on P . In order to discuss this,
let us start with the axioms for planar algebras. Following Jones [60], we have:

Definition 12.33. The planar algebras are defined as follows:

(1) We consider rectangles in the plane, with the sides parallel to the coordinate axes,
and taken up to planar isotopy, and we call such rectangles boxes.

(2) A labeled box is a box with 2n marked points on its boundary, n on its upper side,
and n on its lower side, for some integer n ∈ N.

(3) A tangle is labeled box, containing a number of labeled boxes, with all marked
points, on the big and small boxes, being connected by noncrossing strings.

(4) A planar algebra is a sequence of finite dimensional vector spaces P = (Pn),
together with linear maps Pn1 ⊗ . . . ⊗ Pnk

→ Pn, one for each tangle, such that
the gluing of tangles corresponds to the composition of linear maps.

In fact things are a bit more complicated than this, but for getting started, this will
do. As a basic example of a planar algebra, we have the Temperley-Lieb algebra:

Theorem 12.34. The Temperley-Lieb algebra TLN , viewed as graded algebra

TLN = (TLN(n))n∈N

is a planar algebra, with the corresponding linear maps associated to the planar tangles

TLN(n1)⊗ . . .⊗ TLN(nk)→ TLN(n)

appearing by putting the various TLN(ni) diagrams into the small boxes of the given tangle,
which produces a TLN(n) diagram.

Proof. This is something trivial, which follows from definitions:

(1) Assume indeed that we are given a planar tangle π, as in Definition 12.33, consisting
of a box having 2n marked points on its boundary, and containing k small boxes, having
respectively 2n1, . . . , 2nk marked points on their boundaries, and then a total of n+Σni
noncrossing strings, connecting the various 2n+ Σ2ni marked points.

(2) We want to associate to this tangle π a linear map as follows:

Tπ : TLN(n1)⊗ . . .⊗ TLN(nk)→ TLN(n)

For this purpose, by linearity, it is enough to construct elements as follows, for any
choice of Temperley-Lieb diagrams σi ∈ TLN(ni), with i = 1, . . . , k:

Tπ(σ1 ⊗ . . .⊗ σk) ∈ TLN(n)
(3) But constructing such an element is obvious, just by putting the various diagrams

σi ∈ TLN(ni) into the small boxes the given tangle π. Indeed, this procedure produces a
certain diagram in TLN(n), that we can call Tπ(σ1 ⊗ . . .⊗ σk), as above.
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(4) Finally, we have to check that everything is well-defined up to planar isotopy, and
that the gluing of tangles corresponds to the composition of linear maps. But both these
checks are trivial, coming from the definition of TLN , and we are done. □

As a conclusion to all this, P = TLN is indeed a planar algebra, and of somewhat
“trivial” type, with the triviality coming from the fact that, in this case, the elements of
P are planar diagrams themselves, so the planar structure appears trivially.

In relation now with subfactors, the result, which extends Theorem 12.32, and which
was found by Jones in [60], almost 20 years after [58], is as follows:

Theorem 12.35. Given a subfactor A0 ⊂ A1, the collection P = (Pn) of linear spaces

Pn = A′0 ∩ An
has a planar algebra structure, extending the planar algebra structure of TLN .

Proof. We know from Theorem 12.32 that we have an inclusion as follows, coming
from the basic construction, and with TLN itself being a planar algebra:

TLN ⊂ P

Thus, the whole point is that of proving that the trivial planar algebra structure of
TLN extends into a planar algebra structure of P . But this can be done via a long
algebraic study, and for the full computation here, we refer to Jones’ paper [60]. □

Getting now to quantum groups, the above machinery is interesting for us. We will
need the construction of the tensor planar algebra TN , which is as follows:

Definition 12.36. The tensor planar algebra TN is the sequence of vector spaces

Pk =MN(C)⊗k

with the multilinear maps Tπ : Pk1 ⊗ . . .⊗ Pkr → Pk being given by the formula

Tπ(ei1 ⊗ . . .⊗ eir) =
∑
j

δπ(i1, . . . , ir : j)ej

with the Kronecker symbols δπ being 1 if the indices fit, and being 0 otherwise.

In other words, we are using here a construction which is very similar to the construc-
tion π → Tπ that we used for easy quantum groups. We put the indices of the basic
tensors on the marked points of the small boxes, in the obvious way, and the coefficients
of the output tensor are then given by Kronecker symbols, exactly as in the easy case.

The fact that we have indeed a planar algebra, in the sense that the gluing of tangles
corresponds to the composition of linear maps, as required by Definition 12.33, is some-
thing elementary, in the same spirit as the verification of the functoriality properties of
the correspondence π → Tπ, discussed in chapter 11, and we refer here to Jones [60].
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We have the following result, making the link with quantum groups:

Theorem 12.37. The following happen, at the algebraic level:

(1) The closed subgroups G ⊂ O+
N produce planar algebras P ⊂ TN , via the following

formula, and any subalgebra P ⊂ TN appears in this way:

Pk = End(u⊗k)

(2) Also, the closed subgroups G ⊂ U+
N produce planar algebras P ⊂ TN , via the

following formula, and any subalgebra P ⊂ TN appears in this way:

Pk = End(u⊗ ū⊗ u⊗ . . .︸ ︷︷ ︸
k terms

)

(3) In fact, the closed subgroups G ⊂ PO+
N ≃ PU+

N are in correspondence with the
subalgebras P ⊂ TN , with G→ P being given by Pk = Fix(u⊗k).

Proof. There is a long story with this result, the idea being as follows:

(1) This is something quite routine, ultimately appearing as a suitable modification of
Woronowicz’s Tannakian duality in [100]. Note that the correspondence is not bijective,
because the spaces Pk determine PG ⊂ PO+

N , but not G ⊂ O+
N itself.

(2) This is an extension of (1), and the same comments apply. With the extra comment
that the fact that the subgroups PG ⊂ PO+

N produce the same planar algebras as the
subgroups PG ⊂ PU+

N should not be surprising, due to PO+
N = PU+

N .

(3) This is an extension of (2), and a further extension of (1), and is in fact the best
result on the subject, due to the fact that we have there a true, bijective correspondence.
As before, this ultimately comes from Woronowicz’s Tannakian duality in [100]. □

Finally, in relation with subfactors, the result here is as follows:

Theorem 12.38. The planar algebras coming from the subgroups G ⊂ PO+
N = PU+

N

appear from fixed point subfactors, of the following type,

AG ⊂ (MN(C)⊗ A)G

with the action G↷ A being assumed to be minimal, (AG)′ ∩ A = C.

Proof. Again, there is a long story with this result, and for details about this, and
for various generalizations as well, we refer here to [5], [87] and related papers. □

Finally, let us mention that an important question, which is still open, is that of
understanding whether the above subfactors can be taken to be hyperfinite, AG ≃ R.
This is related to the axiomatization of hyperfinite subfactors, another open question,
which is of central importance in von Neumann algebras. See Jones [58].
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12d. Matrix models

With the subfactors and planar algebras discussed, which are at the same time more
general than the quantum groups, and a bit more concrete as well, with everything hap-
pening on a Hilbert space H, which is something very nice and concrete, you might
wonder, does it really make sense now to go back to algebra, and to quantum groups.

Good point, and in answer, here is a good and healthy quantum group principle:

Principle 12.39. We have concrete Hilbert spaces and concrete operator algebras in
quantum groups too, via the notion of matrix model,

π : C(G)→MK(C(T ))

which involves the random matrix algebra MK(C(T )). So, for anything advanced, truly
competing with subfactors and planar algebras, we should work more on such models.

Getting now to work, we already know a bit about such models, from the previous
chapters, but time now to have a more systematic look at all this, using our recent
quantum group knowledge. As a first task, let us review the notion of Hopf image:

π : C(G)→ C(H)→MK(C(T ))

We recall that the existence and uniqueness of the Hopf image come by dividing the
algebra C(G) by a suitable ideal. Alternatively, in Tannakian terms, we have:

Theorem 12.40. Assuming G ⊂ U+
N , with fundamental corepresentation u = (uij),

the Hopf image of a model π : C(G)→MK(C(T )) comes from the Tannakian category

Ckl = Hom(U⊗k, U⊗l)

where Uij = π(uij), and where the spaces on the right are taken in a formal sense.

Proof. Since the morphisms increase the intertwining spaces, when defined either in
a representation theory sense, or just formally, we have inclusions as follows:

Hom(u⊗k, u⊗l) ⊂ Hom(U⊗k, U⊗l)

More generally, we have such inclusions when replacing (G, u) with any pair producing
a factorization of π. Thus, by Tannakian duality, the Hopf image must be given by the
fact that the intertwining spaces must be the biggest, subject to the above inclusions. On
the other hand, since u is biunitary, so is U , and it follows that the spaces on the right
form a Tannakian category. Thus, we have a quantum group (H, v) given by:

Hom(v⊗k, v⊗l) = Hom(U⊗k, U⊗l)

By the above discussion, C(H) follows to be the Hopf image of π, as claimed. □

Regarding now the study of the inner faithful models, a key problem is that of com-
puting the Haar integration functional, and we have here the following result:
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Theorem 12.41. Given an inner faithful model π : C(G)→MK(C(T )), we have∫
G

= lim
k→∞

1

k

k∑
r=1

∫ r

G

with the truncations of the integration on the right being given by∫ r

G

= (φ ◦ π)∗r

with ϕ ∗ ψ = (ϕ⊗ ψ)∆, and with φ = tr ⊗
∫
T
being the random matrix trace.

Proof. This is something quite tricky, the idea being as follows:

(1) As a first observation, there is an obvious similarity here with the Woronowicz
construction of the Haar measure, explained in chapter 10. In fact, the above result holds
more generally for any model π : C(G)→ B, with φ ∈ B∗ being a faithful trace.

(2) In order to prove now the result, we can proceed as in chapter 10. If we denote by∫ ′
G
the limit in the statement, we must prove that this limit converges, and that:∫ ′

G

=

∫
G

It is enough to check this on the coefficients of the Peter-Weyl corepresentations, and
if we let v = u⊗k be one of these corepresentations, we must prove that we have:(

id⊗
∫ ′
G

)
v =

(
id⊗

∫
G

)
v

(3) In order to prove this, we already know, from the Haar measure theory from
chapter 1, that the matrix on the right is the orthogonal projection onto Fix(v):(

id⊗
∫
G

)
v = Proj

[
Fix(v)

]
Regarding now the matrix on the left, the trick in [99] applied to the linear form φπ

tells us that this is the orthogonal projection onto the 1-eigenspace of (id⊗ φπ)v:(
id⊗

∫ ′
G

)
v = Proj

[
1 ∈ (id⊗ φπ)v

]
(4) Now observe that, if we set Vij = π(vij), we have the following formula:

(id⊗ φπ)v = (id⊗ φ)V
Thus, we can apply the trick in [99], and we conclude that the 1-eigenspace that we

are interested in equals Fix(V ). But, according to Theorem 12.40, we have:

Fix(V ) = Fix(v)

Thus, we have proved that we have
∫ ′
G
=
∫
G
, as desired. □
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As a further piece of general theory, regarding models, let us formulate:

Definition 12.42. A model π : C(G)→MK(C(T )) is called stationary when∫
G

=

(
tr ⊗

∫
T

)
π

where
∫
T
is the integration with respect to a given probability measure on T .

This is of course a quite specialized notion, because by basic functional analysis, the
model must be faithful, and the algebra C(G) must be of type I. However, there are many
interesting examples of such models, as we have already seen in chapter 8.

In order to detect the stationary models, we have the following useful criterion, mixing
linear algebra and analysis, based on the Cesàro formula from Theorem 12.41:

Theorem 12.43. For a model π : C(G)→MK(C(T )), the following are equivalent:

(1) Im(π) is a Hopf algebra, and the Haar integration on it is:

ψ =

(
tr ⊗

∫
T

)
π

(2) The linear form ψ = (tr ⊗
∫
T
)π satisfies the idempotent state property:

ψ ∗ ψ = ψ

(3) We have T 2
e = Te, ∀p ∈ N, ∀e ∈ {1, ∗}p, where:

(Te)i1...ip,j1...jp =

(
tr ⊗

∫
T

)
(U e1

i1j1
. . . U

ep
ipjp

)

If these conditions are satisfied, we say that π is stationary on its image.

Proof. Given a matrix model π : C(G) → MK(C(T )) as in the statement, we can
factorize it via its Hopf image, as in chapter 4, or in Theorem 12.40:

π : C(G)→ C(H)→MK(C(T ))

Now observe that (1,2,3) above depend only on the factorized representation:

ν : C(H)→MK(C(T ))

Thus, we can assume in practice that we have G = H, which means that we can
assume that π is inner faithful. With this assumption made, the formula in Theorem
12.41 applies to our situation, and the proof of the equivalences goes as follows:

(1) =⇒ (2) This is clear from definitions, because the Haar integration on any
compact quantum group satisfies the following idempotent state equation:

ψ ∗ ψ = ψ
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(2) =⇒ (1) Assuming ψ ∗ψ = ψ, we have ψ∗r = ψ for any r ∈ N, and Theorem 12.41
gives

∫
G
= ψ. Thus, via some standard functional analysis, we obtain the result.

In order to establish now (2)⇐⇒ (3), we use the following elementary formula, which
comes from the definition of the convolution operation:

ψ∗r(ue1i1j1 . . . u
ep
ipjp

) = (T re )i1...ip,j1...jp

(2) =⇒ (3) Assuming ψ ∗ ψ = ψ, by using the above formula at r = 1, 2 we obtain
that the matrices Te and T

2
e have the same coefficients, and so they are equal.

(3) =⇒ (2) Assuming T 2
e = Te, by using the above formula at r = 1, 2 we obtain that

the linear forms ψ and ψ ∗ ψ coincide on any product of coefficients ue1i1j1 . . . u
ep
ipjp

. Now

since these coefficients span a dense subalgebra of C(G), this gives the result. □

So long for the basic theory of the random matrix models. At the level of concrete
applications now, we have already seen some in chapter 8, and with the above theorems
providing the key for fully understanding that material, say at a second reading.

Also, following Bichon-Dubois-Violette [26] and related work, there are some inter-
esting applications of this to the notion of half-liberation, the idea being that the half-
liberations have stationary models, obtained by using antidiagonal 2× 2 matrices.

Finally, in relation with Principle 12.39 that we started with, there are some deep
truths hidden there, the idea being that our quantum groups and matrix models can
potentially help in relation with certain questions from statistical mechanics. And here,
again, we will leave some exploration of what is known and what is not, to you reader.

12e. Exercises

We had a fairly advanced chapter here, and as exercises, we have:

Exercise 12.44. Learn, with details, the Drinfeld-Jimbo deformation theory.

Exercise 12.45. Prove that the quantum reflection groups equal their own twists.

Exercise 12.46. Learn more about discrete quantum groups, and their growth.

Exercise 12.47. Learn von Neumann algebra theory, as much as you can.

Exercise 12.48. Learn about the classification of subfactors of index N ≤ 4.

Exercise 12.49. Learn about the 2× 2 matrix models for half-liberations.

As bonus exercise, learn about the hyperfinite factor R, and its subfactors.
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Quantum spaces
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CHAPTER 13

Finite spaces

13a. Twisted spaces

Welcome to noncommutative geometry. In this last part of the present book we discuss
how what we learned to far, concerning the quantum groups, can be extended to more
general classes of “quantum manifolds”. That is, we would like to reach to a full theory
of noncommutative geometry, and with the hope that this can be useful for physics.

We will be quite modest in our purposes and goals, which will be basically introductory.
Among others, with the art of geometry, even in the classical case, being quite hard
to develop over arbitrary fields F , we will develop here our theory over F = C, as a
continuation of the material from Part III, which was over F = C too.

However, and here comes the point, abstract algebraic aspects will not be forgotten,
and there will be a philosophical relation too with the material from Parts I-II, for the
most dealing with arbitrary fields F . We will talk about this in the final chapter, 16.

In order to get started now, let us first talk about the finite quantum spaces. In view
of the general C∗-algebra theory explained before, we have the following definition:

Definition 13.1. A finite quantum space Z is the abstract dual of a finite dimensional
C∗-algebra B, according to the following formula:

C(Z) = B

The formal number of elements of such a space is |Z| = dimB. By decomposing the
algebra B, we have a formula of the following type:

C(Z) =Mn1(C)⊕ . . .⊕Mnk
(C)

With n1 = . . . = nk = 1 we obtain in this way the space Z = {1, . . . , k}. Also, when k = 1
the equation is C(Z) =Mn(C), and the solution will be denoted Z =Mn.

In order to do some mathematics on such spaces, the very first observation is that we
can talk about the formal number of points of such a space, as follows:

|Z| = dimB

299
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Alternatively, by decomposing the algebra B as a sum of matrix algebras, as in Defi-
nition 13.1, we have the following formula for the formal number of points:

|Z| = n2
1 + . . .+ n2

k

Pictorially, this suggests representing Z as a set of |Z| points in the plane, arranged
in squares having sides n1, . . . , nk, coming from the matrix blocks of B, as follows:

◦ ◦ ◦
◦ ◦ ◦ . . . ◦ ◦
◦ ◦ ◦ ◦ ◦

As a second piece of mathematics, we can talk about counting measures, as follows:

Definition 13.2. Given a finite quantum space Z, we construct the functional

tr : C(Z)→ B(l2(Z))→ C

obtained by applying the regular representation, and the normalized matrix trace, and we
call it integration with respect to the normalized counting measure on Z.

To be more precise, consider the algebra B = C(Z), which is by definition finite
dimensional. We can make act B on itself, by left multiplication:

π : B → L(B) , a→ (b→ ab)

The target of π being a matrix algebra, L(B) ≃ MN(C) with N = dimB, we can
further compose with the normalized matrix trace, and we obtain tr:

tr =
1

N
Tr ◦ π

As basic examples, for both Z = {1, . . . , N} and Z = MN we obtain the usual trace.
In general, with C(Z) =Mn1(C)⊕ . . .⊕Mnk

(C), the weights of tr are:

ci =
n2
i∑
i n

2
i

Pictorially, this suggests fine-tuning our previous picture of Z, by adding to each point
the unnormalized trace of the corresponding element of B, as follows:

•n1 ◦0 ◦0
◦0 •n1 ◦0 . . . •nk

◦0
◦0 ◦0 •n1 ◦0 •nk

Here we have represented the points on the diagonals with solid circles, since they
are of different nature from the off-diagonal ones, the attached numbers being nonzero.
However, this picture is not complete either, and we can do better, as follows:
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Definition 13.3. Given a finite quantum space Z, coming via a formula of type

C(Z) =Mn1(C)⊕ . . .⊕Mnk
(C)

we use the following equivalent conventions for drawing Z:

(1) Triple indices. We represent Z as a set of N = |Z| points, with each point being
decorated with a triple index ija, coming from the standard basis {eaij} ⊂ B.

(2) Double indices. As before, but by ignoring the index a, with the convention that
i, j belong to various indexing sets, one for each of the matrix blocks of B.

(3) Single indices. As before, but with each point being now decorated with a single
index, playing the role of the previous triple indices ija, or double indices ij.

As an illustration, consider the space Z = {1, . . . , k}. According to our single index
convention, we can represent this space as a set of k points, decorated by some indices,
which must be chosen different. Thus, we are led to the following picture:

•1 •2 . . . •k
As another illustration, consider the space Z = Mn. Here the picture is as follows,

using double indices, which can be regarded as well as being single indices:

•11 ◦12 ◦13
◦21 •22 ◦23
◦31 ◦32 •33

As yet another illustration, for the space Z = M3 ⊔M2, which appears by definition
from the algebra B = M3(C) ⊕M2(C), we are in need of triple indices, which can be of
course regarded as single indices, in order to label all the points, and the picture is:

•111 ◦121 ◦131
◦211 •221 ◦231 •112 ◦122
◦311 ◦321 •331 ◦212 •222

Let us study now the quantum group actions G ↷ Z. If we denote by µ, η the
multiplication and unit map of the algebra C(Z), we have the following result:

Proposition 13.4. Consider a linear map Φ : C(Z)→ C(Z)⊗ C(G), written as

Φ(ei) =
∑
j

ej ⊗ uji

with {ei} being a linear space basis of C(Z), chosen orthonormal with respect to tr.

(1) Φ is a linear space coaction ⇐⇒ u is a corepresentation.
(2) Φ is multiplicative ⇐⇒ µ ∈ Hom(u⊗2, u).
(3) Φ is unital ⇐⇒ η ∈ Hom(1, u).
(4) Φ leaves invariant tr ⇐⇒ η ∈ Hom(1, u∗).
(5) If these conditions hold, Φ is involutive ⇐⇒ u is unitary.
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Proof. This is similar to the proof for S+
N from chapter 6, as follows:

(1) There are two axioms to be processed here, and we have indeed:

(id⊗∆)Φ = (Φ⊗ id)Φ ⇐⇒ ∆(uji) =
∑
k

ujk ⊗ uki

(id⊗ ε)Φ = id ⇐⇒ ε(uji) = δji

(2) By using Φ(ei) = u(ei ⊗ 1) we have the following identities, which give the result:

Φ(eiek) = u(µ⊗ id)(ei ⊗ ek ⊗ 1)

Φ(ei)Φ(ek) = (µ⊗ id)u⊗2(ei ⊗ ek ⊗ 1)

(3) From Φ(ei) = u(ei ⊗ 1) we obtain by linearity, as desired:

Φ(1) = u(1⊗ 1)

(4) This follows from the following computation, by applying the involution:

(tr ⊗ id)Φ(ei) = tr(ei)1 ⇐⇒
∑
j

tr(ej)uji = tr(ei)1

⇐⇒
∑
j

u∗ji1j = 1i

⇐⇒ (u∗1)i = 1i

⇐⇒ u∗1 = 1

(5) Assuming that (1-4) are satisfied, and that Φ is involutive, we have:

(u∗u)ik =
∑
l

u∗liulk

=
∑
jl

tr(e∗jel)u
∗
jiulk

= (tr ⊗ id)
∑
jl

e∗jel ⊗ u∗jiulk

= (tr ⊗ id)(Φ(ei)∗Φ(ek))
= (tr ⊗ id)Φ(e∗i ek)
= tr(e∗i ek)1

= δik

Thus u∗u = 1, and since we know from (1) that u is a corepresentation, it follows that u
is unitary. The proof of the converse is standard too, by using a similar computation. □

Following now [6], [92], we have the following result, extending the basic theory of S+
N

from chapter 6 to the present finite quantum space setting:
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Theorem 13.5. Given a finite quantum space Z, there is a universal compact quantum
group S+

Z acting on Z, and leaving the counting measure invariant. We have

C(S+
Z ) = C(U+

N )
/〈

µ ∈ Hom(u⊗2, u), η ∈ Fix(u)
〉

where N = |Z|, and where µ, η are the multiplication and unit maps of the algebra C(Z).
For the classical space Z = {1, . . . , N} we have S+

Z = S+
N .

Proof. Here the first two assertions follow from Proposition 13.4, by using the stan-
dard fact that the complex conjugate of a corepresentation is a corepresentation too. As
for the last assertion, regarding S+

N , this follows from the results in chapter 6. □

The above result is quite conceptual, and we will see some applications in a moment.
However, for many concrete questions, nothing beats multimatrix bases and indices. So,
following the original paper of Wang [92], let us discuss this. We first have:

Definition 13.6. Given a finite quantum space Z, we let {ei} be the standard basis
of B = C(Z), so that the multiplication, involution and unit of B are given by

eiej = eij , e∗i = eī , 1 =
∑
i=ī

ei

where (i, j) → ij is the standard partially defined multiplication on the indices, with the
convention e∅ = 0, and where i→ ī is the standard involution on the indices.

To be more precise, let {erab} ⊂ B be the multimatrix basis. We set i = (abr), and
with this convention, the multiplication, coming from erabe

p
cd = δrpδbce

r
ad, is given by:

(abr)(cdp) =

{
(adr) if b = c, r = p

∅ otherwise

Regarding now the generalized quantum permutation groups S+
Z , the construction in

Theorem 13.5 reformulates as follows, by using the above formalism:

Proposition 13.7. Given a finite quantum space Z, with basis {ei} ⊂ C(Z) as above,
the algebra C(S+

Z ) is generated by variables uij with the following relations,∑
ij=p

uikujl = up,kl ,
∑
kl=p

uikujl = uij,p

∑
i=ī

uij = δjj̄ ,
∑
j=j̄

uij = δīi

u∗ij = uī j̄

with the fundamental corepresentation being the matrix u = (uij). We call a matrix
u = (uij) satisfying the above relations “generalized magic”.
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Proof. We recall from Theorem 13.5 that the algebra C(S+
Z ) appears as follows,

where N = |Z|, and where µ, η are the multiplication and unit maps of C(Z):

C(S+
Z ) = C(U+

N )
/〈

µ ∈ Hom(u⊗2, u), η ∈ Fix(u)
〉

But the relations µ ∈ Hom(u⊗2, u) and η ∈ Fix(u) produce the 1st and 4th relations
in the statement, then the biunitarity of u gives the 5th relation, and finally the 2nd and
3rd relations follow from the 1st and 4th relations, by using the antipode. □

As an illustration, consider the case Z = {1, . . . , N}. Here our relations are as follows,
corresponding to the standard magic conditions on a matrix u = (uij):

uikuil = δkluik , uikujk = δijuik∑
i

uij = 1 ,
∑
j

uij = 1

u∗ij = uij

As a second illustration now, which is something new, we have:

Theorem 13.8. For the space Z =M2, coming via C(Z) =M2(C), we have

S+
Z = SO3

with the action SO3 ↷M2(C) being the standard one, coming from SU2 → SO3.

Proof. This is something quite tricky, the idea being as follows:

(1) First, we have an action by conjugation SU2 ↷M2(C), and this action produces,
via the canonical quotient map SU2 → SO3, an action as follows:

SO3 ↷M2(C)

(2) Then, it is routine to check, by using computations like those from the proof of
S+
N = SN at N ≤ 3, from chapter 6, that any action G ↷ M2(C) must come from a

classical group. Thus the action SO3 ↷M2(C) is universal, as claimed.

(3) This was for the idea, and we will actually come back to this in a moment, in a
more general setting, and with a new proof, complete this time. □

Let us develop now some basic theory for the quantum symmetry groups S+
Z , and their

closed subgroups G ⊂ S+
Z . We have here the following key result, from [5]:

Theorem 13.9. The quantum groups S+
Z have the following properties:

(1) The associated Tannakian categories are TLN , with N = |F |.
(2) The main character follows the Marchenko-Pastur law π1, when |Z| ≥ 4.
(3) The fusion rules for S+

Z with |Z| ≥ 4 are the same as for SO3.
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Proof. This result is from [5], the idea being as follows:

(1) Let us pick our orthogonal basis {ei} as in Definition 13.6, so that we have, for a
certain involution i→ ī on the index set, the following formula:

e∗i = eī

With this convention, we have the following computation:

Φ(ei) =
∑
j

ej ⊗ uji =⇒ Φ(ei)
∗ =

∑
j

e∗j ⊗ u∗ji

=⇒ Φ(eī) =
∑
j

ej̄ ⊗ u∗ji

=⇒ Φ(ei) =
∑
j

ej ⊗ u∗ī j̄

Thus u∗ji = uī j̄, so u ∼ ū. Now with this result in hand, the proof goes as for the

proof for S+
N , from chapter 6. To be more precise, the result follows from the fact that

the multiplication and unit of any complex algebra, and in particular of the algebra C(Z)
that we are interested in here, can be modelled by the following two diagrams:

m = | ∪ | , u = ∩
Indeed, this is certainly true algebrically, and well-known, with as an illustration here,

the associativity formula m(m⊗ id) = (id⊗m)m being checked as follows:

| ∪ | | |
| ∪ | =

| | | ∪ |
| ∪ |

As in what regards the ∗-structure, things here are fine too, because our choice for
the trace from Definition 13.2 leads to the following formula regarding the adjoints, cor-
responding to mm∗ = N , and so to the basic Temperley-Lieb calculus rule ⃝ = N :

µµ∗ = N · id
We conclude that the Tannakian category associated to S+

Z is, as claimed:

C = < µ, η >

= < m, u >

= < | ∪ |,∩ >
= TLN

(2) The proof here is exactly as for S+
N , by using moments. To be more precise,

according to (1) these moments are the Catalan numbers, which are the moments of π1.

(3) Once again same proof as for S+
N , by using the fact that the moments of χ are the

Catalan numbers, which naturally leads to the Clebsch-Gordan rules. □
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We can merge and reformulate our main results so far in the following way:

Theorem 13.10. The quantun groups S+
Z have the following properties:

(1) For Z = {1, . . . , N} we have S+
Z = S+

N .
(2) For the space Z =MN we have S+

Z = PO+
N = PU+

N .
(3) In particular, for the space Z =M2 we have S+

Z = SO3.
(4) The fusion rules for S+

Z with |Z| ≥ 4 are independent of Z.
(5) Thus, the fusion rules for S+

Z with |Z| ≥ 4 are the same as for SO3.

Proof. This is basically a compact form of what has been said above, with a new
result added, and with some technicalities left aside, the idea being as follows:

(1) This is something that we know from Theorem 13.5.

(2) We recall from chapter 4 that we have PO+
N = PU+

N . Consider the standard vector
space action of the free unitary group U+

N , and its adjoint action:

U+
N ↷ CN , PU+

N ↷MN(C)
By universality of S+

MN
, we must have inclusions as follows:

PO+
N ⊂ PU+

N ⊂ S+
MN

On the other hand, the main character of O+
N with N ≥ 2 being semicircular, the

main character of PO+
N must be Marchenko-Pastur. Thus the inclusion PO+

N ⊂ S+
MN

has
the property that it keeps fixed the law of main character, and by Peter-Weyl theory we
conclude that this inclusion must be an isomorphism, as desired.

(3) This is something that we know from Theorem 13.9, and that can be deduced
as well from (2), by using the formula PO+

2 = SO3, which is something elementary.
Alternatively, this follows without computations from (4) below, because the inclusion of
quantum groups SO3 ⊂ S+

M2
has the property that it preserves the fusion rules.

(4) This is something that we know from Theorem 13.9.

(5) This follows from (3,4), as already pointed out in Theorem 13.9. □

As an application of our extended formalism, the Cayley theorem for the finite quan-
tum groups holds in the S+

Z setting. We have indeed the following result, from [13]:

Theorem 13.11. Any finite quantum group G has a Cayley embedding, as follows:

G ⊂ S+
G

However, there are finite quantum groups which are not quantum permutation groups.

Proof. There are two statements here, the idea being as follows:

(1) We have an action G ↷ G, which leaves invariant the Haar measure. Now since
the counting measure is left and right invariant, so is the Haar measure. We conclude
that G↷ G leaves invariant the counting measure, and so G ⊂ S+

G , as claimed.



13B. QUANTUM GRAPHS 307

(2) Regarding the second assertion, this is something non-trivial, the simplest coun-
terexample being a certain quantum group G appearing as a split abelian extension as-
sociated to the factorization S4 = Z4S3, having cardinality |G| = 24. □

Finally, some interesting phenomena appear in the “homogeneous” case, where our
quantum space is of the form Z =MK × {1 . . . , L}. Here we first have:

Proposition 13.12. The classical symmetry group of Z =MK × {1 . . . , L} is
SZ = PUK ≀ SL

with on the right a wreath product, equal by definition to PUL
K ⋊ SL.

Proof. The fact that we have an inclusion PUK ≀SL ⊂ SZ is standard, and this follows
as well by taking the classical version of the inclusion PU+

K ≀∗S
+
L ⊂ S+

Z , established below.
As for the fact that this inclusion PUK ≀ SL ⊂ SZ is an isomorphism, this can be proved
by picking an arbitrary element g ∈ SZ , and decomposing it. □

Quite surprisingly, the quantum analogue of the above result fails:

Theorem 13.13. The quantum symmetry group of Z =MK × {1 . . . , L} satisfies:
PU+

K ≀∗ S
+
L ⊂ S+

Z

However, this inclusion is not an isomorphism at K,L ≥ 2.

Proof. We have several assertions to be proved, the idea being as follows:

(1) The fact that we have PU+
K ≀∗ S

+
L ⊂ S+

Z is well-known and routine, by checking the

fact that the matrix wija,klb = u
(a)
ij,klvab is a generalized magic unitary.

(2) The inclusion PU+
K ≀∗ S

+
L ⊂ S+

Z is not an isomorphism, by using standard results,
along with the fact that π1 ⊠ π1 ̸= π1 where π1 is the Marchenko-Pastur law. □

13b. Quantum graphs

Let us start with the following straightforward extension of the usual notion of finite
graph, obtained by using a finite quantum space as set of vertices:

Definition 13.14. We call “finite quantum graph” a pair of type

X = (Z, d)

with Z being a finite quantum space, and with d ∈MN(C) being a matrix.

This is of course something quite general. In the case Z = {1, . . . , N} for instance,
what we have here is a directed graph, with the edges i→ j colored by complex numbers
dij ∈ C, and with self-edges i→ i allowed too, again colored by numbers dii ∈ C. In the
general case, however, where Z is arbitrary, the need for extra conditions of type d = d∗,
or dii = 0, or d ∈MN(R), or d ∈MN(0, 1) and so on, is not very natural, as we will soon
discover, and it is best to use Definition 13.14 as such, with no restrictions on d.
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In general, a quantum graph can be represented as a colored oriented graph on
{1, . . . , N}, where N = |Z|, with the vertices being decorated by single indices i, and
with the colors being complex numbers, namely the entries of d. This is similar to the
formalism from before, but there is a discussion here in what regards the exact choice of
the colors, which are usually irrelevant in connection with our symmetry problematics,
and so can be true colors instead of complex numbers. More on this later.

With the above notion in hand, we have the following definition:

Definition 13.15. The quantum automorphism group of X = (Z, d) is the subgroup

G+(X) ⊂ S+
Z

obtained via the relation du = ud, where u = (uij) is the fundamental corepresentation.

Again, this is something very natural, coming as a continuation of the constructions
for usual graphs. We refer to the literature for more on this notion, and for a number of
advanced computations, in relation with free wreath products. At an elementary level, a
first problem is that of working out the basics of the correspondence X → G+(X). There
are several things to be done here, namely simplices, complementation, color indepen-
dence, multi-simplices, and with a few twists, all this basically extends well.

Let us start with the simplices. As we will soon discover, things are quite tricky here,
leading us in particular to the conclusion that the simplex based on an arbitrary finite
quantum space F is not a usual graph, with d ∈ MN(0, 1) where N = |Z|, but rather a
sort of “signed graph”, with d ∈MN(−1, 0, 1). Let us start our study with:

Theorem 13.16. Given a finite quantum space Z, we have

G+(Zempty) = G+(Zfull) = S+
Z

where Zempty is the empty graph on the vertex set Z, coming from the matrix d = 0, and
where Zfull is the simplex on the vertex set Z, coming from the matrix

d = NP1 − 1N

where N = |Z|, and where P1 is the orthogonal projection on the unit 1 ∈ C(Z).

Proof. This is something quite tricky, the idea being as follows:

(1) First of all, the formula G+(Zempty) = S+
Z is clear from definitions, because the

commutation of u with the matrix d = 0 is automatic.

(2) Regarding G+(Zfull) = S+
Z , let us first discuss the classical case, Z = {1, . . . , N}.

Here the simplex Zfull is the graph having having edges between any two vertices, whose
adjacency matrix is d = IN − 1N , where IN is the all-1 matrix. The commutation of u
with 1N being automatic, and the commutation with IN being automatic too, u being
bistochastic, we have [u, d] = 0, and so G+(Zfull) = S+

Z in this case, as stated.
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(3) In the general case, we know from Theorem 13.5 that we have η ∈ Fix(u), with
η : C → C(Z) being the unit map. Thus we have P1 ∈ End(u), and so the condition
[u, P1] = 0 is automatic. Together with the fact that in the classical case we have IN =
NP1, this suggests to define the adjacency matrix of the simplex as being d = NP1− 1N ,
and with this definition, we have indeed G+(Zfull) = S+

Z , as claimed. □

Let us study now the simplices Ffull found in Theorem 13.16. In the classical case,
Z = {1, . . . , N}, what we have is of course the usual simplex. However, in the general
case things are more mysterious, the first result here being as follows:

Proposition 13.17. The adjacency matrix of the simplex Zfull, given by definition
by d = NP1 − 1N , is a matrix d ∈MN(−1, 0, 1), which can be computed as follows:

(1) In single index notation, dij = δīiδjj̄ − δij.
(2) In double index notation, dab,cd = δabδcd − δacδbd.
(3) In triple index notation, dabp,cdq = δabδcd − δacδbdδpq.

Proof. According to our single index conventions, from Definition 13.3, the adjacency
matrix of the simplex is the one in the statement, namely:

dij = (NP1 − 1N)ij

= 1̄i1j − δij
= δīiδjj̄ − δij

In double index notation now, with i = (ab) and j = (cd), and a, b, c, d being usual
matrix indices, each thought to be attached to the corresponding matrix block of C(Z),
the formula that we obtain in the second one in the statement, namely:

dab,cd = δab,baδcd,dc − δab,cd
= δabδcd − δacδbd

Finally, in standard triple index notation, i = (abp) and j = (cdq), with a, b, c, d
being now usual numeric matrix indices, ranging in 1, 2, 3, . . . , and with p, q standing for
corresponding blocks of the algebra C(Z), the formula that we obtain is:

dabp,cdq = δabp,bapδcdq,dcq − δabp,cdq
= δabδcd − δacδbdδpq

Thus, we are led to the conclusions in the statement. □

At the level of examples, for Z = {1, . . . , N} the best is to use the above formula (1).
The involution on the index set is ī = i, and we obtain, as we should:

dij = 1− δij
As a more interesting example now, for the quantum space Z = Mn, coming by

definition via the formula C(Z) =Mn(C), the situation is as follows:



310 13. FINITE SPACES

Proposition 13.18. The simplex Zfull with Z =Mn is as follows:

(1) The vertices are n2 points in the plane, arranged in square form.
(2) Usual edges, worth 1, are drawn between distinct points on the diagonal.
(3) In addition, each off-diagonal point comes with a self-edge, worth −1.

Proof. Here the most convenient is to use the double index formula from Proposition
13.17 (2), which tells us that d is as follows, with indices a, b, c, d ∈ {1, . . . , n}:

dab,cd = δabδcd − δacδbd
This quantity can be −1, 0, 1, and the study goes as follows:

– Case dab,cd = 1. This can only happen when δabδcd = 1 and δacδbd = 0, corresponding
to a formula of type daa,cc = 0, with a ̸= c, and so to the edges in (2).

– Case dab,cd = −1. This can only happen when δabδcd = 0 and δacδbd = 1, correspond-
ing to a formula of type dab,ab = 0, with a ̸= b, and so to the self-edges in (3). □

The above result is quite interesting, and as an illustration, here is the pictorial rep-
resentation of the simplex Zfull on the vertex set Z = M3, with the convention that the
solid arrows are worth −1, and the dashed arrows are worth 1:

• ◦⟳ ◦⟳

◦⟳ • ◦⟳

◦⟳ ◦⟳ •
More generally, we can in fact compute Zfull for any finite quantum space Z, with the

result here, which will be our final saying on the subject, being as follows:

Theorem 13.19. Consider a finite quantum space Z, and write it as follows, according
to the decomposition formula C(Z) =Mn1(C)⊕ . . .⊕Mnk

(C) for its function algebra:

Z =Mn1 ⊔ . . . ⊔Mnk

The simplex Zfull is then the classical simplex formed by the points lying on the diagonals
of Mn1 , . . . ,Mnk

, with self-edges added, each worth −1, at the non-diagonal points.

Proof. The study here is quite similar to the one from the proof of Proposition 13.18,
but by using this time the triple index formula from Proposition 13.17 (3), namely:

dabp,cdq = δabδcd − δacδbdδpq
Indeed, this quantity can be −1, 0, 1, and the 1 case appears precisely as follows,

leading to the classical simplex mentioned in the statement:

daap,ccq = 1 , ∀ap ̸= cq
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As for the remaining −1 case, this appears precisely as follows, leading this time to
the self-edges worth −1, also mentioned in the statement:

dabp,abp = 1 , ∀a ̸= b

Thus, we are led to the conclusion in the statement. □

As an illustration, here is the simplex on the vertex set Z =M3 ⊔M2, with again the
convention that the solid arrows are worth −1, and the dashed arrows are worth 1:

• ◦⟳ ◦⟳

◦⟳ • ◦⟳ • ◦⟳

◦⟳ ◦⟳ • ◦⟳ •

Long story short, we know what the simplex Zfull is, and we have the formula
G+(Zempty) = G+(Zfull) = S+

Z , exactly as in the Z = {1, . . . , N} case. Now with the
above results in hand, we can talk as well about complementation, as follows:

Theorem 13.20. For any finite quantum graph X we have the formula

G+(X) = G+(Xc)

where X → Xc is the complementation operation, given by dX + dXc = dZfull
.

Proof. This follows from Theorem 13.16, and more specifically from the following
commutation relation, which is automatic, as explained there:

[u, dZfull
] = 0

Let us mention too that, in what concerns the pictorial representation of Xc, this can
be deduced from what we have Theorem 13.19, in the obvious way. □

13c. Color independence

Following now [6], let us discuss an important point, namely the “independence on
the colors” question. The idea indeed is that given a classical graph X with edges colored
by complex numbers, or other types of colors, G(X) does not change when changing the
colors. This is obvious, and a quantum analogue of this fact, involving G+(X), can be
shown to hold as well, as explained in [6], and in chapter 6.

In the quantum graph setting things are more complicated, as we will soon discover.
Let us start with the following technical definition:
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Definition 13.21. We call a quantum graph X = (Z, d) washable if, with

d =
∑
c

cdc

being the color decomposition of d, we have the equivalence

[u, d] = 0 ⇐⇒ [u, dc] = 0,∀c
valid for any magic unitary matrix u, having size |Z|.

Obviously, this is something which is not very beautiful, but the point is that some
quantum graphs are washable, and some other are not, and so we have to deal with the
above definition, as stated. As a first observation, we have the following result:

Proposition 13.22. Assuming that X = (Z, d) is washable, its quantum symmetry
group G+(X) does not depend on the precise colors of X. That is, whenever we have
another quantum graph X ′ = (Z, d′) with same color scheme, in the sense that

dij = dkl ⇐⇒ d′ij = d′kl

we have G+(X) = G+(X ′).

Proof. This is something which is clear from the definition of G+(X), namely:

C(G+(X)) = C(S+
Z )
/〈

[u, d] = 0
〉

Indeed, assuming that our graph is washable in the above sense, we have:

C(G+(X)) = C(S+
Z )
/〈

[u, dc] = 0,∀c
〉

Thus, we are led to the conclusion in the statement. □

As already mentioned, it was proved in [6] that in the classical case, Z = {1, . . . , N},
all graphs are washable. This is a key result, and this for several reasons:

(1) First, this gives some intuition on what is going on with respect to colors, in
analogy with what happens for G(X). Also, it allows the use of true colors, like black,
blue, red and so on, when drawing colored graphs, instead of complex numbers.

(2) Also, this can be combined with the fact that G+(X) is invariant as well via some
similar changes in the spectral decomposition of d, at the level of eigenvalues, with all
this leading to some powerful combinatorial methods for the computation of G+(X).

All these things do not necessarily hold in general, and to start with, we have:

Theorem 13.23. There are quantum graphs, such as the simplex in the homogeneous
quantum space case, where

Z =MK × {1, . . . , L}
with K,L ≥ 2, which are not washable.
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Proof. We know that the simplex, in the case Z =MK×{1, . . . , L}, has as adjacency
matrix a certain matrix d ∈MN(−1, 0, 1), with N = K2L. Moreover, assuming K,L ≥ 2
as above, entries of all types, −1, 0, 1, are possible. Thus, the color decomposition of the
adjacency matrix is as follows, with all 3 components being nonzero:

d = −1 · d−1 + 0 · d0 + 1 · d1
Now assume that our simplex X = Zfull is washable, and let u be the fundamental

corepresentation of G+(X). We have then the following commutation relations:

d−1, d0, d1 ∈ End(u)
Now since the matrices d−1, d0, d1 are all nonzero, we deduce from this that:

dim(End(u)) ≥ 3

On the other hand, we know that we have G+(X) = S+
Z . Also, we know from the

above that the Tannakian category of S+
Z is the Temperley-Lieb category TLN , with the

index being N = K2L as above. By putting these two results together, we obtain:

dim(End(u)) = dim
(
span

(
| | , ∪∩

))
≤ 2

Thus, we have a contradiction, and so our simplex is not washable, as claimed. □

In order to come up with some positive results as well, the general idea will be that
of using the method in [6]. We have the following statement, coming from there:

Theorem 13.24. The following matrix belongs to End(u), for any n ∈ N:

d×nij =
∑

i=k1...kn

∑
j=l1...ln

dk1l1 . . . dknln

In particular, in the classical case, Z = {1, . . . , N}, all graphs are washable.

Proof. We have two assertions here, the idea being as follows:

(1) Consider the multiplication and comultiplication maps of the algebra C(Z), which
in single index notation are given by:

µ(ei ⊗ ej) = eij , γ(ei) =
∑
i=jk

ej ⊗ ek

Observe that we have µ∗ = γ, with the adjoint taken with respect to the scalar product
coming from the canonical trace. We conclude that we have:

µ ∈ Hom(u⊗2, u) , γ ∈ Hom(u, u⊗2)

The point now is that we can consider the iterations µ(n), γ(n) of µ, γ, constructed in
the obvious way, and we have then, for any n ∈ N:

µ(n) ∈ Hom(u⊗n, u) , γ(n) ∈ Hom(u, u⊗n)
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Now if we assume that we have d ∈ End(u), we have d⊗n ∈ End(u⊗n) for any n ∈ N,
and we conclude that we have the following formula:

µ(n)d⊗nγ(n) ∈ End(u)

But, in single index notation, we have the following formula:

(µ(n)d⊗nγ(n))ij =
∑

i=k1...kn

∑
j=l1...ln

dk1l1 . . . dknln

Thus, we are led to the conclusion in the statement.

(2) Assuming that we are in the case Z = {1, . . . , N}, the matrix d×n in the statement
is simply the componentwise n-th power of d, given by:

d×nij = dnij

As explained in [6] or in chapter 6, a simple analytic argument based on this, using
n → ∞ and then a recurrence on the number of colors, shows that we have washability
indeed. Thus, we are led to the conclusions in the statement. □

In order now to further exploit the findings in Theorem 13.24, an idea would be that
of assuming that we are in the homogeneous case, Z = MK × {1, . . . , L}, and that the
adjacency matrix is split, in the sense that one of the following happens:

dab,cd = eabfcd , dab,cd = eacfbd , dab,cd = eadfbc

Normally the graph should be washable in this case, but the computations are quite
complex, and there is no clear result known in this sense. Thus, as a conclusion to all
this, the basic theory of the quantum groups G+(X) from chapter 6 extends well to the
present quantum graph setting, modulo some subtleties in connection with the colors.

13d. Twisted reflections

With the above technology in hand, we can talk about twisted quantum reflections.
The idea will be that the twisted analogues of the quantum reflection groups Hs+

N ⊂ S+
sN

will be the quantum automorphism groups S+
Z→Y of the fibrations of finite quantum spaces

Z → Y , which correspond by definition to the Markov inclusions of finite dimensional
C∗-algebras C(Y ) ⊂ C(Z). In order to discuss this, let us start with:

Definition 13.25. A fibration of finite quantum spaces Z → Y corresponds to an
inclusion of finite dimensional C∗-algebras

C(Y ) ⊂ C(Z)

which is Markov, in the sense that it commutes with the canonical traces.
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Here the commutation condition with the canonical traces means that the composition
C(Y ) ⊂ C(Z) → C should equal the canonical trace C(Y ) → C. At the level of the
corresponding quantum spaces, this means that the quotient map Z → Y must commute
with the corresponding counting measures, and this is where our term “fibration” comes
from. In order to talk now about the quantum symmetry groups S+

Z→Y , we will need:

Proposition 13.26. Given a fibration Z → Y , a closed subgroup G ⊂ S+
Z leaves

invariant Y precisely when its magic unitary u = (uij) satisfies the condition

e ∈ End(u)
where e : C(Z)→ C(Z) is the Jones projection, onto the subalgebra C(Y ) ⊂ C(Z).

Proof. This is something that we know well, in the commutative case, where Z is a
usual finite set, and the proof in general is similar. □

We can now talk about twisted quantum reflection groups, as follows:

Theorem 13.27. Any fibration of finite quantum spaces Z → Y has a quantum sym-
metry group, which is the biggest acting on Z by leaving Y invariant:

S+
Z→Y ⊂ S+

Z

At the level of algebras of functions, this quantum group S+
Z→Y is obtained as follows, with

e : C(Z)→ C(Y ) being the Jones projection:

C(S+
Z→Y ) = C(S+

Z )
/〈

e ∈ End(u)
〉

We call these quantum groups S+
Z→Y twisted quantum reflection groups.

Proof. This follows indeed from Proposition 13.26. □

As a basic example, let us discuss the commutative case. Here we have:

Proposition 13.28. In the commutative case, the fibration Z → Y must be of the
following special form, with N, s being certain integers,

{1, . . . , N} × {1, . . . , s} → {1, . . . , N} , (i, a)→ i

and we obtain the usual quantum reflection groups,

(S+
Z→Y ⊂ S+

Z ) = (Hs+
N ⊂ S+

sN)

via some standard identifications.

Proof. In the commutative case our fibration must be a usual fibration of finite
spaces, {1, . . . ,M} → {1, . . . , N}, commuting with the counting measures. But this
shows that our fibration must be of the following special form, with N, s ∈ N:

{1, . . . , N} × {1, . . . , s} → {1, . . . , N} , (i, a)→ i
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Regarding now the quantum symmetry group, we have the following formula for it,
with e : CN ⊗ Cs → CN being the Jones projection for the inclusion CN ⊂ CN ⊗ Cs:

C(S+
Z→Y ) = C(S+

sN)
/〈

e ∈ End(u)
〉

On the other hand, recall that the quantum reflection group Hs+
N ⊂ S+

sN appears via
the condition that the corresponding magic matrix must be sudoku:

u =


a0 a1 . . . as−1

as−1 a0 . . . as−2

...
...

...
a1 a2 . . . a0


But, as explained in [6], this is the same as saying that the quantum group Hs+

N ⊂
S+
sN appears as the symmetry group of the multi-simplex associated to the fibration
{1, . . . , N} × {1, . . . , s} → {1, . . . , N}, so we have an identification as follows:

(S+
Z→Y ⊂ S+

Z ) = (Hs+
N ⊂ S+

sN)

Thus, we are led to the conclusions in the statement. □

Observe that in Proposition 13.28 the fibration Z → Y is “trivial”, in the sense that
it is of the following special form:

Y × T → Y , (i, a)→ i

However, in the general quantum case, there are many interesting fibrations Z → Y
which are not trivial, and in what follows we will not make any assumption on our
fibrations, and use Definition 13.26 and Theorem 13.27 as stated.

Following [6], we will prove now that the Tannakian category of S+
Z→Y , which is by

definition a generalization of S+
Z , is the Fuss-Catalan category, which is a generalization

of the Temperley-Lieb category, introduced by Bisch and Jones. Let us start with:

Theorem 13.29. Any Markov inclusion of finite dimensional algebras D ⊂ B has a
quantum symmetry group S+

D⊂B. The corresponding Woronowicz algebra is generated by
the coefficients of a biunitary matrix v = (vij) subject to the conditions

m ∈ Hom(v⊗2, v) , u ∈ Hom(1, v) , e ∈ End(v)

where m : B ⊗ B → B is the multiplication, u : C→ B is the unit and e : B → B is the
projection onto D, with respect to the scalar product < x, y >= tr(xy∗).

Proof. This is a reformulation of Theorem 13.27, with several modifications made.
Indeed, by using the algebras D = C(Y ), B = C(Z) instead of the quantum spaces Y, Z
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used there, and also by calling the fundamental corepresentation v = (vij), in order to
avoid confusion with the unit u : C→ B, the formula in Theorem 13.27 reads:

C(S+
D⊂B) = C(S+

B )
/〈

e ∈ End(v)
〉

Also, we know from Theorem 13.5 that we have the following formula, again by using
B instead of F , and by calling the fundamental corepresentation v = (vij):

C(S+
B ) = C(U+

N )
/〈

m ∈ Hom(v⊗2, v), u ∈ Fix(v)
〉

Thus, we are led to the conclusion in the statement. □

Let us first discuss in detail the Temperley-Lieb algebra, as a continuation of the
material above. In the present context, we have the following definition:

Definition 13.30. The N-algebra TL2 of index δ > 0 is defined as follows:

(1) The space TL2(m,n) consists of linear combinations of noncrossing pairings be-
tween 2m points and 2n points:

TL2(m,n) =

∑ α
· · · · · · ← 2m points
W ← m+ n strings
· · ← 2n points


(2) The operations ◦, ⊗, ∗ are induced by the vertical and horizontal concatenation

and the upside-down turning of diagrams:

A ◦B =

(
B

A

)
, A⊗B = AB , A∗ = ∀

(3) With the rule ⃝ = δ, erasing a circle is the same as multiplying by δ.

Our first task will be that of finding a suitable presentation for this algebra. Consider
the following two elements u ∈ TL2(0, 1) and m ∈ TL2(2, 1):

u = δ−
1
2 ∩ , m = δ

1
2 | ∪ |

With this convention, we have the following result:

Theorem 13.31. The following relations are a presentation of TL2 by the above
rescaled diagrams u ∈ TL2(0, 1) and m ∈ TL2(2, 1):

(1) mm∗ = δ2.
(2) u∗u = 1.
(3) m(m⊗ 1) = m(1⊗m).
(4) m(1⊗ u) = m(u⊗ 1) = 1.
(5) (m⊗ 1)(1⊗m∗) = (1⊗m)(m∗ ⊗ 1) = m∗m.

Proof. This is something well-known, and elementary, obtained by drawing dia-
grams, and for details here, we refer to Bisch and Jones [30]. □
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In more concrete terms, the above result says that u,m satisfy the above relations,
which is something clear, and that if C is a N-algebra and v ∈ C(0, 1) and n ∈ C(2, 1)
satisfy the same relations then there exists a N-algebra morphism as follows:

TL2 → C , u→ v , m→ n

Now let B be a finite dimensional C∗-algebra, with its canonical trace. We have
a scalar product < x, y >= tr(xy∗) on B, so B is an object in the category of finite
dimensional Hilbert spaces. Consider the unit u and the multiplication m of B:

u ∈ NB(0, 1) , m ∈ NB(2, 1)

The relations in Theorem 13.31 are then satisfied, and one can deduce from this that
in this case, the category of representations of S+

B is the completion of TL2, as we already
know. Getting now to Fuss-Catalan algebras, we have here:

Definition 13.32. A Fuss-Catalan diagram is a planar diagram formed by an upper
row of 4m points, a lower row of 4n points, both colored

◦ • • ◦ ◦ • • . . .
and by 2m + 2n noncrossing strings joining these 4m + 4n points, with the rule that the
points which are joined must have the same color.

Fix β > 0 and ω > 0. The N-algebra FC is defined as follows. The spaces FC(m,n)
consist of linear combinations of Fuss-Catalan diagrams:

FC(m,n) =


∑

α

◦ • • ◦ ◦ • • ◦ . . . . . . ← 4m colored points
m+ n black strings

W ← and
m+ n white strings

◦ • • ◦ ◦ • • ◦ . . . . . . ← 4n colored points


As before with the Temperley-Lieb algebra, the operations ◦, ⊗, ∗ are induced by

vertical and horizontal concatenation and upside-down turning of diagrams, but this time
with the rule that erasing a black/white circle is the same as multiplying by β/ω:

A ◦B =

(
B

A

)
, A⊗B = AB , A∗ = ∀

black→⃝ = β , white→⃝ = ω

Let δ = βω. We have the following bicolored analogues of the elements u,m:

u = δ−
1
2

⋂
∩ , m = δ

1
2 ||
⋃
∪ ||

Consider also the black and white Jones projections, namely:

e = ω−1 | ∪∩ | , f = β−1 ||| ∪∩ |||
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For simplifying writing we identify x and x⊗ 1. We have the following result:

Theorem 13.33. The following relations, with f = β−2(1⊗me)m∗, are a presentation
of FC by m ∈ FC(2, 1), u ∈ FC(0, 1) and e ∈ FC(1):

(1) The relations in Theorem 13.31, with δ = βω.
(2) e = e2 = e∗, f = f ∗ and (1⊗ f)f = f(1⊗ f).
(3) eu = u.
(4) mem∗ = m(1⊗ e)m∗ = β2.
(5) mm(e⊗ e⊗ e) = emm(e⊗ 1⊗ e).

Proof. As for any presentation result, we have to prove two assertions:

(I) The elements m,u, e satisfy the relations (1-5) and generate the N-algebra FC.
(II) If M , U and E in a N-algebra C satisfy the relations (1-5), then there exists a

morphism of N-algebras FC → C sending m→M , u→ U , e→ E.

(I) First, the relations (1-5) are easily verified by drawing pictures. Let us show now
that the N-subalgebra C =< m, u, e > of FC is equal to FC. First, C contains the
infinite sequence of black and white Jones projections:

p1 = e = ω−1 | ∪∩ |

p2 = f = β−1 ||| ∪∩ |||

p3 = 1⊗ e = ω−1 ||||| ∪∩ |

p4 = 1⊗ f = β−1 ||||||| ∪∩ |||
. . .

The algebra C contains as well the infinite sequence of bicolored Jones projections:

e1 = uu∗ = δ−1
⋃
∪⋂
∩

e2 = δ−2m∗m = δ−1 ||
⋃
∪⋂
∩ ||

e3 = 1⊗ uu∗ = δ−1 ||||
⋃
∪⋂
∩

e4 = δ−2(1⊗m∗m) = δ−1 ||||||
⋃
∪⋂
∩ ||

. . .

By standard results of Bisch and Jones, these latter projections generate the diagonal
N-algebra ∆FC. But this gives the result, via a standard study. □
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Getting back now to the inclusions D ⊂ B, we have the following result:

Theorem 13.34. Given a Markov inclusion D ⊂ B, we have

< m, u, e >= FC

as an equality of N-algebras.

Proof. It is routine to check that the linear maps m,u, e associated to an inclusion
D ⊂ B as in the statement satisfy the relations (1-5) in Theorem 13.33. Thus, we obtain
a certain N-algebra surjective morphism, as follows:

J : FC →< m, u, e >

But it is routine to prove that this morphism J is faithful on ∆FC, and then by
Frobenius reciprocity faithfulness has to hold on the whole FC. □

Getting back now to quantum groups, we have:

Theorem 13.35. Given a Markov inclusion of finite dimensional algebras D ⊂ B, the
category of representations of its quantum symmetry group

S+
D⊂B ⊂ S+

B

is the completion of the Fuss-Catalan category FC.

Proof. Since S+
D⊂B comes by definition from the relations corresponding tom,u, e, its

tensor category of corepresentations is the completion of the tensor category < m, u, e >.
Thus Theorem 13.34 applies, and gives an isomorphism < m, u, e >≃ FC. □

In terms of finite quantum spaces and quantum graphs, the conclusion is that the
quantum automorphism groups S+

Z→Y of the Markov fibrations Z → Y , which can be
thought of as being the “twisted versions” of the quantum reflection groups Hs+

N , corre-
spond to the Fuss-Catalan algebras. We refer here to [6] and related papers.

13e. Exercises

This was a quite elementary chapter, and as exercises on this, we have:

Exercise 13.36. Come up with further speculations on the finite quantum spaces.

Exercise 13.37. Further study the homogeneous case, Z =MK × {1, . . . , L}.

Exercise 13.38. Find some further results on the color independence question.

Exercise 13.39. Learn about the Frucht theorem, and its quantum extensions.

Exercise 13.40. Fill in all the technical details at our main Fuss-Catalan proof.

Exercise 13.41. Clarify the axiomatization of general quantum reflection groups.

As bonus exercise, learn more graph theory, and generalize that, to our setting.



CHAPTER 14

Quantum spheres

14a. Spheres and tori

We have seen in the previous chapter how discrete quantum geometry looks like, and
many other things can be said, along that lines. For instance, there are many further
things that can be said, in relation with the subfactor considerations in chapter 12. But,
time now to get into the real thing, namely continuous quantum geometry.

As a first observation, we are already familiar with continuous quantum geometry since
Part III, because our considerations there regarding ON , UN , O

+
N , U

+
N and related quantum

groups, such as BN , CN , B
+
N , C

+
N are, obviously, of “continuous” nature. However, such

things remain quite specialized, and we will be here rather interested in foundations.

So, foundations. To start with, we can talk about quantum tori, as follows:

Definition 14.1. The classical and quantum, real and complex tori are

T+
N

// T+
N

TN //

OO

TN

OO

with these standing by definition for the abstract duals of the groups

Z∗N2

��

Z∗N

��

oo

ZN2 ZNoo

in the sense of the abstract duality between compact and discrete quantum groups.

In other words, we have indeed quantum tori, as a corollary, or rather as the sim-
plest particular case, of the quantum group theory developed in Part III. Getting now
to noncommutative geometry, over these tori, things here rather belong to algebra and

321
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probability, instead of differential geometry, as one might naively expect, and this because
T+
N , which is the dual of the free group FN = Z∗N , has of course the same mathematics

as this free group FN , which is notoriously a business of algebra and analysis.

Nevermind. So, as a first conclusion, the noncommutative geometry that we would
like to develop will be rather algebraic geometry, with a touch of probability, and with
this being not an issue, as kindly explained by our quantum physics collaborator:

Cat 14.2. No wonder true noncommutative geometry is about algebra and probability,
quantum mechanics being the same, something about algebra and probability.

With this discussed, instead of further insisting on the tori, whose mathematics is
widely well-known, and is also one level below what we did in Part III, with far more
general compact quantum groups, let us get now into the real thing, quantum spheres.

According to our findings above, and to Cat 14.2 too, we will take an algebraic ge-
ometry approach, with a touch of probability, to the quantum spheres. With this idea in
mind, and following [15], we are led to the following notions:

Definition 14.3. We have free real and complex spheres, defined via

C(SN−1R,+ ) = C∗

(
x1, . . . , xN

∣∣∣xi = x∗i ,
∑
i

x2i = 1

)

C(SN−1C,+ ) = C∗

(
x1, . . . , xN

∣∣∣∑
i

xix
∗
i =

∑
i

x∗ixi = 1

)
where the symbol C∗ stands for universal enveloping C∗-algebra.

Here the fact that these algebras are indeed well-defined comes from the following
estimate, which shows that the biggest C∗-norms on these ∗-algebras are bounded:

||xi||2 = ||xix∗i || ≤

∣∣∣∣∣
∣∣∣∣∣∑

i

xix
∗
i

∣∣∣∣∣
∣∣∣∣∣ = 1

As a first result now, regarding the above free spheres, we have:

Theorem 14.4. We have embeddings of compact quantum spaces, as follows,

SN−1R,+
// SN−1C,+

SN−1R
//

OO

SN−1C

OO

and the spaces on top appear as liberations of the spaces on the bottom.
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Proof. The first assertion, regarding the inclusions, comes from the fact that at the
level of the associated C∗-algebras, we have surjective maps, as follows:

C(SN−1R,+ )

��

C(SN−1C,+ )

��

oo

C(SN−1R ) C(SN−1C )oo

For the second assertion, we must establish the following isomorphisms, where the
symbol C∗comm stands for “universal commutative C∗-algebra generated by”:

C(SN−1R ) = C∗comm

(
x1, . . . , xN

∣∣∣xi = x∗i ,
∑
i

x2i = 1

)

C(SN−1C ) = C∗comm

(
x1, . . . , xN

∣∣∣∑
i

xix
∗
i =

∑
i

x∗ixi = 1

)
It is enough to establish the second isomorphism. So, consider the second universal

commutative C∗-algebra A constructed above. Since the standard coordinates on SN−1C
satisfy the defining relations for A, we have a quotient map of as follows:

A→ C(SN−1C )

Conversely, let us write A = C(S), by using the Gelfand theorem. The variables
x1, . . . , xN become in this way true coordinates, providing us with an embedding S ⊂ CN .
Also, the quadratic relations become

∑
i |xi|2 = 1, so we have S ⊂ SN−1C . Thus, we have

a quotient map C(SN−1C )→ A, as desired, and this gives all the results. □

By using the free spheres constructed above, we can now formulate:

Definition 14.5. A real algebraic manifold X ⊂ SN−1C,+ is a closed quantum subspace
defined, at the level of the corresponding C∗-algebra, by a formula of type

C(X) = C(SN−1C,+ )
/〈

fi(x1, . . . , xN) = 0
〉

for certain family of noncommutative polynomials, as follows:

fi ∈ C < x1, . . . , xN >

We denote by C(X) the ∗-subalgebra of C(X) generated by the coordinates x1, . . . , xN .

As a basic example here, we have the free real sphere SN−1R,+ . The classical spheres

SN−1C , SN−1R , and their real submanifolds, are covered as well by this formalism. At the
level of the general theory, we have the following version of the Gelfand theorem:
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Theorem 14.6. If X ⊂ SN−1C,+ is an algebraic manifold, as above, we have

Xclass =
{
x ∈ SN−1C

∣∣∣fi(x1, . . . , xN) = 0
}

and X appears as a liberation of Xclass.

Proof. This is something that we already met, in the context of the free spheres. In
general, the proof is similar, by using the Gelfand theorem. Indeed, if we denote by X ′class
the manifold constructed in the statement, then we have a quotient map of C∗-algebras
as follows, mapping standard coordinates to standard coordinates:

C(Xclass)→ C(X ′class)

Conversely now, from X ⊂ SN−1C,+ we obtain Xclass ⊂ SN−1C . Now since the relations
defining X ′class are satisfied by Xclass, we obtain an inclusion Xclass ⊂ X ′class. Thus, at
the level of algebras of continuous functions, we have a quotient map of C∗-algebras as
follows, mapping standard coordinates to standard coordinates:

C(X ′class)→ C(Xclass)

Thus, we have constructed a pair of inverse morphisms, and we are done. □

Finally, once again at the level of the general theory, we have:

Definition 14.7. We agree to identify two real algebraic submanifolds X, Y ⊂ SN−1C,+
when we have a ∗-algebra isomorphism between ∗-algebras of coordinates

f : C(Y )→ C(X)

mapping standard coordinates to standard coordinates.

We will see later the reasons for making this convention, coming from amenability.
Now back to the tori, as constructed before, we can see that these are examples of algebraic
manifolds, in the sense of Definition 14.5. In fact, we have the following result:

Theorem 14.8. The four main quantum spheres produce the main quantum tori

SN−1R,+
// SN−1C,+

SN−1R
//

OO

SN−1C

OO

→

T+
N

// T+
N

TN //

OO

TN

OO

via the formula T = S ∩ T+
N , with the intersection being taken inside SN−1C,+ .

Proof. This comes from the above results, the situation being as follows:

(1) Free complex case. Here the formula in the statement reads T+
N = SN−1C,+ ∩ T+

N .

But this is something trivial, because we have T+
N ⊂ SN−1C,+ .
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(2) Free real case. Here the formula in the statement reads T+
N = SN−1R,+ ∩ T+

N . But

this is clear as well, the real version of T+
N being T+

N .

(3) Classical complex case. Here the formula in the statement reads TN = SN−1C ∩T+
N .

But this is clear as well, the classical version of T+
N being TN .

(4) Classical real case. Here the formula in the statement reads TN = SN−1R ∩T+
N . But

this follows by intersecting the formulae from the proof of (2) and (3). □

In order to discuss now the relation between the quantum rotations and reflections,
constructed and studied in Parts II-III, with the spheres and tori, we will need:

Proposition 14.9. Given an algebraic manifold X ⊂ SN−1C,+ , the category of closed

subgroups G ⊂ U+
N acting affinely on X, in the sense that the formula

α(xi) =
∑
j

xj ⊗ uji

defines a morphism of C∗-algebras α : C(X) → C(X) ⊗ C(G), has a universal object,
denoted G+(X), and called affine quantum isometry group of X.

Proof. Assume indeed that our manifold X ⊂ SN−1C,+ comes as follows:

C(X) = C(SN−1C,+ )
/〈

fι(x1, . . . , xN) = 0
〉

In order to prove the result, consider the following variables:

Xi =
∑
j

xj ⊗ uji ∈ C(X)⊗ C(U+
N )

Our claim is that the quantum group in the statement G = G+(X) appears as:

C(G) = C(U+
N )
/〈

fι(X1, . . . , XN) = 0
〉

In order to prove this, pick one of the defining polynomials, and write it as follows:

fι(x1, . . . , xN) =
∑
r

∑
ir1...i

r
sr

λr · xir1 . . . xirsr

With Xi =
∑

j xj ⊗ uji as above, we have the following formula:

fι(X1, . . . , XN) =
∑
r

∑
ir1...i

r
sr

λr
∑
jr1 ...j

r
sr

xjr1 . . . xjrsr ⊗ ujr1 ir1 . . . ujrsr irsr

Since the variables on the right span a certain finite dimensional space, the relations
fι(X1, . . . , XN) = 0 correspond to certain relations between the variables uij. Thus, we
have indeed a closed subspace G ⊂ U+

N , with a universal map, as follows:

α : C(X)→ C(X)⊗ C(G)
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In order to show now that G is a quantum group, consider the following elements:

u∆ij =
∑
k

uik ⊗ ukj , uεij = δij , uSij = u∗ji

Consider as well the following elements, with γ ∈ {∆, ε, S}:

Xγ
i =

∑
j

xj ⊗ uγji

From the relations fι(X1, . . . , XN) = 0 we deduce that we have:

fι(X
γ
1 , . . . , X

γ
N) = (id⊗ γ)fι(X1, . . . , XN) = 0

Thus we can map uij → uγij for any γ ∈ {∆, ε, S}, and we are done. □

We can now formulate a result about spheres and rotations, as follows:

Theorem 14.10. The quantum isometry groups of the basic spheres are

SN−1R,+
// SN−1C,+

SN−1R
//

OO

SN−1C

OO

→

O+
N

// U+
N

ON
//

OO

UN

OO

modulo identifying, as usual, the various C∗-algebraic completions.

Proof. We have 4 results to be proved, the idea being as follows:

SN−1C,+ . Let us first construct an action U+
N ↷ SN−1C,+ . We must prove here that the

variables Xi =
∑

j xj ⊗ uji satisfy the defining relations for SN−1C,+ , namely:∑
i

xix
∗
i =

∑
i

x∗ixi = 1

By using the biunitarity of u, we have the following computation:∑
i

XiX
∗
i =

∑
ijk

xjx
∗
k ⊗ ujiu∗ki =

∑
j

xjx
∗
j ⊗ 1 = 1⊗ 1

Once again by using the biunitarity of u, we have as well:∑
i

X∗iXi =
∑
ijk

x∗jxk ⊗ u∗jiuki =
∑
j

x∗jxj ⊗ 1 = 1⊗ 1

Thus we have an action U+
N ↷ SN−1C,+ , which gives G+(SN−1C,+ ) = U+

N , as desired.
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SN−1R,+ . Let us first construct an action O+
N ↷ SN−1R,+ . We already know that the

variables Xi =
∑

j xj⊗uji satisfy the defining relations for SN−1C,+ , so we just have to check
that these variables are self-adjoint. But this is clear from u = ū, as follows:

X∗i =
∑
j

x∗j ⊗ u∗ji =
∑
j

xj ⊗ uji = Xi

Conversely, assume that we have an action G ↷ SN−1R,+ , with G ⊂ U+
N . The variables

Xi =
∑

j xj ⊗ uji must be then self-adjoint, and the above computation shows that we

must have u = ū. Thus our quantum group must satisfy G ⊂ O+
N , as desired.

SN−1C . The fact that we have an action UN ↷ SN−1C is clear. Conversely, assume that

we have an action G ↷ SN−1C , with G ⊂ U+
N . We must prove that this implies G ⊂ UN ,

and we will use a standard trick of Bhowmick-Goswami [15]. We have:

α(xi) =
∑
j

xj ⊗ uji

By multiplying this formula with itself we obtain the following formulae:

α(xixk) =
∑
jl

xjxl ⊗ ujiulk

α(xkxi) =
∑
jl

xlxj ⊗ ulkuji

Now since the variables xi commute, these formulae can be written as:

α(xixk) =
∑
j<l

xjxl ⊗ (ujiulk + uliujk) +
∑
j

x2j ⊗ ujiujk

α(xixk) =
∑
j<l

xjxl ⊗ (ulkuji + ujkuli) +
∑
j

x2j ⊗ ujkuji

Since the tensors at left are linearly independent, we must have:

ujiulk + uliujk = ulkuji + ujkuli

By applying now the antipode to this formula, then applying the involution, and then
relabeling the indices, we succesively obtain:

u∗klu
∗
ij + u∗kju

∗
il = u∗iju

∗
kl + u∗ilu

∗
kj

uijukl + uilukj = ukluij + ukjuil

ujiulk + ujkuli = ulkuji + uliujk

Now by comparing with the original formula, we obtain from this:

uliujk = ujkuli
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In order to finish, it remains to prove that the coordinates uij commute as well with
their adjoints. For this purpose, we use a similar method. We have:

α(xix
∗
k) =

∑
jl

xjx
∗
l ⊗ ujiu∗lk

α(x∗kxi) =
∑
jl

x∗l xj ⊗ u∗lkuji

Since the variables on the left are equal, we deduce from this that we have:∑
jl

xjx
∗
l ⊗ ujiu∗lk =

∑
jl

xjx
∗
l ⊗ u∗lkuji

Thus we have ujiu
∗
lk = u∗lkuji, and so G ⊂ UN , as claimed.

SN−1R . The fact that we have an action ON ↷ SN−1R is clear. In what regards the

converse, this follows by combining the results that we already have, as follows:

G↷ SN−1R =⇒ G↷ SN−1R,+ , SN−1C

=⇒ G ⊂ O+
N , UN

=⇒ G ⊂ O+
N ∩ UN = ON

Thus, we conclude that we have G+(SN−1R ) = ON , as desired. □

14b. Integration theory

Let us discuss now the correspondence U → S. In the classical case the situation is
very simple, because the sphere S = SN−1 appears by rotating the point x = (1, 0, . . . , 0)
by the isometries in U = UN . Moreover, the stabilizer of this action is the subgroup
UN−1 ⊂ UN acting on the last N − 1 coordinates, and so the sphere S = SN−1 appears
from the corresponding rotation group U = UN as an homogeneous space, as follows:

SN−1 = UN/UN−1

In functional analytic terms, all this becomes even simpler, the correspondence U → S
being obtained, at the level of algebras of functions, as follows:

C(SN−1) ⊂ C(UN) , xi → u1i

In general now, the straightforward homogeneous space interpretation of S as above
fails. However, we can have some theory going by using the functional analytic viewpoint,
with an embedding xi → u1i as above. Let us start with the following result:
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Proposition 14.11. For the basic spheres, we have a diagram as follows,

C(S)
α //

γ

��

C(S)⊗ C(U)

γ⊗id

��
C(U)

∆ // C(U)⊗ C(U)

where on top α(xi) =
∑

j xj ⊗ uji, and on the left γ(xi) = u1i.

Proof. The diagram in the statement commutes indeed on the standard coordinates,
the corresponding arrows being as follows, on these coordinates:

xi //

��

∑
j xj ⊗ uji

��
u1i //

∑
j u1j ⊗ uji

Thus by linearity and multiplicativity, the whole the diagram commutes. □

As a consequence, we have the following result:

Proposition 14.12. We have a quotient map and an inclusion U → SU ⊂ S, with

C(SU) =< u1i >⊂ C(U)

at the level of the corresponding algebras of functions.

Proof. At the algebra level, we have an inclusion and a quotient map as follows:

C(S)→ C(SU) ⊂ C(U)

Thus, we obtain the result, by transposing. □

We will prove in what follows that the inclusion SU ⊂ S constructed above is an
isomorphism. This will produce the correspondence U → S that we are currently looking
for. In order to do so, we will use the uniform integration over S, which can be introduced,
in analogy with what happens in the classical case, in the folowing way:

Definition 14.13. We endow each of the algebras C(S) with the functional∫
S

: C(S)→ C(U)→ C

obtained by composing the morphism xi → u1i with the Haar integration of C(U).
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In order to efficiently integrate over the sphere S, and in the lack of some trick like
spherical coordinates, we need to know how to efficiently integrate over the corresponding
quantum isometry group U . There is a long story here, and following [15], we have:

Theorem 14.14. The integration over the basic spheres is given by∫
S

xe1i1 . . . x
ek
ik

=
∑
π

∑
σ≤ker i

WkN(π, σ)

with π, σ ∈ D(k), where WkN = G−1kN is the inverse of GkN(π, σ) = N |π∨σ|.

Proof. According to our conventions, the integration over S is a particular case of
the integration over U , via xi = u1i. By using the Weingarten formula, we obtain:∫

S

xe1i1 . . . x
ek
ik

=

∫
U

ue11i1 . . . u
ek
1ik

=
∑

π,σ∈D(k)

δπ(1)δσ(i)WkN(π, σ)

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)

Thus, we are led to the formula in the statement. □

Again following [15], we have the following key result:

Theorem 14.15. The integration functional of S has the ergodicity property(
id⊗

∫
U

)
α(x) =

∫
S

x

where α : C(S)→ C(S)⊗ C(U) is the universal affine coaction map.

Proof. In the real case, xi = x∗i , it is enough to check the equality in the statement
on an arbitrary product of coordinates, xi1 . . . xik . The left term is as follows:(

id⊗
∫
U

)
α(xi1 . . . xik) =

∑
j1...jk

xj1 . . . xjk

∫
U

uj1i1 . . . ujkik

=
∑
j1...jk

∑
π,σ∈D(k)

δπ(j)δσ(i)WkN(π, σ)xj1 . . . xjk

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)
∑
j1...jk

δπ(j)xj1 . . . xjk

Let us look now at the last sum on the right. The situation is as follows:

(1) In the free case we have to sum quantities of type xj1 . . . xjk , over all choices of
multi-indices j = (j1, . . . , jk) which fit into our given noncrossing pairing π, and just by
using the condition

∑
i x

2
i = 1, we conclude that the sum is 1.
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(2) The same happens in the classical case. Indeed, our pairing π can now be crossing,
but we can use the commutation relations xixj = xjxi, and the sum is again 1.

Thus the sum on the right is 1, in all cases, and we obtain:(
id⊗

∫
U

)
α(xi1 . . . xik) =

∑
π,σ∈D(k)

δσ(i)WkN(π, σ)

But, another application of the Weingarten formula gives, as desired:∫
S

xi1 . . . xik =

∫
U

u1i1 . . . u1ik

=
∑

π,σ∈D(k)

δπ(1)δσ(i)WkN(π, σ)

=
∑

π,σ∈D(k)

δσ(i)WkN(π, σ)

In the complex case the proof is similar, by adding exponents everywhere. □

Still following [15], we have as well the following useful abstract result:

Theorem 14.16. There is a unique positive unital trace tr : C(S)→ C satisfying

(tr ⊗ id)α(x) = tr(x)1

where α is the coaction map of the corresponding quantum isometry group,

α : C(S)→ C(S)⊗ C(U)
and this is the canonical integration, as constructed in Definition 14.13.

Proof. First of all, it follows from the Haar integral invariance condition for U that
the canonical integration has indeed the invariance property in the statement, namely:

(tr ⊗ id)α(x) = tr(x)1

In order to prove now the uniqueness, let tr be as in the statement. We have:

tr

(
id⊗

∫
U

)
α(x) =

∫
U

(tr ⊗ id)α(x)

=

∫
U

(tr(x)1)

= tr(x)

On the other hand, according to Theorem 14.15, we have as well:

tr

(
id⊗

∫
U

)
α(x) = tr

(∫
S

x

)
=

∫
S

x

We therefore conclude that tr equals the standard integration, as claimed. □
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Getting back now to our axiomatization questions, we have:

Theorem 14.17. The operation S → SU produces a correspondence as follows,

SN−1R,+
// SN−1C,+

SN−1R
//

OO

SN−1C

OO

→

O+
N

// U+
N

ON
//

OO

UN

OO

between basic unitary groups and the basic noncommutative spheres.

Proof. We use the ergodicity formula from Theorem 14.15, namely:(
id⊗

∫
U

)
α =

∫
S

We know that
∫
U
is faithful on C(U), and that we have:

(id⊗ ε)α = id

The coaction map α follows to be faithful as well. Thus for any x ∈ C(S) we have:∫
S

xx∗ = 0 =⇒ x = 0

Thus
∫
S
is faithful on C(S). But this shows that we have:

S = SU

Thus, we are led to the conclusion in the statement. □

Getting now to probabilistic aspects, it is well-known that for the real sphere SN−1R the
laws of the standard coordinates, which are called hyperspherical laws, become normal
and independent, with N →∞. Here is the free analogue of this result:

Theorem 14.18. For the free sphere SN−1R,+ , the rescaled coordinates

yi =
√
Nxi

become semicircular and free, in the N →∞ limit.

Proof. The Weingarten formula for the free sphere, discussed above, together with
the standard fact that the Gram matrix, and hence the Weingarten matrix too, is asymp-
totically diagonal, gives the following estimate, for the joint moments of coordinates:∫

SN−1
R,+

xi1 . . . xik dx ≃ N−k/2
∑

σ∈NC2(k)

δσ(i1, . . . , ik)
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With this formula in hand, we can compute the asymptotic moments of each coordinate
xi. Indeed, by setting i1 = . . . = ik = i, all Kronecker symbols are 1, and we obtain:∫

SN−1
R,+

xki dx ≃ N−k/2|NC2(k)|

Thus the rescaled coordinates yi =
√
Nxi become semicircular in the N →∞ limit, as

claimed. As for the asymptotic freeness result, this follows as well from the above general
joint moment estimate, via standard free probability theory. See [14], [15]. □

For the complex spheres the results are similar, with the standard coordinates on
SN−1C becoming complex normal and independent, with N →∞, and with those on SN−1C,+
becoming circular and free, with N →∞. As before, we refer here to [14], [15].

Summarizing, we have good results for the free spheres, with N → ∞. The problem
now is that of computing the moments of the coordinates of the free spheres at fixed
values of N ∈ N. In the real case, the answer here, which is non-trivial, is as follows:

Theorem 14.19. The moments of the free hyperspherical law are given by∫
SN−1
R,+

x2l1 dx =
1

(N + 1)l
· q + 1

q − 1
· 1

l + 1

l+1∑
r=−l−1

(−1)r
(

2l + 2
l + r + 1

)
r

1 + qr

where q ∈ [−1, 0) is such that q + q−1 = −N .

Proof. This is something quite tricky. To be more precise, this follow in 4 steps,
none of which is something trivial, which are as follows:

(1) x1 ∈ C(SN−1R,+ ) has the same law as u11 ∈ C(O+
N).

(2) u11 ∈ C(O+
N) has the same law as a certain variable w ∈ C(SU q

2 ).

(3) w ∈ C(SU q
2 ) can be in turn modeled by an explicit operator T ∈ B(l2(N)).

(4) The law of T ∈ B(l2(N)) can be computed by using advanced calculus.

Let us first explain the relation between O+
N and SU q

2 . To any matrix F ∈ GLN(R)
satisfying F 2 = 1 we associate the following universal algebra:

C(O+
F ) = C∗

(
(uij)i,j=1,...,N

∣∣∣u = FūF = unitary
)

Observe that O+
IN

= O+
N . In general, the above algebra satisfies Woronowicz’s gener-

alized axioms in [99], which do not include the strong antipode axiom S2 = id.

At N = 2, up to a trivial equivalence relation on the matrices F , and on the quantum
groups O+

F , we can assume that F is as follows, with q ∈ [−1, 0):

F =

(
0

√
−q

1/
√
−q 0

)
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Our claim is that for this matrix we have an isomorphism as follows:

O+
F = SU q

2

Indeed, the relations u = FūF tell us that u must be of the following form:

u =

(
α −qγ∗
γ α∗

)
Thus C(O+

F ) is the universal algebra generated by two elements α, γ, with the relations
making the above matrix u unitary. But these unitarity conditions are:

αγ = qγα , αγ∗ = qγ∗α , γγ∗ = γ∗γ

α∗α + γ∗γ = 1 , αα∗ + q2γγ∗ = 1

We recognize here the relations in [99] defining the algebra C(SU q
2 ), and it follows

that we have an isomorphism of Hopf C∗-algebras, as follows:

C(O+
F ) ≃ C(SU q

2 )

Now back to the general case, let us try to understand the integration over O+
F . Given

π ∈ NC2(2k) and i = (i1, . . . , i2k), we set:

δFπ (i) =
∏
s∈π

Fisl isr

Here the product is over all strings of π, denoted as follows:

s = {sl ↷ sr}
Our claim now is that the following family of vectors, with π ∈ NC2(2k), spans the

space of fixed vectors of u⊗2k:

ξπ =
∑
i

δFπ (i)ei1 ⊗ . . .⊗ ei2k

Indeed, having ξ∩ fixed by u⊗2 is equivalent to assuming that u = FūF is unitary. By
using now the above vectors, we obtain the following Weingarten formula:∫

O+
F

ui1j1 . . . ui2kj2k =
∑
πσ

δFπ (i)δ
F
σ (j)WkN(π, σ)

With these preliminaries in hand, let us start the computation. Let N ∈ N, and
consider the number q ∈ [−1, 0) satisfying:

q + q−1 = −N
Our claim is that we have the following formula:∫

O+
N

φ(
√
N + 2uij) =

∫
SUq

2

φ(α + α∗ + γ − qγ∗)
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Indeed, the moments of the variable on the left are given by:∫
O+

N

u2kij =
∑
πσ

WkN(π, σ)

On the other hand, the moments of the variable on the right, which in terms of the
fundamental corepresentation v = (vij) is given by w =

∑
ij vij, are given by:∫

SUq
2

w2k =
∑
ij

∑
πσ

δFπ (i)δ
F
σ (j)WkN(π, σ)

We deduce that w/
√
N + 2 has the same moments as uij, which proves our claim. In

order to do now the computation over SU q
2 , we can use a matrix model due to Woronowicz

[99], where the standard generators α, γ are mapped as follows:

πu(α)ek =
√

1− q2kek−1
πu(γ)ek = uqkek

Here u ∈ T is a parameter, and (ek) is the standard basis of l2(N). The point with
this representation is that it allows the computation of the Haar functional. Indeed, if D
is the diagonal operator given by D(ek) = q2kek, then the formula is as follows:∫

SUq
2

x = (1− q2)
∫
T
tr(Dπu(x))

du

2πiu

With the above model in hand, the law of the variable that we are interested in is of
the following form:∫

SUq
2

φ(α + α∗ + γ − qγ∗) = (1− q2)
∫
T
tr(Dφ(M))

du

2πiu

To be more precise, this formula holds indeed, with:

M(ek) = ek+1 + qk(u− qu−1)ek + (1− q2k)ek−1
The point now is that the integral on the right can be computed, by using advanced

calculus methods, and this gives the result. □

The computation of the joint free hyperspherical laws remains an open problem. Open
as well is the question of finding a more conceptual proof for the above formula. For more
on all this, and related topics, we refer to [12], [14], [15] and related papers.

14c. Further spheres

Getting back now to algebra and philosophy, based on our quantum sphere work above,
we have evidence for the existence of four “main geometries”, namely real and complex,
classical and free. But the question is, can we axiomatize such geometries?
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In order to discuss this question, the idea will be that of starting with what we have,
as geometric objects so far, namely the spheres S, the tori T , the unitary groups U , and
the reflection groups K. Not much, but as we will soon discover, these will do.

To be more precise, we first have the following result:

Theorem 14.20. We have basic quadruplets (S, T, U,K), as follows:

(1) A classical real and a classical complex quadruplet, as follows:

SN−1R
//

�� !!

TNoo

��}}
ON

OO ==

// HN
oo

aa OO SN−1C
//

�� !!

TNoo

��}}
UN

OO ==

// KN
oo

aa OO

(2) A free real and a free complex quadruplet, as follows:

SN−1R,+
//

�� !!

T+
N

oo

��}}
O+
N

OO ==

// H+
N

oo

aa OO
SN−1C,+

//

�� !!

T+
N

oo

��}}
U+
N

OO ==

// K+
N

oo

aa OO

Moreover, for all these quadruplets, the unitary quantum group U is easy.

Proof. Here the various objects appearing in the above diagrams are objects that we
know well, constructed at various places, in this book, and the last assertion, regarding
easiness, is something that we know well too. As for the fact that, in each of the 4 cases
under investigation, we have indeed a full set of 12 correspondences between these objects,
this is something quite routine, and for details here, we refer to [7]. □

The point now is that we can reformulate Theorem 14.20 as follows:

Theorem 14.21. We have 4 basic noncommutative geometries,

RN
+

// CN
+

RN

OO

// CN

OO

called classical real and complex, and free real and complex.
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Proof. This is indeed a reformulation of Theorem 14.20, with the convention that a
quadruplet as there corresponds to a noncommutative geometry, that we can denote and
call as we like, and with the best notations and terminology being as above. □

Getting now to more technical aspects, when trying to construct noncommutative
geometries by starting with more complicated unitary quantum groups U , things can be
quite tricky. Clarifying all this was in fact an open problem, all over the 10s, with several
papers written on the subject. In order to discuss the solution, which came in the late
10s, let us start with more details regarding our axioms for noncommutative geometries.
As explained in [7], these axioms can be taken as follows:

Definition 14.22. A quadruplet (S, T, U,K) is said to produce a noncommutative
geometry when one can pass from each object to all the other objects, as follows,

S = S<ON ,T> = SU = S<ON ,K>

S ∩ T+
N = T = U ∩ T+

N = K ∩ T+
N

G+(S) = < ON , T > = U = < ON , K >

K+(S) = K+(T ) = U ∩K+
N = K

with the usual convention that all this is up to the equivalence relation.

There axioms can look a bit complicated, at a first glance, but they are in fact very
simple and natural, inspired from what happens in the classical case, and with a look
at the free case too. To be more precise, what we have above are all sorts of objects
and operations that we know well, along with the operation U → SU , which consists
in taking the first row space, the operation X → G+(X), which consists in taking the
quantum isometry group, and finally the operation X → K+(X), which consists in taking
the reflection isometry group, K+(X) = G+(X) ∩K+

N . As for the fact that these axioms
are indeed satisfied in the 4 main cases of interest, as claimed in Theorem 14.21, this is
something well-known in the classical case, and is routine to check in the free case.

In the easy case now, in order to reach to concrete results, it is convenient to formulate
an independent definition, using the easy generation operation { , } instead of the usual
generation operation < ,>. This definition, which is more or less a particular case of
Definition 14.22, modulo the usual issues with the differences between { , } and < ,>,
that we have met several times, and are quite familiar with, is as follows:
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Definition 14.23. A quadruplet (S, T, U,K) is said to produce an easy geometry when
U,K are easy, and one can pass from each object to all the other objects, as follows,

S = S{ON ,K+(T )} = SU = S{ON ,K}

S ∩ T+
N = T = U ∩ T+

N = K ∩ T+
N

G+(S) = {ON , K
+(T )} = U = {ON , K}

K+(S) = K+(T ) = U ∩K+
N = K

with the usual convention that all this is up to the equivalence relation.

Getting now into classification results, the idea is to focus on the quantum group
content of the above definition. Indeed, we know that both the quantum groups U,K are
easy, and that the following easy generation formula must be satisfied:

U = {ON , K}
Combinatorially, this leads to the following statement:

Proposition 14.24. An easy geometry is uniquely determined by a pair (D,E) of
categories of partitions, which must be as follows,

NC2 ⊂ D ⊂ P2 , NCeven ⊂ E ⊂ Peven

and which are subject to the following intersection and generation conditions,

D = E ∩ P2 , E =< D,NCeven >
and to the usual axioms for the associated quadruplet (S, T, U,K), where U,K are respec-
tively the easy quantum groups associated to the categories D,E.

Proof. This comes from the following conditions, with the first one being the one
mentioned above, and with the second one being part of our general axioms:

U = {ON , K} , K = U ∩K+
N

Indeed, U,K must be easy, coming from certain categories of partitions D,E. It is
clear that D,E must appear as intermediate categories, as in the statement, and the fact
that the intersection and generation conditions must be satisfied follows from:

U = {ON , K} ⇐⇒ D = E ∩ P2

K = U ∩K+
N ⇐⇒ E =< D,NCeven >

Thus, we are led to the conclusion in the statement. □

In order to discuss now classification results, we would need some technical results
regarding the intermediate easy quantum groups as follows:

ON ⊂ U ⊂ U+
N , HN ⊂ K ⊂ K+

N
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But we do have such results, as explained in the quantum group literature, and by
using this, after some work, we are led to the following classification result:

Theorem 14.25. Under strong combinatorial axioms, of easiness and uniformity type,
we have only 9 noncommutative geometries, namely:

RN
+

// TRN
+

// CN
+

RN
∗

OO

// TRN
∗

OO

// CN
∗

OO

RN

OO

// TRN

OO

// CN

OO

Moreover, under even stronger combinatorial axioms, including a slicing condition, the 4
basic geometries, those at the corners, are the only ones.

Proof. This is something quite technical, for which we refer to [7], but that we can
basically understand with our quantum group knowledge, the idea being as follows:

(1) To start with, the geometries in the statement correspond to the main examples
of intermediate quantum groups ON ⊂ U ⊂ U+

N , which are as follows:

O+
N

// TO+
N

// U+
N

O∗N
//

OO

TO∗N //

OO

U∗N

OO

ON
//

OO

TON
//

OO

UN

OO
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(2) As for the corresponding reflection groups, these correspond to the main examples
of intermediate quantum groups HN ⊂ U ⊂ K+

N , which are as follows:

H+
N

// TH+
N

// K+
N

H∗N
//

OO

TH∗N //

OO

K∗N

OO

HN
//

OO

THN
//

OO

KN

OO

(3) With these conventions made, telling us who the quantum groups U,K are, in each
of the 9 cases under investigation, we can complete our quadruplets with objects S, T , by
using either of the formulae involving them from Definition 14.23, and the verification of
the axioms from Definition 14.23 is straightforward, in each of these 9 cases.

(4) Finally, the classification assertions are more technical, whose proofs are basically
based on the study of the correspondence U ↔ K from Definition 14.23. To be more
precise, we know from Proposition 14.24 that the unitary group U of our easy geometry
must come from a category of pairings D ⊂ P2 satisfying the following condition:

D =< D,NCeven > ∩P2

(5) But this equation can be solved by using the classification results available from
the quantum group literature, and we are led to the conclusions in the statement.

(6) So, this was for the idea, and in practice now, all this needs a massive amount of
routine verifications, at each single step, and all this is explained in [7]. □

Very nice all this, and as a question that you might have, right now, sure that we love
our 4 main geometries, those at the corners of the square in Theorem 14.25, but can we
get rid somehow of the other ones, the intermediate ones, and to have something really
beautiful, as final philosophical conclusion? Good point, and in answer:

(1) As already mentioned at the end of Theorem 14.25, it is possible to formally do
this, with the help of some extra combinatorical axioms.

(2) More drastically, when passing from affine to projective, all intermediate objects
dissapear, and in addition, the real and complex geometries get identified too.

In short, the story if not over with the above results, quite the opposite, and we will
discuss the continuation of all this later, in the projective setting, in chapter 16 below.
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14d. Free quadrics

Getting back now to the free spheres, which remain our main quantum manifolds
constructed so far, let us discuss, more generally, the compact hypersurfaces X ⊂ RN

+ .
These hypersurfaces fit into the C∗-algebra formalism, as follows:

Definition 14.26. A real compact hypersurface in N variables, denoted Xf ⊂ RN
+ , is

the abstract spectrum of a universal C∗-algebra of the following type,

C(Xf ) = C∗
(
x1, . . . , xN

∣∣∣xi = x∗i , f(x1, . . . , xN) = 0
)

with the noncommutative polynomial f ∈ R < x1, . . . , xN > being such the maximal
C∗-norm on the complex ∗-algebra C < x1, . . . , xN > /(f) is bounded.

Summarizing, good news, and job for us, to study such beasts. As a first result now,
regarding such hypersurfaces, coming from the Gelfand theorem, we have:

Theorem 14.27. In order for Xf to exist, the real algebraic manifold

X×f =
{
x ∈ RN

∣∣∣f(x1, . . . , xN) = 0
}

must be compact. In addition, in this case we have ||xi||× ≤ ||xi||, for any i.

Proof. Assuming that Xf exists, the Gelfand theorem shows that the algebra of
continuous functions on the manifold X×f in the statement appears as:

C(X×f ) = C(Xf )
/〈

[xi, xj] = 0
〉

Thus we have an embedding of compact quantum spaces X×f ⊂ Xf , and the norm
estimate is clear as well, because such embeddings increase the norms. □

Let us first discuss the quadratic case. We have here:

Theorem 14.28. Given a quadratic polynomial f ∈ R < x1, . . . , xN >, written as

f =
∑
ij

Aijxixj +
∑
i

Bixi + C

the following conditions are equivalent:

(1) Xf exists.
(2) X×f is compact.

(3) The symmetric matrix Q = A+At

2
is positive or negative.

Proof. The implication (1) =⇒ (2) being known from Theorem 14.27, and the
implication (2) ⇐⇒ (3) being well-known, we are left with proving (3) =⇒ (1). As a
first remark here, by applying the adjoint, our manifold Xf is defined by:{∑

ij Aijxixj +
∑

iBixi + C = 0∑
ij Aijxjxi +

∑
iBixi + C = 0
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In terms of P = A−At

2
and Q = A+At

2
, these equations can be written as:{∑

ij Pijxixj = 0∑
ij Qijxixj +

∑
iBixi + C = 0

Let us first examine the second equation. When regarding x as a column vector, and
B as a row vector, this equation becomes an equality of 1× 1 matrices, as follows:

xtQx+Bx+ C = 0

Now let us assume that Q is positive or negative. Up to a sign change, we can assume
Q > 0. We can write Q = UDU t, with D = diag(di) and di > 0, and with U ∈ ON . In
terms of the vector y = U tx, and with E = BU , our equation becomes:

ytDy + Ey + C = 0

By reverting back to sums and indices, this equation reads:∑
i

diy
2
i +

∑
i

eiyi + C = 0

Now by making squares, this equation takes the following form:∑
i

di

(
yi +

ei
2di

)2

= c

By positivity, we deduce that we have the following estimate:∥∥∥∥yi + ei
2di

∥∥∥∥2 ≤ |c|di
Thus our hypersurface Xf is well-defined, and we are done. □

We have in fact the following result, which is a bit better:

Theorem 14.29. Up to linear changes of coordinates, the free compact quadrics in
RN

+ are the empty set, the point, the standard free sphere SN−1R,+ , defined by∑
i

x2i = 1

and some intermediate spheres SN−1R ⊂ S ⊂ SN−1R,+ , which can be explicitly characterized.
Moreover, for all these free quadrics, we have ||xi|| = ||xi||×, for any i.

Proof. We use the computations from the proof of Theorem 14.28. The first equation
there, making appear the matrix P = A−At

2
, is as follows:∑

ij

Pijxixj = 0
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As for the second equation, up to a linear change of the coordinates, this reads:∑
i

z2i = c

At c < 0 we obtain the empty set. At c = 0 we must have z = 0, and depending on
whether the first equation is satisfied or not, we obtain either a point, or the empty set.
At c > 0 now, we can assume by rescaling c = 1, and our second equation reads:

Xf ⊂ SN−1R,+

As a conclusion, the solutions here are certain subspaces S ⊂ SN−1R,+ which appear
via equations of type

∑
ij Pijxixj = 0, with P ∈ MN(R) being antisymmetric, and with

x1, . . . , xN appearing via z1, . . . , zN via a linear change of variables. Now observe that
when redoing the above computation with X×f at the place of Xf , we obtain Xf = SN−1R ,
and this, because the equations

∑
ij Pijxixj = 0 are trivial for commuting variables. We

conclude that our subspaces S ⊂ SN−1R,+ must satisfy the following condition:

SN−1R ⊂ S ⊂ SN−1R,+

Thus, we are left with investigating which such subspaces can indeed be solutions.
Observe that both the extreme cases can appear as solutions, as shown by:

X2x2+y2+ 3
2
xy+ 1

2
yx = S1

R

X2x2+y2+xy+yx = S1
R,+

Finally, the last assertion is clear for the empty set and for the point, and for the
remaining hypersurfaces, this follows from SN−1R ⊂ S ⊂ SN−1R,+ . □

Here is yet another version of Theorem 14.28, which is interesting as well:

Theorem 14.30. Given M real linear functions L1, . . . , LM in N noncommuting vari-
ables x1, . . . , xN , the following are equivalent:

(1)
∑

k Lk(x1, . . . , xN)
2 = 1 defines a compact hypersurface in RN .

(2)
∑

k Lk(x1, . . . , xN)
2 = 1 defines a compact quantum hypersurface.

(3) The matrix formed by the coefficients of L1, . . . , LM has rank N .

Proof. The equivalence (1) ⇐⇒ (2) follows from the equivalence (1) ⇐⇒ (2)
in Theorem 14.28, because the surfaces under investigation are quadrics. As for the
equivalence (2) ⇐⇒ (3), this is well-known too. □

Many other things can be said, along the above lines, the idea being that all this
eventually brings us into advanced operator theory, and notably into SOS results.



344 14. QUANTUM SPHERES

14e. Exercises

We had a quite elementary chapter here, and as exercises on this, we have:

Exercise 14.31. Try defining free balls, in the C∗-algebra framework.

Exercise 14.32. Work out all the details, for the free hyperspherical laws.

Exercise 14.33. Try half-liberating and twisting our various spheres.

Exercise 14.34. Can you talk about orientation, on our free spheres?

Exercise 14.35. What about a Dirac operator, in the sense of Connes?

Exercise 14.36. Learn SOS tricks, and apply them to our hypersurface questions.

As bonus exercise, learn some algebraic geometry. We will need this, soon.



CHAPTER 15

Free manifolds

15a. Quotient spaces

We have seen that we have four main abstract geometries, namely real and complex,
classical and free. In this chapter we develop the free geometries, real and complex.

Let us begin with some generalities regarding the quotient spaces, and more general
homogeneous spaces. Regarding the quotients, we have the following construction:

Proposition 15.1. Given a quantum subgroup H ⊂ G, with associated quotient map
ρ : C(G)→ C(H), if we define the quotient space X = G/H by setting

C(X) =
{
f ∈ C(G)

∣∣∣(ρ⊗ id)∆f = 1⊗ f
}

then we have a coaction map as follows,

α : C(X)→ C(X)⊗ C(G)
obtained as the restriction of the comultiplication of C(G). In the classical case, we obtain
in this way the usual quotient space X = G/H.

Proof. Observe that the linear subspace C(X) ⊂ C(G) defined in the statement is
indeed a subalgebra, because it is defined via a relation of type φ(f) = ψ(f), with both
φ, ψ being morphisms of algebras. Observe also that in the classical case we obtain the
algebra of continuous functions on the quotient space X = G/H, because:

(ρ⊗ id)∆f = 1⊗ f ⇐⇒ (ρ⊗ id)∆f(h, g) = (1⊗ f)(h, g),∀h ∈ H,∀g ∈ G
⇐⇒ f(hg) = f(g),∀h ∈ H,∀g ∈ G
⇐⇒ f(hg) = f(kg),∀h, k ∈ H,∀g ∈ G

Regarding now the construction of α, observe that for f ∈ C(X) we have:

(ρ⊗ id⊗ id)(∆⊗ id)∆f = (ρ⊗ id⊗ id)(id⊗∆)∆f

= (id⊗∆)(ρ⊗ id)∆f
= (id⊗∆)(1⊗ f)
= 1⊗∆f

Thus the condition f ∈ C(X) implies ∆f ∈ C(X)⊗C(G), and this gives the existence
of the coaction map α. Finally, the other assertions are all clear. □

345
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As an illustration, in the group dual case we have the following result:

Proposition 15.2. Assume that G = Γ̂ is a discrete group dual.

(1) The quantum subgroups of G are H = Λ̂, with Γ→ Λ being a quotient group.

(2) For such a quantum subgroup Λ̂ ⊂ Γ̂, we have Γ̂/Λ̂ = Θ̂, where:

Θ = ker(Γ→ Λ)

Proof. This is well-known, the idea being as follows:

(1) In one sense, this is clear. Conversely, since the algebra C(G) = C∗(Γ) is cocom-
mutative, so are all its quotients, and this gives the result.

(2) Consider a quotient map r : Γ → Λ, and denote by ρ : C∗(Γ) → C∗(Λ) its
extension. Consider a group algebra element, written as follows:

f =
∑
g∈Γ

λg · g ∈ C∗(Γ)

We have then the following computation:

f ∈ C(Γ̂/Λ̂) ⇐⇒ (ρ⊗ id)∆(f) = 1⊗ f
⇐⇒

∑
g∈Γ

λg · r(g)⊗ g =
∑
g∈Γ

λg · 1⊗ g

⇐⇒ λg · r(g) = λg · 1,∀g ∈ Γ

⇐⇒ supp(f) ⊂ ker(r)

But this means that we have Γ̂/Λ̂ = Θ̂, with Θ = ker(Γ→ Λ), as claimed. □

Given two compact quantum spaces X, Y , we say that X is a quotient space of Y
when we have an embedding of C∗-algebras γ : C(X) ⊂ C(Y ). We have:

Definition 15.3. We call a quotient space G→ X homogeneous when

∆(C(X)) ⊂ C(X)⊗ C(G)

where ∆ : C(G)→ C(G)⊗ C(G) is the comultiplication map.

In other words, an homogeneous quotient space G → X is a quantum space coming
from a subalgebra C(X) ⊂ C(G), which is stable under the comultiplication. The relation
with the quotient spaces from Proposition 15.1 is as follows:

Theorem 15.4. The following results hold:

(1) The quotient spaces X = G/H are homogeneous.
(2) In the classical case, any homogeneous space is of type G/H.
(3) In general, there are homogeneous spaces which are not of type G/H.
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Proof. Once again these results are well-known, the proof being as follows:

(1) This is clear from what we have in Proposition 15.1.

(2) Consider a quotient map p : G → X. The invariance condition in the statement
tells us that we must have an action G↷ X, given by:

g(p(g′)) = p(gg′)

Thus, we have the following implication:

p(g′) = p(g′′) =⇒ p(gg′) = p(gg′′), ∀g ∈ G

Now observe that the following subset H ⊂ G is a subgroup:

H =
{
g ∈ G

∣∣∣p(g) = p(1)
}

Indeed, g, h ∈ H implies that we have:

p(gh) = p(g) = p(1)

Thus we have gh ∈ H, and the other axioms are satisfied as well. Our claim now is
that we have an identification X = G/H, obtained as follows:

p(g)→ Hg

Indeed, the map p(g) → Hg is well-defined and bijective, because p(g) = p(g′) is
equivalent to p(g−1g′) = p(1), and so to Hg = Hg′, as desired.

(3) Given a discrete group Γ and an arbitrary subgroup Θ ⊂ Γ, the quotient space

Γ̂→ Θ̂ is homogeneous. Now by using Proposition 15.2, we can see that if Θ ⊂ Γ is not

normal, the quotient space Γ̂→ Θ̂ is not of the form G/H. □

With the above formalism in hand, let us try now to understand the general properties
of the homogeneous spaces G→ X, in the sense of Theorem 15.4. We have:

Proposition 15.5. Assume that a quotient space G→ X is homogeneous.

(1) We have a coaction map as follows, obtained as restriction of ∆:

α : C(X)→ C(X)⊗ C(G)

(2) We have the following implication:

α(f) = f ⊗ 1 =⇒ f ∈ C1

(3) We have as well the following formula:(
id⊗

∫
G

)
αf =

∫
G

f

(4) The restriction of
∫
G
is the unique form satisfying (τ ⊗ id)α = τ(.)1.



348 15. FREE MANIFOLDS

Proof. These results are all elementary, the proof being as follows:

(1) This is clear from definitions, because ∆ itself is a coaction.

(2) Assume that f ∈ C(G) satisfies ∆(f) = f ⊗ 1. By applying the counit we obtain:

(ε⊗ id)∆f = (ε⊗ id)(f ⊗ 1)

We conclude from this that we have f = ε(f)1, as desired.

(3) The formula in the statement, (id ⊗
∫
G
)αf =

∫
G
f , follows indeed from the left

invariance property of the Haar functional of C(G), namely:(
id⊗

∫
G

)
∆f =

∫
G

f

(4) We use here the right invariance of the Haar functional of C(G), namely:(∫
G

⊗id
)
∆f =

∫
G

f

Indeed, we obtain from this that tr = (
∫
G
)|C(X) is G-invariant, in the sense that:

(tr ⊗ id)αf = tr(f)1

Conversely, assuming that τ : C(X)→ C satisfies (τ ⊗ id)αf = τ(f)1, we have:(
τ ⊗

∫
G

)
α(f) =

∫
G

(τ ⊗ id)α(f)

=

∫
G

(τ(f)1)

= τ(f)

On the other hand, we can compute the same quantity as follows:(
τ ⊗

∫
G

)
α(f) = τ

(
id⊗

∫
G

)
α(f)

= τ(tr(f)1)

= tr(f)

Thus we have τ(f) = tr(f) for any f ∈ C(X), and this finishes the proof. □

Summarizing, we have a notion of noncommutative homogeneous space, which per-
fectly covers the classical case. In general, however, the group dual case shows that our
formalism is more general than that of the quotient spaces G/H.

We discuss now an extra issue, of analytic nature. The point indeed is that for one
of the most basic examples of actions, namely O+

N ↷ SN−1R,+ , the associated morphism
γ : C(X) → C(G) is not injective. The same is true for other basic actions, in the free
setting. In order to include such examples, we must relax our axioms, as follows:
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Definition 15.6. An extended homogeneous space over a compact quantum group G
consists of a morphism of C∗-algebras, and a coaction map, as follows,

γ : C(X)→ C(G) , α : C(X)→ C(X)⊗ C(G)
such that the following diagram commutes

C(X)
α //

γ

��

C(X)⊗ C(G)

γ⊗id

��
C(G)

∆ // C(G)⊗ C(G)

and such that the following diagram commutes as well,

C(X)
α //

γ

��

C(X)⊗ C(G)

id⊗
∫

��
C(G)

∫
(.)1

// C(X)

where
∫

is the Haar integration over G. We write then G→ X.

As a first observation, when the above morphism γ is injective we obtain an homo-
geneous space in the previous sense. The examples with γ not injective, which motivate
the above formalism, include the standard action O+

N ↷ SN−1R,+ , and the standard action

U+
N ↷ SN−1C,+ . Here are now a few general remarks, on the above axioms:

Proposition 15.7. Assume that we have morphisms of C∗-algebras

γ : C(X)→ C(G) , α : C(X)→ C(X)⊗ C(G)
satisfying the coassociativity condition (γ ⊗ id)α = ∆γ.

(1) If γ is injective on a dense ∗-subalgebra A ⊂ C(X), and α(A) ⊂ A⊗C(G), then
α is automatically a coaction map, and is unique.

(2) The ergodicity type condition (id ⊗
∫
)α =

∫
γ(.)1 is equivalent to the existence

of a linear form λ : C(X)→ C such that (id⊗
∫
)α = λ(.)1.

Proof. This is something elementary, the idea being as follows:

(1) Assuming that we have a dense ∗-subalgebra A ⊂ C(X) as in the statement,
satisying α(A) ⊂ A⊗ C(G), the restriction α|A is given by:

α|A = (γ|A ⊗ id)−1∆γ|A
This restriction and is therefore coassociative, and unique. By continuity, the mor-

phism α itself follows to be coassociative and unique, as desired.
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(2) Assuming (id⊗
∫
)α = λ(.)1, we have:(

γ ⊗
∫ )

α = λ(.)1

On the other hand, we have as well the following formula:(
γ ⊗

∫ )
α =

(
id⊗

∫ )
∆γ =

∫
γ(.)1

Thus we obtain λ =
∫
γ, as claimed. □

Given an extended homogeneous space G → X in our sense, with associated map
γ : C(X)→ C(G), we can consider the image of this latter map:

γ : C(X)→ C(Y ) ⊂ C(G)

Equivalently, at the level of the associated noncommutative spaces, we can factorize
the corresponding quotient map G→ Y ⊂ X. With these conventions, we have:

Proposition 15.8. Consider an extended homogeneous space G→ X.

(1) α(f) = f ⊗ 1 =⇒ f ∈ C1.
(2) tr =

∫
γ is the unique unital G-invariant form on C(X).

(3) The image space obtained by factorizing, G→ Y , is homogeneous.

Proof. We have several assertions to be proved, the idea being as follows:

(1) This follows indeed from (id⊗
∫
)α(f) =

∫
γ(f)1, which gives f =

∫
γ(f)1.

(2) The fact that tr =
∫
γ is indeed G-invariant can be checked as follows:

(tr ⊗ id)αf =

(∫
γ ⊗ id

)
αf

=

(∫
⊗id

)
∆γf

=

∫
γ(f)1

= tr(f)1

As for the uniqueness assertion, this follows as before.
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(3) The condition (γ ⊗ id)α = ∆γ, together with the fact that i is injective, allows us
to factorize ∆ into a morphism Ψ, as follows:

C(X)
α //

γ

��

C(X)⊗ C(G)

γ⊗id

��
C(Y )

Ψ //

i

��

C(Y )⊗ C(G)

i⊗id

��
C(G)

∆ // C(G)⊗ C(G)

Thus the image space G→ Y is indeed homogeneous, and we are done. □

Finally, we have the following result:

Theorem 15.9. Let G → X be an extended homogeneous space, and construct quo-
tients X → X ′, G→ G′ by performing the GNS construction with respect to

∫
γ,
∫
. Then

γ factorizes into an inclusion γ′ : C(X ′)→ C(G′), and we have an homogeneous space.

Proof. We factorize G → Y ⊂ X as above. By performing the GNS construction
with respect to

∫
iγ,
∫
i,
∫
, we obtain a diagram as follows:

C(X)
p //

γ

��

C(X ′)

γ′

��

tr′

''
C(Y )

q //

i

��

C(Y ′)

i′

��

C

C(G)
r // C(G′)

∫ ′

77

Indeed, with tr =
∫
γ, the GNS quotient maps p, q, r are defined respectively by:

ker p =
{
f ∈ C(X)

∣∣∣tr(f ∗f) = 0
}

ker q =
{
f ∈ C(Y )

∣∣∣ ∫(f ∗f) = 0
}

ker r =
{
f ∈ C(G)

∣∣∣ ∫(f ∗f) = 0
}
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Next, we can define factorizations i′, γ′ as above. Observe that i′ is injective, and that
γ′ is surjective. Our claim now is that γ′ is injective as well. Indeed:

γ′p(f) = 0 =⇒ qγ(f) = 0

=⇒
∫
γ(f ∗f) = 0

=⇒ tr(f ∗f) = 0

=⇒ p(f) = 0

We conclude that we have X ′ = Y ′, and this gives the result. □

15b. Partial isometries

Getting now to what we wanted to do in this chapter, namely develop the free geome-
tries, our task will be that of finding a suitable collection of “free homogeneous spaces”,
generalizing at the same time the free spheres S, and the free unitary groups U .

This can be done at several levels of generality, and central here is the construction
of the free spaces of partial isometries, which can be done in fact for any easy quantum
group. In order to explain this, let us start with the classical case. We have here:

Definition 15.10. Associated to any integers L ≤M,N are the spaces

OL
MN =

{
T : E → F isometry

∣∣∣E ⊂ RN , F ⊂ RM , dimRE = L
}

UL
MN =

{
T : E → F isometry

∣∣∣E ⊂ CN , F ⊂ CM , dimCE = L
}

where the notion of isometry is with respect to the usual real/complex scalar products.

As a first observation, at L =M = N we obtain the groups ON , UN :

ON
NN = ON , UN

NN = UN

Another interesting specialization is L = M = 1. Here the elements of O1
1N are the

isometries T : E → R, with E ⊂ RN one-dimensional. But such an isometry is uniquely
determined by T−1(1) ∈ RN , which must belong to SN−1R . Thus, we have O1

1N = SN−1R .
Similarly, in the complex case we have U1

1N = SN−1C , and so our results here are:

O1
1N = SN−1R , U1

1N = SN−1C

Yet another interesting specialization is L = N = 1. Here the elements of O1
1N are the

isometries T : R→ F , with F ⊂ RM one-dimensional. But such an isometry is uniquely
determined by T (1) ∈ RM , which must belong to SM−1R . Thus, we have O1

M1 = SM−1R .
Similarly, in the complex case we have U1

M1 = SM−1C , and so our results here are:

O1
M1 = SM−1R , U1

M1 = SM−1C
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In general, the most convenient is to view the elements of OL
MN , U

L
MN as rectangular

matrices, and to use matrix calculus for their study. We have indeed:

Proposition 15.11. We have identifications of compact spaces

OL
MN ≃

{
U ∈MM×N(R)

∣∣∣UU t = projection of trace L
}

UL
MN ≃

{
U ∈MM×N(C)

∣∣∣UU∗ = projection of trace L
}

with each partial isometry being identified with the corresponding rectangular matrix.

Proof. We can indeed identify the partial isometries T : E → F with their corre-
sponding extensions U : RN → RM , U : CN → CM , obtained by setting UE⊥ = 0. Then,
we can identify these latter maps U with the corresponding rectangular matrices. □

As an illustration, at L =M = N we recover in this way the usual matrix description
of ON , UN . Also, at L = M = 1 we obtain the usual description of SN−1R , SN−1C , as row
spaces over the corresponding groups ON , UN . Finally, at L = N = 1 we obtain the usual
description of SN−1R , SN−1C , as column spaces over the corresponding groups ON , UN .

Now back to the general case, we have the following result:

Proposition 15.12. We have action maps as follows, which are both transitive,

OM ×ON ↷ OL
MN , (A,B)U = AUBt

UM × UN ↷ UL
MN , (A,B)U = AUB∗

whose stabilizers are respectively OL ×OM−L ×ON−L and UL × UM−L × UN−L.

Proof. We have indeed action maps as in the statement, which are transitive. Let
us compute now the stabilizer G of the following point:

U =

(
1 0
0 0

)
Since (A,B) ∈ G satisfy AU = UB, their components must be of the following form:

A =

(
x ∗
0 a

)
, B =

(
x 0
∗ b

)
Now since A,B are unitaries, these matrices follow to be block-diagonal, and so:

G =

{
(A,B)

∣∣∣A =

(
x 0
0 a

)
, B =

(
x 0
0 b

)}
The stabilizer of U is parametrized by triples (x, a, b) belonging to OL×OM−L×ON−L

and UL × UM−L × UN−L, and we are led to the conclusion in the statement. □

Finally, let us work out the quotient space description of OL
MN , U

L
MN . We have here:
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Theorem 15.13. We have isomorphisms of homogeneous spaces as follows,

OL
MN = (OM ×ON)/(OL ×OM−L ×ON−L)

UL
MN = (UM × UN)/(UL × UM−L × UN−L)

with the quotient maps being given by (A,B)→ AUB∗, where U = (10
0
0).

Proof. This is just a reformulation of Proposition 15.12, by taking into account the
fact that the fixed point used in the proof there was U = (10

0
0). □

Once again, the basic examples here come from the cases L =M = N and L =M = 1.
At L =M = N the quotient spaces at right are respectively:

ON , UN

At L =M = 1 the quotient spaces at right are respectively:

ON/ON−1 , UN/UN−1

In fact, in the general L =M case we obtain the following spaces:

OM
MN = ON/ON−M , UM

MN = UN/UN−M

Similarly, the examples coming from the cases L = M = N and L = N = 1 are
particular cases of the general L = N case, where we obtain the following spaces:

ON
MN = ON/OM−N , UN

MN = UN/UM−N

Summarizing, we have here some basic homogeneous spaces, unifying the spheres with
the rotation groups. The point now is that we can liberate these spaces, as follows:

Definition 15.14. Associated to any integers L ≤M,N are the algebras

C(OL+
MN) = C∗

(
(uij)i=1,...,M,j=1,...,N

∣∣∣u = ū, uut = projection of trace L
)

C(UL+
MN) = C∗

(
(uij)i=1,...,M,j=1,...,N

∣∣∣uu∗, ūut = projections of trace L
)

with the trace being by definition the sum of the diagonal entries.

Observe that the above universal algebras are indeed well-defined, as it was previously
the case for the free spheres, and this due to the trace conditions, which read:∑

ij

uiju
∗
ij =

∑
ij

u∗ijuij = L
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We have inclusions between the various spaces constructed so far, as follows:

OL+
MN

// UL+
MN

OL
MN

//

OO

UL
MN

OO

At the level of basic examples now, at L = M = 1 and at L = N = 1 we obtain the
following diagrams, showing that our formalism covers indeed the free spheres:

SN−1R,+
// SN−1C,+

SN−1R
//

OO

SN−1C

OO
SM−1R,+

// SM−1C,+

SM−1R
//

OO

SM−1C

OO

We have as well the following result, in relation with the free rotation groups:

Proposition 15.15. At L =M = N we obtain the diagram

O+
N

// U+
N

ON
//

OO

UN

OO

consisting of the groups ON , UN , and their liberations.

Proof. We recall that the various quantum groups in the statement are constructed
as follows, with the symbol × standing once again for “commutative” and “free”:

C(O×N) = C∗×

(
(uij)i,j=1,...,N

∣∣∣u = ū, uut = utu = 1
)

C(U×N ) = C∗×

(
(uij)i,j=1,...,N

∣∣∣uu∗ = u∗u = 1, ūut = utū = 1
)

On the other hand, according to Proposition 15.11 and to Definition 15.14, we have
the following presentation results:

C(ON×
NN) = C∗×

(
(uij)i,j=1,...,N

∣∣∣u = ū, uut = projection of trace N
)

C(UN×
NN ) = C∗×

(
(uij)i,j=1,...,N

∣∣∣uu∗, ūut = projections of trace N
)
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We use now the standard fact that if p = aa∗ is a projection then q = a∗a is a
projection too. We use as well the following formulae:

Tr(uu∗) = Tr(utū) , T r(ūut) = Tr(u∗u)

We therefore obtain the following formulae:

C(ON×
NN) = C∗×

(
(uij)i,j=1,...,N

∣∣∣u = ū, uut, utu = projections of trace N
)

C(UN×
NN ) = C∗×

(
(uij)i,j=1,...,N

∣∣∣uu∗, u∗u, ūut, utū = projections of trace N
)

Now observe that, in tensor product notation, the conditions at right are all of the
form (tr ⊗ id)p = 1. Thus, p must be follows, for the above conditions:

p = uu∗, u∗u, ūut, utū

We therefore obtain that, for any faithful state φ, we have (tr ⊗ φ)(1 − p) = 0. It
follows from this that the following projections must be all equal to the identity:

p = uu∗, u∗u, ūut, utū

But this leads to the conclusion in the statement. □

Regarding now the homogeneous space structure of OL×
MN , U

L×
MN , the situation here is

a bit more complicated in the free case than in the classical case, due to a number of
algebraic and analytic issues. We first have the following result:

Proposition 15.16. The spaces UL×
MN have the following properties:

(1) We have an action U×M × U
×
N ↷ UL×

MN , given by uij →
∑

kl ukl ⊗ aki ⊗ b∗lj.
(2) We have a map U×M × U

×
N → UL×

MN , given by uij →
∑

r≤L ari ⊗ b∗rj.
Similar results hold for the spaces OL×

MN , with all the ∗ exponents removed.

Proof. In the classical case, consider the following action and quotient maps:

UM × UN ↷ UL
MN , UM × UN → UL

MN

The transposes of these two maps are as follows, where J = (10
0
0):

φ → ((U,A,B)→ φ(AUB∗))

φ → ((A,B)→ φ(AJB∗))

But with φ = uij we obtain precisely the formulae in the statement. The proof in the
orthogonal case is similar. Regarding now the free case, the proof goes as follows:

(1) Assuming uu∗u = u, consider the following variables:

Uij =
∑
kl

ukl ⊗ aki ⊗ b∗lj
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We have then the following computation:

(UU∗U)ij =
∑
pq

∑
klmnst

uklu
∗
mnust ⊗ akia∗mqasq ⊗ b∗lpbnpb∗tj

=
∑
klmt

uklu
∗
mlumt ⊗ aki ⊗ b∗tj

=
∑
kt

ukt ⊗ aki ⊗ b∗tj

= Uij

Also, assuming that we have
∑

ij uiju
∗
ij = L, we obtain:∑

ij

UijU
∗
ij =

∑
ij

∑
klst

uklu
∗
st ⊗ akia∗si ⊗ b∗ljbtj

=
∑
kl

uklu
∗
kl ⊗ 1⊗ 1

= L

(2) Assuming uu∗u = u, consider the following variables:

Vij =
∑
r≤L

ari ⊗ b∗rj

We have then the following computation:

(V V ∗V )ij =
∑
pq

∑
x,y,z≤L

axia
∗
yqazq ⊗ b∗xpbypb∗zj

=
∑
x≤L

axi ⊗ b∗xj

= Vij

Also, assuming that we have
∑

ij uiju
∗
ij = L, we obtain:∑

ij

VijV
∗
ij =

∑
ij

∑
r,s≤L

aria
∗
si ⊗ b∗rjbsj

=
∑
l≤L

1

= L

By removing all the ∗ exponents, we obtain as well the orthogonal results. □
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Let us examine now the relation between the above maps. In the classical case, given
a quotient space X = G/H, the associated action and quotient maps are given by:{

a : X ×G→ X : (Hg, h)→ Hgh

p : G→ X : g → Hg

Thus we have a(p(g), h) = p(gh). In our context, a similar result holds:

Theorem 15.17. With G = GM ×GN and X = GL
MN , where GN = O×N , U

×
N , we have

G×G m //

p×id

��

G

p

��
X ×G a // X

where a, p are the action map and the map constructed in Proposition 15.16.

Proof. At the level of the associated algebras of functions, we must prove that the
following diagram commutes, where α, γ are morphisms of algebras induced by a, p:

C(X)
α //

γ

��

C(X ×G)

γ⊗id

��
C(G)

∆ // C(G×G)

When going right, and then down, the composition is as follows:

(γ ⊗ id)α(uij) = (γ ⊗ id)
∑
kl

ukl ⊗ aki ⊗ b∗lj

=
∑
kl

∑
r≤L

ark ⊗ b∗rl ⊗ aki ⊗ b∗lj

On the other hand, when going down, and then right, the composition is as follows,
where F23 is the flip between the second and the third components:

∆γ(uij) = F23(∆⊗∆)
∑
r≤L

ari ⊗ b∗rj

= F23

(∑
r≤L

∑
kl

ark ⊗ aki ⊗ b∗rl ⊗ b∗lj

)
Thus the above diagram commutes indeed, and this gives the result. □
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15c. Partial permutations

As already mentioned in the beginning of the previous section, our above constructions
using the quantum groups O×N , U

×
N work in fact for any easy quantum group. In order to

discuss this, we first need to work out the discrete extensions of our constructions.

The starting point for all this is the semigroup S̃N of partial permutations. This is a
quite familiar object in combinatorics, defined as follows:

Definition 15.18. S̃N is the semigroup of partial permutations of {1 . . . , N},

S̃N =
{
σ : X ≃ Y

∣∣∣X, Y ⊂ {1, . . . , N}}
with the usual composition operation, σ′σ : σ−1(X ′ ∩ Y )→ σ′(X ′ ∩ Y ).

Observe that S̃N is not simplifiable, because the null permutation ∅ ∈ S̃N , having the

empty set as domain/range, satisfies ∅σ = σ∅ = ∅, for any σ ∈ S̃N . Observe also that S̃N
has a “subinverse” map, sending σ : X → Y to its usual inverse σ−1 : Y ≃ X.

A first interesting result about this semigroup S̃N , which shows that we are dealing
here with some non-trivial combinatorics, is as follows:

Proposition 15.19. The number of partial permutations is given by

|S̃N | =
N∑
k=0

k!

(
N

k

)2

that is, 1, 2, 7, 34, 209, . . . , and we have the cardinality estimate

|S̃N | ≃ N !

√
exp(4

√
N − 1)

4π
√
N

in the N →∞ limit.

Proof. The first assertion is clear, because in order to construct a partial permutation
σ : X → Y we must choose an integer k = |X| = |Y |, then we must pick two subsets
X, Y ⊂ {1, . . . , N} having cardinality k, and there are

(
N
k

)
choices for each, and finally we

must construct a bijection σ : X → Y , and there are k! choices here. As for the estimate,
which is non-trivial, this is however something standard, and well-known. □

Another result, which is trivial, but quite fundamental, is as follows:

Proposition 15.20. We have a semigroup embedding u : S̃N ⊂MN(0, 1), defined by

uij(σ) =

{
1 if σ(j) = i

0 otherwise

whose image are the matrices having at most one nonzero entry, on each row and column.
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Proof. This is trivial from definitions, with u : S̃N ⊂ MN(0, 1) extending the stan-
dard embedding u : SN ⊂MN(0, 1), that we have been heavily using, so far. □

Many other things can be said, about the partial permutations. Getting now to what
we wanted to do, partial isometry spaces, let us formulate the following definition:

Definition 15.21. Associated to a partial permutation, σ : I ≃ J with I ⊂ {1, . . . , N}
and J ⊂ {1, . . . ,M}, is the real/complex partial isometry

Tσ : span
(
ei

∣∣∣i ∈ I)→ span
(
ej

∣∣∣j ∈ J)
given on the standard basis elements by Tσ(ei) = eσ(i).

Let SLMN be the set of partial permutations σ : I ≃ J as above, with range I ⊂
{1, . . . , N} and target J ⊂ {1, . . . ,M}, and with L = |I| = |J |. We have:

Proposition 15.22. The space of partial permutations signed by elements of Zs,

HsL
MN =

{
T (ei) = wieσ(i)

∣∣∣σ ∈ SLMN , wi ∈ Zs
}

is isomorphic to the quotient space

(Hs
M ×Hs

N)/(H
s
L ×Hs

M−L ×Hs
N−L)

via a standard isomorphism.

Proof. This follows by adapting the computations in the proof of Proposition 15.12
and Theorem 15.13. Indeed, we have an action map as follows, which is transitive:

Hs
M ×Hs

N → HsL
MN , (A,B)U = AUB∗

Consider now the following point, as we did before in the continuous case:

U =

(
1 0
0 0

)
The stabilizer of this point follows to be the following group:

Hs
L ×Hs

M−L ×Hs
N−L

To be more precise, this group is embedded via:

(x, a, b)→
[(
x 0
0 a

)
,

(
x 0
0 b

)]
But this gives the result. □

In the free case now, the idea is similar, by using inspiration from the construction of
the quantum group Hs+

N = Zs ≀∗ S+
N . The result here is as follows:
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Proposition 15.23. The compact quantum space HsL+
MN associated to the algebra

C(HsL+
MN ) = C(UL+

MN)
/〈

uiju
∗
ij = u∗ijuij = pij = projections, usij = pij

〉
has an action map, and is the target of a quotient map, as in Theorem 15.17.

Proof. We must show that if the variables uij satisfy the relations in the statement,
then these relations are satisfied as well for the following variables:

Uij =
∑
kl

ukl ⊗ aki ⊗ b∗lj , Vij =
∑
r≤L

ari ⊗ b∗rj

We use the fact that the standard coordinates aij, bij on the quantum groups Hs+
M , Hs+

N

satisfy the following relations, for any x ̸= y on the same row or column of a, b:

xy = xy∗ = 0

We obtain, by using these relations, the following formula:

UijU
∗
ij =

∑
klmn

uklu
∗
mn ⊗ akia∗mi ⊗ b∗ljbmj =

∑
kl

uklu
∗
kl ⊗ akia∗ki ⊗ b∗ljblj

On the other hand, we have as well the following formula:

VijV
∗
ij =

∑
r,t≤L

aria
∗
ti ⊗ b∗rjbtj =

∑
r≤L

aria
∗
ri ⊗ b∗rjbrj

In terms of the projections xij = aija
∗
ij, yij = bijb

∗
ij, pij = uiju

∗
ij, we have:

UijU
∗
ij =

∑
kl

pkl ⊗ xki ⊗ ylj , VijV
∗
ij =

∑
r≤L

xri ⊗ yrj

By repeating the computation, we conclude that these elements are projections. Also,
a similar computation shows that U∗ijUij, V

∗
ijVij are given by the same formulae. Finally,

once again by using the relations of type xy = xy∗ = 0, we have:

U s
ij =

∑
krlr

uk1l1 . . . uksls ⊗ ak1i . . . aksi ⊗ b∗l1j . . . b
∗
lsj =

∑
kl

uskl ⊗ aski ⊗ (b∗lj)
s

On the other hand, we have as well the following formula:

V s
ij =

∑
rl≤L

ar1i . . . arsi ⊗ b∗r1j . . . b
∗
rsj =

∑
r≤L

asri ⊗ (b∗rj)
s

Thus the conditions of type usij = pij are satisfied as well, and we are done. □

Let us discuss now the general case. We have the following result:
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Proposition 15.24. The various spaces GL
MN constructed so far appear by imposing

to the standard coordinates of UL+
MN the relations∑

i1...is

∑
j1...js

δπ(i)δσ(j)u
e1
i1j1

. . . uesisjs = L|π∨σ|

with s = (e1, . . . , es) ranging over all the colored integers, and with π, σ ∈ D(0, s).

Proof. According to the various constructions above, the relations defining the quan-
tum space GL

MN can be written as follows, with σ ranging over a family of generators,
with no upper legs, of the corresponding category of partitions D:∑

j1...js

δσ(j)u
e1
i1j1

. . . uesisjs = δσ(i)

We therefore obtain the relations in the statement, as follows:∑
i1...is

∑
j1...js

δπ(i)δσ(j)u
e1
i1j1

. . . uesisjs =
∑
i1...is

δπ(i)
∑
j1...js

δσ(j)u
e1
i1j1

. . . uesisjs

=
∑
i1...is

δπ(i)δσ(i)

= L|π∨σ|

As for the converse, this follows by using the relations in the statement, by keeping π
fixed, and by making σ vary over all the partitions in the category. □

In the general case now, where G = (GN) is an arbitary uniform easy quantum group,
we can construct spaces GL

MN by using the above relations, and we have:

Theorem 15.25. The spaces GL
MN ⊂ UL+

MN constructed by imposing the relations∑
i1...is

∑
j1...js

δπ(i)δσ(j)u
e1
i1j1

. . . uesisjs = L|π∨σ|

with π, σ ranging over all the partitions in the associated category, having no upper legs,
are subject to an action map/quotient map diagram, as in Theorem 15.17.

Proof. We proceed as in the proof of Proposition 15.23. We must prove that, if the
variables uij satisfy the relations in the statement, then so do the following variables:

Uij =
∑
kl

ukl ⊗ aki ⊗ b∗lj , Vij =
∑
r≤L

ari ⊗ b∗rj
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Regarding the variables Uij, the computation here goes as follows:∑
i1...is

∑
j1...js

δπ(i)δσ(j)U
e1
i1j1

. . . U es
isjs

=
∑
i1...is

∑
j1...js

∑
k1...ks

∑
l1...ls

ue1k1l1 . . . u
es
ksls
⊗ δπ(i)δσ(j)ae1k1i1 . . . a

es
ksis
⊗ (beslsjs . . . b

e1
l1j1

)∗

=
∑
k1...ks

∑
l1...ls

δπ(k)δσ(l)u
e1
k1l1

. . . uesksls

= L|π∨σ|

For the variables Vij the proof is similar, as follows:∑
i1...is

∑
j1...js

δπ(i)δσ(j)V
e1
i1j1

. . . V es
isjs

=
∑
i1...is

∑
j1...js

∑
l1,...,ls≤L

δπ(i)δσ(j)a
e1
l1i1

. . . aeslsis ⊗ (beslsjs . . . b
e1
l1j1

)∗

=
∑

l1,...,ls≤L

δπ(l)δσ(l)

= L|π∨σ|

Thus we have constructed an action map, and a quotient map, as in Proposition 15.23,
and the commutation of the diagram in Theorem 15.17 is then trivial. □

Summarizing, our partial isometry space theory works well for any easy quantum
group, and we have full extensions of our algebraic results regarding the spheres.

15d. Integration results

Getting now ot analytic matters, again in analogy with what we did before for the
spheres, let us discuss now the integration over the spaces GL

MN . We first have:

Definition 15.26. The integration functional of GL
MN is the composition∫

GL
MN

: C(GL
MN)→ C(GM ×GN)→ C

of the representation uij →
∑

r≤L ari ⊗ b∗rj with the Haar functional of GM ×GN .

Observe that in the case L = M = N we obtain the integration over GN . Also, at
L =M = 1, or at L = N = 1, we obtain the integration over the sphere.

In the general case now, we first have the following result:
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Proposition 15.27. The integration functional of GL
MN has the invariance property(∫

GL
MN

⊗ id

)
α(x) =

∫
GL

MN

x

with respect to the coaction map α(uij) =
∑

kl ukl ⊗ aki ⊗ b∗lj.

Proof. We restrict the attention to the orthogonal case, the proof in the unitary case
being similar. We must check the following formula:(∫

GL
MN

⊗ id

)
α(ui1j1 . . . uisjs) =

∫
GL

MN

ui1j1 . . . uisjs

Let us compute the left term. This is given by:

X =

(∫
GL

MN

⊗ id

)∑
kxlx

uk1l1 . . . uksls ⊗ ak1i1 . . . aksis ⊗ b∗l1j1 . . . b
∗
lsjs

=
∑
kxlx

∑
rx≤L

ak1i1 . . . aksis ⊗ b∗l1j1 . . . b
∗
lsjs

∫
GM

ar1k1 . . . arsks

∫
GN

b∗r1l1 . . . b
∗
rsls

=
∑
rx≤L

∑
kx

ak1i1 . . . aksis

∫
GM

ar1k1 . . . arsks ⊗
∑
lx

b∗l1j1 . . . b
∗
lsjs

∫
GN

b∗r1l1 . . . b
∗
rsls

By using now the invariance property of the Haar functionals of GM , GN , we obtain:

X =
∑
rx≤L

(∫
GM

⊗ id

)
∆(ar1i1 . . . arsis)⊗

(∫
GN

⊗ id

)
∆(b∗r1j1 . . . b

∗
rsjs)

=
∑
rx≤L

∫
GM

ar1i1 . . . arsis

∫
GN

b∗r1j1 . . . b
∗
rsjs

=

(∫
GM

⊗
∫
GN

)∑
rx≤L

ar1i1 . . . arsis ⊗ b∗r1j1 . . . b
∗
rsjs

But this gives the formula in the statement, and we are done. □

We will prove now that the above functional is in fact the unique positive unital
invariant trace on C(GL

MN). For this purpose, we will need the Weingarten formula:

Theorem 15.28. We have the Weingarten type formula∫
GL

MN

ui1j1 . . . uisjs =
∑
πστν

L|π∨τ |δσ(i)δν(j)WsM(π, σ)WsN(τ, ν)

where the matrices on the right are given by WsM = G−1sM , with GsM(π, σ) =M |π∨σ|.
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Proof. We make use of the usual quantum group Weingarten formula, that we know
from chapter 11. By using this formula for GM , GN , we obtain:∫

GL
MN

ui1j1 . . . uisjs =
∑

l1...ls≤L

∫
GM

al1i1 . . . alsis

∫
GN

b∗l1j1 . . . b
∗
lsjs

=
∑

l1...ls≤L

∑
πσ

δπ(l)δσ(i)WsM(π, σ)
∑
τν

δτ (l)δν(j)WsN(τ, ν)

=
∑
πστν

( ∑
l1...ls≤L

δπ(l)δτ (l)

)
δσ(i)δν(j)WsM(π, σ)WsN(τ, ν)

The coefficient being L|π∨τ |, we obtain the formula in the statement. □

We can now derive an abstract characterization of the integration, as follows:

Theorem 15.29. The integration of GL
MN is the unique positive unital trace

C(GL
MN)→ C

which is invariant under the action of the quantum group GM ×GN .

Proof. We use a standard method, from [15], that we already met in the context of
the spheres, the point being to show that we have the following ergodicity formula:(

id⊗
∫
GM

⊗
∫
GN

)
α(x) =

∫
GL

MN

x

We restrict the attention to the orthogonal case, the proof in the unitary case being
similar. We must verify that the following holds:(

id⊗
∫
GM

⊗
∫
GN

)
α(ui1j1 . . . uisjs) =

∫
GL

MN

ui1j1 . . . uisjs

By using the Weingarten formula, the left term can be written as follows:

X =
∑
k1...ks

∑
l1...ls

uk1l1 . . . uksls

∫
GM

ak1i1 . . . aksis

∫
GN

b∗l1j1 . . . b
∗
lsjs

=
∑
k1...ks

∑
l1...ls

uk1l1 . . . uksls
∑
πσ

δπ(k)δσ(i)WsM(π, σ)
∑
τν

δτ (l)δν(j)WsN(τ, ν)

=
∑
πστν

δσ(i)δν(j)WsM(π, σ)WsN(τ, ν)
∑
k1...ks

∑
l1...ls

δπ(k)δτ (l)uk1l1 . . . uksls

By using now the summation formula in Theorem 15.28, we obtain:

X =
∑
πστν

L|π∨τ |δσ(i)δν(j)WsM(π, σ)WsN(τ, ν)
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Now by comparing with the Weingarten formula for GL
MN , this proves our claim.

Assume now that τ : C(GL
MN)→ C satisfies the invariance condition. We have:

τ

(
id⊗

∫
GM

⊗
∫
GN

)
α(x) =

(
τ ⊗

∫
GM

⊗
∫
GN

)
α(x)

=

(∫
GM

⊗
∫
GN

)
(τ ⊗ id)α(x)

=

(∫
GM

⊗
∫
GN

)
(τ(x)1)

= τ(x)

On the other hand, according to the formula established above, we have as well:

τ

(
id⊗

∫
GM

⊗
∫
GN

)
α(x) = τ(tr(x)1)

= tr(x)

Thus we obtain τ = tr, and this finishes the proof. □

As a main application of the above results, we have:

Proposition 15.30. For a sum of coordinates of the following type,

χE =
∑

(ij)∈E

uij

with the coordinates not overlapping on rows and columns, we have∫
GL

MN

χsE =
∑
πστν

K |π∨τ |L|σ∨ν|WsM(π, σ)WsN(τ, ν)

where K = |E| is the cardinality of the indexing set.

Proof. With K = |E|, we can write E = {(α(i), β(i))}, for certain embeddings:

α : {1, . . . , K} ⊂ {1, . . . ,M}

β : {1, . . . , K} ⊂ {1, . . . , N}

In terms of these maps α, β, the moment in the statement is given by:

Ms =

∫
GL

MN

(∑
i≤K

uα(i)β(i)

)s
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By using the Weingarten formula, we can write this quantity as follows:

Ms

=

∫
GL

MN

∑
i1...is≤K

uα(i1)β(i1) . . . uα(is)β(is)

=
∑

i1...is≤K

∑
πστν

L|σ∨ν|δπ(α(i1), . . . , α(is))δτ (β(i1), . . . , β(is))WsM(π, σ)WsN(τ, ν)

=
∑
πστν

( ∑
i1...is≤K

δπ(i)δτ (i)

)
L|σ∨ν|WsM(π, σ)WsN(τ, ν)

But, as explained before, in the proof of Theorem 15.28, the coefficient on the left in
the last formula is C = K |π∨τ |. We therefore obtain the formula in the statement. □

At a more concrete level now, we have the following conceptual result, making the
link with the Bercovici-Pata bijection [18]:

Theorem 15.31. In the context of the liberation operations

OL
MN → OL+

MN , UL
MN → UL+

MN , HsL
MN → HsL+

MN

the laws of the sums of non-overlapping coordinates,

χE =
∑

(ij)∈E

uij

are in Bercovici-Pata bijection, in the

|E| = κN,L = λN,M = µN

regime and N →∞ limit.

Proof. We use various formulae from [11], [17]. According to Proposition 15.30, in
terms of K = |E|, the moments of the variables in the statement are given by:

Ms =
∑
πστν

K |π∨τ |L|σ∨ν|WsM(π, σ)WsN(τ, ν)

We use now two standard facts, from [11] and related papers, namely the fact that in
the N → ∞ limit the Weingarten matrix WsN is concentrated on the diagonal, and the
fact that we have an inequality as follows, with equality precisely when π = σ:

|π ∨ σ| ≤ |π|+ |σ|
2

Indeed, with these two ingredients in hand, we can now look in detail at what happens
to our moment Ms in the regime from the statement, namely:

K = κN,L = λN,M = µN,N →∞
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In this regime, we obtain the following estimate:

Ms ≃
∑
πτ

K |π∨τ |L|π∨τ |M−|π|N−|τ |

≃
∑
π

K |π|L|π|M−|π|N−|π|

=
∑
π

(
κλ

µ

)|π|
In order to interpret this formula, we use general theory from [11], [17]:

(1) For GN = ON , O
+
N , the above variables χE follow to be asymptotically Gauss-

ian/semicircular, of parameter κλ
µ
, and hence in Bercovici-Pata bijection.

(2) For GN = UN , U
+
N the situation is similar, with χE being asymptotically complex

Gaussian/circular, of parameter κλ
µ
, and in Bercovici-Pata bijection.

(3) Finally, for GN = Hs
N , H

s+
N , the variables χE are asymptotically Bessel/free Bessel

of parameter κλ
µ
, and once again in Bercovici-Pata bijection. □

There are several possible extensions of the above results, for instance by using twisting
operations as well. We refer here to [15] and related papers.

15e. Exercises

We had a quite technical chapter here, and as exercises on this, we have:

Exercise 15.32. Learn more about the various quantum homogeneous spaces.

Exercise 15.33. Work out the construction of twisted partial isometry spaces.

Exercise 15.34. Learn more about the semigroup S̃N , and its properties.

Exercise 15.35. Construct and study the free quantum semigroup S̃+
N .

Exercise 15.36. Learn more about the Bercovici-Pata bijection, in general.

Exercise 15.37. Learn about affine homogeneous spaces, generalizing the above.

As bonus exercise, try to develop some abstract free algebraic geometry.



CHAPTER 16

Threefold way

16a. Rotation groups

Time to end this book, and we have chosen to talk about something quite mysterious,
in connection with virtually everything done since we started in chapter 1.

Hang on, this is what we would like to talk about:

Principle 16.1 (Threefold way). There are three main geometries, or master ground
fields F if you prefer, namely:

(1) Real.
(2) Complex.
(3) Free.

Obviously, this is not the sort of statement that you will meet every day, so this is
definitely worth a detailed look, from all the possible perspectives. Our purpose in this
chapter will be to do so, thoroughly examine this threefold way principle.

As a first disclaimer, Principle 16.1 is not something of arithmetic nature, but rather
something quantum, coming from our quantum algebra experience.

Getting started now, we will start with what we best know to do, namely quantum
groups. Our purpose will be to discuss the isomorphism PO+

N = PU+
N , which is something

that we have already met, and which brings heavy evidence for Principle 16.1.

For this purpose, let us first discuss the passage from real to complex, in the group
setting. The passage ON → UN cannot be understood directly. In order to understand
this, we must pass through the corresponding Lie algebras, as follows:

Theorem 16.2. The passage ON → UN appears via a Lie algebra complexification,

ON → oN → un → UN

with the Lie algebra uN being a complexification of the Lie algebra oN .

Proof. This is something rather philosophical, the idea being as follows:

369
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(1) The orthogonal and unitary groups ON , NN are both Lie groups, and the corre-
sponding Lie algebras oN , uN can be computed by differentiating the equations defining
ON , UN , with the conclusion being as follows:

oN =
{
A ∈MN(R)

∣∣∣At = −A}
uN =

{
B ∈MN(C)

∣∣∣B∗ = −B}
(2) This was for the correspondences ON → oN and UN → uN . In the other sense,

the correspondences oN → ON and uN → UN appear by exponentiation, the result here
stating that, around 1, the orthogonal matrices can be written as U = eA, with A ∈ oN ,
and the unitary matrices can be written as U = eB, with B ∈ uN .

(3) In view of all this, in order to understand the passage ON → UN it is enough to
understand the passage oN → uN . But, in view of the above explicit formulae for oN , uN ,
this is basically an elementary linear algebra problem. Indeed, let us pick an arbitrary
matrix B ∈MN(C), and write it as follows, with A,C ∈MN(R):

B = A+ iC

In terms of A,C, the equation B∗ = −B defining the Lie algebra uN reads:

At = −A

Ct = C

(4) As a first observation, we must have A ∈ oN . Regarding now C, let us decompose
it as follows, with D being its diagonal, and C ′ being the remainder:

C = D + C ′

The remainder C ′ being symmetric with 0 on the diagonal, by switching all the signs
below the main diagonal we obtain a certain matrix C ′− ∈ oN . Thus, we have decomposed
B ∈ uN as follows, with A,C ′ ∈ oN , and with D ∈MN(R) being diagonal:

B = A+ iD + iC ′−

(5) As a conclusion now, we have shown that we have a direct sum decomposition of
real linear spaces as follows, with ∆ ⊂MN(R) being the diagonal matrices:

uN ≃ oN ⊕∆⊕ oN

Thus, we can stop our study here, and say that we have reached the conclusion in the
statement, namely that uN appears as a “complexification” of oN . □

In the free case now, the situation is much simpler, and we have:
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Theorem 16.3. The passage O+
N → U+

N appears via free complexification,

U+
N = Õ+

N

where the free complexification of a pair (G, u) is by definition the pair (G̃, ũ) with

C(G̃) =< zuij >⊂ C(T) ∗ C(G) , ũ = zu

where z ∈ C(T) is the standard generator, given by x→ x for any x ∈ T.

Proof. We have embeddings as follows, with the first one coming by using the counit,
and with the second one coming from the universality property of U+

N :

O+
N ⊂ Õ+

N ⊂ U+
N

We must prove that the embedding on the right is an isomorphism. Let us recall that
if we denote by v, u the fundamental corepresentations of O+

N , U
+
N , then we have:

Fix(v⊗k) = span
(
ξπ

∣∣∣π ∈ NC2(k)
)

Fix(u⊗k) = span
(
ξπ

∣∣∣π ∈ NC2(k))
Moreover, the above vectors ξπ are known to be linearly independent at N ≥ 2, and

so the above results provide us with bases, and we obtain:

dim(Fix(v⊗k)) = |NC2(k)| , dim(Fix(u⊗k)) = |NC2(k)|
Now since integrating the character of a corepresentation amounts in counting the

fixed points, the above two formulae can be rewritten as follows:∫
O+

N

χkv = |NC2(k)| ,

∫
U+
N

χku = |NC2(k)|

But this shows, via standard free probability theory, that χv must follow the Winger
semicircle law γ1, and that χu must follow the Voiculescu circular law Γ1:

χv ∼ γ1 , χu ∼ Γ1

On the other hand, when freely multiplying a semicircular variable by a Haar unitary

we obtain a circular variable. Thus, the main character of Õ+
N is circular:

χzv ∼ Γ1

Now by forgetting about circular variables and free probability, the conclusion is that

the inclusion Õ+
N ⊂ U+

N preserves the law of the main character:

law(χzv) = law(u)

Thus by Peter-Weyl we obtain that the inclusion Õ+
N ⊂ U+

N must be an isomorphism,
modulo the usual equivalence relation for quantum groups. □
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As a main consequence of the above result, which is of interest for us, we have:

Theorem 16.4. We have an identification as follows,

PO+
N = PU+

N

modulo the usual equivalence relation for compact quantum groups.

Proof. As before, we have several proofs for this result, as follows:

(1) This follows from Theorem 16.3, because we have:

PU+
N = PÕ+

N = PO+
N

(2) We can deduce this as well directly. With notations as before, we have:

Hom
(
(v ⊗ v)k, (v ⊗ v)l

)
= span

(
Tπ

∣∣∣π ∈ NC2((◦•)k, (◦•)l)
)

Hom
(
(u⊗ ū)k, (u⊗ ū)l

)
= span

(
Tπ

∣∣∣π ∈ NC2((◦•)k, (◦•)l))
The sets on the right being equal, we conclude that the inclusion PO+

N ⊂ PU+
N pre-

serves the corresponding Tannakian categories, and so must be an isomorphism. □

Many other things can be said, along these lines, notably with an axiomatization of
the notion of projective easiness, and some related classification results, for instance for
the projective free quantum groups. We will be back to this, later in this chapter.

16b. Monomial spheres

Getting now into noncommutative geometry, and again with Principle 16.1 in mind,
looking back at the definition of the spheres that we have, and at the precise relations
between the coordinates, we are led into the following notion:

Definition 16.5. A monomial sphere is a subset S ⊂ SN−1C,+ obtained via relations

xe1i1 . . . x
ek
ik

= xf1iσ(1)
. . . xfkiσ(k)

, ∀(i1, . . . , ik) ∈ {1, . . . , N}k

with σ ∈ Sk being certain permutations, and with er, fr ∈ {1, ∗} being certain exponents.

This definition is quite broad, and we have for instance as example the sphere SN−1C,×
coming from the relations ab∗c = cb∗a, corresponding to the following diagram:

◦ • ◦

◦ • ◦
In view of these difficulties, we will restrict now the attention to the real case. Let us

first recall that we have the following fundamental result, dealing with the real case:
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Theorem 16.6. There are exactly 3 real easy geometries, namely

RN ⊂ RN
∗ ⊂ RN

+

coming from P2 ⊃ P ∗2 ⊃ NC2, whose associated spheres are

SN−1R ⊂ SN−1R,∗ ⊂ SN−1R,+

and whose tori, unitary and reflection groups are given by similar formulae.

Proof. This is something that we know well, coming from the fact that G = O∗N is
the unique intermediate easy quantum group ON ⊂ G ⊂ O+

N . □

Let us focus now on the spheres, and try to better understand their “easiness” property,
with results getting beyond what has been done above, in the general easy context. That
is, our objects of interest in what follows will be the 3 real spheres, namely:

SN−1R ⊂ SN−1R,∗ ⊂ SN−1R,+

Our purpose in what follows we will be that of proving that these spheres are the only
monomial ones. In order to best talk about monomiality, in the present real case, it is
convenient to introduce the following infinite group:

S∞ =
⋃
k≥0

Sk

To be more precise, this group appears by definition as an inductive limit, with the
inclusions Sk ⊂ Sk+1 that we use being given by:

σ ∈ Sk =⇒ σ(k + 1) = k + 1

In terms of S∞, the definition of the monomial spheres reformulates as follows:

Proposition 16.7. The monomial spheres are the algebraic manifolds S ⊂ SN−1R,+
obtained via relations of type

xi1 . . . xik = xiσ(1)
. . . xiσ(k)

, ∀(i1, . . . , ik) ∈ {1, . . . , N}k

associated to certain elements σ ∈ S∞, where k ∈ N is such that σ ∈ Sk.

Proof. We must prove that the relations xi1 . . . xik = xiσ(1)
. . . xiσ(k)

are left un-

changed when replacing k → k + 1. But this follows from
∑

i x
2
i = 1, because:

xi1 . . . xikxik+1
= xiσ(1)

. . . xiσ(k)
xik+1

=⇒ xi1 . . . xikx
2
ik+1

= xiσ(1)
. . . xiσ(k)

x2ik+1

=⇒
∑
ik+1

xi1 . . . xikx
2
ik+1

=
∑
ik+1

xiσ(1)
. . . xiσ(k)

x2ik+1

=⇒ xi1 . . . xik = xiσ(1)
. . . xiσ(k)

Thus we can indeed “simplify at right”, and this gives the result. □
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As already mentioned, our goal in what follows will be that of proving that the 3 main
spheres are the only monomial ones. In order to prove this result, we will use group theory
methods. We call a subgroup G ⊂ S∞ filtered when it is stable under concatenation, in
the sense that when writing G = (Gk) with Gk ⊂ Sk, we have:

σ ∈ Gk, π ∈ Gl =⇒ σπ ∈ Gk+l

With this convention, we have the following result:

Theorem 16.8. The monomial spheres are the subsets SG ⊂ SN−1R,+ given by

C(SG) = C(SN−1R,+ )
/〈

xi1 . . . xik = xiσ(1)
. . . xiσ(k)

,∀(i1, . . . , ik) ∈ {1, . . . , N}k, ∀σ ∈ Gk

〉
where G = (Gk) is a filtered subgroup of S∞ = (Sk).

Proof. We know from Proposition 16.7 that the construction in the statement pro-
duces a monomial sphere. Conversely, given a monomial sphere S ⊂ SN−1R,+ , let us set:

Gk =
{
σ ∈ Sk

∣∣∣xi1 . . . xik = xiσ(1)
. . . xiσ(k)

,∀(i1, . . . , ik) ∈ {1, . . . , N}k
}

With G = (Gk) we have then S = SG. Thus, it remains to prove that G is a filtered
group. But since the relations xi1 . . . xik = xiσ(1)

. . . xiσ(k)
can be composed and reversed,

each Gk follows to be stable under composition and inversion, and is therefore a group.
Also, since the relations xi1 . . . xik = xiσ(1)

. . . xiσ(k)
can be concatenated as well, our group

G = (Gk) is stable under concatenation, and we are done. □

At the level of examples, according to our definitions, the simplest filtered groups,
namely {1} ⊂ S∞, produce the simplest real spheres, namely:

SN−1R,+ ⊃ SN−1R

In order to discuss now the half-classical case, we need to introduce and study a certain
privileged intermediate filtered group {1} ⊂ S∗∞ ⊂ S∞, which will eventually produce the
intermediate sphere SN−1R,+ ⊃ SN−1R,∗ ⊃ SN−1R . This can be done as follows:

Proposition 16.9. Let S∗∞ ⊂ S∞ be the set of permutations having the property that
when labelling cyclically the legs as follows

• ◦ • ◦ . . .

each string joins a black leg to a white leg.

(1) S∗∞ is a filtered subgroup of S∞, generated by the half-classical crossing.
(2) We have S∗2k ≃ Sk × Sk, and S∗2k+1 ≃ Sk × Sk+1, for any k ∈ N.
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Proof. The fact that S∗∞ is indeed a subgroup of S∞, which is filtered, is clear.
Observe now that the half-classical crossing has the “black-to-white” joining property:

◦ • ◦

• ◦ •

Thus this crossing belongs to S∗3 , and it is routine to check that the filtered subgroup
of S∞ generated by it is the whole S∗∞. Regarding now the last assertion, observe first
that the filtered subgroups S∗3 , S

∗
4 consist of the following permutations:

◦ • ◦

• ◦ •

◦ • ◦

• ◦ •

◦ • ◦ •

• ◦ • ◦

◦ • ◦ •

• ◦ • ◦

◦ • ◦ •

• ◦ • ◦

◦ • ◦ •

• ◦ • ◦
Thus we have S∗3 = S1 × S2 and S∗4 = S2 × S2, with the first component coming

from dotted permutations, and with the second component coming from the solid line
permutations. The same argument works in general, and gives the last assertion. □

Now back to the main 3 real spheres, the result is as follows:

Proposition 16.10. The basic monomial real spheres, namely

SN−1R ⊂ SN−1R,∗ ⊂ SN−1R,+

come respectively from the filtered groups S∞ ⊃ S∗∞ ⊃ {1}.

Proof. This is clear by definition in the classical and in the free cases. In the half-
liberated case, the result follows from Proposition 16.9 (1). □

Now back to the general case, with the idea in mind of proving the uniqueness of the
above spheres, consider a monomial sphere SG ⊂ SN−1R,+ , with the filtered group G ⊂ S∞
taken to be maximal, as in the proof of Theorem 16.8. We have the following result:

Proposition 16.11. The filtered group G ⊂ S∞ associated to a monomial sphere
S ⊂ SN−1R,+ is stable under the following operations, on the corresponding diagrams:

(1) Removing outer strings.
(2) Removing neighboring strings.
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Proof. Both these results follow by using the quadratic condition:

(1) Regarding the outer strings, by summing over a, we have:

Xa = Y a =⇒ Xa2 = Y a2

=⇒ X = Y

We have as well the following computation:

aX = aY =⇒ a2X = a2Y

=⇒ X = Y

(2) Regarding the neighboring strings, once again by summing over a, we have:

XabY = ZabT =⇒ Xa2Y = Za2T

=⇒ XY = ZT

We have as well the following computation:

XabY = ZbaT =⇒ Xa2Y = Za2T

=⇒ XY = ZT

Thus G = (Gk) has both the properties in the statement. □

We can now state and prove a main result, as follows:

Theorem 16.12. There is only one intermediate monomial sphere

SN−1R ⊂ S ⊂ SN−1R,+

namely the half-classical real sphere SN−1R,∗ .

Proof. We will prove that the only filtered groups G ⊂ S∞ satisfying the conditions
in Proposition 16.11 are those correspoding to our 3 spheres, namely:

{1} ⊂ S∗∞ ⊂ S∞

In order to do so, consider such a filtered group G ⊂ S∞. We assume this group to be
non-trivial, G ̸= {1}, and we want to prove that we have G = S∗∞ or G = S∞.

Step 1. Our first claim is that G contains a 3-cycle. Assume indeed that two permu-
tations π, σ ∈ S∞ have support overlapping on exactly one point, say:

supp(π) ∩ supp(σ) = {i}

The point is then that the commutator σ−1π−1σπ is a 3-cycle, namely:

(i, σ−1(i), π−1(i))
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Indeed the computation of the commutator goes as follows:

π

σ

π−1

σ−1

=

◦ ◦ ◦ • ◦ ◦ ◦

◦ ◦ ◦ • ◦ ◦ ◦

◦ ◦ ◦ • ◦ ◦ ◦

◦ ◦ ◦ • ◦ ◦ ◦

◦ ◦ ◦ • ◦ ◦ ◦
Now let us pick a non-trivial element τ ∈ G. By removing outer strings at right

and at left we obtain permutations τ ′ ∈ Gk, τ
′′ ∈ Gs having a non-trivial action on their

right/left leg, and the trick applies, with:

π = τ ′ ⊗ ids−1 , σ = idk−1 ⊗ τ ′′

Thus, G contains a 3-cycle, as claimed.

Step 2. Our second claim is G must contain one of the following permutations:

◦ ◦ ◦

◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦
Indeed, consider the 3-cycle that we just constructed. By removing all outer strings,

and then all pairs of adjacent vertical strings, we are left with these permutations.

Step 3. Our claim now is that we must have S∗∞ ⊂ G. Indeed, let us pick one of the
permutations that we just constructed, and apply to it our various diagrammatic rules.
From the first permutation we can obtain the basic crossing, as follows:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

→

◦ ◦

◦ ◦

Also, by removing a suitable /\ shaped configuration, which is represented by dotted
lines in the diagrams below, we can obtain the basic crossing from the second and third



378 16. THREEFOLD WAY

permutation, and the half-liberated crossing from the fourth permutation:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦
Thus, in all cases we have a basic or half-liberated crossing, and so, as desired:

S∗∞ ⊂ G

Step 4. Our last claim, which will finish the proof, is that there is no proper interme-
diate subgroup as follows:

S∗∞ ⊂ G ⊂ S∞

In order to prove this, observe that S∗∞ ⊂ S∞ is the subgroup of parity-preserving
permutations, in the sense that “i even =⇒ σ(i) even”.

Now let us pick an element σ ∈ Sk − S∗k , with k ∈ N. We must prove that the group
G =< S∗∞, σ > equals the whole S∞. In order to do so, we use the fact that σ is not parity
preserving. Thus, we can find i even such that σ(i) is odd. In addition, up to passing to
σ|, we can assume that σ(k) = k, and then, up to passing one more time to σ|, we can
further assume that k is even. Since both the indices i, k are even we have:

(i, k) ∈ S∗k
We conclude that the following element belongs to G:

σ(i, k)σ−1 = (σ(i), k)

But, since σ(i) is odd, by deleting an appropriate number of vertical strings, (σ(i), k)
reduces to the basic crossing (1, 2). Thus G = S∞, and we are done. □

As already mentioned in the above, the story is not over with this kind of result,
because the complex case still remains to be worked out.

Moving on, some even better results can be obtained by looking at the various inter-
sections between spheres, twisted and untwisted. These intersections cannot be thought
of in general as being smooth, let us introduce the following objects:

Definition 16.13. The polygonal spheres are real algebraic manifolds, defined as

SN−1,d−1R =
{
x ∈ SN−1R

∣∣∣xi0 . . . xid = 0,∀i0, . . . , id distinct
}

depending on integers 1 ≤ d ≤ N .

More generally, we have the following construction of “generalized polygonal spheres”,
which applies to the half-classical and twisted cases too:

C(ṠN−1,d−1R,× ) = C
(
ṠN−1R,×

)/〈
xi0 . . . xid = 0,∀i0, . . . , id distinct

〉
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With these conventions, we have the following result, dealing with all the spheres that
we have so far in real case, namely twisted, untwisted and intersections:

Theorem 16.14. The diagram obtained by intersecting the real spheres is

SN−1R
// SN−1R,∗

// SN−1R,+

SN−1,1R
//

OO

SN−1,1R,∗
//

OO

S̄N−1R,∗

OO

SN−1,0R
//

OO

S̄N−1,1R
//

OO

S̄N−1R

OO

and so all these spheres are generalized polygonal spheres.

Proof. Consider the 4-diagram obtained by intersecting the 5 main spheres:

SN−1R ∩ S̄N−1R,∗
// SN−1R,∗ ∩ S̄

N−1
R,∗

SN−1R ∩ S̄N−1R
//

OO

SN−1R,∗ ∩ S̄
N−1
R

OO

We want to prove that this diagram coincides with the 4-diagram at bottom left in
the statement. But this is clear, because combining commutation and anticommutation
leads to the vanishing relations defining the spheres of type ṠN−1,d−1R,× . More precisely:

(1) SN−1R ∩ S̄N−1R consists of the points x ∈ SN−1R such that, for any i ̸= j:

xixj = −xjxi
Now since we have as well xixj = xjxi, for any i, j, this relation reads xixj = 0 for

i ̸= j, which means that we have x ∈ SN−1,0R , as desired.

(2) SN−1R ∩ S̄N−1R,∗ consists of the points x ∈ SN−1R such that, for i, j, k distinct:

xixjxk = −xkxjxi
Once again by commutativity, this relation is equivalent to x ∈ SN−1,1R , as desired.

(3) SN−1R,∗ ∩ S̄
N−1
R is obtained from S̄N−1R by imposing to the standard coordinates the

half-commutation relations abc = cba. On the other hand, we know from S̄N−1R ⊂ S̄N−1R,∗
that the standard coordinates on S̄N−1R satisfy abc = −cba for a, b, c distinct, and abc = cba
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otherwise. Thus, the relations brought by intersecting with SN−1R,∗ reduce to the relations

abc = 0 for a, b, c distinct, and so we are led to the sphere S̄N−1,1R .

(4) SN−1R,∗ ∩ S̄
N−1
R,∗ is obtained from S̄N−1R,∗ by imposing the relations abc = −cba for a, b, c

distinct, and abc = cba otherwise. Since we know that abc = cba for any a, b, c, the extra
relations reduce to abc = 0 for a, b, c distinct, and so we are led to SN−1,1R,∗ . □

We have now all the needed ingredients for axiomatizing the various spheres appearing
so far, namely the twisted and untwisted ones, and their intersections:

Definition 16.15. We have 3 types of quantum spheres S ⊂ SN−1R,+ , as follows:

(1) Monomial, namely ṠN−1R,E , with E ⊂ S∞, obtained via the following relations:{
Ṙσ

∣∣∣σ ∈ E}
(2) Mixed monomial, which appear as intersections as follows, with E,F ⊂ S∞:

SN−1R,E,F = SN−1R,E ∩ S̄
N−1
R,F

(3) Polygonal, which are again intersections, with E,F ⊂ S∞, and d ∈ {1, . . . , N}:
SN−1,d−1R,E,F = SN−1R,E,F ∩ S

N−1,d−1
R,+

With the above notions, we cover all spheres appearing so far. Observe also that the
set of mixed monomial spheres is closed under intersections. The same holds for the set
of polygonal spheres, because we have the following formula:

SN−1,d−1R,E,F ∩ SN−1,d
′−1

R,E′,F ′ = S
N−1,min(d,d′)−1
R,E∪E′,F∪F ′

Let us try now to understand the structure of the various types of spheres, by using
the real sphere technology developed before. We call a group of permutations G ⊂ S∞
filtered if, with Gk = G ∩ Sk, we have Gk ×Gl ⊂ Gk+l, for any k, l. We have:

Proposition 16.16. The various spheres can be parametrized by groups, as follows:

(1) Monomial case: ṠN−1R,G , with G ⊂ S∞ filtered group.

(2) Mixed monomial case: SN−1R,G,H , with G,H ⊂ S∞ filtered groups.

(3) Polygonal case: SN−1,d−1R,G,H , with G,H ⊂ S∞ filtered groups, and d ∈ {1, . . . , N}.

Proof. This basically follows from the theory developed before, as follows:

(1) As explained before, in order to prove this assertion, for a monomial sphere S =
ṠR,E, we can take G ⊂ S∞ to be the set of permutations σ ∈ S∞ having the property that

the relations Ṙσ hold for the standard coordinates of S. We have then E ⊂ G, we have
as well S = ṠN−1R,G , and the fact that G is a filtered group is clear as well.

(2) This follows from (1), by taking intersections.

(3) Once again this follows from (1), by taking intersections. □
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The idea in what follows will be that of writing the 9 main polygonal spheres as in
Proposition 16.16 (2), as to reach to a “standard parametrization” for our spheres.

We recall that the permutations σ ∈ S∞ having the property that when labelling clock-
wise their legs ◦ • ◦ • . . ., and string joins a white leg to a black leg, form a filtered group,
denoted S∗∞ ⊂ S∞. This group comes from the general half-liberation considerations from
above, and its algebraic structure is very simple, as follows:

S∗2n ≃ Sn × Sn , S∗2n+1 ≃ Sn × Sn+1

Let us formulate as well the following definition:

Definition 16.17. We call a mixed monomial sphere parametrization

S = SN−1R,G,H

standard when both filtered groups G,H ⊂ S∞ are chosen to be maximal.

In this case, Proposition 16.16 and its proof tell us that G,H encode all the monomial
relations which hold in S. With these conventions, we have the following result, extending
some previous findings from above, regarding the untwisted spheres:

Theorem 16.18. The standard parametrization of the 9 main spheres is

S∞ S∗∞ {1} G/H

SN−1R
// SN−1R,∗

// SN−1R,+ {1}

SN−1,1R
//

OO

SN−1,1R,∗
//

OO

S̄N−1R,∗

OO

S∗∞

SN−1,0R
//

OO

S̄N−1,1R
//

OO

S̄N−1R

OO

S∞

so these spheres come from the 3× 3 = 9 pairs of groups among {1} ⊂ S∗∞ ⊂ S∞.

Proof. The fact that we have parametrizations as above is known to hold for the 5
untwisted and twisted spheres. For the remaining 4 spheres the result follows by inter-
secting, by using the following formula, valid for any E,F ⊂ S∞:

SN−1R,E,F ∩ S
N−1
R,E′,F ′ = SN−1R,E∪E′,F∪F ′



382 16. THREEFOLD WAY

In order to prove now that the parametrizations are standard, we must compute the
following two filtered groups, and show that we get the groups in the statement:

G =
{
σ ∈ S∞

∣∣∣the relations Rσ hold over S
}

H =
{
σ ∈ S∞

∣∣∣the relations R̄σ hold over S
}

As a first observation, by using the various inclusions between spheres, we just have
to compute G for the spheres on the bottom, and H for the spheres on the left:

X = SN−1,0R , S̄N−1,1R , S̄N−1R =⇒ G = S∞, S
∗
∞, {1}

X = SN−1,0R , SN−1,1R , SN−1R =⇒ H = S∞, S
∗
∞, {1}

The results for SN−1,0R being clear, we are left with computing the remaining 4 groups,

for the spheres SN−1R , S̄N−1R , SN−1,1R , S̄N−1,1R . The proof here goes as follows:

(1) SN−1R . According to the definition of H = (Hk), we have:

Hk =

{
σ ∈ Sk

∣∣∣xi1 . . . xik = ε

(
ker

(
i1 . . . ik
iσ(1) . . . iσ(k)

))
xiσ(1)

. . . xiσ(k)
,∀i1, . . . , ik

}
=

{
σ ∈ Sk

∣∣∣ε(ker( i1 . . . ik
iσ(1) . . . iσ(k)

))
= 1, ∀i1, . . . , ik

}
=

{
σ ∈ Sk

∣∣∣ε(τ) = 1, ∀τ ≤ σ
}

Now observe that for any permutation σ ∈ Sk, σ ̸= 1k, we can always find a partition
τ ≤ σ satisfying the following condition:

ε(τ) = −1
We deduce that we have Hk = {1k}, and so H = {1}, as desired.
(2) S̄N−1R . The proof of G = {1} here is similar to the proof of H = {1} in (1) above,

by using the same combinatorial ingredient at the end.

(3) SN−1,1R . By definition of H = (Hk), a permutation σ ∈ Sk belongs to Hk when the
following condition is satisfied, for any choice of the indices i1, . . . , ik:

xi1 . . . xik = ε

(
ker

(
i1 . . . ik
iσ(1) . . . iσ(k)

))
xiσ(1)

. . . xiσ(k)

We have three cases here, as follows:

– When | ker i| = 1 this formula reads xkr = xkr , which is true.

– When | ker i| ≥ 3 this formula is automatically satisfied as well, because by using

the relations ab = ba, and abc = 0 for a, b, c distinct, which both hold over SN−1,1R , this
formula reduces to 0 = 0.
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– Thus, we are left with studying the case | ker i| = 2. Here the quantities on the left
xi1 . . . xik will not vanish, so the sign on the right must be 1, and we therefore have:

Hk =
{
σ ∈ Sk

∣∣∣ε(τ) = 1,∀τ ≤ σ, |τ | = 2
}

Now by coloring the legs of σ clockwise ◦•◦• . . ., the above condition is satisfied when
each string of σ joins a white leg to a black leg. Thus Hk = S∗k , as desired.

(4) S̄N−1,1R . The proof of G = S∗∞ here is similar to the proof of H = S∗∞ in (3) above,
by using the same combinatorial ingredient at the end. □

16c. Projective spaces

Getting now to projective geometry, which is where our threefold principle really
shines, let us start with something that you surely know, namely:

Definition 16.19. A projective space is a space consisting of points and lines, subject
to the following conditions:

(1) Each 2 points determine a line.
(2) Each 2 lines cross, on a point.

As a basic example we have the usual projective plane P 2
R, which is best seen as being

the space of lines in R3 passing through the origin. To be more precise, let us call each
of these lines in R3 passing through the origin a “point” of P 2

R, and let us also call each
plane in R3 passing through the origin a “line” of P 2

R. Now observe the following:

(1) Each 2 points determine a line. Indeed, 2 points in our sense means 2 lines in R3

passing through the origin, and these 2 lines obviously determine a plane in R3 passing
through the origin, namely the plane they belong to, which is a line in our sense.

(2) Each 2 lines cross, on a point. Indeed, 2 lines in our sense means 2 planes in R3

passing through the origin, and these 2 planes obviously determine a line in R3 passing
through the origin, namely their intersection, which is a point in our sense.

Thus, what we have is a projective space in the sense of Definition 16.19. More
generally, we have the following construction, in arbitrary dimensions:

Theorem 16.20. We can define the projective space PN−1
R as being the space of lines

in RN passing through the origin, and in small dimensions:

(1) P 1
R is the usual circle.

(2) P 2
R is some sort of twisted sphere.

Proof. We have several assertions here, the idea being as follows:

(1) To start with, the fact that the space PN−1
R constructed in the statement is indeed

a projective space in the sense of Definition 16.19 follows from definitions.
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(2) At N = 2 now, a line in R2 passing through the origin corresponds to 2 opposite
points on the unit circle T ⊂ R2, according to the following scheme:

•

||

• •

<<

•

Thus, P 1
R corresponds to the upper semicircle of T, with the endpoints identified, and

so we obtain a circle, P 1
R = T, according to the following scheme:

•

• // •oo

(3) At N = 3, the space P 2
R corresponds to the upper hemisphere of the sphere

S2
R ⊂ R3, with the points on the equator identified via x = −x. Topologically speaking,

we can deform if we want the hemisphere into a square, with the equator becoming the
boundary of this square, and in this picture, the x = −x identification corresponds to a
“identify opposite edges, with opposite orientations” folding method for the square:

◦ // ◦

��
◦

OO

◦oo
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(4) Thus, we have our space. In order to understand now what this beast is, let us
look first at the other 3 possible methods of folding the square, which are as follows:

◦ // ◦

◦

OO

// ◦

OO ◦ // ◦

��
◦ //

OO

◦

◦ // ◦

◦

OO

◦oo

OO

Regarding the first space, the one on the left, things here are quite simple. Indeed,
when identifying the solid edges we get a cylinder, and then when further identifying the
dotted edges, what we get is some sort of closed cylinder, which is a torus.

(5) Regarding the second space, the one in the middle, things here are more tricky.
Indeed, when identifying the solid edges we get again a cylinder, but then when further
identifying the dotted edges, we obtain some sort of “impossible” closed cylinder, called
Klein bottle. This Klein bottle obviously cannot be drawn in 3 dimensions, but with a
bit of imagination, you can see it, in its full splendor, in 4 dimensions.

(6) Finally, regarding the third space, the one on the right, we know by symmetry that
this must be the Klein bottle too. But we can see this as well via our standard folding
method, namely identifying solid edges first, and dotted edges afterwards. Indeed, we
first obtain in this way a Möbius strip, and then, well, the Klein bottle.

(7) With these preliminaries made, and getting back now to the projective space P 2
R,

we can see that this is something more complicated, of the same type, reminding the torus
and the Klein bottle. So, we will call it “sort of twisted sphere”, as in the statement, and
exercise for you to imagine how this beast looks like, in 4 dimensions. □

In order to reach to free projective spaces, our starting point will be the following
functional analytic description of the real and complex projective spaces PN−1

R , PN−1
C :

Theorem 16.21. We have presentation results as follows,

C(PN−1
R ) = C∗comm

(
(pij)i,j=1,...,N

∣∣∣p = p̄ = pt = p2, T r(p) = 1
)

C(PN−1
C ) = C∗comm

(
(pij)i,j=1,...,N

∣∣∣p = p∗ = p2, T r(p) = 1
)

for the algebras of continuous functions on the real and complex projective spaces.

Proof. We use the fact that the projective spaces PN−1
R , PN−1

C can be respectively
identified with the spaces of rank one projections in MN(R),MN(C). With this picture
in mind, it is clear that we have arrows←. In order to construct now arrows→, consider
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the universal algebras on the right, AR, AC . These algebras being both commutative, by
the Gelfand theorem we can write, with XR, XC being certain compact spaces:

AR = C(XR) , AC = C(XC)

Now by using the coordinate functions pij, we conclude that XR, XC are certain spaces
of rank one projections in MN(R),MN(C). In other words, we have embeddings:

XR ⊂ PN−1
R , XC ⊂ PN−1

C

By transposing we obtain arrows →, as desired. □

The point now is that the above result suggests the following definition:

Definition 16.22. Associated to any N ∈ N is the following universal algebra,

C(PN−1
+ ) = C∗

(
(pij)i,j=1,...,N

∣∣∣p = p∗ = p2, T r(p) = 1
)

whose abstract spectrum is called “free projective space”.

Observe that, according to our presentation results for the real and complex projective
spaces PN−1

R and PN−1
C , we have embeddings of compact quantum spaces, as follows:

PN−1
R ⊂ PN−1

C ⊂ PN−1
+

Let us first discuss the relation with the spheres. Given a closed subset X ⊂ SN−1R,+ ,
its projective version is by definition the quotient space X → PX determined by the fact
that C(PX) ⊂ C(X) is the subalgebra generated by the following variables:

pij = xixj

In order to discuss the relation with the spheres, let us start with:

Theorem 16.23. The projective versions of the 3 real spheres are as follows,

SN−1R
//

��

SN−1R,∗
//

��

SN−1R,+

��

PN−1
R

// PN−1
C

// PN−1
+

modulo the standard equivalence relation for the quantum algebraic manifolds.

Proof. The assertion at left is true by definition. For the assertion at right, we
have to prove that the variables pij = zizj over the free sphere SN−1R,+ satisfy the defining

relations for C(PN−1
+ ), from Definition 16.22, namely:

p = p∗ = p2 , T r(p) = 1
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We first have the following computation:

(p∗)ij = p∗ji = (zjzi)
∗ = zizj = pij

We have as well the following computation:

(p2)ij =
∑
k

pikpkj =
∑
k

ziz
2
kzj = zizj = pij

Finally, we have as well the following computation:

Tr(p) =
∑
k

pkk =
∑
k

z2k = 1

Regarding now PSN−1R,∗ = PN−1
C , the inclusion “⊂” follows from abcd = cbad = cbda.

In the other sense now, the point is that we have a matrix model, as follows:

π : C(SN−1R,∗ )→M2(C(S
N−1
C )) , xi →

(
0 zi
z̄i 0

)
But this gives the missing inclusion “⊃”, and we are done. See [15]. □

In addition to the above result, let us mention that passing to the complex case brings
nothing new. This is because the projective version of the free complex sphere is equal to
the free projective space constructed above. The same goes for the “hybrid” spheres.

In fact, things become considerably simpler in the projective geometry setting. Con-
sider indeed the diagram of 9 main affine geometries, that we found above:

RN
+

// TRN
+

// CN
+

RN
∗

OO

// TRN
∗

OO

// CN
∗

OO

RN

OO

// TRN

OO

// CN

OO

The point now is that when looking at the projective versions of these geometries, the
diagram drastically simplifies. To be more precise, the diagram of projective versions of
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the corresponding spheres are as follows, consisting of 3 objects only:

PN−1
+

// PN−1
+

// PN−1
+

PN−1
C

//

OO

PN−1
C

//

OO

PN−1
C

OO

PN−1
R

//

OO

PN−1
R

//

OO

PN−1
C

OO

Thus, we are led to the conclusion that, under suitable combinatorial axioms, there
should be only 3 projective geometries, namely the real, complex and free ones:

PN−1
R ⊂ PN−1

C ⊂ PN−1
+

We will further explore this phenomenon, with a number of more precise results on
the subject, featuring some non-trivial combinatorics, in the next section.

16d. Threefold way

We would like to discuss now the axiomatization of monomial projective spaces, pro-
jective easiness, and projective geometries. In order to get started, let us formulate:

Definition 16.24. A monomial projective space is a closed subset P ⊂ PN−1
+ obtained

via relations of type

pi1i2 . . . pik−1ik = piσ(1)iσ(2)
. . . piσ(k−1)iσ(k)

, ∀(i1, . . . , ik) ∈ {1, . . . , N}k

with σ ranging over a certain subset of the infinite permutation group⋃
k∈2N

Sk

which is stable under the operation σ → |σ|.

Observe the similarity with the corresponding notion for the spheres, axiomatized
before. The only subtlety in the projective case is the stability under the “sandwiching”
operation σ → |σ|, which in practice means that if the above relation associated to σ
holds, then the following relation, associated to |σ|, must hold as well:

pi0i1 . . . pikik+1
= pi0iσ(1)

piσ(2)iσ(3)
. . . piσ(k−2)iσ(k−1)

piσ(k)ik+1

As an illustration, the basic projective spaces are all monomial:



16D. THREEFOLD WAY 389

Proposition 16.25. The 3 projective spaces are all monomial, with the permutations

◦ ◦

◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

producing respectively the spaces PN−1
R , PN−1

C .

Proof. We must divide the algebra C(PN−1
+ ) by the relations associated to the dia-

grams in the statement, as well as those associated to their shifted versions, given by:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦
(1) The basic crossing, and its shifted version, produce the following relations:

pab = pba , pabpcd = pacpbd

Now by using these relations several times, we obtain the following formula:

pabpcd = pacpbd

= pcapdb

= pcdpab

Thus, the space produced by the basic crossing is classical, P ⊂ PN−1
C . By using one

more time the relations pab = pba we conclude that we have P = PN−1
R , as claimed.

(2) The fattened crossing, and its shifted version, produce the following relations:

pabpcd = pcdpab

pabpcdpef = padpebpcf

The first relations tell us that the projective space must be classical, P ⊂ PN−1
C . Now

observe that with pij = ziz̄j, the second relations read:

zaz̄bzcz̄dzez̄f = zaz̄dzez̄bzcz̄f

Since these relations are automatic, we have P = PN−1
C , and we are done. □

We can now formulate a main classification result, as follows:

Theorem 16.26. The basic projective spaces, namely

PN−1
R ⊂ PN−1

C ⊂ PN−1
+

are the only monomial ones.
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Proof. We follow the proof from the affine case. Let Rσ be the collection of relations
associated to a permutation σ ∈ Sk with k ∈ 2N, as in Definition 16.24. We fix a monomial
projective space P ⊂ PN−1

+ , and we associate to it subsets Gk ⊂ Sk, as follows:

Gk =

{
{σ ∈ Sk|Rσ hold over P} (k even)

{σ ∈ Sk|R|σ hold over P} (k odd)

As in the affine case, we obtain in this way a filtered group G = (Gk), which is
stable under removing outer strings, and under removing neighboring strings. Thus the
computations from the affine case apply, and show that we have only 3 possible situations,
corresponding to the 3 projective spaces in Proposition 16.25. □

Let us discuss now similar results for the projective quantum groups. We recall that
given a closed subgroup G ⊂ O+

N , its projective version G→ PG is by definition given by
the fact that C(PG) ⊂ C(G) is the subalgebra generated by the following variables:

wij,ab = uiaujb

In relation now with easiness, we can formulate the following definition:

Definition 16.27. A projective category of pairings is a collection of subsets

NC2(2k, 2l) ⊂ E(k, l) ⊂ P2(2k, 2l)

which is stable under the usual categorical operations, and satisfying as well

σ ∈ E =⇒ |σ| ∈ E
called projective categorical condition.

As basic illustrations for this notion, we have the following projective categories of
pairings, where P ∗2 is the category of matching pairings:

NC2 ⊂ P ∗2 ⊂ P2

This follows indeed from definitions. Now with the above notion in hand, we can
formulate the following projective analogue of our usual notion of easiness:

Definition 16.28. An intermediate quantum group PON ⊂ H ⊂ PO+
N is called

projectively easy when its Tannakian category

span(NC2(2k, 2l)) ⊂ Hom(v⊗k, v⊗l) ⊂ span(P2(2k, 2l))

comes via via the following formula, using the standard π → Tπ construction,

Hom(v⊗k, v⊗l) = span(E(k, l))

for a certain projective category E = (E(k, l)).

Observe that, given any easy quantum group ON ⊂ G ⊂ O+
N , its projective version

PON ⊂ PG ⊂ PO+
N is projectively easy in our sense. In particular the quantum groups

PON ⊂ PUN ⊂ PO+
N are all projectively easy. We have in fact the following result:



16D. THREEFOLD WAY 391

Theorem 16.29. We have a bijective correspondence between the affine and projective
categories of partitions, given by G→ PG at the quantum group level.

Proof. The construction of correspondence D → E is clear, simply by setting:

E(k, l) = D(2k, 2l)

Indeed, due to the axioms for the categories of partitions, the conditions in Definition
16.27 are satisfied. Conversely, given E = (E(k, l)) as in Definition 16.27, we can set:

D(k, l) =

{
E(k, l) (k, l even)

{σ : |σ ∈ E(k + 1, l + 1)} (k, l odd)

Our claim is that D = (D(k, l)) is a category of partitions. Indeed:

(1) The composition action is clear. Indeed, when looking at the numbers of legs
involved, in the even case this is clear, and in the odd case, this follows from:

|σ, |σ′ ∈ E =⇒ |στ ∈ E =⇒ σ
τ ∈ D

(2) For the tensor product axiom, we have 4 cases to be investigated, depending on
the parity of the number of legs of σ, τ , as follows:

– The even/even case is clear.

– The odd/even case follows from the following computation:

|σ, τ ∈ E =⇒ |στ ∈ E =⇒ στ ∈ D

– Regarding now the even/odd case, this can be solved as follows:

σ, |τ ∈ E =⇒ |σ|, |τ ∈ E
=⇒ |σ||τ ∈ E
=⇒ |στ ∈ E
=⇒ στ ∈ D

– As for the remaining odd/odd case, here the computation is as follows:

|σ, |τ ∈ E =⇒ ||σ|, |τ ∈ E
=⇒ ||σ||τ ∈ E
=⇒ στ ∈ E
=⇒ στ ∈ D

(3) Finally, the conjugation axiom is clear from definitions.

It is clear that both compositions D → E → D and E → D → E are the identities,
as claimed. As for the quantum group assertion, this is clear as well. □
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We refer to [6] and related papers for further details, and comments on the above
correspondence, and for some classification results as well.

Finally, let us discuss the axiomatization question for the projective quadruplets of
type (P, PT, PU, PK). We first have a classical real quadruplet, as follows:

PN−1
R PTN

PON PHN

We have then a classical complex quadruplet, which can be thought of as well as being
a real half-classical quadruplet, which is as follows:

PN−1
C PTN

PUN PKN

Finally, we have a free quadruplet, which can be thought of as being the same time
real and complex, which is as follows:

PN−1
+ PT+

N

PO+
N PH+

N

Thus, modulo some axioms, which remain to be worked out, things are quite nice,
because we have here only 3 geometries, namely real, complex and free.

16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
However, if looking for some difficult exercises, in relation with this, you can check the
literature referenced below, where many interesting questions are left open.
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différentiel non commutatif, Duke Math. J. 61 (1990), 11–40.

[82] S. Schmidt, On the quantum symmetry groups of distance-transitive graphs, Adv. Math. 368 (2020),

1–43.

[83] J.P. Serre, Linear representations of finite groups, Springer (1977).

[84] I.R. Shafarevich, Basic algebraic geometry, Springer (1974).

[85] G.C. Shephard and J.A. Todd, Finite unitary reflection groups, Canad. J. Math. 6 (1954), 274–304.

[86] M.E. Sweedler, Hopf algebras, W.A. Benjamin (1969).

[87] P. Tarrago and J. Wahl, Free wreath product quantum groups and standard invariants of subfactors,

Adv. Math. 331 (2018), 1–57.

[88] P. Tarrago and M. Weber, Unitary easy quantum groups: the free case and the group case, Int.

Math. Res. Not. 18 (2017), 5710–5750.

[89] S. Vaes and R. Vergnioux, The boundary of universal discrete quantum groups, exactness and fac-

toriality, Duke Math. J. 140 (2007), 35–84.

[90] D.V. Voiculescu, K.J. Dykema and A. Nica, Free random variables, AMS (1992).

[91] J. von Neumann, Mathematical foundations of quantum mechanics, Princeton Univ. Press (1955).

[92] S. Wang, Quantum symmetry groups of finite spaces, Comm. Math. Phys. 195 (1998), 195–211.

[93] A. Wassermann, Coactions and Yang-Baxter equations for ergodic actions and subfactors, London

Math. Soc. Lect. Notes 136 (1988), 203–236.

[94] S. Weinberg, Lectures on quantum mechanics, Cambridge Univ. Press (2012).

[95] H. Wenzl, C∗-tensor categories from quantum groups, J. Amer. Math. Soc. 11 (1998), 261–282.

[96] H. Weyl, The theory of groups and quantum mechanics, Princeton Univ. Press (1931).

[97] E. Wigner, Characteristic vectors of bordered matrices with infinite dimensions, Ann. of Math. 62

(1955), 548–564.

[98] E. Witten, Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121 (1989), 351–

399.

[99] S.L. Woronowicz, Compact matrix pseudogroups, Comm. Math. Phys. 111 (1987), 613–665.

[100] S.L. Woronowicz, Tannaka-Krein duality for compact matrix pseudogroups. Twisted SU(N) groups,

Invent. Math. 93 (1988), 35–76.



Index

2-cocycle, 177

action, 57
ad-hoc twisting, 154, 162
ADE classification, 168, 187
adjoint operator, 286
affine algebra, 81, 84
affine Hopf algebra, 81
algebra of functions, 13
algebra of operators, 286
algebraic group, 81
algebraic quantum group, 81
amenability, 280, 282
amenable quantum group, 240
anticommutation, 154, 162, 167, 182, 275
antipode, 13, 17, 33, 226
antisymmetric representation, 174

basic construction, 288
basic crossing, 251
Bercovici-Pata bijection, 367
bicommutant theorem, 286
bistochastic, 120
bistochastic group, 121
bistochastic quantum group, 121
bistochsastic group, 121
biunitary, 229
bounded operator, 286
Brauer theorem, 255–257

category of comodules, 180
category of pairings, 338
category of partitions, 250, 338
central element, 50
central function, 239
central functions, 50
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self-intertwiner, 208
semicircle partition, 251
semigroup of partial permutations, 359
semisimple, 274
semisimplicity, 280
signature, 276
SOS, 343
special functions, 333
spectral decomposition, 142
spectral measure, 266
Spectral theorem, 286
spectral theorem, 266
spectral-color decomposition, 143
spinned corepresentation, 82, 206
spinned diagonal algebra, 87
spinned tori, 87
spinning by unitaries, 82, 206
square of antipode, 13, 34, 228, 274
standard coaction, 133
standard cube, 257, 271
standard parametrization, 381
stationary on its image, 295
subfactor, 274, 288, 289
sudoku matrix, 223
sum of coordinates, 366

sum of corepresentations, 82, 206
sum of matrix algebras, 231
sum of squares, 343
super-identity, 220
super-orthogonal group, 220
super-orthogonal quantum group, 220
super-space, 220
Sweedler algebra, 34
Sweedler notation, 38, 177
symmetric group, 129
symmetries of functor, 241
symplectic group, 220

Tannakian category, 237
Tannakian duality, 241, 253, 293
Temperley-Lieb algebra, 289
Temperley-Lieb planar algebra, 290
tensor ∗-category, 209
tensor algebra, 46
tensor category, 109, 209, 241
tensor planar algebra, 291
tensor product, 67
tensor product of corepresentations, 82, 206
topological generation, 97
truncated character, 264, 266, 271
truncated integrals, 293
twisted antipode, 180
twisted determinant, 167, 182
twisted Kronecker symbol, 276
twisted linear map, 276
twisted orthogonal group, 170, 279
twisted unitary group, 279
twisting, 154, 162, 167, 174, 182, 190, 333

uniform integration, 235
uniform measure, 235
unitary quantum group, 254

value of circle, 289
von Neumann algebra, 286

weak topology, 286
Weingarten formula, 237, 265, 364
Weingarten matrix, 265
Weyl matrix, 195
Woronowicz algebra, 226
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