Principles of operator algebras

Teo Banica

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CERGY-PONTOISE, F-95000
CERGY-PONTOISE, FRANCE. teo.banica@gmail.com



2010 Mathematics Subject Classification. 46110

Key words and phrases. Linear operator, Operator algebra

ABSTRACT. This is an introduction to the algebras A C B(H) that the linear operators
T : H — H can form, once a complex Hilbert space H is given. Motivated by quantum
mechanics, we are mainly interested in the von Neumann algebras, which are stable
under taking adjoints, 7' — T, and are weakly closed. When the algebra has a trace
tr : A — C, we can think of it as being of the form A = L*°(X), with X being a quantum
measured space. Of particular interest is the free case, where the center of the algebra
reduces to the scalars, Z(A) = C. Following von Neumann, Connes, Jones, Voiculescu
and others, we discuss the basic properties of such algebras A, and how to do algebra,
geometry, analysis and probability on the underlying quantum spaces X.



Preface

Quantum mechanics as we know it is the source of many puzzling questions. The sim-
plest quantum mechanical system is the hydrogen atom, consisting of a negative charge,
an electron, moving around a positive charge, a proton. This reminds electrodynamics,
and accepting the fact that the electron is a bit of a slippery particle, whose position
and speed are described by probability, rather than by exact formulae, the hydrogen
atom can indeed be solved, by starting with electrodynamics, and making a long series of
corrections, for the most coming from experiments, but sometimes coming as well from
intuition, with the idea in mind that beautiful mathematics should correspond to true
physics. The solution, as we presently know it, is something quite complicated.

Mathematically, the commonly accepted belief is that the good framework for the
study of quantum mechanics is an infinite dimensional complex Hilbert space H, whose
vectors can be thought of as being states of the system, and with the linear operators
T : H — H corresponding to the observables. This is however to be taken with care,
because in order to do “true physics”, things must be far sharper than that. Always
remember indeed that the simplest object of quantum mechanics is the hydrogen atom,
whose simplest states and observables are something quite complicated. Thus when talk-
ing about “states and observables”, we have a whole continuum of possible considerations
and theories, ranging from true physics to very abstract mathematics.

For making things worse, even the existence and exact relevance of the Hilbert space
H is subject to debate. This is something more philosophical, related to the 2-body
hydrogen problem evoked above, which has twisted the minds of many scientists, starting
with Einstein and others. Can we get someday to a better quantum mechanics, by adding
more variables to those available inside H? No one really knows the answer here.

The present book is an introduction to the algebras A C B(H) that the bounded
linear operators T': H — H can form, once a Hilbert space H is given. There has been
an enormous amount of work on such algebras, starting with von Neumann in the 1930s,
and we will insist here on the aspects which are beautiful. With the idea, or rather hope
in mind, that beautiful mathematics should correspond to true physics.
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4 PREFACE

So, what is beauty, in the operator algebra framework? In our opinion, the source of
all possible beauty is an old result of von Neumann, related to the Spectral Theorem for
normal operators, which states that any commutative von Neumann algebra A C B(H)
must be of the form A = L*>°(X), with X being a measured space.

This is something subtle and interesting, which suggests doing several things with the
von Neumann algebras A C B(H). Given such an algebra we can write the center as
Z(A) = L*(X), we have then a decomposition of type A = [, A,dz, and the problem
is that of understanding the structure of the fibers, called “factors”. This is what von
Neumann himself, and then Connes and others, did. Another idea, more speculative,
following later work of Connes, and in parallel work of Voiculescu, is that of writing
A = L*>®(X), with X being an abstract “quantum measured space”, and then trying to
understand the geometry and probabilistic theory of X. Finally, yet another beautiful
idea, due this time to Jones, is that of looking at the inclusions Ay C A; of von Neumann
algebras, instead at the von Neumann algebras themselves, the point being that the
“symmetries” of such an inclusion lead to interesting combinatorics.

All in all, many things that can be done with a von Neumann algebra A C B(H), and
explaining the basics, plus having a look at the above 4 directions of research, is already
what a medium sized book can cover. And this book is written exactly with this idea in
mind. We will talk about all the above, keeping things as simple as possible, and with
everything being accessible with a minimal knowledge of undergraduate mathematics.

The book is organized in 4 parts, with Part I explaining the basics of operator theory,
Part II explaining the basics of operator algebras, with a look into geometry and proba-
bility too, then Part III going into the structure of the von Neumann factors, and finally
Part IV being an introduction to the subfactor theory of Jones.

This book contains, besides the basics of the operator algebra theory, some modern
material as well, namely quantum group illustrations for pretty much everything, and I
am grateful to Julien Bichon, Benoit Collins, Steve Curran and the others, for our joint
work. Many thanks go as well to my cats. Their views and opinions on mathematics, and
knowledge of advanced functional analysis, have always been of great help.

Cergy, August 202/

Teo Banica
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Part 1

Linear operators



Does anybody here remember Vera Lynn
Remember how she said that
We would meet again
Some sunny day



CHAPTER 1

Linear algebra

la. Linear maps

According to various findings in physics, starting with those of Heisenberg from the
early 1920s, basic quantum mechanics involves linear operators 17" : H — H from a
complex Hilbert space H to itself. The space H is typically infinite dimensional, a basic
example being the Schrodinger space H = L?(R3) of the wave functions ¢ : R® — C of
the electron. In fact, in what regards the electron, this space H = L*(R?) is basically
the correct one, with the only adjustment needed, due to Pauli and others, being that of
tensoring with a copy of K = C2, in order to account for the electron spin.

But more on this later. Let us start this book more modestly, as follows:

Fact 1.1. We are interested in quantum mechanics, taking place in infinite dimen-
sions, but as a main source of inspiration we will have H = CN, with scalar product

with the linearity at left being the standard mathematical convention. More specifically,
we will be interested in the mathematics of the linear operators T : H — H.

The point now, that you surely know about, is that the above operators T': H — H
correspond to the square matrices A € My (C). Thus, as a preliminary to what we want
to do in this book, we need a good knowledge of linear algebra over C.

You probably know well linear algebra, but always good to recall this, and this will
be the purpose of the present chapter. Let us start with the very basics:

THEOREM 1.2. The linear maps T : CN — CN are in correspondence with the square
matrices A € My (C), with the linear map associated to such a matriz being

Tr = Ax
and with the matriz associated to a linear map being A;; =< Te;, e; >.

PROOF. The first assertion is clear, because a linear map 7' : CV — CV must send a
vector x € CV to a certain vector Tz € CV, all whose components are linear combinations

11



12 1. LINEAR ALGEBRA

of the components of x. Thus, we can write, for certain complex numbers A;; € C:

T Allxl—l—...—i—AleN

N AN1£E1—|—...—|—ANN{EN

Now the parameters A;; € C can be regarded as being the entries of a square matrix
A € My(C), and with the usual convention for matrix multiplication, we have:

Tx = Ax
Regarding the second assertion, with Tx = Az as above, if we denote by eq,..., ey
the standard basis of CV, then we have the following formula:
Alj
T@j =
An;j
But this gives the second formula, < Tej, e; >= A;;, as desired. U

Our claim now is that, no matter what we want to do with 7" or A, of advanced type,
we will run at some point into their adjoints T* and A*, constructed as follows:

THEOREM 1.3. The adjoint operator T* : CV — C¥, which is given by
<Tx,y>=<uz,T"y >
corresponds to the adjoint matriz A* € My(C), given by
(A%)iy = Aji
via the correspondence between linear maps and matrices constructed above.

PROOF. Given a linear map T : CV¥ — CV, fix y € CV, and consider the linear form
¢(x) =< Tx,y >. This form must be as follows, for a certain vector T*y € C":

olx) =<a,T"y >

Thus, we have constructed a map y — Ty as in the statement, which is obviously
linear, and that we can call T*. Now by taking the vectors z,y € CV to be elements of
the standard basis of C, our defining formula for 7™ reads:

<Te;e; >=<¢;,T"e; >
By reversing the scalar product on the right, this formula can be written as:
<T*ej e >=<Tere; >
But this means that the matrix of T* is given by (A*);; = Aj;, as desired. O
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Getting back to our claim, the adjoints % are indeed ubiquitous, as shown by:

THEOREM 1.4. The following happen:
(1) T(x) = Uz with U € My(C) is an isometry precisely when U* = U~!.
(2) T(x) = Pz with P € My(C) is a projection precisely when P? = P* = P.

PROOF. Let us first recall that the lengths, or norms, of the vectors x € CV can be
recovered from the knowledge of the scalar products, as follows:

l|z]| = V< =z, >
Conversely, we can recover the scalar products out of norms, by using the following
difficult to remember formula, called complex polarization identity:

4 <ay>=|lz+yll* — llo - yll* +illo +ayl]* — il |z — iy|
The proof of this latter formula is indeed elementary, as follows:
2 +ylI* = llz = ylI* +illz + iyll* — ille — iy|]”
= el + [lyll* = Nl* = [yl + dll2]]* + illy[]* — il |2]]* = illy]]*
+2Re(< x,y >) +2Re(< x,y >) + 2iIm(< z,y >) + 2ilIm(< z,y >)
= d<z,y>
Finally, we will use Theorem 1.3, and more specifically the following formula coming
from there, valid for any matrix A € My (C) and any two vectors z,y € CV:
< Ax,y >=<uz, A%y >

(1) Given a matrix U € My(C), we have indeed the following equivalences, with the
first one coming from the polarization identity, and the other ones being clear:

|Uz|| = ||z|| <= < Uz, Uy>=<ux,y>
— <z, UUy>=<ux,y>
— U'Uy=y
— U'U=1
= U'=U"
(2) Given a matrix P € My(C), in order for x — Pz to be an oblique projection, we
must have P? = P. Now observe that this projection is orthogonal when:

<Pr—z,Py>=0 <= < P'Pr—Puz,y>=0
<~ P'Pr—P2x=0
<~ P'P-P"=0
<— P'P=P"
The point now is that by conjugating the last formula, we obtain P*P = P. Thus we
must have P = P*, and this gives the result. U
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Summarizing, the linear operators come in pairs 7T, T*, and the associated matrices
come as well in pairs A, A*. This is something quite interesting, philosophically speaking,
and will keep this in mind, and come back to it later, on numerous occasions.

1b. Diagonalization

Let us discuss now the diagonalization question for the linear maps and matrices.
Again, we will be quite brief here, and for more, we refer to any standard linear algebra
book. By the way, there will be some complex analysis involved too, and here we refer to
Rudin [76]. Which book of Rudin will be in fact the one and only true prerequisite for
reading the present book, but more on references and reading later.

The basic diagonalization theory, formulated in terms of matrices, is as follows:

PROPOSITION 1.5. A wector v € CV is called eigenvector of A € My(C), with corre-
sponding eigenvalue A, when A multiplies by X\ in the direction of v:

Av=Xv
In the case where CV has a basis vy, . .., vn formed by eigenvectors of A, with correspond-
ing eigenvalues Ay, ..., Ay, in this new basis A becomes diagonal, as follows:
A1
A~
AN

FEquivalently, if we denote by D = diag(\y, ..., An) the above diagonal matriz, and by
P = [v1...vN]| the square matriz formed by the eigenvectors of A, we have:

A=PDp!
In this case we say that the matrix A is diagonalizable.
PRrROOF. This is something which is clear, the idea being as follows:

(1) The first assertion is clear, because the matrix which multiplies each basis element
v; by a number \; is precisely the diagonal matrix D = diag(Aq, ..., An).

(2) The second assertion follows from the first one, by changing the basis. We can
prove this by a direct computation as well, because we have Pe; = v;, and so:

PDP Y, = PDe,
Pe;
= M\Pe;

= A\

Thus, the matrices A and PDP~! coincide, as stated. U
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Let us recall as well that the basic example of a non diagonalizable matrix, over the
complex numbers as above, is the following matrix:

0 1
7=(0 o)
Indeed, we have J (z) = (g), so the eigenvectors are the vectors of type (g), all with
eigenvalue 0. Thus, we have not enough eigenvectors for constructing a basis of C2.

In general, in order to study the diagonalization problem, the idea is that the eigen-
vectors can be grouped into linear spaces, called eigenspaces, as follows:

THEOREM 1.6. Let A € My(C), and for any eigenvalue A € C define the corresponding
eigenspace as being the vector space formed by the corresponding eigenvectors:

B\ = {UECN‘AU:)\U}

These eigenspaces Ey are then in a direct sum position, in the sense that given vectors
vy € By, ...,vu; € E), corresponding to different eigenvalues Ay, ..., \,, we have:

ZCi'UZ':O = ¢ =0

In particular we have the following estimate, with sum over all the eigenvalues,

> dim(Ey) < N

and our matriz is diagonalizable precisely when we have equality.

PROOF. We prove the first assertion by recurrence on £ € N. Assume by contradiction
that we have a formula as follows, with the scalars ¢y, ..., ¢, being not all zero:

cur+...+cup =0
By dividing by one of these scalars, we can assume that our formula is:
Vp =0CV1 + ...+ C_1Vr_1

Now let us apply A to this vector. On the left we obtain:

Avp = Apv = A1 + .o+ ApCr_1Uk—1
On the right we obtain something different, as follows:

Aoy + ..o+ cp1vk—1) = Avy+ .o+ g1 Avgy
= MU+ .. F o1 Ae—1Uk—1

We conclude from this that the following equality must hold:

)\kcwl + ...+ )\kck,wk,l = Cl)\lvl + ...+ Ckfl)\kfl’l}kfl
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On the other hand, we know by recurrence that the vectors wvq,...,v,_; must be
linearly independent. Thus, the coefficients must be equal, at right and at left:

)\kcl = Cl)\l

NiCh—1 = Cl—1 k-1

Now since at least one of the numbers ¢; must be nonzero, from A\.c; = ¢;\; we obtain
A = A, which is a contradiction. Thus our proof by recurrence of the first assertion is
complete. As for the second assertion, this follows from the first one. O

In order to reach now to more advanced results, we can use the characteristic polyno-
mial, which appears via the following fundamental result:

THEOREM 1.7. Given a matriz A € My(C), consider its characteristic polynomial:
P(z) = det(A — zly)
The eigenvalues of A are then the roots of P. Also, we have the inequality
dim(E)) < my
where my s the multiplicity of A, as root of P.

PRroOF. The first assertion follows from the following computation, using the fact that
a linear map is bijective when the determinant of the associated matrix is nonzero:

v, Av=>I v <= Fu,(A-Aly)v=0
< det(A—Aly)=0
Regarding now the second assertion, given an eigenvalue A of our matrix A, consider
the dimension d) = dim(F)) of the corresponding eigenspace. By changing the basis of

CY, as for the eigenspace E) to be spanned by the first d, basis elements, our matrix
becomes as follows, with B being a certain smaller matrix:

Mg, O
a~ (N 3)
We conclude that the characteristic polynomial of A is of the following form:
Py= Py, Pp=(\—2)"Pp

Thus the multiplicity m, of our eigenvalue A, as a root of P, satisfies m, > d,, and
this leads to the conclusion in the statement. U

Now recall that we are over C, which is something that we have not used yet, in our
last two statements. And the point here is that we have the following key result:
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THEOREM 1.8. Any polynomial P € C[X] decomposes as
P=c¢X—-a)...(X —ap)
with ¢ € C and with ay,...,ay € C.

PRrROOF. It is enough to prove that P has one root, and we do this by contradiction.
Assume that P has no roots, and pick a number z € C where |P| attains its minimum:

|P(2)] = min|P(z)[ >0
Since Q(t) = P(z+t) — P(z) is a polynomial which vanishes at ¢ = 0, this polynomial

must be of the form ct® + higher terms, with ¢ # 0, and with k > 1 being an integer. We
obtain from this that, with ¢ € C small, we have the following estimate:

P(z+1) ~ P(z) + ct*
Now let us write t = rw, with » > 0 small, and with |w| = 1. Our estimate becomes:
P(z +rw) ~ P(2) 4 crfu”

Now recall that we have assumed P(z) # 0. We can therefore choose w € T such that
cw” points in the opposite direction to that of P(z), and we obtain in this way:

[P(z+1w)] = |P(2) + er*u®| = |P(2)|(1 — |e[r")

Now by choosing r > 0 small enough, as for the error in the first estimate to be small,
and overcame by the negative quantity —|c|r*, we obtain from this:

|P(z + rw)| < |P(z)]

But this contradicts our definition of z € C, as a point where |P| attains its minimum.
Thus P has a root, and by recurrence it has N roots, as stated. U

Now by putting everything together, we obtain the following result:
THEOREM 1.9. Given a matriz A € My(C), consider its characteristic polynomial
P(X) =det(A— X1y)
then factorize this polynomial, by computing the complex roots, with multiplicities,
PX)=(—DN(X = A)™ .. (X = \)™
and finally compute the corresponding eigenspaces, for each eigenvalue found:

b, = {U ecV AUI)\{U}

The dimensions of these eigenspaces satisfy then the following inequalities,

and A is diagonalizable precisely when we have equality for any i.
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PRrROOF. This follows by combining Theorem 1.6, Theorem 1.7 and Theorem 1.8. In-
deed, the statement is well formulated, thanks to Theorem 1.8. By summing the inequal-
ities dim(E)) < my from Theorem 1.7, we obtain an inequality as follows:

D dim(Ey) <> my <N
A A

On the other hand, we know from Theorem 1.6 that our matrix is diagonalizable when
we have global equality. Thus, we are led to the conclusion in the statement. U

This was for the main result of linear algebra. There are countless applications of this,
and generally speaking, advanced linear algebra consists in building on Theorem 1.9.

In practice, diagonalizing a matrix remains something quite complicated. Let us record
a useful algorithmic version of the above result, as follows:

THEOREM 1.10. The square matrices A € Mn(C) can be diagonalized as follows:
(1) Compute the characteristic polynomial.
(2) Factorize the characteristic polynomial.
(3) Compute the eigenvectors, for each eigenvalue found.
(4

) If there are no N eigenvectors, A is not diagonalizable.
(5) Otherwise, A is diagonalizable, A= PDP™L.

ProoFr. This is an informal reformulation of Theorem 1.9, with (4) referring to the
total number of linearly independent eigenvectors found in (3), and with A = PDP~! in
(5) being the usual diagonalization formula, with P, D being as before. O

As an illustration for all this, which is a must-know computation, we have:
ProrosITION 1.11. The rotation of angle t € R in the plane diagonalizes as:
(Cost —sint) 1 (1 1) (e“ 0) (1 —i)
sint cost ) 2 \i —i 0 et)\1 4
Qver the reals this is impossible, unless t = 0,7, where the rotation is diagonal.

ProOOF. Observe first that, as indicated, unlike we are in the case t = 0, 7, where our
rotation is +1,, our rotation is a “true” rotation, having no eigenvectors in the plane.
Fortunately the complex numbers come to the rescue, via the following computation:

cost —sint 1 cost —isint _afl
) = =e
sint  cost i icost +sint i

We have as well a second complex eigenvector, coming from:

cost —sint 1 cost +isint al 1
. = =e
sint  cost —1 —icost +sint —1

Thus, we are led to the conclusion in the statement. U
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1lc. Matrix tricks

At the level of basic examples of diagonalizable matrices, we first have the following
result, which provides us with the “generic” examples:

THEOREM 1.12. For a matriz A € My(C) the following conditions are equivalent,

(1) The eigenvalues are different, \; # \;,

(2) The characteristic polynomial P has simple roots,
(3) The characteristic polynomial satisfies (P, P') =1,
(4) The resultant of P, P' is nonzero, R(P, P") # 0,
(5) The discriminant of P is nonzero, A(P) # 0,

and in this case, the matriz is diagonalizable.

PROOF. The last assertion holds indeed, due to Theorem 1.9. As for the equivalences
in the statement, these are all standard, the idea for their proofs, along with some more
theory, needed for using in practice the present result, being as follows:

(1) <= (2) This follows from Theorem 1.9.
(2) <= (3) This is standard, the double roots of P being roots of P’.

(3) <= (4) The idea here is that associated to any two polynomials P, () is their
resultant R(P, @), which checks whether P, () have a common root. Let us write:

P=c¢X—a1)...(X —ay)

Q=dX —b)...(X=b)
We can define then the resultant as being the following quantity:

R(P,Q) = cldkH(ai —bj)

The point now, that we will explain as well, is that this is a polynomial in the coeffi-
cients of P, (), with integer coefficients. Indeed, this can be checked as follows:

— We can expand the formula of R(P,(Q), and in what regards ay, ..., a;, which are
the roots of P, we obtain in this way certain symmetric functions in these variables, which
will be therefore polynomials in the coefficients of P, with integer coefficients.

— We can then look what happens with respect to the remaining variables by, ..., b,
which are the roots of (). Once again what we have here are certain symmetric functions,
and so polynomials in the coefficients of (), with integer coefficients.

— Thus, we are led to the above conclusion, that R(P, Q) is a polynomial in the
coefficients of P,(Q, with integer coefficients, and with the remark that the c!d* factor is
there for these latter coefficients to be indeed integers, instead of rationals.
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Alternatively, let us write our two polynomials in usual form, as follows:

P:kak—l—...—i—plX—i—po

Q=qgX'+.. . +aX+q

The corresponding resultant appears then as the determinant of an associated matrix,
having size k + [, and having 0 coefficients at the blank spaces, as follows:

Dk qi

R(P,Q) = |po Pk Qo q

Do 4o
(4) <= (5) Once again this is something standard, the idea here being that the

discriminant A(P) of a polynomial P € C[X] is, modulo scalars, the resultant R(P, P’).
To be more precise, let us write our polynomial as follows:

P(X)=cXY +dx™ 1t 4. ..

Its discriminant is then defined as being the following quantity:

=~ R(P,P)

This is a polynomial in the coefficients of P, with integer coefficients, with the division
by ¢ being indeed possible, under Z, and with the sign being there for various reasons,
including the compatibility with some well-known formulae, at small values of N. U

All the above might seem a bit complicated, so as an illustration, let us work out an
example. Consider the case of a polynomial of degree 2, and a polynomial of degree 1:

P=ar’+bx+c , Q=dr+e
In order to compute the resultant, let us factorize our polynomials:
P=a(z—p)zr—q) , Q@=dx—r)
The resultant can be then computed as follows, by using the two-step method:
R(P,Q) = ad’(p—r)(qg—r)

= ad’(pq — (p+q)r +1%)

= cd® + bd*r + ad*r?

= cd® — bde + ac?
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Observe that R(P, Q) = 0 corresponds indeed to the fact that P, have a common

root. Indeed, the root of @ is r = —e/d, and we have:
ae*  be R(P, Q)
PO =g -gte=—@
We can recover as well the resultant as a determinant, as follows:
a d 0
R(P,Q)=1|b e d|=ae*—bde+ cd®
c 0 e

Finally, in what regards the discriminant, let us see what happens in degree 2. Here
we must compute the resultant of the following two polynomials:

P=aX*+bX+c , P =2aX+D
The resultant is then given by the following formula:
R(P,P") = ab®—b(2a)b+ c(2a)?
= 4a’c — ab?
= —a(b® — 4ac)
Now by doing the discriminant normalizations, we obtain, as we should:
A(P) = b* — dac

As already mentioned, one can prove that the matrices having distinct eigenvalues are
“generic”, and so the above result basically captures the whole situation. We have in fact
the following collection of density results, which are quite advanced:

THEOREM 1.13. The following happen, inside My (C):

(1) The invertible matrices are dense.
(2) The matrices having distinct eigenvalues are dense.
(3) The diagonalizable matrices are dense.

PROOF. These are quite advanced results, which can be proved as follows:

(1) This is clear, intuitively speaking, because the invertible matrices are given by the
condition det A # 0. Thus, the set formed by these matrices appears as the complement
of the hypersurface det A = 0, and so must be dense inside My (C), as claimed.

(2) Here we can use a similar argument, this time by saying that the set formed by
the matrices having distinct eigenvalues appears as the complement of the hypersurface
given by A(P4) = 0, and so must be dense inside My (C), as claimed.

(3) This follows from (2), via the fact that the matrices having distinct eigenvalues are
diagonalizable, that we know from Theorem 1.12. There are of course some other proofs
as well, for instance by putting the matrix in Jordan form. U
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As an application of the above results, and of our methods in general, we have:

THEOREM 1.14. The following happen:

(1) We have Pap = Pga, for any two matrices A, B € My(C).
(2) AB, BA have the same eigenvalues, with the same multiplicities.
(3) If A has eigenvalues Ay, ..., Ay, then f(A) has eigenvalues f(A1),..., f(AN).

PROOF. These results can be deduced by using Theorem 1.13, as follows:

(1) It follows from definitions that the characteristic polynomial of a matrix is invariant
under conjugation, in the sense that we have the following formula:

Po = Paca—
Now observe that, when assuming that A is invertible, we have:
AB = A(BA)A™!

Thus, we have the result when A is invertible. By using now Theorem 1.13 (1), we
conclude that this formula holds for any matrix A, by continuity.

(2) This is a reformulation of (1), via the fact that P encodes the eigenvalues, with
multiplicities, which is hard to prove with bare hands.

(3) This is something quite informal, clear for the diagonal matrices D, then for the
diagonalizable matrices PDP~!, and finally for all matrices, by using Theorem 1.13 (3),
provided that f has suitable regularity properties. We will be back to this. U

Let us go back to the main problem raised by the diagonalization procedure, namely
the computation of the roots of characteristic polynomials. We have here:

THEOREM 1.15. The complex eigenvalues of a matriz A € My(C), counted with mul-
tiplicities, have the following properties:

(1) Their sum is the trace.
(2) Their product is the determinant.

PRrROOF. Consider indeed the characteristic polynomial P of the matrix:
P(X) = det(A— X1y)
= (—D)NXN 4 (=DV (A XN 4 4 det(A)
We can factorize this polynomial, by using its N complex roots, and we obtain:

P(X) = (-D)M(X =X\)...(X = \y)

= (—D)NXYN 4 ()N (Z )\i) XN+ T

Thus, we are led to the conclusion in the statement. U

Regarding now the intermediate terms, we have here:
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THEOREM 1.16. Assume that A € My(C) has eigenvalues Ay, ..., An € C, counted
with multiplicities. The basic symmetric functions of these eigenvalues, namely

Cp — E )‘il Ce /\Zk
11 <...<ig

are then given by the fact that the characteristic polynomial of the matriz is:

P(X)= (=D} (-1)*erX"

Moreover, all symmetric functions of the eigenvalues, such as the sums of powers
ds =M+ ...+ Ay
appear as polynomials in these characteristic polynomial coefficients cy.
PROOF. These results can be proved by doing some algebra, as follows:

(1) Consider indeed the characteristic polynomial P of the matrix, factorized by using
its N complex roots, taken with multiplicities. By expanding, we obtain:

P(X) = (DX = A)... (X =)

_ (_1)NXN + (_1)N71 (Z )\i) XN-14 4 H)‘i

= (-DVXN 4+ (=D)" e, XV L+ (1) ey
= DV (XN =XV o+ (—)Vew)

With the convention ¢y = 1, we are led to the conclusion in the statement.

(2) This is something standard, coming by doing some abstract algebra. Working out
the formulae for the sums of powers d, = Y, A7, at small values of the exponent s € N, is
an excellent exercise, which shows how to proceed in general, by recurrence. Il

1d. Spectral theorems

Let us go back now to the diagonalization question. Here is a key result:

THEOREM 1.17. Any matriz A € My(C) which is self-adjoint, A = A*, is diagonaliz-
able, with the diagonalization being of the following type,

A=UDU”
with U € Uy, and with D € My(R) diagonal. The converse holds too.
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PROOF. As a first remark, the converse trivially holds, because if we take a matrix of
the form A = UDU*, with U unitary and D diagonal and real, then we have:

A* = (UDU*)*
= UD'U*
— UDU*
= 4

In the other sense now, assume that A is self-adjoint, A = A*. Our first claim is that
the eigenvalues are real. Indeed, assuming Av = \v, we have:

A<v, 0> = <A\, >

= < Av,v>

= <wv,Av >

= <v,A\v>

A<v,v>
Thus we obtain A € R, as claimed. Our next claim now is that the eigenspaces

corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:

Av=X\v
We have then the following computation, using A, u € R:

,  Aw = pw

A<v,w> = < Av,w >
= < Av,w >
= <v,Aw >
< v, pw >
nw<v,w >
Thus A # p implies v L w, as claimed. In order now to finish the proof, it remains to

prove that the eigenspaces of A span the whole space CV. For this purpose, we will use
a recurrence method. Let us pick an eigenvector of our matrix:

Av=Xv
Assuming now that we have a vector w orthogonal to it, v 1 w, we have:
<Aw,v > = <w,Av >
= <w,\v>
= A<w,v>
= 0

Thus, if v is an eigenvector, then the vector space v is invariant under A. Moreover,
since a matrix A is self-adjoint precisely when < Av,v >€ R for any vector v € CV, as
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one can see by expanding the scalar product, the restriction of A to the subspace v+ is

self-adjoint. Thus, we can proceed by recurrence, and we obtain the result. Il

As basic examples of self-adjoint matrices, we have the orthogonal projections. The
diagonalization result regarding them is as follows:

PROPOSITION 1.18. The matrices P € My(C) which are projections,
P?P=P*=P
are precisely those which diagonalize as follows,
P=UDU*
with U € Uy, and with D € My(0,1) being diagonal.

PROOF. The equation for the projections being P? = P* = P, the eigenvalues \ are
real, and we have as well the following condition, coming from P? = P:

A<v, o> = < Av,v>
= < Pv,v>
= < P,v>
= < Pv,Pv>
< AU, A\v >
N <v,v>
Thus we obtain A € {0, 1}, as claimed, and as a final conclusion here, the diagonal-
ization of the self-adjoint matrices is as follows, with e; € {0,1}:
€1
P~
EN
To be more precise, the number of 1 values is the dimension of the image of P, and

the number of 0 values is the dimension of space of vectors sent to 0 by P. O

An important class of self-adjoint matrices, which includes for instance all the projec-
tions, are the positive matrices. The theory here is as follows:

THEOREM 1.19. For a matriz A € My(C) the following conditions are equivalent, and
if they are satisfied, we say that A is positive:

)
) A= CC*, for some C € My(C).

) < Ax,x >> 0, for any vector v € CV.

) A= A*, and the eigenvalues are positive, \; > 0.

) A=UDU*, with U € Uy and with D € Mn(R,) diagonal.
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PRrROOF. The idea is that the equivalences in the statement basically follow from some
elementary computations, with only Theorem 1.17 needed, at some point:
(1) = (2) This is clear, because we can take C' = B.
(2) = (3) This follows from the following computation:
<Ar,x> = <CC'z,x >
= <C'z,C*z >
>0
(3) = (4) By using the fact that < Ax,z > is real, we have:
<Az,x > = <z, A'c>
= < A'z,xz >
Thus we have A = A*, and the remaining assertion, regarding the eigenvalues, follows
from the following computation, assuming Az = Ax:
<Ax,x> = <Av,rv>
= A<z,z>
0
(4) = (5) This follows indeed by using Theorem 1.17.
(5) = (1) Assuming A = UDU*, with U € Uy, and with D € My(R,) being
diagonal, we can set B = Uv/DU*. Then B is self-adjoint, and its square is given by:
B* = UVDU" - UVDU*
= UDU*
A

Thus, we are led to the conclusion in the statement. Il

Vv

Let us record as well the following technical version of the above result:

THEOREM 1.20. For a matriz A € My (C) the following conditions are equivalent, and
if they are satisfied, we say that A is strictly positive:

< Azx,x >> 0, for any nonzero vector x € CN.

)

) A=CC*, for some C € My(C) invertible.

)

) A= A*, and the eigenvalues are strictly positive, A; > 0.

PrROOF. This follows either from Theorem 1.19, by adding the various extra assump-
tions in the statement, or from the proof of Theorem 1.19, by modifying where needed. [

Let us discuss now the case of the unitary matrices. We have here:
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THEOREM 1.21. Any matriz U € My(C) which is unitary, U* = U™, is diagonaliz-
able, with the eigenvalues on T. More precisely we have
U=VDV*
with V € Uy, and with D € My(T) diagonal. The converse holds too.
PROOF. As a first remark, the converse trivially holds, because given a matrix of type
U=VDV* with V € Uy, and with D € My(T) being diagonal, we have:
U = (VDV*)*
= VD'V*
= VD v
— (v iplyl
= (VDV*)™!
= U!
Let us prove now the first assertion, stating that the eigenvalues of a unitary matrix
U € Uy belong to T. Indeed, assuming Uv = Av, we have:
<v,o> = <UUv,v>
= < Uv,Uv >
= < Av, v >
IN? < v, v >
Thus we obtain A € T, as claimed. Our next claim now is that the eigenspaces
corresponding to different eigenvalues are pairwise orthogonal. Assume indeed that:
Uv=XM , Uw=pw
We have then the following computation, using U* = U~! and A, € T:
A<v,w> = < Av,w >
= <Uv,w>
= <v,Uw >
= <ov,U'w>
= <, /flw >
= pu<v,w>
Thus A\ # p implies v L w, as claimed. In order now to finish the proof, it remains to

prove that the eigenspaces of U span the whole space CV. For this purpose, we will use
a recurrence method. Let us pick an eigenvector of our matrix:

Uv =M
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Assuming that we have a vector w orthogonal to it, v L w, we have:

<Uw,v> = <w,U'v>

= <w, U >

= <w, A\ v>

= A<w,v>

= 0
Thus, if v is an eigenvector, then the vector space v+ is invariant under U. Now since
U is an isometry, so is its restriction to this space v*. Thus this restriction is a unitary,
and so we can proceed by recurrence, and we obtain the result. O

The self-adjoint matrices and the unitary matrices are particular cases of the general
notion of a “normal matrix”, and we have here:

THEOREM 1.22. Any matriz A € My(C) which is normal, AA* = A*A, is diagonal-
izable, with the diagonalization being of the following type,

A=UDU"
with U € Uy, and with D € My(C) diagonal. The converse holds too.

PROOF. As a first remark, the converse trivially holds, because if we take a matrix of
the form A = UDU*, with U unitary and D diagonal, then we have:

AA* = UDU*-UD*U*
= UDD'U*
= UD*'DU”
= UD'U*-UDU”
= A"A

In the other sense now, this is something more technical. Our first claim is that a
matrix A is normal precisely when the following happens, for any vector v:

|| Av[| = [[A™]]
Indeed, the above equality can be written as follows:
< AA™w, v >=< A" Av,v >

But this is equivalent to AA* = A*A, by expanding the scalar products. Our next
claim is that A, A* have the same eigenvectors, with conjugate eigenvalues:

Av =\ = A*v =\
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Indeed, this follows from the following computation, and from the trivial fact that if
A is normal, then so is any matrix of type A — Al y:

1(A" = Ay)ol] = [I(A = Aly)"|]
= |I(A = Aly)ol|
0

Let us prove now, by using this, that the eigenspaces of A are pairwise orthogonal.
Assume that we have two eigenvectors, corresponding to different eigenvalues, A # u:

Av=X v , Aw = pw
We have the following computation, which shows that A\ # p implies v L w:
A<v,w> = < Av,w >
= < Av,w >
= <v,A"w >
<, pw >
uw<v,w >
In order to finish, it remains to prove that the eigenspaces of A span the whole C.
This is something that we have already seen for the self-adjoint matrices, and for unitaries,

and we will use here these results, in order to deal with the general normal case. As a
first observation, given an arbitrary matrix A, the matrix AA* is self-adjoint:

(AA™) = AA"

Thus, we can diagonalize this matrix AA*, as follows, with the passage matrix being
a unitary, V' € Uy, and with the diagonal form being real, £ € My(R):

AA* =VEV®

Now observe that, for matrices of type A = UDU*, which are those that we supposed
to deal with, we have the following formulae:

V=U , E=DD

In particular, the matrices A and AA* have the same eigenspaces. So, this will be
our idea, proving that the eigenspaces of AA* are eigenspaces of A. In order to do so, let
us pick two eigenvectors v, w of the matrix AA*, corresponding to different eigenvalues,
A # p. The eigenvalue equations are then as follows:

AAv =Xdv , AA™w = pw
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We have the following computation, using the normality condition AA* = A*A, and
the fact that the eigenvalues of AA*, and in particular u, are real:

A< Av,w > = < NAv,w >
= < A\w,w >
= < AAA™v,w >
= < AAAv,w >
= < Av, AA"w >
= < Av,pw >
= u<Av,w >

We conclude that we have < Av, w >= 0. But this reformulates as follows:
AN#p = A(E)) LE,

Now since the eigenspaces of AA* are pairwise orthogonal, and span the whole CV,
we deduce from this that these eigenspaces are invariant under A:

A(E/\) C E)

But with this result in hand, we can finish. Indeed, we can decompose the problem,
and the matrix A itself, following these eigenspaces of AA*, which in practice amounts
in saying that we can assume that we only have 1 eigenspace. Now by rescaling, this is
the same as assuming that we have AA* = 1. But with this, we are now into the unitary
case, that we know how to solve, as explained in Theorem 1.21, and so done. Il

As a first application, we have the following result:

THEOREM 1.23. Given a matriz A € My(C), we can construct a matriz |A| as follows,
by using the fact that A*A is diagonalizable, with positive eigenvalues:

1Al = VA*A
This matriz |A| is then positive, and its square is |A|*> = A*A. In the case N = 1, we

obtain in this way the usual absolute value of the complex numbers.

PRrROOF. Consider indeed the matrix A*A, which is normal. According to Theorem
1.22, we can diagonalize this matrix as follows, with U € Uy, and with D diagonal:

A=UDU"

From A*A > 0 we obtain D > 0. But this means that the entries of D are real, and
positive. Thus we can extract the square root v/D, and then set:

VA*A = UVDU*

Thus, we are basically done. Indeed, if we call this latter matrix |A|, then we are led to
the conclusions in the statement. Finally, the last assertion is clear from definitions. [J
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We can now formulate a first polar decomposition result, as follows:
THEOREM 1.24. Any invertible matrizx A € My(C) decomposes as
A=U|A|
with U € Uy, and with |A| = VA*A as above.

PROOF. This is routine, and follows by comparing the actions of A, |A| on the vectors
v € CV, and deducing from this the existence of a unitary U € Uy as above. We will be
back to this, later on, directly in the case of the linear operators on Hilbert spaces. [

Observe that at N = 1 we obtain in this way the usual polar decomposition of the
nonzero complex numbers. More generally now, we have the following result:

THEOREM 1.25. Any square matriz A € My(C) decomposes as
A=TU|A|
with U being a partial isometry, and with |A| = vV A*A as above.

PROOF. Again, this follows by comparing the actions of A, |A| on the vectors v € CV,
and deducing from this the existence of a partial isometry U as above. Alternatively, we
can get this from Theorem 1.24, applied on the complement of the 0-eigenvectors. O

This was for our basic presentation of linear algebra. There are of course many other
things that can be said, but we will come back to some of them in what follows, directly
in the case of the linear operators on the arbitrary Hilbert spaces.

le. Exercises

Linear algebra is a wide topic, and there are countless interesting matrices, and exer-
cises about them. As a continuation of our discussion about rotations, we have:

EXERCISE 1.26. Prove that the symmetry and projection with respect to the Oz azis
rotated by an angle t/2 € R are given by the matrices

g — cost sint
7 \sint —cost
P 1 (1+cost  sint
79\ sint 1-—cost
and then diagonalize these matrices, and if possible without computations.
Here the first part can only be clear on pictures, and by the way, prior to this, do not

forget to verify as well that our formula of R; is the good one. As for the second part,
just don’t go head-first into computations, there might be some geometry over there.



32 1. LINEAR ALGEBRA

EXERCISE 1.27. Prove that the isometries of R? are rotations or symmetries,
cost —sint cost sint
= (sint cost ) Ok = (sint —cost)
and then try as well to find a formula for the isometries of R3.

Here for the first question you should look first at the determinant of such an isometry.
As for the second question, this is something quite difficult. If you're good at computers,
you can look into the code of 3D games, the rotation formula is probably there.

EXERCISE 1.28. Prove that the isometries of C* of determinant 1 are

_[a b 2 2 _
c=(% ) e

then work out as well the general case, of arbitrary determinant.

As a comment here, if done with this exercise about C?, but not yet with the previous
one about R?, you can go back to that exercise, by using a C?> ~ R? trick. And in case
this trick leads to tough computations and big headache, look it up.

EXERCISE 1.29. Prove that the flat matriz, which is the all-one N x N matriz, diag-
onalizes over the complex numbers as follows,

] | N

1 0 *

1 ... ... 1 0

where Fy = (w?);; with w = e*/N s the Fourier matriz, with the convention that the

indices are taken to be i,5 =0,1,... , N — 1.

This is something very instructive. Normally you have to look for eigenvectors for the
flat matrix, and you are led in this way to the equation xo+ ...+ xxy_1 = 0. The problem
however is that this equation, while looking very gentle, has no “canonical” solutions over
the real numbers. Thus you are led to the complex numbers, and more specifically to the
roots of unity, and their magic, leading to the above result. Enjoy.



CHAPTER 2

Linear operators

2a. Hilbert spaces

We discuss in what follows an extension of the linear algebra results from the previous
chapter, obtained by looking at the linear operators T' : H — H, with the space H
being no longer assumed to be finite dimensional. Our motivations come from quantum
mechanics, and in order to get motivated, here is some suggested reading:

(1) Generally speaking, physics is best learned from Feynman [36]. If you already
know some, and want to learn quantum mechanics, go with Griffiths [39]. And if you're
already a bit familiar with quantum mechanics, a good book is Weinberg [95].

(2) A look at classics like Dirac [32], von Neumann [90] or Weyl [97] can be instructive
too. On the opposite, you have as well modern, fancy books on quantum information,
such as Bengtsson-Zyczkowski [18], Nielsen-Chuang [65] or Watrous [93].

(3) In short, many ways of getting familiar with this big mess which is quantum
mechanics, and as long as you stay away from books advertised as “rigorous”, “axiomatic”,
“mathematical”, things fine. By the way, you can try as well my book [9].

Getting to work now, physics tells us to look at infinite dimensional complex spaces,
such as the space of wave functions 1) : R* — C of the electron. In order to do some
mathematics on these spaces, we will need scalar products. So, let us start with:

DEFINITION 2.1. A scalar product on a complex vector space H is a binary operation
H x H — C, denoted (z,y) =< x,y >, satisfying the following conditions:

(1) <,y > is linear in x, and antilinear in y.
(2) <z,y>=<y,x >, for any z,y.
(3) <x,x >>0, for any x # 0.

As before in chapter 1, we use here mathematicians’ convention for scalar products,
that is, <, > linear at left, as opposed to physicists’ convention, <, > linear at right.
The reasons for this are quite subtle, coming from the fact that, while basic quantum
mechanics looks better with <, > linear at right, advanced quantum mechanics looks
better with <, > linear at left. Or at least that’s what my cats say.

33
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As a basic example for Definition 2.1, we have the finite dimensional vector space
H = CV, with its usual scalar product, namely:

<zy>=) a

There are many other examples, and notably various spaces of L? functions, which
naturally appear in problems coming from physics. We will discuss them later on. In
order to study now the scalar products, let us formulate the following definition:

DEFINITION 2.2. The norm of a vector x € H is the following quantity:
lzl] = vV<z, x>
We also call this number length of x, or distance from x to the origin.

The terminology comes from what happens in CV, where the length of the vector, as
defined above, coincides with the usual length, given by:

quz\/ﬂ

In analogy with what happens in finite dimensions, we have two important results
regarding the norms. First we have the Cauchy-Schwarz inequality, as follows:

THEOREM 2.3. We have the Cauchy-Schwarz inequality
| <zy> | <|lzl] [yl
and the equality case holds precisely when x,y are proportional.

Proor. This is something very standard. Consider indeed the following quantity,
depending on a real variable ¢ € R, and on a variable on the unit circle, w € T:

f(t) = [ftwz +yl|*
By developing f, we see that this is a degree 2 polynomial in %:

ft) = <twr+ytwr+y>
:t2<x,x>—|—tw<x,y>+tw<y,x>+<y,y>
= ||2[]* + 2tRe(w < 2,y >) + [|y|?

Since f is obviously positive, its discriminant must be negative:
ARe(w < z,y >)* — 4f[z|* - ||ly]* <0
But this is equivalent to the following condition:

|Re(w <,y >)| <|[lz|] - [[yll
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Now the point is that we can arrange for the number w € T to be such that the
quantity w < x,y > is real. Thus, we obtain the following inequality:

| <@y > <|lz]l-[ly]

Finally, the study of the equality case is straightforward, by using the fact that the
discriminant of f vanishes precisely when we have a root. But this leads to the conclusion
in the statement, namely that the vectors x,y must be proportional. U

As a second main result now, we have the Minkowski inequality:
THEOREM 2.4. We have the Minkowsk: inequality
[z +yll < [lz] +[lyl]
and the equality case holds precisely when x,y are proportional.
Proor. This follows indeed from the Cauchy-Schwarz inequality, as follows:

|z + yl| < {lz[] + [yl
= |lz+ylP* < (]| + [ly])*
— 2|+ |yll* 4+ 2Re < z,y >< [|z|]* + [|y[|* + 2||[| - [|y]]
< Re<wzy><l|z] |yl

As for the equality case, this is clear from Cauchy-Schwarz as well. Il
As a consequence of this, we have the following result:
THEOREM 2.5. The following function is a distance on H,
d(z,y) = [l =yl
in the usual sense, that of the abstract metric spaces.

Proor. This follows indeed from the Minkowski inequality, which corresponds to the
triangle inequality, the other two axioms for a distance being trivially satisfied. O

The above result is quite important, because it shows that we can do geometry and
analysis in our present setting, with distances and angles, a bit as in the finite dimensional
case. In order to do such abstract geometry, we will often need the following key result,
which shows that everything can be recovered in terms of distances:

PROPOSITION 2.6. The scalar products can be recovered from distances, via the formula
4 <zy>=le+ylP = |lz = yl® +ille +ayl|* — il|e —iy]

called complex polarization identity.
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PRrOOF. This is something that we have already met in finite dimensions. In arbitrary
dimensions the proof is similar, as follows:

|z +yll* = llz = ylI* +ille +dyl* — il |z — iy| |
= |l + [lylP* = ll=]* = [yl? + ill=[1* +dlly[1* = all2|* — il |y|]
+2Re(< z,y >) + 2Re(< z,y >) + 2iIm(< x,y >) + 2ilm(< x,y >)
= 4d<x,y>
Thus, we are led to the conclusion in the statement. Il

In order to do analysis on our spaces, we need the Cauchy sequences that we construct
to converge. This is something which is automatic in finite dimensions, but in arbitrary
dimensions, this can fail. It is convenient here to formulate a detailed new definition, as
follows, which will be the starting point for our various considerations to follow:

DEFINITION 2.7. A Hilbert space is a complex vector space H given with a scalar
product < x,y >, satisfying the following conditions:

(1) < z,y > is linear in x, and antilinear in y.

(2) <z,y>=<wy,x >, for any z,y.

(3) <z,x >>0, for any z # 0.

(4) H is complete with respect to the norm ||z|| = /< z, 2 >.

In other words, we have taken here Definition 2.1 above, and added the condition that
H must be complete with respect to the norm ||z|| = /< z,z >, that we know indeed to
be a norm, according to the Minkowski inequality proved above. As a basic example, as
before, we have the space H = CV, with its usual scalar product, namely:

<zy>=Y 1
i
More generally now, we have the following construction of Hilbert spaces:

PROPOSITION 2.8. The sequences of complex numbers (x;) which are square-summable,
Z |z;]? < o0
form a Hilbert space I?(N), with the following scalar product:
<3y >=Y
In fact, given any index set I, we can construct a Hilbert space I12(I), in this way.

PROOF. There are several things to be proved, as follows:

(1) Our first claim is that [?(N) is a vector space. For this purpose, we must prove that
z,y € [*(N) implies z + y € [*(N). But this leads us into proving ||z + y|| < ||=]| + ||y]|,
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where ||z|| = /< x,x >. Now since we know this inequality to hold on each subspace
CY C I?(N) obtained by truncating, this inequality holds everywhere, as desired.

(2) Our second claim is that <,> is well-defined on [*(N). But this follows from
the Cauchy-Schwarz inequality, | < z,y > | < ||z|| - ||y||, which can be established by
truncating, a bit like we established the Minkowski inequality in (1) above.

(3) It is also clear that <, > is a scalar product on [?(N), so it remains to prove that
[?(N) is complete with respect to ||z|| = /< z,z >. But this is clear, because if we pick
a Cauchy sequence {2"},cy C [2(N), then each numeric sequence {z7},cy C C is Cauchy,
and by setting x; = lim,, .., 7, we have 2" — z inside [*(N), as desired.

(4) Finally, the same arguments extend to the case of an arbitrary index set I, leading
to a Hilbert space [(I), and with the remark here that there is absolutely no problem
of taking about quantities of type ||z||* = Y, ; |z:|* € [0,00], even if the index set I is
uncountable, because we are summing positive numbers. O

Even more generally, we have the following construction of Hilbert spaces:

THEOREM 2.9. Given a measured space X, the functions f : X — C, taken up to
equality almost everywhere, which are square-summable,

[ 1s@pPds <

form a Hilbert space L*(X), with the following scalar product:

< fg>= /Xf(x)mdx

In the case X = I, with the counting measure, we obtain in this way the space I*(I).

PRrROOF. This is a straightforward generalization of Proposition 2.8, with the argu-
ments from the proof of Proposition 2.8 carrying over in our case, as follows:

(1) The first part, regarding Cauchy-Schwarz and Minkowski, extends without prob-
lems, by using this time approximation by step functions.

(2) Regarding the fact that <,> is indeed a scalar product on L?*(X), there is a
subtlety here, because if we want < f, f >> 0 for f # 0, we must declare that f = 0
when f = 0 almost everywhere, and so that f = g when f = g almost everywhere.

(3) Regarding the fact that L?(X) is complete with respect to || f|| = v/< f, f >, this
is again basic measure theory, by picking a Cauchy sequence { f,, }nen C L?(X), and then
constructing a pointwise, and hence L? limit, f,, — f, almost everywhere.

(4) Finally, the last assertion is clear, because the integration with respect to the
counting measure is by definition a sum, and so L?(I) = (*(I) in this case. O
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Quite remarkably, any Hilbert space must be of the form L?*(X), and even of the
particular form [2(7). This follows indeed from the following key result:

THEOREM 2.10. Let H be a Hilbert space.

(1) Any algebraic basis of this space { f;}icr can be turned into an orthonormal basis
{e;}icr, by using the Gram-Schmidt procedure.

(2) Thus, H has an orthonormal basis, and so we have H ~ I*(I), with I being the
indexing set for this orthonormal basis.

Proor. All this is standard by Gram-Schmidt, the idea being as follows:

(1) First of all, in finite dimensions an orthonormal basis {e;};c; is by definition a
usual algebraic basis, satisfying < e;, e; >= 0;;. But the existence of such a basis follows
by applying the Gram-Schmidt procedure to any algebraic basis { f;}icr, as claimed.

(2) In infinite dimensions, a first issue comes from the fact that the standard basis
{0;}ien of the space [2(N) is not an algebraic basis in the usual sense, with the finite linear
combinations of the functions §; producing only a dense subspace of [*(N), that of the
functions having finite support. Thus, we must fine-tune our definition of “basis”.

(3) But this can be done in two ways, by saying that {f;};c; is a basis of H when
the functions f; are linearly independent, and when either the finite linear combinations
of these functions f; form a dense subspace of H, or the linear combinations with (1)
coefficients of these functions f; form the whole H. For orthogonal bases {e;};c; these
definitions are equivalent, and in any case, our statement makes now sense.

(4) Regarding now the proof, in infinite dimensions, this follows again from Gram-
Schmidt, exactly as in the finite dimensional case, but by using this time a tool from
logic, called Zorn lemma, in order to correctly do the recurrence. U

The above result, and its relation with Theorem 2.9, is something quite subtle, so let
us further get into this. First, we have the following definition, based on the above:

DEFINITION 2.11. A Hilbert space H is called separable when the following equivalent
conditions are satisfied:

(1) H has a countable algebraic basis { f;}ien-
(2) H has a countable orthonormal basis {e;}ien.
(3) We have H ~ I*(N), isomorphism of Hilbert spaces.

In what follows we will be mainly interested in the separable Hilbert spaces, where
most of the questions coming from quantum physics take place. In view of the above, the
following philosophical question appears: why not simply talking about [2(N)?

In answer to this, we cannot really do so, because many of the separable spaces that
we are interested in appear as spaces of functions, and such spaces do not necessarily have
a very simple or explicit orthonormal basis, as shown by the following result:
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PROPOSITION 2.12. The Hilbert space H = L?|0, 1] is separable, having as orthonormal
basis the orthonormalized version of the algebraic basis f, = x™ with n € N.

Proor. This follows from the Weierstrass theorem, which provides us with the basis
fn = 2™, which can be orthogonalized by using the Gram-Schmidt procedure, as explained
in Theorem 2.10. Working out the details here is actually an excellent exercise. U

As a conclusion to all this, we are interested in 1 space, namely the unique separable
Hilbert space H, but due to various technical reasons, it is often better to forget that we
have H = [*(N), and say instead that we have H = L*(X), with X being a separable
measured space, or simply say that H is an abstract separable Hilbert space.

2b. Linear operators

Let us get now into the study of linear operators 7' : H — H. Before anything,
we should mention that things are quite tricky with respect to quantum mechanics, and
physics in general. Indeed, if there is a central operator in physics, this is the Laplace
operator on the smooth functions f : RY — C, given by:

d*f
Af(z) = i d_:c?

And the problem is that what we have here is an operator A : C*(RY) — C=(R"),
which does not extend into an operator A : L?(RY) — L?(R¥). Thus, we should perhaps
look at operators T': H — H which are densely defined, instead of looking at operators
T : H— H which are everywhere defined. We will not do so, for two reasons:

(1) Tactical retreat. When physics looks too complicated, as it is the case now, you can
always declare that mathematics comes first. So, let us be pure mathematicians, simply
looking in generalizing linear algebra to infinite dimensions. And from this viewpoint, it
is a no-brainer to look at everywhere defined operators T': H — H.

(2) Modern physics. We will see later, towards the middle of the present book, when
talking about various mathematical physics findings of Connes, Jones, Voiculescu and
others, that a lot of interesting mathematics, which is definitely related to modern physics,
can be developed by using the everywhere defined operators T': H — H.

In short, you’ll have to trust me here. And hang on, we are not done yet, because with
this choice made, there is one more problem, mathematical this time. The problem comes
from the fact that in infinite dimensions the everywhere defined operators T' : H — H
can be bounded or not, and for reasons which are mathematically intuitive and obvious,
and physically acceptable too, we want to deal with the bounded case only.

Long story short, let us avoid too much thinking, and start in a simple way, with:
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PROPOSITION 2.13. For a linear operator T : H — H, the following are equivalent:

(1) T is continuous.

(2) T is continuous at 0.

(3) T(B) C ¢B for some ¢ < oo, where B C H s the unit ball.

(4) T is bounded, in the sense that ||T|| = supy, < ||Tx|| satisfies ||T|| < co.

Proor. This is elementary, with (1) <= (2) coming from the linearity of 7', then
(2) <= (3) coming from definitions, and finally (3) <= (4) coming from the fact that
the number ||T|| from (4) is the infimum of the numbers ¢ making (3) work. 0

Regarding such operators, we have the following result:
THEOREM 2.14. The linear operators T : H — H which are bounded,
IT|| = sup [|Tz]| < oo

|lz[[<1
form a complex algebra with unit B(H), having the property
ST < [IS]] - |17
and which is complete with respect to the norm.

PROOF. The fact that we have indeed an algebra, satisfying the product condition in
the statement, follows from the following estimates, which are all elementary:

1S+ T < [[SII+ 17|
AT} = |AL- 1T
ST < 1ISI1- 11T

Regarding now the last assertion, if {T,,} € B(H) is Cauchy then {T,z} is Cauchy
for any x € H, so we can define the limit 7" = lim,,_,, T, by setting:

Tx = lim T,x
n—oo

Let us first check that the application x — T’z is linear. We have:
T+y) = lim T,(z+y)
n— o0
= he@ s T
= T(z)+T(y)
Similarly, we have as well the following computation:
T(Az) = lim T,(A\x)
n—oo
= A lim T, (x)

n—oo

= M (x)
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Thus we have a linear map 7' : A — A. It remains to prove that we have T' € B(H),
and that we have T,, — T in norm. For this purpose, observe that we have:

T, —Tw|| <e, Vn,m >N

|| The — Tzl <e, Vz||=1, ¥n,m >N
|Thx —Tz||<e, V|z|][=1, Vn >N

[ The =Tzl <e, V]| =1

Ty —T|| <2

P

As a first consequence, we obtain 7' € B(H), because we have:

Tl = [T~ + (T = Tw)|l
< |Tnl[+ 1T = Tnl|
< ||Tw||+¢
< o0
As a second consequence, we obtain Ty — T in norm, and we are done. Il

In the case where H comes with a basis {e; };cs, we can talk about the infinite matrices
M € M;(C), with the remark that the multiplication of such matrices is not always
defined, in the case |I| = oo. In this context, we have the following result:

THEOREM 2.15. Let H be a Hilbert space, with orthonormal basis {e;}icr. The bounded
operators T € B(H) can be then identified with matrices M € M;(C) via

Tr =Mz s Mij =<< Tej,ei >
and we obtain in this way an embedding as follows, which s multiplicative:
B(H) c M;(C)

In the case H = CN we obtain in this way the usual isomorphism B(H) ~ My(C). In
the separable case we obtain in this way a proper embedding B(H) C M (C).

Proor. We have several assertions to be proved, the idea being as follows:

(1) Regarding the first assertion, given a bounded operator T : H — H, let us associate
to it a matrix M € M;(C) as in the statement, by the following formula:

Mij =< T@j, €; >

It is clear that this correspondence T' — M is linear, and also that its kernel is {0}.
Thus, we have an embedding of linear spaces B(H) C M;(C).
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(2) Our claim now is that this embedding is multiplicative. But this is clear too,
because if we denote by T' — My our correspondence, we have:

(MST>ij = <ST€j,€i >

= <SZ<Tej,ek >ek,ei>
k

= Z < Sep,e; ><Tej, e >
k

= Z(Ms)ik(MT)kj

s
= (MgMrp);;

(3) Finally, we must prove that the original operator 7' : H — H can be recovered
from its matrix M € M;(C) via the formula in the statement, namely Tz = Mz. But
this latter formula holds for the vectors of the basis, x = e;, because we have:

(T€j>i = < Tej,ei >
= M,
= (Mej);
Now by linearity we obtain from this that the formula Tx = Mz holds everywhere,

on any vector x € H, and this finishes the proof of the first assertion.

(4) In finite dimensions we obtain an isomorphism, because any matrix M € My(C)
determines an operator T : CV — CV, according to the formula < Te;,e; >= M;;. In
infinite dimensions, however, we do not have an isomorphism. For instance on H = [*(N)
the following matrix does not define an operator:

11
M=111
Indeed, T'(e1) should be the all-one vector, which is not square-summable. U

In connection with our previous comments on bases, the above result is something
quite theoretical, because for basic Hilbert spaces like L?[0, 1], which do not have a simple
orthonormal basis, the embedding B(H) C M (C) that we obtain is not something very
useful. In short, while the bounded operators 7' : H — H are basically some infinite
matrices, it is better to think of these operators as being objects on their own.

As another comment, the construction 7" — M makes sense for any linear operator
T :H — H, but when dim H = oo, we do not obtain an embedding £(H) C M;(C) in
this way. Indeed, set H = [*(N), let £ = span(e;) be the linear space spanned by the
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standard basis, and pick an algebraic complement F' of this space F, so that we have
H = E & F, as an algebraic direct sum. Then any linear operator S : F' — F' gives rise
to a linear operator T': H — H, given by T'(e, f) = (0, S(f)), whose associated matrix is
0. And, restrospectively speaking, it is in order to avoid such pathologies that we decided
some time ago to restrict the attention to the bounded case, T' € B(H).

As in the finite dimensional case, we can talk about adjoint operators, in this setting,
the definition and main properties of the construction 7' — T™ being as follows:

THEOREM 2.16. Given a bounded operator T € B(H), the following formula defines
a bounded operator T* € B(H), called adjoint of H :

<Tx,y>=<uz,Ty >

The correspondence T — T™ s antilinear, antimultiplicative, and is an tnvolution, and
an isometry. In finite dimensions, we recover the usual adjoint operator.

PROOF. There are several things to be done here, the idea being as follows:

(1) We will need a standard functional analysis result, stating that the continuous
linear forms ¢ : H — C appear as scalar products, as follows, with z € H:

o) =<uz,2>

Indeed, in one sense this is clear, because given z € H, the application p(x) =< z,z >
is linear, and continuous as well, because by Cauchy-Schwarz we have:

()] < f]] - [l=]]

Conversely now, by using a basis we can assume H = [*(N), and our linear form
¢ : H — C must be then, by linearity, given by a formula of the following type:

p(z) = sz@

But, again by Cauchy-Schwarz, in order for such a formula to define indeed a contin-
uous linear form ¢ : H — C we must have z € [*(N), and so z € H, as desired.

(2) With this in hand, we can now construct the adjoint 7, by the formula in the
statement. Indeed, given y € H, the formula ¢(x) =< Tx,y > defines a linear map
H — C. Thus, we must have a formula as follows, for a certain vector Ty € H:

olx) =<az,T"y >

Moreover, this vector T*y € H is unique with this property, and we conclude from
this that the formula y — T™y defines a certain map 7% : H — H, which is unique with
the property in the statement, namely < Tz,y >=< z,T*y > for any z,y.
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(3) Let us prove that we have T* € B(H). By using once again the uniqueness of T,
we conclude that we have the following formulae, which show that 7™ is linear:

T(x+y)=T2+Ty , T'\x)=X"z
Observe also that T™ is bounded as well, because we have:

|T|| = sup sup <Tx,y>
[lz][=1 [|y||=1

= sup sup <z, Ty >
llyll=1||z||=1

= |I77]]

(4) The fact that the correspondence 7' — T* is antilinear, antimultiplicative, and is
an involution comes from the following formulae, coming from uniqueness:

(S+T) =S"+T* , (ANI)"=\T*
(ST) =T*S* |, (I")*'=T

As for the isometry property with respect to the operator norm, ||T'|| = ||T%||, this is
something that we already know, from the proof of (3) above.

(5) Regarding finite dimensions, let us first examine the general case where our Hilbert
space comes with a basis, H = [*(I). We can compute the matrix M* € M;(C) associated
to the operator T* € B(H), by using < Tz,y >=< x,T*y >, in the following way:

(M*>ZJ = < T*ej, €e; >
= <ey, T*ej >
= < Te, e; >
= M

Thus, we have reached to the usual formula for the adjoints of matrices, and in the
particular case H = CV, we conclude that T* comes indeed from the usual M*. O

As in finite dimensions, the operators T', T* can be thought of as being “twin brothers”,
and there is a lot of interesting mathematics connecting them. We first have:

PROPOSITION 2.17. Given a bounded operator T € B(H), the following happen:
(1) ker T* = (ImT)*.
(2) ImT* = (ker T)* .

PROOF. Both these assertions are elementary, as follows:
(1) Let us first prove “C”. Assuming 7%z = 0, we have indeed x L ImT', because:

<z, Ty>=<T"z,y>=0
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As for “D7, assuming < x, Ty >= 0 for any y, we have T*x = 0, because:
<Trzx,y>=<uz,Ty >=0
(2) This can be deduced from (1), applied to the operator 7%, as follows:
(ker T)*= = (ImT*)** = ImT*

Here we have used the formula K+ = K, valid for any linear subspace K C H of a
Hilbert space, which for K closed reads K L = K, and comes from H = K & K L+ and
which in general follows from K++ C K++ = K, the reverse inclusion being clear. O

Let us record as well the following useful formula, relating 7" and T™:
THEOREM 2.18. We have the following formula,
||| = ||T|]”
valid for any operator T € B(H).

PrRoOOF. We recall from Theorem 2.16 that the correspondence 7" — T is an isometry
with respect to the operator norm, in the sense that we have:

Tl = 17|
In order to prove now the formula in the statement, observe first that we have:
17T\ < |7 - 1|71 = [|T])*
On the other hand, we have as well the following estimate:

TP = ||81\TI—)1‘ <Tx, Tz > |

= sup | <z, T'Tx > |
[]]=1

< |[T7T]]
By replacing T' — T™ we obtain from this that we have:
17117 < |ITT7]

Thus, we have obtained the needed inequality, and we are done. O

2c. Unitaries, projections

Let us discuss now some explicit examples of operators, in analogy with what happens
in finite dimensions. The most basic examples of linear transformations are the rotations,
symmetries and projections. Then, we have certain remarkable classes of linear trans-
formations, such as the positive, self-adjoint and normal ones. In what follows we will
develop the basic theory of such transformations, in the present Hilbert space setting.

Let us begin with the rotations. The situation here is quite tricky in arbitrary dimen-
sions, and we have several notions instead of one. We first have the following result:
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THEOREM 2.19. For a linear operator U € B(H) the following conditions are equiva-
lent, and if they are satisfied, we say that U is an isometry:

(1) U is a metric space isometry, d(Uzx,Uy) = d(z,y).

(2) U is a normed space isometry, ||Uzx|| = ||z||.

(3) U preserves the scalar product, < Uz, Uy >=< x,y >.
(4) U satisfies the isometry condition U*U = 1.

In finite dimensions, we recover in this way the usual unitary transformations.
PRrROOF. The proofs are similar to those in finite dimensions, as follows:
(1) <= (2) This follows indeed from the formula of the distances, namely:
d(z,y) = ||z =yl

(2) <= (3) This is again standard, because we can pass from scalar products to
distances, and vice versa, by using ||z|| = /< x,z >, and the polarization formula.

(3) < (4) We have indeed the following equivalences, by using the standard formula
< Tx,y >=< x,T*y >, which defines the adjoint operator:

<Ux,Uy>=<x,y> <+ <z,UUy>=<uzx,y>
— U'Uy=y
— U'U=1
Thus, we are led to the conclusions in the statement. O

The point now is that the condition U*U = 1 does not imply in general UU* = 1, the
simplest counterexample here being the shift operator on [2(N):

PROPOSITION 2.20. The shift operator on the space I*(N), given by
S(Gz) = €i+1
is an isometry, S*S = 1. However, we have SS* # 1.
PrOOF. The adjoint of the shift is given by the following formula:
€i—1 if 4 >0
S*(e;) =
(€) {0 if i =0
When composing S,.S*, in one sense we obtain the following formula:
S*S(Gl) = €;
In other other sense now, we obtain the following formula:
e, ifi>0
SS*(e;) =<
(€) {0 if i =0
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Summarizing, the compositions are given by the following formulae:
S*S=1 , S8S*= Proj(ey)
Thus, we are led to the conclusions in the statement. O

As a conclusion, the notion of isometry is not the correct infinite dimensional analogue
of the notion of unitary, and the unitary operators must be introduced as follows:

THEOREM 2.21. For a linear operator U € B(H) the following conditions are equiva-
lent, and if they are satisfied, we say that U is a unitary:

(1) U is cm isometry, which is invertible.
(2) U are both isometries.
(3) U U* are both zsometmes
(4) UU* =U*U =
(b) U* = U L
Moreover, the unitary operators from a group U(H) C B(H).

PROOF. There are several statements here, the idea being as follows:

(1) The various equivalences in the statement are all clear from definitions, and from
Theorem 2.19 in what regards the various possible notions of isometries which can be
used, by using the formula (ST)* = T*S* for the adjoints of the products of operators.

(2) The fact that the products and inverses of unitaries are unitaries is also clear, and
we conclude that the unitary operators from a group U(H) C B(H), as stated. O

Let us discuss now the projections. Modulo the fact that all the subspaces K C H
where these projections project must be assumed to be closed, in the present setting, here
the result is perfectly similar to the one in finite dimensions, as follows:

THEOREM 2.22. For a linear operator P € B(H) the following conditions are equiva-
lent, and if they are satisfied, we say that P is a projection:
(1) P is the orthogonal projection on a closed subspace K C H.
(2) P satisfies the projection equations P? = P* = P.
PROOF. As in finite dimensions, P is an abstract projection, not necessarily orthogo-
nal, when it is an idempotent, algebrically speaking, in the sense that we have:
P?=P
The point now is that this projection is orthogonal when:
< P*Px— P*'z,y >=0
P*Pr— P'xz=0
P*P—P" =0
pP*P =P

< Prx—2,Py>=0

11l
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Now observe that by conjugating, we obtain P*P = P. Thus, we must have P = P*,
and so we have shown that any orthogonal projection must satisfy, as claimed:

PP=pP* =P

Conversely, if this condition is satisfied, P? = P shows that P is a projection, and
P = P* shows via the above computation that P is indeed orthogonal. O

There is a relation between the projections and the general isometries, such as the
shift S that we met before, and we have the following result:

PROPOSITION 2.23. Given an isometry U € B(H), the operator
P=U0U"
is a projection, namely the orthogonal projection on Im(U).

PROOF. Assume indeed that we have an isometry, U*U = 1. The fact that P = UU*
is indeed a projection can be checked abstractly, as follows:

(s =uur
vuruur =U0U*
As for the last assertion, this is something that we already met, for the shift, and the
situation in general is similar, with the result itself being clear. O

More generally now, along the same lines, and clarifying the whole situation with the
unitaries and isometries, we have the following result:

THEOREM 2.24. An operator U € B(H) is a partial isometry, in the usual geometric
sense, when the following two operators are projections:

P=U0U" , Q=UU
Moreover, the isometries, adjoints of isometries and unitaries are respectively character-

ized by the conditions Q =1, P=1, P=Q = 1.

PROOF. The first assertion is a straightforward extension of Proposition 2.23, and the
second assertion follows from various results regarding isometries established above. [

It is possible to talk as well about symmetries, in the following way:

DEFINITION 2.25. An operator S € B(H) is called a symmetry when S* =1, and a
unitary symmetry when one of the following equivalent conditions is satisfied:

(1) S is a unitary, S* = S™', and a symmetry as well, S* = 1.
(2) S satisfies the equations S = S* = S7L.
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Here the terminology is a bit non-standard, because even in finite dimensions, 5% = 1
is not exactly what you would require for a “true” symmetry, as shown by the following
transformation, which is a symmetry in our sense, but not a unitary symmetry:

0 2\ [(z\ [2y
/2 0)\y) \&/2
Let us study now some larger classes of operators, which are of particular importance,

namely the self-adjoint, positive and normal ones. We first have:

THEOREM 2.26. For an operator T € B(H), the following conditions are equivalent,
and if they are satisfied, we call T self-adjoint:

(1) T =T*.
(2) <Tx,x > R.
In finite dimensions, we recover in this way the usual self-adjointness notion.
PROOF. There are several assertions here, the idea being as follows:
(1) = (2) This is clear, because we have:
<Tz,z> = <uz,Tzr>
= <T'z,x>
= <Tz, x>

(2) = (1) In order to prove this, observe that the beginning of the above computa-
tion shows that, when assuming < Tz, z >€ R, the following happens:

<Trx,x>=<T'r,z >
Thus, in terms of the operator S =T — T™, we have:
< Sx,x>=0
In order to finish, we use a polarization trick. We have the following formula:
<S(z+y),r+y>=<Sx,xz>+<Sy,y >+ < Sz,y>+ < Sy,x >

Since the first 3 terms vanish, the sum of the 2 last terms vanishes too. But, by using

S* = =S5, coming from S =T — T*, we can process this latter vanishing as follows:
<Sz,y> = —<Sy,x>
<y,Sx >
= <Swz,y>

Thus we must have < Sx,y >€ R, and with y — iy we obtain < Sz,y >€ iR too,
and so < Sx,y >= 0. Thus S = 0, which gives T' = T™, as desired.

(3) Finally, in what regards the finite dimensions, or more generally the case where our
Hilbert space comes with a basis, H = [*(I), here the condition T'= T* corresponds to
the usual self-adjointness condition M = M™* at the level of the associated matrices. [J
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At the level of the basic examples, the situation is as follows:

PROPOSITION 2.27. The folowing operators are self-adjoint:

(1) The projections, P> = P* = P. In fact, an abstract, algebraic projection is an
orthogonal projection precisely when it is self-adjoint.

(2) The unitary symmetries, S = S* = S™1. In fact, a unitary is a unitary symmetry
precisely when it is self-adjoint.

PROOF. These assertions are indeed all clear from definitions. O
Next in line, we have the notion of positive operator. We have here:

THEOREM 2.28. The positive operators, which are the operators T € B(H) satisfying
< Tx,x >> 0, have the following properties:

(1) They are self-adjoint, T = T*.

(2) As examples, we have the projections, P? = P* = P.

(3) More generally, T = S*S is positive, for any S € B(H).

(4) In finite dimensions, we recover the usual positive operators.

PRroOF. All these assertions are elementary, the idea being as follows:
(1) This follows from Theorem 2.26, because < T'z,z >> 0 implies < Tz, x >€ R.
(2) This is clear from P? = P = P* because we have:
< Px,x> = < Pr,z>
= < Px,Px >
| P|f?

(3) This follows from a similar computation, namely:
< S*Sz,r >=< Sz, Sz >= ||Sz|[?

(4) This is well-known, the idea being that the condition < T'z,z >> 0 corresponds
to the usual positivity condition A > 0, at the level of the associated matrix. O

It is possible to talk as well about strictly positive operators, and we have here:

THEOREM 2.29. The strictly positive operators, which are the operators T € B(H)
satisfying < Tx,x >> 0, for any x # 0, have the following properties:

(1) They are self-adjoint, T = T*.
(2) As examples, T = S*S is positive, for any S € B(H) injective.
(3) In finite dimensions, we recover the usual strictly positive operators.

PROOF. As before, all these assertions are elementary, the idea being as follows:

(1) This is something that we know, from Theorem 2.28.
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(2) This follows from the injectivity of S, because for any x # 0 we have:
< S*Sr,x> = < Sx,Sr>
= [|Sz|?
> 0

(3) This is well-known, the idea being that the condition < T'z,z >> 0 corresponds
to the usual strict positivity condition A > 0, at the level of the associated matrix. U

As a comment, while any strictly positive matrix A > 0 is well-known to be invertible,
the analogue of this fact does not hold in infinite dimensions, a counterexample here being
the following operator on [2(N), which is strictly positive but not invertible:

1

N =

T —

W=

As a last remarkable class of operators, we have the normal ones. We have here:

THEOREM 2.30. For an operator T € B(H), the following conditions are equivalent,
and if they are satisfied, we call T normal:

(1) TT* =T*T.
(2) [|1T=|| = [[T™=]].
In finite dimensions, we recover in this way the usual normality notion.
PROOF. There are several assertions here, the idea being as follows:
(1) = (2) This is clear, due to the following computation:
|Tz|* = <Tx,Tx >
= <T'Tx,x >
= <TT 'z, x>
= <T'zx,T"x >
— ||Tal?
(2) = (1) This is clear as well, because the above computation shows that, when
assuming ||T'z|| = ||T*z||, the following happens:
<TT*z,x >=<T'Tx,x >
Thus, in terms of the operator S = TT* — T*T', we have:
< Sz, x >=0
In order to finish, we use a polarization trick. We have the following formula:

<Sz+y),r+y>=<Szx,x>+ < Sy,y >+ < Sz,y>+ < Sy,x >
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Since the first 3 terms vanish, the sum of the 2 last terms vanishes too. But, by using
S = 5% coming from S = TT* — T*T, we can process this latter vanishing as follows:
<Sz,y> = —<Sy,x>
= —<uy,Sr>
= —<Sz,y>

Thus we must have < Sz,y >€ iR, and with y — 7y we obtain < Sz,y >€ R too,
and so < Sx,y >= 0. Thus S = 0, which gives TT™* = T*T, as desired.

(3) Finally, in what regards finite dimensions, or more generally the case where our
Hilbert space comes with a basis, H = [?(I), here the condition TT* = T*T corresponds to
the usual normality condition M M* = M*M at the level of the associated matrices. [J

Observe that the normal operators generalize both the self-adjoint operators, and the
unitaries. We will be back to such operators, on many occassions, in what follows.

2d. Diagonal operators

Let us work out now what happens in the case that we are mostly interested in, namely
H = L[*(X), with X being a measured space. We first have:

THEOREM 2.31. Given a measured space X, consider the Hilbert space H = L*(X).
Associated to any function f € L®(X) is then the multiplication operator

Ty H—H |, Ti(g9) = fg
which is well-defined, linear and bounded, having norm as follows:
Tl = 11£ 1l
Moreover, the correspondence f — Ty is linear, multiplicative and involutive.

PROOF. There are several assertions here, the idea being as follows:

(1) We must first prove that the formula in the statement, T;(g) = fg, defines indeed
an operator H — H, which amounts in saying that we have:

fel®X), ge LX) = fgec L*X)

But this follows from the following explicit estimate:

fglle = \/ /X (@) 29 o) 2dp(z)

< suplf(w)|2\/ /X l9(2)Pdu(z)

zeX

= I flllgll2

< o0
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(2) Next in line, we must prove that 7" is linear and bounded. We have:
Ty(g+h) =Ts(g) +Te(h)  Tr(Ag) = AT¢(g)

As for the boundedness condition, this follows from the estimate from the proof of (1),
which gives, in terms of the operator norm of B(H):

IT¢ 1] < [ f]lo0

(3) Let us prove now that we have equality, ||T%|| = || f||c, in the above estimate. For
this purpose, we use the well-known fact that the L* functions can be approximated by
L? functions. Indeed, with such an approximation g, — f we obtain:

fgallz = \/ /X (@) 2] ga(2) Pdu(z)

zeX

= I lsollgnll2

Thus, with n — oo we obtain ||7%|| > ||f||s, which is reverse to the inequality
obtained in the proof of (2), and this leads to the conclusion in the statement.

~ sup|f(3:)\2\//x |gn () [?dp()

(4) Regarding now the fact that the correspondence f — Ty is indeed linear and
multiplicative, the corresponding formulae are as follows, both clear:

Trin(g) = Tr(g) + Thulg) » Tap(g) = ATy(9)

(5) Finally, let us prove that the correspondence f — Ty is involutive, in the sense
that it transforms the standard involution f — f of the algebra L>°(X) into the standard
involution 7" — T of the algebra B(H). We must prove that we have:

Ty =T;5
But this follows from the following computation:

<Trg,h> = < fg,h>

- /X £(2)g(x)h(x)du(z)

_ /X o) f (2)h(x)dp(z)
= <g,fh>
= < g,Tfh >

Indeed, since the adjoint is unique, we obtain from this 7 = T. Thus the correspon-
dence f — T} is indeed involutive, as claimed. U
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In what regards now the basic classes of operators, the above construction provides
us with many new examples, which are very explicit, and are complementary to the usual
finite dimensional examples that we usually have in mind, as follows:

THEOREM 2.32. The multiplication operators T¢(g) = fg on the Hilbert space H =
L*(X) associated to the functions f € L®(X) are as follows:
) Ty is unitary when f: X — T.
) Ty is a symmetry when f: X — {—1,1}.
) Ty is a projection when f = xy withY € X.
) There are no non-unitary isometries.
) There are no non-unitary symmetries.
) T is positive when f: X — R..
) T is self-adjoint when f: X — R.
) Ty is always normal, for any f: X — C.

PROOF. All these assertions are clear from definitions, and from the various properties
of the correspondence f — T, established above, as follows:

(1) The unitarity condition U* = U~! for the operator T} reads f = f~', which means
that we must have f : X — T, as claimed.

(2) The symmetry condition S? = 1 for the operator T} reads f? = 1, which means
that we must have f: X — {—1,1}, as claimed.

(3) The projection condition P? = P* = P for the operator T} reads f? = f = f,
which means that we must have f : X — {0, 1}, or equivalently, f = xy with Y C X.

(4) A non-unitary isometry must satisfy by definition U*U = 1,UU* # 1, and for the
operator T} this means that we must have |f|*> = 1,|f|* # 1, which is impossible.

(5) This follows from (1) and (2), because the solutions found in (2) for the symmetry
problem are included in the solutions found in (1) for the unitarity problem.

(6) The fact that T is positive amounts in saying that we must have < fg,g >> 0
for any g € L?(X), and this is equivalent to the fact that we must have f > 0, as desired.

(7) The self-adjointness condition T' = T* for the operator Ty reads f = f, which
means that we must have f : X — R, as claimed.

(8) The normality condition TT* = T*T for the operator T reads ff = ff, which is
automatic for any function f : X — C, as claimed. Il

The above result might look quite puzzling, at a first glance, messing up our intuition
with various classes of operators, coming from usual linear algebra. However, a bit of
further thinking tells us that there is no contradiction, and that Theorem 2.32 in fact
is very similar to what we know about the diagonal matrices. To be more precise, the
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diagonal matrices are unitaries precisely when their entries are in T, there are no non-
unitary isometries, all such matrices are normal, and so on. In order to understand all
this, let us work out what happens with the correspondence f — 7%, in finite dimensions.
The situation here is in fact extremely simple, and illuminating, as follows:

THEOREM 2.33. Assuming X = {1,..., N} with the counting measure, the embedding
L>®(X) C B(L*(X))
constructed via multiplication operators, T¢(g) = fg, corresponds to the embedding
CYN ¢ My(C)
given by the diagonal matrices, constructed as follows:

f = diag(fi,..., fn)

Thus, Theorem 2.32 generalizes what we know about the diagonal matrices.

PRrROOF. The idea is that all this is trivial, with not a single new computation needed,
modulo some algebraic thinking, of quite soft type. Let us go back indeed to Theorem
2.31 above and its proof, with the abstract measured space X appearing there being now
the following finite space, with its counting mesure:

X ={1,...,N}
Regarding the functions f € L*(X), these are now functions as follows:
f:A{L...,N} =C

We can identify such a function with the corresponding vector (f(i)); € CV, and so
we conclude that our input algebra L>°(X) is the algebra CV:

L*(X)=CV
Regarding now the Hilbert space H = L?(X), this is equal as well to CV, and for the
same reasons, namely that g € L?(X) can be identified with the vector (g(i)); € C":
L*(X)=CN

Observe that, due to our assumption that X comes with its counting measure, the
scalar product that we obtain on C¥ is the usual one, without weights. Now, let us
identify the operators on L?(X) = C¥ with the square matrices, in the usual way:

B(LX(X)) = My(C)

This was our final identification, in order to get started. Now by getting back to
Theorem 2.31, the embedding L°°(X) C B(L?*(X)) constructed there reads:

(CN C MN(C>

But this can only be the embedding given by the diagonal matrices, so are basically
done. In order to finish, however, let us understand what the operator associated to an
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arbitrary vector f € CV is. We can regard this vector as a function, f(i) = f;, and so
the action Ty(g) = fg on the vectors of L*(X) = C is by componentwise multiplica-
tion by the numbers fi,..., fy. But this is exactly the action of the diagonal matrix
diag(fi,..., fn), and so we are led to the conclusion in the statement. O

There are other things that can be said about the embedding L>(X) C B(L*(X)), a
key observation here, which is elementary to prove, being the fact that the image of L>°(X)
is closed with respect to the weak topology, the one where T,, — T when T,,x — Tz for
any x € H. And with this meaning that L*>°(X) is a so-called von Neumann algebra on
L*(X). We will be back to this, on numerous occasions, in what follows.

2e. Exercises

As before with linear algebra, operator theory is a wide area of mathematics, and
there are many interesting operators, and exercises about them. We first have:

EXERCISE 2.34. Find an explicit orthonormal basis for the Hilbert space
H = L*0,1]
by starting with the algebraic basic f, = x™ with n € N, and applying Gram-Schmidt.

This is actually quite non-trivial, and in case you're stuck with complicated computa-
tions, better look it up, preferably in the physics literature, physicists being well-known
to adore such things, and then write a brief account of what you found.

EXERCISE 2.35. Find all the 2 x 2 complex matrices
a b
5=t )
which are symmetries, S* = 1, and interpret them geometrically.

Here you can of course start with the real case first, S € Ms(R). Also, you can have
a look at 3 dimensions too, real or complex, and beware of the computations here.

EXERCISE 2.36. Prove that any positive operator T' > 0 appears as
T=S5"
with S self-adjoint, first in finite dimensions, then in general.
Here the discussion in finite dimensions involves positive eigenvalues and their square
roots, which is something quite standard. In infinite dimensions things are a bit more

complicated, because we don’t have yet such eigenvalue technology, and with this being
actually to come in the next chapter, but you can try of course some other tricks.



CHAPTER 3

Spectral theorems

3a. Basic theory

We discuss in this chapter the diagonalization problem for the operators T € B(H),
in analogy with the diagonalization problem for the usual matrices A € My(C). As a
first observation, we can talk about eigenvalues and eigenvectors, as follows:

DEFINITION 3.1. Given an operator T € B(H), assuming that we have
Tr =Mz
we say that x € H 1is an eigenvector of T', with eigenvalue \ € C.
We know many things about eigenvalues and eigenvectors, in the finite dimensional

case. However, most of these will not extend to the infinite dimensional case, or at least
not extend in a straightforward way, due to a number of reasons:

(1) Most of basic linear algebra is based on the fact that Tz = Az is equivalent to
(T'— Nz = 0, so that A is an eigenvalue when 7" — A is not invertible. In the
infinite dimensional setting 7" — A might be injective and not surjective, or vice
versa, or invertible with (7" — \)~! not bounded, and so on.

(2) Also, in linear algebra T"— A is not invertible when det(7"— A\) = 0, and with this
leading to most of the advanced results about eigenvalues and eigenvectors. In
infinite dimensions, however, it is impossible to construct a determinant function
det : B(H) — C, and this even for the diagonal operators on [*(N).

Summarizing, we are in trouble with our extension program, and this right from the
beginning. In order to have some theory started, however, let us forget about (2), which
obviously leads nowhere, and focus on the difficulties in (1).

In order to cut short the discussion there, regarding the various properties of T' — A,
we can just say that T"— X\ is either invertible with bounded inverse, the “good case”, or
not. We are led in this way to the following definition:

DEFINITION 3.2. The spectrum of an operator T € B(H) is the set
o(T) = {)\ e (C‘T ¢ B(H)‘l}

where B(H)™' C B(H) is the set of invertible operators.
57
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As a basic example, in the finite dimensional case, H = C¥, the spectrum of a usual
matrix A € My(C) is the collection of its eigenvalues, taken without multiplicities. We
will see many other examples. In general, the spectrum has the following properties:

PROPOSITION 3.3. The spectrum of T € B(H) contains the eigenvalue set

(T) = {)\ € c‘ ker(T — \) # {0}}
and (T) C o(T) is an equality in finite dimensions, but not in infinite dimensions.
PROOF. We have several assertions here, the idea being as follows:

(1) First of all, the eigenvalue set is indeed the one in the statement, because Tz = A\x
tells us precisely that 7'— A must be not injective. The fact that we have ¢(T") C o(T) is
clear as well, because if T'— X is not injective, it is not bijective.

(2) In finite dimensions we have €(T) = ¢(T"), because T — X is injective if and only if
it is bijective, with the boundedness of the inverse being automatic.

(3) In infinite dimensions we can assume H = [*(N), and the shift operator S(e;) = €;11
is injective but not surjective. Thus 0 € o(T") — &(T). O

We will see more examples and counterexamples, and some general theory, in a mo-
ment. Philosophically speaking, the best way of thinking at all this is as follows:

— The numbers A ¢ o(T') are good, because we can invert 7' — \.
— The numbers A € o(T') — ¢(T") are bad.
— The eigenvalues A € ¢(T) are evil.

Note that this is somewhat contrary to what happens in linear algebra, where the
eigenvalues are highly valued, and cherished, and regarded as being the source of all good
things on Earth. Welcome to operator theory, where some things are upside down.

Let us develop now some general theory for the spectrum, or perhaps for its comple-
ment, with the promise to come back to eigenvalues later. As a first result, we would like
to prove that the spectra are non-empty. This is something tricky, and we will need:

PROPOSITION 3.4. The following happen:

W7 <1 = (1-T) 1 =14+T+T2+...
(2) The set B(H)™! is open.
(3) The map T — T~ is differentiable.

PrROOF. All these assertions are elementary, as follows:
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(1) This follows as in the scalar case, the computation being as follows, provided that
everything converges under the norm, which amounts in saying that ||T|| < 1:
1-T)1+T+T*+..) = 1-TH+T-T*+T*-T3+ ...
=1
(2) Assuming T € B(H)™!, let us pick S € B(H) such that:

1
T = S| < 7
=]
We have then the following estimate:
I1=T728|| = |IT"H(T - 9)]]
< [T IT = S]]
< 1

Thus we have T7'S € B(H)™', and so S € B(H)™!, as desired.

(3) In the scalar case, the derivative of f(t) = ¢~ is f'(t) = —t~2. In the present
normed space setting the derivative is no longer a number, but rather a linear transfor-
mation, which can be found by developing f(7) = T~! at order 1, as follows:

(T+S)" = (1+sTHn)™
= T'1+85TH!
= T'1—-ST '+ (ST ')?*—..)
T-'(1 - 8T
T'—T17tsT!
Thus f(T) = T~' is indeed differentiable, with derivative f/(7)S = —-T-'ST-'. O
We can now formulate our first theorem about spectra, as follows:

THEOREM 3.5. The spectrum of a bounded operator T' € B(H) is:

(1) Compact.
(2) Contained in the disc Dy(||T|).
(3) Non-empty.
ProoF. This can be proved by using Proposition 3.4, along with a bit of complex and

functional analysis, for which we refer to Rudin [76] and Lax [55], as follows:

(1) In view of (2) below, it is enough to prove that o(7") is closed. But this follows
from the following computation, with |¢| being small:

No(l) = T—-Ac€BH)"!
= T-\A—ec€BH)
= A+eédo(T)
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(2) This follows from the following computation:

T
A>T = HXH<1
T
= 1—XEB(H)_1
— A-Te€BH)
— A¢o(T)

(3) Assume by contradiction o(T") = ). Given a linear form f € B(H)*, consider the
following map, which is well-defined, due to our assumption o (7)) = (:

p:C—=C , A= f(T-N

By using the fact that T — T~! is differentiable, that we know from Proposition 3.4,
we conclude that this map is differentiable, and so holomorphic. Also, we have:

A0 — T-—-A—>o
— (T-\N"'=0
= f(T-XN)"—=0

Thus by the Liouville theorem we obtain ¢ = 0. But, in view of the definition of ¢,
this gives (T — A\)~! = 0, which is a contradiction, as desired. O

Here is now a second basic result regarding the spectra, inspired from what happens
in finite dimensions, for the usual complex matrices, and which shows that things do not
necessarily extend without troubles to the infinite dimensional setting:

THEOREM 3.6. We have the following formula, valid for any operators S,T':
o(ST)U{0} =o(TS)U{0}
In finite dimensions we have o(ST) = o(T'S), but this fails in infinite dimensions.
PROOF. There are several assertions here, the idea being as follows:

(1) This is something that we know in finite dimensions, coming from the fact that
the characteristic polynomials of the associated matrices A, B coincide:

Pip = Ppa

Thus we obtain ¢(ST') = o(T'S) in this case, as claimed. Observe that this improves
twice the general formula in the statement, first because we have no issues at 0, and
second because what we obtain is actually an equality of sets with mutiplicities.

(2) In general now, let us first prove the main assertion, stating that o(ST),o(T5)
coincide outside 0. We first prove that we have the following implication:

1 ¢ o(ST) = 1¢ o(TS)
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Assume indeed that 1 — ST is invertible, with inverse denoted R:
R=(1-5T)"
We have then the following formulae, relating our variables R, S, T"
RST=STR=R-1
By using RST = R — 1, we have the following computation:

(1+TRS)(1—TS) = 1+TRS—TS—TRSTS
— 1+TRS—TS—TRS+TS
=1

A similar computation, using ST R = R — 1, shows that we have:
(1-TS)1+TRS)=1

Thus 1 — T'S is invertible, with inverse 1 4+ T'RS, which proves our claim. Now by

multiplying by scalars, we deduce from this that for any A € C — {0} we have:

AN¢o(ST) = X ¢ o(TS)
But this leads to the conclusion in the statement.

(3) Regarding now the counterexample to the formula o(ST) = o(7'S), in general, let

us take S to be the shift on H = L*(N), given by the following formula:

S(ei> = €i+1

As for T', we can take it to be the adjoint of S, which is the following operator:

€1 if1>0
S* i) —
(e:) {0 ifi=0

Let us compose now these two operators. In one sense, we have:
S*S =1 = 0¢ o(5*9)
In the other sense, however, the situation is different, as follows:
SS* = Proj(ey) = 0 € o(55%)

Thus, the spectra do not match on 0, and we have our counterexample, as desired. [
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3b. Spectral radius

Let us develop now some systematic theory for the computation of the spectra, based
on what we know about the eigenvalues of the usual complex matrices. As a first result,
which is well-known for the usual matrices, and extends well, we have:

THEOREM 3.7. We have the “polynomial functional calculus” formula
o(P(T)) = P(a(T))
valid for any polynomial P € C[X], and any operator T € B(H).
Proor. We pick a scalar A € C, and we decompose the polynomial P — X:
PX)—A=cX—-1r)...(X =1,

We have then the following equivalences:

AN¢o(P(T) <= P(T)-XeB(H)!
<~ T —r)...(T—r,) €BH)"
<~ T—r,....,T—r,€BH)"
= 1., & o(T)
— A¢P(o(T))
Thus, we are led to the formula in the statement. Il

The above result is something very useful, and generalizing it will be our next task.
As a first ingredient here, assuming that A € My(C) is invertible, we have:

oA =a(A)7!

It is possible to extend this formula to the arbitrary operators, and we will do this in
a moment. Before starting, however, we have to think in advance on how to unify this
potential result, that we have in mind, with Theorem 3.7 itself.

What we have to do here is to find a class of functions generalizing both the poly-
nomials P € C[X] and the inverse function z — !, and the answer to this question is
provided by the rational functions, which are as follows:

DEFINITION 3.8. A rational function f € C(X) is a quotient of polynomials:

P
f=5
Q
Assuming that P, Q) are prime to each other, we can regard f as a usual function,
fC-—X—=C

with X being the set of zeros of Q), also called poles of f.
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Here the term “poles” comes from the fact that, if you want to imagine the graph of
such a rational function f, in two complex dimensions, what you get is some sort of tent,
supported by poles of infinite height, situated at the zeros of ). For more on all this, and
on complex analysis in general, we refer as usual to Rudin [76]. Although a look at an
abstract algebra book can be interesting as well.

Now that we have our class of functions, the next step consists in applying them to
operators. Here we cannot expect f(7') to make sense for any f and any 7', for instance
because T~! is defined only when T is invertible. We are led in this way to:

DEFINITION 3.9. Given an operator T' € B(H), and a rational function f = P/Q
having poles outside o(T), we can construct the following operator,

f(T) = P(T)Q(T)™
that we can denote as a usual fraction, as follows,
P(T)
fT) = =)
D= am
due to the fact that P(T),Q(T) commute, so that the order is irrelevant.
To be more precise, f(7T) is indeed well-defined, and the fraction notation is justified
too. In more formal terms, we can say that we have a morphism of complex algebras as
follows, with C(X)? standing for the rational functions having poles outside o (T'):

CX)" = B(H) , [— f(T)

Summarizing, we have now a good class of functions, generalizing both the polynomials
and the inverse map x — 2~ !. We can now extend Theorem 3.7, as follows:

THEOREM 3.10. We have the “rational functional calculus” formula
o(f(T)) = f(a(T))
valid for any rational function f € C(X) having poles outside o(T).

PROOF. We pick a scalar A\ € C, we write f = P/Q, and we set:
F=P—-)\Q

By using now Theorem 3.7, for this polynomial, we obtain:

Neo(f(T) <= F(T)¢BH)

<~ 0e€o(F(T))
<~ 0€ F(o(T))
<— dueo),F(u)=0
<~ e f(o(T))

Thus, we are led to the formula in the statement. U
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As an application of the above methods, we can investigate certain special classes of
operators, such as the self-adjoint ones, and the unitary ones. Let us start with:

ProprosIiTION 3.11. The following happen:

(1) We have o(T*) = o(T), for any T € B(H).
(2) If T =T* then X = o(T) satisfies X = X.
(3) If U* =U"! then X = o(U) satisfies X! = X.

PRrROOF. We have several assertions here, the idea being as follows:

(1) The spectrum of the adjoint operator T* can be computed as follows:
o) = {re (C‘T* —x¢ B(H)"}
= {re C‘T —\¢ B(H)'}
= o(T)
(2) This is clear indeed from (1).
(3) For a unitary operator, U* = U~!, Theorem 3.10 and (1) give:

o(U) ' =0o(U) =0(U") =0(U)

Thus, we are led to the conclusion in the statement. Il

In analogy with what happens for the usual matrices, we would like to improve now
(2,3) above, with results stating that the spectrum X = o(7') satisfies X C R for self-
adjoints, and X C T for unitaries. This will be tricky. Let us start with:

THEOREM 3.12. The spectrum of a unitary operator
Us=0"t
is on the unit circle, o(U) C T.
PROOF. Assuming U* = U~!, we have the following norm computation:
U] = VIIUT* | =v1=1
Now if we denote by D the unit disk, we obtain from this:
oU)c D
On the other hand, once again by using U* = U1, we have as well:
U= 17l = U]l =1
Thus, as before with D being the unit disk in the complex plane, we have:
oUYc D
Now by using Theorem 3.10, we obtain o(U) C DN D~! =T, as desired. O
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We have as well a similar result for self-adjoints, as follows:
THEOREM 3.13. The spectrum of a self-adjoint operator
T=T"
consists of real numbers, o(T) C R.

PROOF. The idea is that we can deduce the result from Theorem 3.12, by using the
following remarkable rational function, depending on a parameter r € R:

f(z) =
Indeed, for r >> 0 the operator f(7') is well-defined, and we have:
T+ir\* T—ir (T+ir\"
T—ir) T+ir \T—ir

Thus f(T') is unitary, and by using Theorem 3.12 we obtain:

o(T) < [fH(f(e(T))
= [Ho(f(T)))

z4r

z —r

c f7Y(T)
= R
Thus, we are led to the conclusion in the statement. Il

As a theoretical remark, it is possible to deduce as well Theorem 3.12 from Theorem
3.13, by performing the above computation in the other sense. Indeed, by assuming that
Theorem 3.13 holds indeed, and starting with a unitary U € B(H), we obtain:

o(U) C f(f(eU))
= fle(f7H(U))
c f(R)
=T
As a conclusion now, we have so far a beginning of spectral theory, with results allowing

us to investigate the unitaries and the self-adjoints, and with the remark that these two
classes of operators are related by a certain wizarding rational function, namely:

f(z) =

Let us keep building on this, with more complex analysis involved. One key thing
that we know about matrices, and which follows for instance by using the fact that the
diagonalizable matrices are dense, is the following formula:

A) (4)

z4ar

Z —ar

o(e?)=e7
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We would like to have such formulae for the general operators T' € B(H), but this is
something quite technical. Consider the rational calculus morphism from Definition 3.9,

M.

which is as follows, with the exponent standing for “having poles outside o(7")”:
C(X)" = B(H) . f— f(T)

As mentioned before, the rational functions are holomorphic outside their poles, and
this raises the question of extending this morphism, as follows:

Hol(o(T)) = B(H) , [ — f(T)
Normally this can be done in several steps. Let us start with:
PROPOSITION 3.14. We can exponentiate any operator T' € B(H), by setting:
sy
k!
k=0
Similarly, we can define f(T), for any holomorphic function f :C — C.

PRrOOF. We must prove that the series defining e’ converges, and this follows from:

o0
T k
ey < 3o I =l
k=0 '

The case of the arbitrary holomorphic functions f : C — C is similar. Il

In general, the holomorphic functions are not entire, and the above method won’t
cover the rational functions f € C(X)? that we want to generalize. Thus, we must use
something else. And the answer here comes from the Cauchy formula:

F(t) = RN IO

Comi 2=t

Indeed, given a rational function f € C(X)?, the operator f(T) € B(H), constructed
in Definition 3.9, can be recaptured in an analytic way, as follows:

RRICIN

f(T) =

o J,z—T
Now given an arbitrary function f € Hol(o(T)), we can define f(T') € B(H) by the
exactly same formula, and we obtain in this way the desired correspondence:
Hol(o(T)) = B(H) , f— f(T)

This was for the plan. In practice now, all this needs a bit of care, with many verifi-
cations needed, and with the technical remark that a winding number must be added to
the above Cauchy formulae, for things to be correct. The result is as follows:
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THEOREM 3.15. We have the “holomorphic functional calculus” formula

o(f(T)) = f(a(T))
valid for any holomorphic function f € Hol(o(T)).

ProoOF. This is something that we will not really need, for the purposes of the present
book, which is more algebraic than analytic, but here is the general idea:

(1) As explained above, given a rational function f € C(X)T, the corresponding
operator f(7') € B(H) can be recaptured in an analytic way, as follows:

1 [ f(z)
T)=— d
I =55 ) z—1%
(2) Now given an arbitrary function f € Hol(c(T)), we can define f(T) € B(H) by
the exactly same formula, and we obtain in this way the desired correspondence:

Hol(o(T)) — B(H) , f— f(T)

(3) In practice now, all this needs a bit of care, notably with the verification of the
fact that the operator f(7T') € B(H) does not depend on +, and with the technical remark
that a winding number must be added to the above Cauchy formulae, for things to be
correct. But this can be done via a standard study, keeping in mind the fact that in the
case H = C, where our operators are usual numbers, B(H) = C, what we want to do is
simply proving that the usual Cauchy formula holds indeed.

(4) Now with this correspondence f — f(7') constructed, and so with the formula in
the statement, namely o(f(7)) = f(o(T')), making now sense, it remains to prove that
this formula holds indeed. But this follows as well via a careful use of the Cauchy formula,
or by using approximation by polynomials, or rational functions. U

As already said, the above result is important for advanced operator theory and ap-
plications, and we will not get further into this subject. We will be back, however, to all
this in the special case of the normal operators, which is of particular interest for us.

In order to formulate now our next result, we will need the following notion:

DEFINITION 3.16. Given an operator T' € B(H), its spectral radius
p(T) € [0.]|7]]
is the radius of the smallest disk centered at 0 containing o(T).

Here we have included for convenience a number of basic results from Theorem 3.5,
namely the fact that the spectrum is non-empty, and is contained in the disk Dy(||T||),
which provide us respectively with the inequalities p(T') > 0, with the usual convention
sup) = —oo, and p(T) < ||T||. Now with this notion in hand, we have the following key
result, improving our key result so far, namely o(7T) # 0, from Theorem 3.5:
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THEOREM 3.17. The spectral radius of an operator T € B(H) is given by

p(T) = lim ||T"[|/"
n—oo

and in this formula, we can replace the limit by an inf.

PrROOF. We have several things to be proved, the idea being as follows:

(1) Our first claim is that the numbers u, = ||T"||*/™ satisfy:

(n 4+ m)uprm < Ny + My,

Indeed, we have the following estimate, using the Young inequality ab < a?/p + b?/q,
with exponents p = (n+m)/n and ¢ = (n +m)/m:

Ups = [T 0
< HTn||1/(n+m)HTmHl/(n-‘rm)
< T T
n+m n+m

NUy + MU,

n—+m

(2) Our second claim is that the second assertion holds, namely:
lim [|77||Y" = inf ||T™]|Y/"
n—oo n

For this purpose, we just need the inequality found in (1). Indeed, fix m > 1, let
n > 1, and write n = [m + r with 0 < r < m — 1. By using twice uq < up, we get:

IN

Uy, —(Imauyy, + ru,)
n

IN

ﬁ(lmum + ruy)

’
< Uyt —wg
n

It follows that we have lim sup,, u,, < u,,, which proves our claim.

(3) Summarizing, we are left with proving the main formula, which is as follows, and
with the remark that we already know that the sequence on the right converges:

p(T) = lim [|T"[|"/"
n—oo
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In one sense, we can use the polynomial calculus formula o(T") = o(T)". Indeed, this
gives the following estimate, valid for any n, as desired:

p(T) = sup [}l
Aeo(T)
= sup |p/'"
p€a(T)™
= sup |p/'"
pEca(T™)
= p(T™)""
< ||t

(4) For the reverse inequality, we fix a number p > p(7’), and we want to prove that
we have p > lim,_,« ||T"||*/". By using the Cauchy formula, we have:

1 2" 1 >
d - n—k—lTk d
1" i D>z §

21

lz1=p k=0

=1
— Z_, (/ z”_k_ldz) "
270 \J 1=

k=0

00
k
= § 6n,k+1T
k=0

— Tn—l

|z|=p

By applying the norm we obtain from this formula:

1
27

ZTL

™1 < d
i) < |

lz|=p

7

< p°-sup
lz|=p

1
z—=T
Since the sup does not depend on n, by taking n-th roots, we obtain in the limit:
p > lim [[T"(|""
n—o0
Now recall that p was by definition an arbitrary number satisfying p > p(7). Thus,
we have obtained the following estimate, valid for any 7" € B(H):
> i n||l/n
p(T) = L |77
Thus, we are led to the conclusion in the statement. Il

In the case of the normal elements, we have the following finer result:
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THEOREM 3.18. The spectral radius of a normal element,
TTr* =TT
1s equal to its norm.
ProOF. We can proceed in two steps, as follows:

Step 1. In the case T = T* we have ||T"|| = ||T||" for any exponent of the form
n = 2% by using the formula ||[TT*|| = ||T||?, and by taking n-th roots we get:

p(T) = ||T]]
Thus, we are done with the self-adjoint case, with the result p(T") = ||T|.

Step 2. In the general normal case TT* = T*T we have T"(1T")* = (TT*)", and by
using this, along with the result from Step 1, applied to TT™, we obtain:

p(T) = lim |77
n—oo
= [l [Ty
n—oo

— ; *\n||1/n
T [Ty

= Vp(TT*)

= VIITIP

= [ITl|
Thus, we are led to the conclusion in the statement. Il
As a first comment, the spectral radius formula p(T") = ||T'|| does not hold in general,

the simplest counterexample being the following non-normal matrix:

01
=(00)
As another comment, we can combine the formula p(7T") = ||T'|| for normal operators

with the formula ||[TT*|| = ||T||?, and we are led to the following statement:

THEOREM 3.19. The norm of B(H) is given by

171 = fswn {3 e -~ x ¢ ()1}

and so 1s a purely algebraic quantity.
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PROOF. We have the following computation, using the formula ||TT*|| = ||T||?, then
the spectral radius formula for 7T, and finally the definition of the spectral radius:
T =

VIITT|]
= Vo(IT")
= \/sup {)\ € (C‘)\ € O'(TT*)}

- \/sup {A € C‘TT* ¢ B(H)—l}
Thus, we are led to the conclusion in the statement. Il

The above result is quite interesting, philosophically speaking. We will be back to
this, with further results and comments on B(H), and other algebras of the same type.

3c. Normal operators

By using Theorem 3.18 we can say a number of non-trivial things concerning the
normal operators, commonly known as “spectral theorem for normal operators”. As a
first result here, we can improve the polynomial functional calculus formula:

THEOREM 3.20. Given T' € B(H) normal, we have a morphism of algebras

CX]— B(H) , P—P(I)
having the properties ||P(T)|| = ||Po(nl||, and o(P(T)) = P(o(T)).
ProoOF. This is an improvement of Theorem 3.7 in the normal case, with the extra

assertion being the norm estimate. But the element P(T') being normal, we can apply to
it the spectral radius formula for normal elements, and we obtain:

1P| = p(P(T))

= sup |[)|
Aea(P(T))

= sup |)|
AEP(o(T))

= [[Bomll
Thus, we are led to the conclusions in the statement. [l

We can improve as well the rational calculus formula, and the holomorphic calculus
formula, in the same way. Importantly now, at a more advanced level, we have:

THEOREM 3.21. Given T' € B(H) normal, we have a morphism of algebras
Cle(T)) —» B(H) , [f— f(T)
which is isometric, || f(T)|| = || f]l, and has the property o(f(T)) = f(o(T)).
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PrROOF. The idea here is to “complete” the morphism in Theorem 3.20, namely:
C[X]|— B(H) , P— P(T)

Indeed, we know from Theorem 3.20 that this morphism is continuous, and is in fact
isometric, when regarding the polynomials P € C[X] as functions on o(7'):

1P| = [Pl
We conclude from this that we have a unique isometric extension, as follows:
Clo(T)) = B(H) , f—= f(T)
It remains to prove o(f(T)) = f(o(T)), and we can do this by double inclusion:
“C” Given a continuous function f € C(o(T')), we must prove that we have:
A¢ flo(T) = A¢o(f(T))
For this purpose, consider the following function, which is well-defined:

1
m c C(O’(T))

We can therefore apply this function to 7', and we obtain:

1 1
— \T =
<f - A) f(T) = A
In particular f(7") — X is invertible, so A ¢ o(f(T)), as desired.
“2” Given a continuous function f € C(o(T)), we must prove that we have:
A€ f(o(T) = Aeo(f(T))
But this is the same as proving that we have:
pea(l) = f(u)ca(f(T))

For this purpose, we approximate our function by polynomials, P, — f, and we
examine the following convergence, which follows from P, — f:

Po(T) = Po(p) = f(T) = f(p)
We know from polynomial functional calculus that we have:
Po(p) € Po(o(T)) = o(P,(T))

Thus, the operators P,(T) — P,(u) are not invertible. On the other hand, we know
that the set formed by the invertible operators is open, so its complement is closed. Thus
the limit f(7") — f(u) is not invertible either, and so f(u) € o(f(T')), as desired. O
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As an important comment, Theorem 3.21 is not exactly in final form, because it misses
an important point, namely that our correspondence maps:
z—>Tr
However, this is something non-trivial, and we will be back to this later. Observe

however that Theorem 3.21 is fully powerful for the self-adjoint operators, T" = T, where
the spectrum is real, and so where z = z on the spectrum. We will be back to this.

As a second result now, along the same lines, we can further extend Theorem 3.21
into a measurable functional calculus theorem, as follows:

THEOREM 3.22. Given T' € B(H) normal, we have a morphism of algebras as follows,
with L™ standing for abstract measurable functions, or Borel functions,

L=(o(T)) = B(H) , [f—f(T)
which is isometric, || f(T)|| = || f]l, and has the property o(f(T)) = f(o(T)).

PROOF. As before, the idea will be that of “completing” what we have. To be more
precise, we can use the Riesz theorem and a polarization trick, as follows:

(1) Given a vector x € H, consider the following functional:
Clo(T)) -C , g—=<g(T)z,xz>

By the Riesz theorem, this functional must be the integration with respect to a certain
measure 4 on the space o(T"). Thus, we have a formula as follows:

< g(T)z,z >= / L, 9)C)

Now given an arbitrary Borel function f € L*(o(T)), as in the statement, we can
define a number < f(T)x,x >€ C, by using exactly the same formula, namely:

< f(@e = [ ()
o(T)

Thus, we have managed to define numbers < f(7T)z,x >€ C, for all vectors = € H,

and in addition we can recover these numbers as follows, with g, € C(o(T)):
< f(M)x,z >= lim < g,(T)z,z >
gn—f

(2) In order to define now numbers < f(7)z,y >€ C, for all vectors z,y € H, we can

use a polarization trick. Indeed, for any operator S € B(H) we have:
<Sz+y),z+y>=<Sz,x>+ < Sy,y >+ < Sz,y>+ < Sy,x >
By replacing y — 1y, we have as well the following formula:

< Sz +iy),x + iy >=< Sx,x >+ < Sy,y > —i < Szx,y > +i < Sy,x >
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By multiplying this latter formula by i, we obtain the following formula:
i< S(x+iy),x+iy >=i< Sx,x>+i < Sy,y >+ < Szr,y >— < Sy, x>
Now by summing this latter formula with the first one, we obtain:

<Sx+4y),z+y>+i<Sx+iy),z+iy> = (1+i)[< Sz,z>+ < Sy,y >|
+ 2< S,y >

(3) But with this, we can now finish. Indeed, by combining (1,2), given a Borel
function f € L>*(o(T')), we can define numbers < f(T)z,y >€ C for any z,y € H, and it
is routine to check, by using approximation by continuous functions g, — f asin (1), that
we obtain in this way an operator f(71') € B(H), having all the desired properties. O

The same comments as before apply. Theorem 3.22 is not exactly in final form, because
it misses an important point, namely that our correspondence maps:

z—>T"
However, this is something non-trivial, and we will be back to this later. Observe

however that Theorem 3.22 is fully powerful for the self-adjoint operators, T' = T*, where
the spectrum is real, and so where z = z on the spectrum. We will be back to this.

As another comment, the above result and its proof provide us with more than a Borel
functional calculus, because what we got is a certain measure on the spectrum o(7'), along
with a functional calculus for the L*> functions with respect to this measure. We will be
back to this later, and for the moment we will only need Theorem 3.22 as formulated,
with L>®(o(T)) standing, a bit abusively, for the Borel functions on o(7T').

3d. Diagonalization

We can now diagonalize the normal operators. We will do this in 3 steps, first for
the self-adjoint operators, then for the families of commuting self-adjoint operators, and
finally for the general normal operators, by using a trick of the following type:

T = Re(T) +iIm(T)

The diagonalization in infinite dimensions is more tricky than in finite dimensions, and
instead of writing a formula of type T' = UDU*, with U, D € B(H) being respectively
unitary and diagonal, we will express our operator as T'= U*MU, with U : H — K being
a certain unitary, and with M € B(K) being a certain diagonal operator.

This is indeed how the spectral theorem is best formulated, in view of applications. In
practice, the explicit construction of U, M, which will be actually rather part of the proof,
is also needed. For the self-adjoint operators, the statement and proof are as follows:
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THEOREM 3.23. Any self-adjoint operator T' € B(H) can be diagonalized,
T =U"MU

with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
T, with f: X — R being a certain function, once again associated to T, and with

My(g) = fyg
being the usual multiplication operator by f, on the Hilbert space L*(X).
PROOF. The construction of U, f can be done in several steps, as follows:

(1) We first prove the result in the special case where our operator T has a cyclic
vector x € H, with this meaning that the following holds:

span (Tkx’n € N) =H

For this purpose, let us go back to the proof of Theorem 3.22. We will use the following
formula from there, with p being the measure on X = o(T') associated to x:

< g(T),x >= / L 9CIHC)

Our claim is that we can define a unitary U : H — L*(X), first on the dense part
spanned by the vectors T%z, by the following formula, and then by continuity:

Ulg(T)z] =g
Indeed, the following computation shows that U is well-defined, and isometric:
lg(T)z|]* = < g(T)z, g(T)z >
= <g(IT)g(T)z,z >
<|gP(T)z,z >

— [ ls@Pdute)
o(T)

= llgll3

We can then extend U by continuity into a unitary U : H — L*(X), as claimed. Now
observe that we have the following formula:

UTU*g = U[Tg(T)x]

Thus our result is proved in the present case, with U as above, and with f(z) = z.
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(2) We discuss now the general case. Our first claim is that H has a decomposition
as follows, with each H; being invariant under 7', and admitting a cyclic vector x;:

H = H;

Indeed, this is something elementary, the construction being by recurrence in finite
dimensions, in the obvious way, and by using the Zorn lemma in general. Now with this
decomposition in hand, we can make a direct sum of the diagonalizations obtained in (1),
for each of the restrictions Tjp,, and we obtain the formula in the statement. O

We have the following technical generalization of the above result:

THEOREM 3.24. Any family of commuting self-adjoint operators T; € B(H) can be
jointly diagonalized,
T, =U"M;U
with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
{T;}, with f; : X — R being certain functions, once again associated to T;, and with

My, (9) = fig
being the usual multiplication operator by f;, on the Hilbert space L*(X).
PROOF. This is similar to the proof of Theorem 3.23, by suitably modifying the mea-

surable calculus formula, and the measure p itself, as to have this formula working for all
the operators 7;. With this modification done, everything extends. U

In order to discuss now the case of the arbitrary normal operators, we will need:
PROPOSITION 3.25. Any operator T € B(H) can be written as
T = Re(T) +ilm(T)
with Re(T), Im(T) € B(H) being self-adjoint, and this decomposition is unique.
ProoOF. This is something elementary, the idea being as follows:

(1) As a first observation, in the case H = C our operators are usual complex numbers,
and the formula in the statement corresponds to the following basic fact:

z = Re(z) +iIm(z)

(2) In general now, we can use the same formulae for the real and imaginary part as
in the complex number case, the decomposition formula being as follows:
T+T T-T*

T — :
5 Tty

To be more precise, both the operators on the right are self-adjoint, and the summing
formula holds indeed, and so we have our decomposition result, as desired.
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(3) Regarding now the uniqueness, by linearity it is enough to show that R+ iS =0
with R, S both self-adjoint implies R = S = 0. But this follows by applying the adjoint
to R+ 1S = 0, which gives R — 1S =0, and so R =5 = 0, as desired. U

As a comment here, the above result is just the “tip of the iceberg”, in what regards
decomposition results for the operators ' € B(H), in analogy with decomposition results
for the complex numbers z € C. As a sample result here, improving Proposition 3.25,
we can write any operator 1" € B(H) as a linear combination of 4 positive operators, by
writing both Re(T"), Im(T) as differences of positive operators. More on this later.

Good news, after all these preliminaries, that you enjoyed I hope, as much as I did, we
can eventually discuss the case of arbitrary normal operators. We have here the following
result, generalizing what we know from chapter 1 about the normal matrices:

THEOREM 3.26. Any normal operator T € B(H) can be diagonalized,
T = U*M;U

with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
T, with f: X — C being a certain function, once again associated to T, and with

My(g) = fg
being the usual multiplication operator by f, on the Hilbert space L*(X).

PROOF. This is our main diagonalization theorem, the idea being as follows:

(1) Consider the decomposition of 7" into its real and imaginary parts, as constructed
in the proof of Proposition 3.25, namely:
T+T* T-T*
A S et
2 21
We know that the real and imaginary parts are self-adjoint operators. Now since T
was assumed to be normal, 77" = T*T', these real and imaginary parts commute:
T+T* T-T*

=0
2 72

Thus Theorem 3.24 applies to these real and imaginary parts, and gives the result.

(2) Alternatively, we can use methods similar to those that we used in chapter 1, in
order to deal with the usual normal matrices, involving the special relation between 7" and
the operator T, which is self-adjoint. We will leave this as an instructive exercise. [

This was for our series of diagonalization theorems. There is of course one more result
here, regarding the families of commuting normal operators, as follows:
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THEOREM 3.27. Any family of commuting normal operators T; € B(H) can be jointly
diagonalized,

T, = U*MU

with U : H — L*(X) being a unitary operator from H to a certain L* space associated to
{T;}, with f; : X — C being certain functions, once again associated to T;, and with

Mfi (g) = fig
being the usual multiplication operator by f;, on the Hilbert space L*(X).

PRrROOF. This is similar to the proof of Theorem 3.24 and Theorem 3.26, by combining
the arguments there. To be more precise, this follows as Theorem 3.24, by using the
decomposition trick from the proof of Theorem 3.26. U

With the above diagonalization results in hand, we can now “fix” the continuous and
measurable functional calculus theorems, with a key complement, as follows:

THEOREM 3.28. Given a normal operator T'€ B(H), the following hold, for both the
functional calculus and the measurable calculus morphisms:

(1) These morphisms are *-morphisms.

(2) The function z gets mapped to T*.

(3) The functions Re(z), Im(z) get mapped to Re(T), Im(T).
(4) The function |z|* gets mapped to TT* = T*T.

(5) If f is real, then f(T) is self-adjoint.

PROOF. These assertions are more or less equivalent, with (1) being the main one,
which obviously implies everything else. But this assertion (1) follows from the diagonal-
ization result for normal operators, from Theorem 3.26. U

This was for the spectral theory of arbitrary and normal operators, or at least for the
basics of this theory. As a conclusion here, our main results are as follows:

(1) Regarding the arbitrary operators, the main results here, or rather the most
advanced results, are the holomorphic calculus formula from Theorem 3.15, and
the spectral radius estimate from Theorem 3.17.

(2) For the self-adjoint operators, the main results are the spectral radius formula
from Theorem 3.18, the measurable calculus formula from Theorem 3.22, and the
diagonalization result from Theorem 3.23.

(3) For general normal operators, the main results are the spectral radius formula
from Theorem 3.18, the measurable calculus formula from Theorem 3.22, com-
plemented by Theorem 3.28, and the diagonalization result in Theorem 3.26.



3E. EXERCISES 79

There are of course many other things that can be said about the spectral theory of
the bounded operators T' € B(H), and on that of the unbounded operators too. As a
complement, we recommend any good operator theory book, with the comment however
that there is a bewildering choice here, depending on taste, and on what exactly you
want to do with your operators 7" € B(H). In what concerns us, who are rather into
general quantum mechanics, but with our operators being bounded, good choices are the
functional analysis book of Lax [55], or the operator algebra book of Blackadar [21].

3e. Exercises

The main theoretical notion introduced in this chapter was that of the spectrum of
an operator, and as a first exercise here, we have:

EXERCISE 3.29. Prove that for the usual matrices A, B € My(C) we have
ot (AB) = ot (BA)
where ot denotes the set of eigenvalues, taken with multiplicities.

As a remark, we have seen in the above that 0(AB) = o(BA) holds outside {0}, and
the equality on {0} holds as well, because AB is invertible if and only if BA is invertible.
However, in what regards the eigenvalues taken with multiplicities, things are more tricky
here, and the answer should be somewhere inside your linear algebra knowledge.

EXERCISE 3.30. Clarify, with ezamples and counterezamples, the relation between the
eigenvalues of an operator T' € B(H), and its spectrum o(T) C C.

Here, as usual, the counterexamples could only come from the shift operator S, on the
space H = [*(N). As a bonus exercise here, try computing the spectrum of S.

EXERCISE 3.31. Draw the picture of the following function, and of its inverse,
z4ar
f(z) = —
z —ir

with r € R, and prove that for r >> 0 and T = T*, the element f(T) is well-defined.

This is something that we used in the above, when computing spectra of self-adjoints
and unitaries, and the problem is that of working out all the details.

EXERCISE 3.32. Comment on the spectral radius theorem, stating that for a normal
operator, T'T* = T*T, the spectral radius is equal to the norm,

p(T) = [IT1|

with examples and counterexamples, and simpler proofs of well, in various particular cases
of interest, such as the finite dimensional one.

This is of course something a bit philosophical, but the spectral radius theorem being
our key technical result so far, some further thinking on it is definitely a good thing.
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EXERCISE 3.33. Develop a theory of x-algebras A for which the quantity

lla|| = \/sup{)\ eC

defines a norm, for the elements a € A.

aa* — \ ¢ A—l}

As pointed out in the above, the spectral radius formula shows that for A = B(H)
the norm is given by the above formula, and so there should be such a theory of “good”
x-algebras, with A = B(H) as a main example. However, this is tricky.

EXERCISE 3.34. Find and write down a proof for the spectral theorem for normal
operators in the spirit of the proof for normal matrices from chapter 1, and vice versa.

To be more precise, the problem is that the proof of the spectral theorem for the usual
matrices, from chapter 1, was using a certain kind of trick, while the proof of the spectral
theorem for the arbitrary operators, given in this chapter, was using some other kind of
trick. Thus, for fully understanding all this, working out more proofs, both for the usual
matrices and for the arbitrary operators, is a useful thing.

EXERCISE 3.35. Find and write down an enhancement of the proof given above for the
spectral theorem, as for z — T to appear way before the end of the proof.

This is something a bit philosophical, and check here first the various comments made
above, and maybe work out this as well in parallel with the previous exercise.



CHAPTER 4

Compact operators

4a. Polar decomposition

We have seen so far the basic theory of bounded operators, in the arbitrary, normal
and self-adjoint cases, and in a few other cases of interest. In this chapter we discuss a
number of more specialized questions, for the most dealing with the compact operators,
which are particularly close, conceptually speaking, to the usual complex matrices.

We have in fact considerably many interesting things that we can talk about, in this
final chapter on operator theory, and our choices will be as follows:

(1) Before anything, at the general level, we would like to understand the matrix and
operator theory analogues of the various things that we know about the complex numbers
z € M;(C), such as zz = |2]?, or z = re and so on. We will discuss this first.

(2) Then, motivated by advanced linear algebra, we will go on a lengthy discussion
on the algebra of compact operators K(H) C B(H), which for many advanced operator
theory purposes is the correct generalization of the matrix algebra My (C).

(3) Our discussion on the compact operators will feature as well some more specialized
types of operators, F'(H) C B1(H) C By(H) C K(H), with F'(H) being the finite rank
ones, By(H) being the trace class ones, and By(H) being the Hilbert-Schmidt ones.

And that is pretty much it, all basic things, that must be known. Of course this will
be just the tip of the iceberg, and more of an introduction to modern operator theory.

Getting started now, we would first like to systematically develop the theory of positive
operators, and then establish polar decomposition results for the operators T € B(H).
We first have the following result, improving our knowledge from chapter 2:

THEOREM 4.1. For an operator T' € B(H), the following are equivalent:
(1) <Tz,z>>0, for any x € H.
(2) T is normal, and o(T) C [0, 00).
(3) T = S?, for some S € B(H) satisfying S = S*.
(4) T = R*R, for some R € B(H).
If these conditions are satisfied, we call T positive, and write T' > 0.

81
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PROOF. We have already seen some implications in chapter 2, but the best is to forget
the few partial results that we know, and prove everything, as follows:
(1) = (2) Assuming < T'x,x >> 0, with S =T — T* we have:
<Sr,x> = <Tr,x>—<T'z,z>
= <Tzr,x>—-<uzTx >
= <Tz,o>—-<Tx,x>

= 0
The next step is to use a polarization trick, as follows:
<Sryy> = <Sk+y),r+y>—<Sr,x>—<Sy,y>—< Sy, >
= —<Sy,x>
= <y, Sr>
= <Sz,y>

Thus we must have < Sz,y >€ R, and with y — iy we obtain < Sx,y >€ iR too,
and so < Sz,y >= 0. Thus S = 0, which gives T" = T*. Now since T is self-adjoint, it is
normal as claimed. Moreover, by self-adjointness, we have:

o(T)CR

In order to prove now that we have indeed o(7") C [0, 00), as claimed, we must invert
T + A, for any A > 0. For this purpose, observe that we have:

<(TH+Nzr,z> = <Tzr,x>+<Ar,r>
> < Ax,x >
= Azl

But this shows that T'+ ) is injective. In order to prove now the surjectivity, and the
boundedness of the inverse, observe first that we have:

Im(T+ X+ = ker(T + \)*
= ker(T+ \)
{0}
Thus Im(T + A) is dense. On the other hand, observe that we have:
(T + MNz||*> = <Ta+ Mz, Tz + x>
= ||Tz|> + 2\ < Tz, z > +2°||z|?
> Al

Thus for any vector in the image y € Im(T + \) we have:
Iyl = A[|(T+0)"y|
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As a conclusion to what we have so far, 7'+ X is bijective and invertible as a bounded
operator from H onto its image, with the following norm bound:

T+ N <A™

But this shows that Im(7T 4 A) is complete, hence closed, and since we already knew
that Im(T + X) is dense, our operator 7'+ A is surjective, and we are done.

(2) = (3) Since T is normal, and with spectrum contained in [0, 00), we can use
the continuous functional calculus formula for the normal operators from chapter 3, with
the function f(z) = v/z, as to construct a square root S = /7.

(3) = (4) This is trivial, because we can set R = S.
(4) = (1) This is clear, because we have the following computation:
< R*Rz,r >=< Rz, Rx >= ||Rx||?
Thus, we have the equivalences in the statement. Il

In analogy with what happens in finite dimensions, where among the positive matrices
A > 0 we have the strictly positive ones, A > 0, given by the fact that the eigenvalues
are strictly positive, we have as well a “strict” version of the above result, as follows:

THEOREM 4.2. For an operator T € B(H), the following are equivalent:

(1) T is positive and invertible.

(2) T is normal, and o(T) C (0,00).

(3) T = S?, for some S € B(H) invertible, satisfying S = S*.
(4) T = R*R, for some R € B(H) invertible.

If these conditions are satisfied, we call T strictly positive, and write T' > 0.

PROOF. Our claim is that the above conditions (1-4) are precisely the conditions (1-4)
in Theorem 4.1, with the assumption “7" is invertible” added. Indeed:

(1) This is clear by definition.

(2) In the context of Theorem 4.1 (2), namely when 7" is normal, and o(7") C [0, 00),
the invertibility of 7', which means 0 ¢ o(T), gives o(T) C (0,00), as desired.

(3) In the context of Theorem 4.1 (3), namely when T' = S?  with S = S*, by using
the basic properties of the functional calculus for normal operators, the invertibility of T’
is equivalent to the invertibility of its square root S = /T, as desired.

(4) In the context of Theorem 4.1 (4), namely when 7' = RR*, the invertibility of T
is equivalent to the invertibility of R. This can be either checked directly, or deduced via
the equivalence (3) <= (4) from Theorem 4.1, by using the above argument (3). O

As a subtlety now, we have the following complement to the above result:
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PROPOSITION 4.3. For a strictly positive operator, T > 0, we have
<Tx,x>>0 , Vr#0
but the converse of this fact is not true, unless we are in finite dimensions.

ProOOF. We have several things to be proved, the idea being as follows:

(1) Regarding the main assertion, the inequality can be deduced as follows, by using
the fact that the operator S = /T is invertible, and in particular injective:
<Tz, x> = < S%z,z>
< Sz, S"x >
= < Sx,St >
— ||Salf?
> 0

(2) In finite dimensions, assuming < Tz, z >> 0 for any x # 0, we know from Theorem
4.1 that we have T" > 0. Thus we have o(T") C [0,00), and assuming by contradiction
0 € o(T), we obtain that 7" has A = 0 as eigenvalue, and the corresponding eigenvector
x # 0 has the property < Tx,x >= 0, contradiction. Thus 7" > 0, as claimed.

(3) Regarding now the counterexample, consider the following operator on [?(N):
1

N[ =

T =

W=

This operator T is well-defined and bounded, and we have < Tx,x >> 0 for any
x # 0. However T is not invertible, and so the converse does not hold, as stated. U

With this done, let us discuss now some decomposition results for the bounded oper-
ators T' € B(H). We know that any z € C can be written as follows, with a,b € R:

z=a-+1b
Also, we know that both the real and imaginary parts a,b € R, and more generally
any real number ¢ € R, can be written as follows, with r, s > 0:
c=r—s
Here are the operator theoretic generalizations of these results:

PROPOSITION 4.4. Given an operator T € B(H), the following happen:
(1) We can write T = A+1iB, with A, B € B(H) being self-adjoint.
(2) When T'=T*, we can write T = R — S, with R, S € B(H) being positive.
(3) Thus, we can write any T' as a linear combination of 4 positive elements.
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Proor. All this follows from basic spectral theory, as follows:

(1) This is something that we have already met in chapter 3, when proving the spectral
theorem in its general form, the decomposition formula being as follows:
T+ T T-T*
=170 I
2 21
(2) This follows from the measurable functional calculus. Indeed, assuming T' = T*
we have o(T") C R, so we can use the following decomposition formula on R:

1 = X[o,00) T X(~o0,0)
To be more precise, let us multiply by z, and rewrite this formula as follows:
2= X[0,00)% — X(—00,0)(—2)

Now by applying these measurable functions to 7', we obtain as formula as follows,
with both the operators Ty, T € B(H) being positive, as desired:

T=T,-T.
(3) This follows indeed by combining the results in (1) and (2) above. O

Going ahead with our decomposition results, another basic thing that we know about
complex numbers is that any z € C appears as a real multiple of a unitary:

z=re"
Finding the correct operator theoretic analogue of this is quite tricky, and this even
for the usual matrices A € My (C). As a basic result here, we have:
PROPOSITION 4.5. Given an operator T € B(H), the following happen:

(1) When T'=T* and ||T|| < 1, we can write T as an average of 2 unitaries:

T U+V
2
(2) In the general T = T* case, we can write T as a rescaled sum of unitaries:
T=XNU+YV)

(3) Thus, in general, we can write T' as a rescaled sum of 4 unitaries.
PROOF. This follows from the results that we have, as follows:

(1) Assuming 7= T* and ||T'|| < 1 we have 1 — T? > 0, and the decomposition that
we are looking for is as follows, with both the components being unitaries:
- T+iy1-17 +T—z‘\/l—T2
B 2 2

T
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To be more precise, the square root can be extracted as in Theorem 4.1 (3), and the
check of the unitarity of the components goes as follows:

(T +ivV1—=T>(T —ivV1-T2) = T?+(1 -T2
=1

(2) This simply follows by applying (1) to the operator T'/||T|.

(3) Assuming first ||T']| < 1, we know from Proposition 4.4 (1) that we can write
T = A+iB, with A, B being self-adjoint, and satisfying ||A||, ||B|| < 1. Now by applying
(1) to both A and B, we obtain a decomposition of T" as follows:

U+V+W+X
2
In general, we can apply this to the operator T'/||T||, and we obtain the result. [

T —

All this gets us into the multiplicative theory of the complex numbers, that we will
attempt to generalize now. As a first construction, that we would like to generalize to the
bounded operator setting, we have the construction of the modulus, as follows:

|z| = Vz2Z
The point now is that we can indeed generalize this construction, as follows:

PROPOSITION 4.6. Given an operator T € B(H), we can construct a positive operator
|T| € B(H) as follows, by using the fact that T*T is positive:

IT| = VT*T

The square of this operator is then |T|> = T*T. In the case H = C, we obtain in this way
the usual absolute value of the complexr numbers:

|z| = VzZ

More generally, in the case where H = CV is finite dimensional, we obtain in this way
the usual moduli of the complex matrices A € My (C).

ProOF. We have several things to be proved, the idea being as follows:

(1) The first assertion follows from Theorem 4.1. Indeed, according to (4) there the
operator T*T is indeed positive, and then according to (2) there we can extract the square
root of this latter positive operator, by applying to it the function /z.

(2) By functional calculus we have then |T'|? = T*T', as desired.
(3) In the case H = C, we obtain indeed the absolute value of complex numbers.

(4) In the case where the space H is finite dimensional, H = CV, we obtain indeed
the usual moduli of the complex matrices A € My (C). O
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As a comment here, it is possible to talk as well about /T T*, which is in general
different from +/7T*T. Note that when T is normal, no issue, because we have:
Tr* =TT = VvTT*=vT*T

Regarding now the polar decomposition formula, let us start with a weak version of
this statement, regarding the invertible operators, as follows:

THEOREM 4.7. We have the polar decomposition formula
T =UVTT
with U being a unitary, for any T € B(H) invertible.
PROOF. According to our definition of the modulus, |T| = v/T*T, we have:
<|T|x,|Tly > = <ua|TPy>
= <z,T"'Ty >
= <Tz,Ty>
Thus we can define a unitary operator U € B(H) by the following formula:
U(|T|x) =Tx
But this formula shows that we have 7" = U|T|, as desired. O

Observe that we have uniqueness in the above result, in what regards the choice of
the unitary U € B(H), due to the fact that we can write this unitary as follows:

U=T(TT)"!
More generally now, we have the following result:
THEOREM 4.8. We have the polar decomposition formula
T =UVTT
with U being a partial isometry, for any T € B(H).
PROOF. As before, we have the following equality, for any two vectors x,y € H:
<|\T|z,|T|y >=< Tz, Ty >
We conclude that the following linear application is well-defined, and isometric:
U:Im|T| - Im(T) , |Tlx— Tz

Now by continuity we can extend this isometry U into an isometry between certain
Hilbert subspaces of H, as follows:

U:Im|T| - Im(T) , |Tlx— Tz

Moreover, we can further extend U into a partial isometry U : H — H, by setting

—
Uz =0, for any € Im|T| , and with this convention, the result follows. O
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4b. Compact operators

We have seen so far the basic theory of the bounded operators, in the arbitrary, normal
and self-adjoint cases, and in a few other cases of interest. We will keep building on this,
with a number of more specialized results, regarding the finite rank operators and compact
operators, and other special classes of related operators, namely the trace class operators,
and the Hilbert-Schmidt operators. Let us start with a basic definition, as follows:

DEFINITION 4.9. An operator T € B(H) is said to be of finite rank if its image
Im(T)C H
is finite dimensional. The set of such operators is denoted F(H).

There are many interesting examples of finite rank operators, the most basic ones being
the finite rank projections, on the finite dimensional subspaces K C H. Observe also that
in the case where H is finite dimensional, any operator T' € B(H) is automatically of
finite rank. In general, this is of course wrong, but we have the following result:

PROPOSITION 4.10. The set of finite rank operators
F(H) C B(H)
s a two-sided x-ideal.

Proor. We have several assertions to be proved, the idea being as follows:

(1) It is clear from definitions that F'(H) is indeed a vector space, with this due to
the following formulae, valid for any S, 7" € B(H), which are both clear:

dim(Im(S +T)) < dim(Im(S)) + dim(Im(T))
dim(Im(AT)) = dim(Im(T))

(2) Let us prove now that F'(H) is stable under . Given T' € F'(H), we can regard it
as an invertible operator between finite dimensional Hilbert spaces, as follows:

T: (ker T)* — Im(T)
We conclude from this that we have the following dimension equality:
dim((ker T)*) = dim(Im(T))

Our claim now, in relation with our problem, is that we have equalities as follows:

dim(Im(T*)) = dim(Im(T*))
= dim((ker 7")*)
dim(Im(T))

Indeed, the third equality is the one above, and the second equality is something that
we know too, from chapter 2. Now by combining these two equalities we deduce that
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Im(T™) is finite dimensional, and so the first equality holds as well. Thus, our equalities
are proved, and this shows that we have T* € F(H), as desired.

(3) Finally, regarding the ideal property, this follows from the following two formulae,
valid for any S,T € B(H), which are once again clear from definitions:

dim(Im(ST)) < dim(Im(T))
dim(Im(7TS)) < dim(Im(T))
Thus, we are led to the conclusion in the statement. Il

Let us discuss now the compact operators, which will be the main topic of discussion,
for the present chapter. These are best introduced as follows:

DEFINITION 4.11. An operator T € B(H) is said to be compact if the closed set

T(B,)) CH
is compact, where By C H is the unit ball. The set of such operators is denoted K(H).

Equivalently, an operator 7" € B(H) is compact when for any sequence {z,} C By,
or more generally for any bounded sequence {z,} C H, the sequence {T'(x,)} has a
convergence subsequence. We will see later some further criteria of compactness.

In finite dimensions any operator is compact. In general, as a first observation, any
finite rank operator is compact. We have in fact the following result:

PROPOSITION 4.12. Any finite rank operator is compact,
F(H) C K(H)
and the finite rank operators are dense inside the compact operators.

PROOF. The first assertion is clear, because if Im(T) is finite dimensional, then the
following subset is closed and bounded, and so it is compact:

T(By) C Im(T)

Regarding the second assertion, let us pick a compact operator T € K(H), and a
number ¢ > 0. By compactness of 7" we can find a finite set S C By such that:

T(B) C | B-(Tw)

zeS

Consider now the orthogonal projection P onto the following finite dimensional space:

E = span (Tm‘x € S)
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Since the set S is finite, this space E' is finite dimensional, and so P is of finite rank,
P € F(H). Now observe that for any norm one y € H and any x € S we have:
Ty —Ta| = ||Ty— PTxl]?
= ||Ty— PTy+ PTy — PTz|]?
= |[|Ty — PTy|]* + ||PTx — PTy|[?

Now by picking x € S such that the ball B.(Tx) covers the point Ty, we conclude
from this that we have the following estimate:

Ty = PTy|| < ||Ty — Tzl < e
Thus we have ||T' — PT|| < e, which gives the density result. O

Quite remarkably, the set of compact operators is closed, and we have:

THEOREM 4.13. The set of compact operators
K(H) C B(H)
15 a closed two-sided *-ideal.
PrROOF. We have several assertions here, the idea being as follows:

(1) It is clear from definitions that K (H) is indeed a vector space, with this due to
the following formulae, valid for any S, T € B(H), which are both clear:

(S+T)(By) C S(By)+T(By)
(AT)(B1) = |A[ - T(B1)

(2) In order to prove now that K(H) is closed, assume that a sequence T,, € K(H)
converges to T' € B(H). Given ¢ > 0, let us pick N € N such that:

1T =Tyl <€
By compactness of Ty we can find a finite set S C Bj such that:
Tn(By) C | B(Twa)

TES
We conclude that for any y € B; there exists x € .S such that:

1Ty —Ta|| < |[Ty—Tnyll + [Ty — Tzl + || Tz — Tx||
< e4e+e¢
= 3¢
Thus, we have an inclusion as follows, with S C B; being finite:
T(B) C | Bs(Tx)
z€S
But this shows that our limiting operator 7' is compact, as desired.
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(3) Regarding the fact that K (H) is stable under involution, this follows from Propo-
sition 4.10, Proposition 4.12 and (2). Indeed, by using Proposition 4.12, given T' € K (H)
we can write it as a limit of finite rank operators, as follows:

T = lim T,

n—o0

Now by applying the adjoint, we obtain that we have as well:
T = lim T,
n—o0

We know from Proposition 4.10 that the operators 7} are of finite rank, and so compact
by Proposition 4.12, and by using (2) we obtain that 7™ is compact too, as desired.

(4) Finally, regarding the ideal property, this follows from the following two formulae,
valid for any S,T € B(H), which are once again clear from definitions:

(ST)(B1) = S(T(Bl))
(T'S)(By) C S]] - T(By)
Thus, we are led to the conclusion in the statement. Il

Here is now a second key result regarding the compact operators:

THEOREM 4.14. A bounded operator T € B(H) is compact precisely when
Te, —0
for any orthonormal system {e,} C H.
ProOF. We have two implications to be proved, the idea being as follows:

“ =" Assume that T is compact. By contradiction, assume Te, /4 0. This means
that there exists ¢ > 0 and a subsequence satisfying ||Te,, || > €, and by replacing {e, }
with this subsequence, we can assume that the following holds, with ¢ > 0:

| Te,|| > ¢

Since T was assumed to be compact, and the sequence {e, } is bounded, a certain sub-
sequence {Te,, } must converge. Thus, by replacing once again {e,} with a subsequence,
we can assume that the following holds, with x # 0:

Te, = x
But this is a contradiction, because we obtain in this way:
<z,r> = lim <Te,, x>

n—oo

= lim <e,, T 'z >

n—oo

=0

Thus our assumption Te,, 4 0 was wrong, and we obtain the result.
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“<=" Assume Te, — 0, for any orthonormal system {e,} C H. In order to prove
that T is compact, we use the various results established above, which show that this is
the same as proving that T is in the closure of the space of finite rank operators:

T e F(H)
We do this by contradiction. So, assume that the above is wrong, and so that there
exists € > 0 such that the following holds:
SeF(H) = ||[T -S| >¢
As a first observation, by using S = 0 we obtain ||T|| > €. Thus, we can find a norm
one vector e; € H such that the following holds:

|| Te|| > ¢
Our claim, which will bring the desired contradiction, is that we can construct by
recurrence vectors ey, ..., e, such that the following holds, for any i:
||T6,|| > €
Indeed, assume that we have constructed such vectors ey,...,e,. Let & C H be the
linear space spanned by these vectors, and let us set:
P = Proj(E)

Since the operator T'P has finite rank, our assumption above shows that we have:
|7 —TP|| >¢
Thus, we can find a vector z € H such that the following holds:
(T = TPl > <

We have then x ¢ F, and so we can consider the following nonzero vector:

y=(1-P)x
With this nonzero vector y constructed, in this way, now let us set:
Y
€ntl1 = T 7
1yl

This vector e,1 is then orthogonal to F, has norm one, and satisfies:
| Teniall > [lyl|T'e > €

Thus we are done with our construction by recurrence, and this contradicts our as-
sumption that Te, — 0, for any orthonormal system {e,} C H, as desired. O

Summarizing, we have so far a number of results regarding the compact operators, in
analogy with what we know about the usual complex matrices. Let us discuss now the
spectral theory of the compact operators. We first have the following result:
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PROPOSITION 4.15. Assuming that T € B(H), with dim H = oo, is compact and
self-adjoint, the following happen:

(1) The eigenvalues of T form a sequence A, — 0.
(2) All eigenvalues N\, # 0 have finite multiplicity.

ProoOF. We prove both the assertions at the same time. For this purpose, we fix
a number € > 0, we consider all the eigenvalues satisfying |\| > &, and for each such
eigenvalue we consider the corresponding eigenspace E, C H. Let us set:

E = span (E,\ ‘ |A| > 5)

Our claim, which will prove both (1) and (2), is that this space F is finite dimensional.
In now to prove now this claim, we can proceed as follows:
(1) We know that we have £ C Im(T'). Our claim is that we have:
E c Im(T)

Indeed, assume that we have a sequence g, € E which converges, g, — ¢ € E. Let us
write g, = T f,, with f, € H. By definition of E, the following condition is satisfied:

he E = ||Th|| = ¢[|hl|

Now since the sequence {g,} is Cauchy we obtain from this that the sequence {f,} is
Cauchy as well, and with f, — f we have T'f,, — T f, as desired.

(2) Consider now the projection P € B(H) onto the closure E of the above vector
space E. The composition PT is then as follows, surjective on its target:

PT:-H—E

On the other hand since T' is compact so must be PT), and if follows from this that
the space F is finite dimensional. Thus F itself must be finite dimensional too, and as
explained in the beginning of the proof, this gives (1) and (2), as desired. O

In order to construct now eigenvalues, we will need:
PROPOSITION 4.16. If T is compact and self-adjoint, one of the numbers
T, =]
must be an eigenvalue of T.

PrROOF. We know from the spectral theory of the self-adjoint operators that the spec-
tral radius ||T'|| of our operator T is attained, and so one of the numbers ||T||,—||T|
must be in the spectrum. In order to prove now that one of these numbers must actually
appear as an eigenvalue, we must use the compactness of 7', as follows:
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(1) First, we can assume ||T|| = 1. By functional calculus this implies ||T3|| = 1 too,
and so we can find a sequence of norm one vectors x,, € H such that:
| < T2, 2, > | — 1
By using our assumption 7' = T™, we can rewrite this formula as follows:
| < T?x,, Tz, > | — 1

Now since T is compact, and {x,} is bounded, we can assume, up to changing the
sequence {x,} to one of its subsequences, that the sequence T'z,, converges:

Tz, =y
Thus, the convergence formula found above reformulates as follows, with y # 0:
| <Ty,y>|=1

(2) Our claim now, which will finish the proof, is that this latter formula implies
Ty = +y. Indeed, by using Cauchy-Schwarz and ||T'|| = 1, we have:

| < Ty,y>|<||Tyll-|ly]| £ 1

We know that this must be an equality, so Ty, y must be proportional. But since T is
self-adjoint the proportionality factor must be +1, and so we obtain, as claimed:

Ty =+y
Thus, we have constructed an eigenvector for A = +1, as desired. Il
We can further build on the above results in the following way:

PROPOSITION 4.17. If T is compact and self-adjoint, there is an orthogonal basis of
H made of eigenvectors of T.

PrROOF. We use Proposition 4.15. According to the results there, we can arrange the
nonzero eigenvalues of 7', taken with multiplicities, into a sequence A\, — 0. Let y, € H
be the corresponding eigenvectors, and consider the following space:

E = span(y,)
The result follows then from the following observations:
(1) Since we have T = T*, both E and its orthogonal E+ are invariant under 7T'.
(2) On the space E, our operator T is by definition diagonal.

(3) On the space E+, our claim is that we have T = 0. Indeed, assuming that the
restriction S = Ty is nonzero, we can apply Proposition 4.16 to this restriction, and we
obtain an eigenvalue for S, and so for 7', contradicting the maximality of F. g

With the above results in hand, we can now formulate a first spectral theory result
for compact operators, which closes the discussion in the self-adjoint case:
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THEOREM 4.18. Assuming that T € B(H), with dim H = oo, is compact and self-
adjoint, the following happen:

(1) The spectrum o(T) C R consists of a sequence A\, — 0.

(2) All spectral values A € o(T) — {0} are eigenvalues.

(3) All eigenvalues A € o(T) — {0} have finite multiplicity.

(4) There is an orthogonal basis of H made of eigenvectors of T

Proor. This follows from the various results established above:
(1) In view of Proposition 4.15 (1), this will follow from (2) below.

(2) Assume that A # 0 belongs to the spectrum o(7'), but is not an eigenvalue.
By using Proposition 4.17, let us pick an orthonormal basis {e,} of H consisting of
eigenvectors of T, and then consider the following operator:

<z e, >

S = X — A

€n

Then S is an inverse for 7' — A, and so we have A ¢ o(7T'), as desired.

(3) This is something that we know, from Proposition 4.15 (2).

(4) This is something that we know too, from Proposition 4.17. O
Finally, we have the following result, regarding the general case:

THEOREM 4.19. The compact operatorsT € B(H), withdim H = oo, are the operators
of the following form, with {e,}, {fn} being orthonormal families, and with A, \, 0:

T(SB):Z)\n <z en > fn

The numbers \,, called singular values of T, are the eigenvalues of |T'|. In fact, the polar
decomposition of T is given by T = U|T|, with

T|(z) = Z)\n <z e, > e,

and with U being given by Ue,, = f,, and U = 0 on the complement of span(e;).
Proor. This basically follows from Theorem 4.8 and Theorem 4.18, as follows:

(1) Given two orthonormal families {e, }, { f» }, and a sequence of real numbers \,, \, 0,
consider the linear operator given by the formula in the statement, namely:

T(m):Z/\n <xe, > fn
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Our first claim is that 7" is bounded. Indeed, when assuming |\, | < ¢ for any n, which
is something that we can do if we want to prove that 7" is bounded, we have:
2

IT@IF = D A <aen>fa

n

= Z Aol?| < 2, e, > |?

n
< 822|<x,en>\2
n

< &l

(2) The next observation is that this operator is indeed compact, because it appears
as the norm limit, Ty — T, of the following sequence of finite rank operators:

TN:Z)\n<x,en>fn

n<N

(3) Regarding now the polar decomposition assertion, for the above operator, this
follows once again from definitions. Indeed, the adjoint is given by:

T (z) = Z)\n <x, fn>e,

Thus, when composing 7™ with T', we obtain the following operator:

T (z) :Z)\i<x,en>en

Now by extracting the square root, we obtain the formula in the statement, namely:

T)(2) =Y A < w00 > ey

(4) Conversely now, assume that 7' € B(H) is compact. Then T*T', which is self-
adjoint, must be compact as well, and so by Theorem 4.18 we have a formula as follows,
with {e,} being a certain orthonormal family, and with A, ~\, 0:

T"T(x) = Z)\i <xze, > e,

By extracting the square root we obtain the formula of |T'| in the statement, and then
by setting Ul(e,) = f, we obtain a second orthonormal family, {f,}, such that:

T(x)=U|T| =) A <z.e0>fa

Thus, our compact operator 7' € B(H) appears indeed as in the statement. U
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As a technical remark here, it is possible to slightly improve a part of the above
statement. Consider indeed an operator of the following form, with {e,}, {f.} being
orthonormal families as before, and with A, — 0 being now complex numbers:

T(x):ZAn <z en > fn

Then the same proof as before shows that T" is compact, and that the polar decom-
position of T"is given by T' = U|T'|, with the modulus |T'| being as follows:

() = 3" Pl < 2,60 > €0

n

As for the partial isometry U, this is given by Ue, = w,f,, and U = 0 on the
complement of span(e;), where w,, € T are such that A, = |\, |w,.

4c. Trace class operators

We have not talked so far about the trace of operators 7' € B(H), in analogy with
the trace of the usual matrices M € My(C). This is because the trace can be finite or
infinite, or even not well-defined, and we will discuss this now. Let us start with:

PROPOSITION 4.20. Given a positive operator T € B(H), the quantity
Tr(T) = Z < Tep, e, >€ [0, 0]

is indpendent on the choice of an orthonormal basis {e,}.

PRrROOF. If {f,} is another orthonormal basis, we have:

Y <Tfufo> = > <NTf, VT >
= Y INThIP
= Xn:|<ﬁfn,em>|2
— §|<Tl/4fn,T1/4em>|2

Since this quantity is symmetric in e, f, this gives the result. U
We can now introduce the trace class operators, as follows:
DEFINITION 4.21. An operator T € B(H) is said to be of trace class if:
Tr|T| < oo
The set of such operators, also called integrable, is denoted By(H).
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In finite dimensions, any operator is of course of trace class. In arbitrary dimension,
finite or not, we first have the following result, regarding such operators:

PROPOSITION 4.22. Any finite rank operator is of trace class, and any trace class
operator is compact, so that we have embeddings as follows:

F(H) C By(H) C K(H)

Moreover, for any compact operator T'€ K(H) we have the formula
TriT|=>

where X\, > 0 are the singular values, and so T € By(H) precisely when ) X, < 0.
PrROOF. We have several assertions here, the idea being as follows:
(1) If T is of finite rank, it is clearly of trace class.

(2) In order to prove now the second assertion, assume first that 7" > 0 is of trace
class. For any orthonormal basis {e, } we have:

ZHﬁenHQ = Z <Te,, e, >

< Tr(T)
< o0
But this shows that we have a convergence as follows:
VT e, — 0

Thus the operator VT is compact. Now since the compact operators form an ideal, it
follows that T = /T - VT is compact as well, as desired.

(3) In order to prove now the second assertion in general, assume that 7' € B(H) is
of trace class. Then |T| is also of trace class, and so compact by (2), and since we have
T = U|T| by polar decomposition, it follows that 7" is compact too.

(4) Finally, in order to prove the last assertion, assume that 7" is compact. The singular
value decomposition of |T'|, from Theorem 4.19, is then as follows:

T|(z) = Z)\n < T e, > ey

But this gives the formula for 77|T'| in the statement, and proves the last assertion. [J

Here is a useful reformulation of the above result, or rather of the above result coupled
with Theorem 4.19, without reference to compact operators:
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THEOREM 4.23. The trace class operators are precisely the operators of the form

T|(x Z)\ <z en > fo

with {e,}, {fa} being orthonormal systems, and with A\, 0 being a sequence satisfying:
Z Ap < 00

Moreover, for such an operator we have the following estimate:

Tr(T)| < Tr|T| = Z)\

PROOF. This follows indeed from Proposition 4.22; or rather for step (4) in the proof
of Proposition 4.22, coupled with Theorem 4.19. O

Next, we have the following result, which comes as a continuation of Proposition 4.22,
and is our central result here, regarding the trace class operators:

THEOREM 4.24. The space of trace class operators, which appears as an intermediate
space between the finite rank operators and the compact operators,

F(H) C B\(H) € K(H)
is a two-sided x-ideal of K(H). The following is a Banach space norm on By(H),
Tl = T[T
satisfying ||T|| < ||T||1, and for T € Bi(H) and S € B(H) we have:
[ST[l < S]] 11711
Also, the subspace F(H) is dense inside Bi(H), with respect to this norm.
PROOF. There are several assertions here, the idea being as follows:

(1) In order to prove that By(H) is a linear space, and that ||T'||; = Tr|T| is a norm
on it, the only non-trivial point is that of proving the following inequality:

Tr|S+T|<Tr|S|+Tr|T|
For this purpose, consider the polar decompositions of these operators:

S=UlS| , T=VIT| , S+T=W|[S+T|
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Given an orthonormal basis {e,}, we have the following formula:

TriS+T| = > <|S+Tlen, e, >
= Y <W(S+T)en, e >
= ) _ <WU|Slen,en >+ Y <WV[Tley, e, >

The point now is that the first sum can be estimated as follows:

Z < W*U|Sl|en, en >
= Y < VISlen, VISIU"We, >
S H 1Slenl| H\/\S|U*Wen

2
< (SIS 2| S,
In order to estimate the terms on the right, we can proceed as follows:

> ||visivwe,

IN

2

2
= ) <WUIS|IU'Wey, e, >

Tr(W*U|S|U*W)
Tr(U|S|U*)

<
< Tr(]s])

The second sum in the above formula of T'r|S 4+ T'| can be estimated in the same way,
and in the end we obtain, as desired:

Tr|S+T| < Tr|S|+Tr|T|
(2) The estimate ||T'|| < ||T||1 can be established as follows:

17l =1

= sup < |[T|z,z >
l|f|=1

< Tr|T|

(3) The fact that By(H) is indeed a Banach space follows by constructing a limit for
any Cauchy sequence, by using the singular value decomposition.



4D. HILBERT-SCHMIDT OPERATORS 101
(4) The fact that B;(H) is indeed closed under the involution follows from:

Tr(T*) = Z <T*en, e, >

= Z < e, Tey >
n

= Tr(T)

(5) In order to prove now the ideal property of By(H ), we use the standard fact, that
we know from Proposition 4.5, that any bounded operator T' € B(H) can be written as
a linear combination of 4 unitary operators, as follows:

T = )\1U1 + )\2U2 + )\3U3 + )\4U4

Indeed, by taking the real and imaginary part we can first write 7" as a linear combina-
tion of 2 self-adjoint operators, and then by functional calculus each of these 2 self-adjoint
operators can be written as a linear linear combination of 2 unitary operators.

(6) With this trick in hand, we can now prove the ideal property of By (H). Indeed, it
is enough to prove that we have:

TeB(H),UcUH) = UT,TU € By(H)
But this latter result follows by using the polar decomposition theorem.

(7) With a bit more care, we obtain from this the estimate |[ST||; < ||S]|-]|T||; from
the statement. As for the last assertion, this is clear as well. Il

This was for the basic theory of the trace class operators. Much more can be said,
and we refer here to the literature, such as Lax [55]. In what concerns us, we will be back
to these operators later in this book, in Part III, when discussing operator algebras.

4d. Hilbert-Schmidt operators

As a last topic of this chapter, let us discuss yet another important class of operators,
namely the Hilbert-Schmidt ones. These operators, that we will need on several key
occasions in what follows, when talking operator algebras, are introduced as follows:

DEFINITION 4.25. An operator T' € B(H) is said to be Hilbert-Schmidt if:
Tr(T*T) < o0
The set of such operators is denoted By(H).

As before with other sets of operators, in finite dimensions we obtain in this way all
the operators. In general, we have the following result, regarding such operators:
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THEOREM 4.26. The space Bo(H) of Hilbert-Schmidt operators, which appears as an
intermediate space between the trace class operators and the compact operators,

F(H) € Bi(H) C Bo(H) € K(H)
is a two-sided x-ideal of K(H). This ideal has the property

and conversely, each T € By(H) appears as product of two operators in Bo(H). In terms
of the singular values (\,), the Hilbert-Schmidt operators are characterized by:

Z A < oo
Also, the following formula, whose output is finite by Cauchy-Schwarz,
< S, T >=Tr(ST")
defines a scalar product of Bo(H), making it a Hilbert space.
PRrROOF. All this is quite standard, from the results that we have already, and more

specifically from the singular value decomposition theorem, and its applications. To be
more precise, the proof of the various assertions goes as follows:

(1) First of all, the fact that the space of Hilbert-Schmidt operators By(H) is stable
under taking sums, and so is a vector space, follows from:
(S+T)(S+T) < (S+T)(S+T)+(S—-T)(S-T)

= (S"+THS+T)+(S"=T")(S-T)
= 2(5*S+T1"T)

Regarding now multiplicative properties, we can use here the following inequality:

(ST)*(ST) = T*S*ST < ||S||*’T*T
Thus, the space By(H) is a two-sided #-ideal of K (H), as claimed.

(2) In order to prove now that the product of any two Hilbert-Schmidt operators is a
trace class operator, we can use the following formula, which is elementary:
4
ST =Y i*(S —iT)*(S —iT)
k=1
Conversely, given an arbitrary trace class operator T' € By(H), we have:

TeB(H) = |T|€ Bi(H) = +/|T| € By(H)

Thus, by using the polar decomposition 7" = U|T'|, we obtain the following decompo-
sition for T, with both components being Hilbert-Schmidt operators:

T = UIT| = U\/IT] - VIT]
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(3) The condition for the singular values is clear.

(4) The fact that we have a scalar product is clear as well.

(5) The proof of the completness property is routine as well. Il
We have as well the following key result, regarding the Hilbert-Schmidt operators:

THEOREM 4.27. We have the following formula,
Tr(ST)=Tr(TS)
valied for any Hilbert-Schmidt operators S, T € By(H).

PrROOF. We can prove this in two steps, as follows:

(1) Assume first that | S| is trace class. Consider the polar decomposition S = U|S],
and choose an orthonormal basis {z;} for the image of U, suitably extended to an or-
thonormal basis of H. We have then the following computation, as desired:

Tr(ST) = > <U|S|Tz;x; >

= Y <|SITUU*z;, Utz >
= Tr(|S|TU)
= Tr(TU|S|)
= Tr(TS)
(2) Assume now that we are in the general case, where S is only assumed to be
Hilbert-Schmidt. For any finite rank operator S’ we have then:

|Tr(ST) —Tr(TS)| = |Tr((S—5S"T)—Tr(T(S—-5"))|
< 28 =Sz 1Tl
Thus by choosing S” with ||.S — S’||2 — 0, we obtain the result. O

This was for the basic theory of bounded operators on a Hilbert space, T' € B(H). In
the remainder of this book we will be rather interested in the operator algebras A C B(H)
that these operators can form. This is of course related to operator theory, because we
can, at least in theory, take A =< T >, and then study T via the properties of A.
Actually, this is something that we already did a few times, when doing spectral theory,
and notably when talking about functional calculus for normal operators.

For further operator theory, however, nothing beats a good operator theory book, and
various ad-hoc methods, depending on the type of operators involved, and especially, on
what you want to do with them. As before, in relation with topics to be later discussed
in this book, we recommend here the books of Lax [55] and Blackadar [21].
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Let us mention as well that there is a lot of interesting theory regarding the unbounded
operators T' € L(H) too, which is something quite technical, and here once again, we
warmly recommend a good operator theory book. In addition, we recommend as well
a good PDE book, because most of the questions making appear unbounded operators
usually have PDE formulations as well, which are extremely efficient.

4e. Exercises

There has been a lot of theory in this chapter, with some of the things not really
explained in great detail, and we have several exercises about all this. First comes:

EXERCISE 4.28. Try to find the best operator theoretic analogue of the formula
z = re't
for the complex numbers, telling us that any number is a real multiple of a unitary.

As explained in the above, a weak analogue of this holds, stating that any operator is
a linear combination of 4 unitaries. The problem is that of improving this.

EXERCISE 4.29. Work out a few explicit examples of the polar decomposition formula
T=UvT*T
with, if possible, a non-trivial computation for the square root.

This is actually something quite tricky, even for the usual matrices. So, as a prelimi-
nary exercise here, have some fun with the 2 x 2 matrices.

EXERCISE 4.30. Look up the various extra general properties of the sets of finite rank,
trace class, Hilbert-Schmidt and compact operators,
F(H)C Biy(H) C By(H) C K(H)
coming in addition to what has been said above, about such operators.
This is of course quite vague, and, as good news, it is not indicated either if you

should just come with a list of such properties, or with a list of such properties coming
with complete proofs. Up to you here, and the more the better.
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Operator algebras



There was something in the air that night
The stars were bright, Fernando
They were shining there for you and me
For liberty, Fernando



CHAPTER 5

Operator algebras

5a. Normed algebras

We have seen that the study of the bounded operators 7' € B(H) often leads to
the consideration of the algebras < T' >C B(H) generated by such operators, the idea
being that the study of A =< T > can lead to results about T itself. In the remainder
of this book we focus on the study of such algebras A C B(H). Before anything, we
should mention that there are countless ways of getting introduced to operator algebras,
depending on motivations and taste, with the available books including:

(1) The old book of von Neumann [90], which started everything. This is a very
classical book, with mathematical physics content, written at times when mathematics
and physics were starting to part ways. A great book, still enjoyable nowadays.

(2) Various post-war treatises, such as Dixmier [33], Kadison-Ringrose [52], Stratila-
Zsido [78] and Takesaki [79]. As a warning, however, these books are purely mathemati-
cal. Also, they sometimes avoid deep results of von Neumann and Connes.

(3) More recent books, including Arveson [3], Blackadar [21], Brown-Ozawa [24],
Connes [28], Davidson [30], Jones [49], Murphy [60], Pedersen [68] and Sakai [77]. These
are well-concieved one-volume books, written with various purposes in mind.

Our presentation below is inspired by Blackadar [21], Connes [28], Jones [49], but is
yet another type of beast, often insisting on probabilistic aspects. But probably enough
talking, more on this later, and let us get to work. We are interested in the study of the
algebras of bounded operators A C B(H). Let us start our discussion with the following
broad definition, obtained by imposing the “minimal” set of reasonable axioms:

DEFINITION 5.1. An operator algebra is an algebra of bounded operators A C B(H)
which contains the unit, is closed under taking adjoints,

TecA = T e A

and is closed as well under the norm.

Here, as in the previous chapters, H is an arbitrary Hilbert space, with the case that we
are mostly interested in being the separable one. By separable we mean having a countable
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orthonormal basis, {e;};c; with I countable, and such a space is of course unique. The
simplest model is the space [?(N), but in practice, we are particularly interested in the
spaces of the form H = L?(X), which are separable too, but with the basis {e;};en and
the subsequent identification H ~ [?(N) being not necessarily very explicit.

Also as in the previous chapters, B(H) is the algebra of linear operators T': H — H
which are bounded, in the sense that the norm ||T|| = sup,—; |[Tz[| is finite. This
algebra has an involution 7" — T*, with the adjoint operator T* € B(H) being defined
by the formula < Tz,y >=< z,T*y >, and in the above definition, the assumption
T € A = T* € A refers to this involution. Thus, A must be a x-algebra.

As a first result now regarding the operator algebras, in relation with the normal
operators, where most of the non-trivial results that we have so far are, we have:

THEOREM 5.2. The operator algebra < T >C B(H) generated by a normal operator
T € B(H) appears as an algebra of continuous functions,

<T >=C(a(T))
where o(T) C C denotes as usual the spectrum of T

PROOF. This is an abstract reformulation of the continuous functional calculus theo-
rem for the normal operators, that we know from chapter 3. Indeed, that theorem tells
us that we have a continuous morphism of x-algebras, as follows:

Clo(T)) = B(H) , f— f(T)

Moreover, by the general properties of the continuous calculus, also established in
chapter 3, this morphism is injective, and its image is the norm closed algebra < T" >
generated by T, T*. Thus, we obtain the isomorphism in the statement. Il

The above result is very nice, and it is possible to further build on it, by using this
time the spectral theorem for families of normal operators, as follows:

THEOREM 5.3. The operator algebra < T; >C B(H) generated by a family of normal
operators T; € B(H) appears as an algebra of continuous functions,

<T>=C(X)

where X C C is a certain compact space associated to the family {T;}. Equivalently, any
commutative operator algebra A C B(H) is of the form A = C(X).

PrOOF. We have two assertions here, the idea being as follows:

(1) Regarding the first assertion, this follows exactly as in the proof of Theorem 5.2,
by using this time the spectral theorem for families of normal operators.

(2) As for the second assertion, this is clear from the first one, because any commuta-
tive algebra A C B(H) is generated by its elements 7' € A, which are all normal. O
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All this is good to know, but Theorem 5.2 and Theorem 5.3 remain something quite
heavy, based on the spectral theorem. We would like to present now an alternative proof
for these results, which is rather elementary, and has the advantage of reconstructing the
compact space X directly from the knowledge of the algebra A. We will need:

THEOREM 5.4. Given an operator T' € A C B(H), define its spectrum as:
o(1) = {re C(T —agat)

The following spectral theory results hold, exactly as in the A = B(H) case:
(1) We have o(ST)U {0} = o(T'S) U{0}.
(2) We have polynomial, rational and holomorphic calculus.
(3) As a consequence, the spectra are compact and non-empty.
(4) The spectra of unitaries (U* = U™') and self-adjoints (T = T*) are on T,R.
(5) The spectral radius of normal elements (TT* = T*T) is given by p(T) = ||T].
In addition, assuming T € A C B, the spectra of T with respect to A and to B coincide.

ProoOF. This is something that we know from the beginning of chapter 3, in the case
A = B(H). In general the proof is similar, the idea being as follows:

(1) Regarding the assertions (1-5), which are of course formulated a bit informally,
the proofs here are perfectly similar to those for the full operator algebra A = B(H). All
this is standard material, and in fact, things in chapter 3 were written in such a way as
for their extension now, to the general operator algebra setting, to be obvious.

(2) Regarding the last assertion, the inclusion og(7T") C 04(T) is clear. For the con-
verse, assume T'— X\ € B~!, and consider the following self-adjoint element:

S=(T-X\N*(T-\)
The difference between the two spectra of S € A C B is then given by:

o4(S) — op(S) = {u eC—opS)|(S—p)'eB- A}

Thus this difference in an open subset of C. On the other hand S being self-adjoint,
its two spectra are both real, and so is their difference. Thus the two spectra of S are
equal, and in particular S is invertible in A, and so T'— X € A™!, as desired.

(3) As an observation, the last assertion applied with B = B(H) shows that the
spectrum o(7) as constructed in the statement coincides with the spectrum o(7) as
constructed and studied in chapter 3, so the fact that (1-5) hold indeed is no surprise.

(4) Finally, I can hear you screaming that I should have concieved this book differently,
matter of not proving the same things twice. Good point, with my distinguished colleague
Bourbaki saying the same, and in answer, wait for chapter 7 below, where we will prove
exactly the same things a third time. We can discuss pedagogy at that time. U
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We can now get back to the commutative algebras, and we have the following result,
due to Gelfand, which provides an alternative to Theorem 5.2 and Theorem 5.3:

THEOREM 5.5. Any commutative operator algebra A C B(H) is of the form
A=C(X)

with the “spectrum” X of such an algebra being the space of characters x : A — C, with
topology making continuous the evaluation maps evy : x — x(T)).

ProOOF. Given a commutative operator algebra A, we can define X as in the state-
ment. Then X is compact, and T — evr is a morphism of algebras, as follows:

ev:A— C(X)

(1) We first prove that ev is involutive. We use the following formula, which is similar
to the z = Re(z) + ¢Im(z) formula for the usual complex numbers:
T+T | T-T

T = :
5 Ty

Thus it is enough to prove the equality evy« = ev’ for self-adjoint elements 7. But
this is the same as proving that T" = T™ implies that evr is a real function, which is in
turn true, because evr(x) = x(T) is an element of ¢(7T'), contained in R.

(2) Since A is commutative, each element is normal, so ev is isometric:
levr|| = p(T) = [[T]]

(3) It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass
theorem, because ev(A) is a closed subalgebra of C(X), which separates the points. O

The above theorem of Gelfand is something very beautiful, and far-reaching. It is
possible to further build on it, indefinitely high. We will be back to this.

5b. Von Neumann algebras

Instead of further building on the above results, which are already quite non-trivial,
let us return to our modest status of apprentice operator algebraists, and declare ourselves
rather unsatisfied with Definition 5.1, on the following intuitive grounds:

THOUGHT 5.6. Our assumption that A C B(H) is norm closed is not satisfying,
because we would like A to be stable under polar decomposition, under taking spectral
projections, and more generally, under measurable functional calculus.

Here all these “defects” are best visible in the context of Theorem 5.3, with the algebra
A = C(X) found there, with X = o(T'), being obviously too small. In fact, Theorem 5.3
teaches us that, when looking for a fix, we should look for a weaker topology on B(H),
as for the algebra A =< T > generated by a normal operator to be A = L>(X).
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So, let us get now into this, topologies on B(H), and fine-tunings of Definition 5.1,
based on them. The result that we will need, which is elementary, is as follows:

PROPOSITION 5.7. For a subalgebra A C B(H), the following are equivalent:

(1) A is closed under the weak operator topology, making each of the linear maps
T —<Tx,y > continuous.

(2) A is closed under the strong operator topology, making each of the linear maps
T — Tz continuous.

In the case where these conditions are satisfied, A is closed under the norm topology.

PROOF. There are several statements here, the proof being as follows:

(1) Tt is clear that the norm topology is stronger than the strong operator topology,
which is in turn stronger than the weak operator topology. At the level of the subsets
S C B(H) which are closed things get reversed, in the sense that weakly closed implies
strongly closed, which in turn implies norm closed. Thus, we are left with proving that
for any algebra A C B(H), strongly closed implies weakly closed.

(2) Consider the Hilbert space obtained by summing n times H with itself:
K=H&¢..®oH

The operators over K can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(K), as follows:
T
m(T) =
T

Assume now that we are given an operator 7' € A, with the bar denoting the weak
closure. We have then, by using the Hahn-Banach theorem, for any x € K:

TeA = n(T)enr(A)
= 1Tz e n(A)x
—

— 7n(T)z en(A)x

Now observe that the last formula tells us that for any x = (z1,...,z,), and any £ > 0,
we can find S € A such that the following holds, for any :

||Sz; — Tail| < e
Thus T belongs to the strong operator closure of A, as desired. U

Observe that in the above the terminology is a bit confusing, because the norm topol-
ogy is stronger than the strong operator topology. As a solution, we agree to call the
norm topology “strong”, and the weak and strong operator topologies “weak”, whenever
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these two topologies coincide. With this convention made, the algebras A C B(H) in
Proposition 5.7 are those which are weakly closed. Thus, we can now formulate:

DEFINITION 5.8. A von Neumann algebra is an operator algebra
AC B(H)
which 1s closed under the weak topology.

These algebras will be our main objects of study, in what follows. As basic examples,
we have the algebra B(H) itself, then the singly generated algebras, A =< T > with
T € B(H), and then the multiply generated algebras, A =< T; > with T; € B(H). But
for the moment, let us keep things simple, and build directly on Definition 5.8, by using
basic functional analysis methods. We will need the following key result:

THEOREM 5.9. For an operator algebra A C B(H), we have
A// — A
with A" being the bicommutant inside B(H), and A being the weak closure.
PrROOF. We can prove this by double inclusion, as follows:

“D” Since any operator commutes with the operators that it commutes with, we have
a trivial inclusion S C S”, valid for any set S C B(H). In particular, we have:

Ac A’

Our claim now is that the algebra A” is closed, with respect to the strong operator
topology. Indeed, assuming that we have T; — T in this topology, we have:

T, c A" = ST,=T,5, VSecA
— ST =TS, VSeA
— TecA

Thus our claim is proved, and together with Proposition 5.7, which allows us to pass
from the strong to the weak operator topology, this gives A C A”, as desired.

“C” Here we must prove that we have the following implication, valid for any T €
B(H), with the bar denoting as usual the weak operator closure:

TeA — TeA

For this purpose, we use the same amplification trick as in the proof of Proposition
5.7. Consider the Hilbert space obtained by summing n times H with itself:

K=H®o...oH
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The operators over K can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(K), as follows:
T
m(T) =
T
The idea will be that of doing the computations in this representation. First, in this
representation, the image of our algebra A C B(H) is given by:
T
7(A) = ‘T e A
T

We can compute the commutant of this image, exactly as in the usual scalar matrix
case, and we obtain the following formula:

St ... S
m(A) = : P S e A
Sp1 oo San
We conclude from this that, given an operator T' € A” as above, we have:
T
e n(A)"
T

In other words, the conclusion of all this is that we have:
TeA" = =(T)en(A)’

Now given a vector € K, consider the orthogonal projection P € B(K') on the norm
closure of the vector space m(A)z C K. Since the subspace m(A)x C K is invariant under
the action of w(A), so is its norm closure inside K, and we obtain from this:

P e n(AY
By combining this with what we found above, we conclude that we have:
TeA" = n(T)P=Pr(T)

Since this holds for any = € K, we conclude that any operator T' € A” belongs to the
strong operator closure of A. By using now Proposition 5.7, which allows us to pass from
the strong to the weak operator closure, we conclude that we have:

A'C A

Thus, we have the desired reverse inclusion, and this finishes the proof. U
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Now by getting back to the von Neumann algebras, from Definition 5.8, we have the
following result, which is a reformulation of Theorem 5.9, by using this notion:
THEOREM 5.10. For an operator algebra A C B(H), the following are equivalent:
(1) A is weakly closed, so it is a von Neumann algebra.
(2) A equals its algebraic bicommutant A", taken inside B(H).

PROOF. This follows from the formula A” = A from Theorem 5.9, along with the
trivial fact that the commutants are automatically weakly closed. U

The above statement, called bicommutant theorem, and due to von Neumann [87], is
quite interesting, philosophically speaking. Among others, it shows that the von Neumann
algebras are exactly the commutants of the self-adjoint sets of operators:

PROPOSITION 5.11. Given a subset S C B(H) which is closed under %, the commutant

A=9
is a von Neumann algebra. Any von Neumann algebra appears in this way.

PRrROOF. We have two assertions here, the idea being as follows:

(1) Given S C B(H) satisfying S = S*, the commutant A = 5’ satisfies A = A*, and
is also weakly closed. Thus, A is a von Neumann algebra. Note that this follows as well
from the following “tricommutant formula”, which follows from Theorem 5.10:

S/// — S/
(2) Given a von Neumann algebra A C B(H), we can take S = A’. Then S is closed
under the involution, and we have S’ = A, as desired. O

Observe that Proposition 5.11 can be regarded as yet another alternative definition
for the von Neumann algebras, and with this definition being probably the best one when
talking about quantum mechanics, where the self-adjoint operators T': H — H can be
though of as being “observables” of the system, and with the commutants A = S’ of the
sets of such observables S = {T;} being the algebras A C B(H) that we are interested
in. And with all this actually needing some discussion about self-adjointness, and about
boundedness too, but let us not get into this here, and stay mathematical, as before.

As another interesting consequence of Theorem 5.10, we have:
PROPOSITION 5.12. Given a von Neumann algebra A C B(H), its center
Z(A)=AnA
regarded as an algebra Z(A) C B(H), is a von Neumann algebra too.

Proor. This follows from the fact that the commutants are weakly closed, that we
know from the above, which shows that A’ C B(H) is a von Neumann algebra. Thus, the
intersection Z(A) = AN A’ must be a von Neumann algebra too, as claimed. g
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In order to develop some general theory, let us start by investigating the finite dimen-
sional case. Here the ambient algebra is B(H) = My(C), any linear subspace A C B(H)
is automatically closed, for all 3 topologies in Proposition 5.7, and we have:

THEOREM 5.13. The x-algebras A C My (C) are exactly the algebras of the form
A=M, (C)&...& M, (C)
depending on parameters k € N and nq,...,n, € N satisfying
n+...+n, =N
embedded into My (C) via the obvious block embedding, twisted by a unitary U € Uy.
ProoF. We have two assertions to be proved, the idea being as follows:

(1) Given numbers ny,...,n; € N satisfying ny + ...+ ny = N, we have indeed an
obvious embedding of x-algebras, via matrix blocks, as follows:

M, (C)&...& M, (C) C My(C)
In addition, we can twist this embedding by a unitary U € Uy, as follows:
M — UMU*

(2) In the other sense now, consider a *-algebra A C My (C). It is elementary to prove
that the center Z(A) = AN A’, as an algebra, is of the following form:

Z(A) ~C*

Consider now the standard basis e;,...,e; € C¥, and let pi,...,pr € Z(A) be the
images of these vectors via the above identification. In other words, these elements
P1,--., Pk € A are central minimal projections, summing up to 1:

pr4+...+pr=1

The idea is then that this partition of the unity will eventually lead to the block
decomposition of A, as in the statement. We prove this in 4 steps, as follows:

Step 1. We first construct the matrix blocks, our claim here being that each of the
following linear subspaces of A are non-unital *-subalgebras of A:

A = pz‘Apz'

But this is clear, with the fact that each A; is closed under the various non-unital
*x-subalgebra operations coming from the projection equations p? = p! = p;.

Step 2. We prove now that the above algebras A; C A are in a direct sum position,
in the sense that we have a non-unital x-algebra sum decomposition, as follows:

A=410...0 A
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As with any direct sum question, we have two things to be proved here. First, by
using the formula p; +...+pr = 1 and the projection equations p? = pi = p;, we conclude
that we have the needed generation property, namely:

A+ .+ A=A

As for the fact that the sum is indeed direct, this follows as well from the formula
p1+ ...+ pr =1, and from the projection equations p? = p! = p;.

Step 3. Our claim now, which will finish the proof, is that each of the %-subalgebras
A; = p;Ap; constructed above is a full matrix algebra. To be more precise here, with
n; = rank(p;), our claim is that we have isomorphisms, as follows:

In order to prove this claim, recall that the projections p; € A were chosen central
and minimal. Thus, the center of each of the algebras A; reduces to the scalars:

But this shows, either via a direct computation, or via the bicommutant theorem, that
the each of the algebras A; is a full matrix algebra, as claimed.

Step 4. We can now obtain the result, by putting together what we have. Indeed, by
using the results from Step 2 and Step 3, we obtain an isomorphism as follows:

A~M, (C)a...¢ M, (C)

Moreover, a more careful look at the isomorphisms established in Step 3 shows that
at the global level, that of the algebra A itself, the above isomorphism simply comes by
twisting the following standard multimatrix embedding, discussed in the beginning of the
proof, (1) above, by a certain unitary matrix U € Uy:

M, (C)&...®& M, (C) C My(C)
Now by putting everything together, we obtain the result. O

In relation with the bicommutant theorem, we have the following result, which fully
clarifies the situation, with a very explicit proof, in finite dimensions:

PROPOSITION 5.14. Consider a x-algebra A C My (C), written as above:
A=M,(C)®...® M, (C)
The commutant of this algebra is then, with respect with the block decomposition used,
A=Ceo...eC

and by taking one more time the commutant we obtain A itself, A= A".
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PROOF. Let us decompose indeed our algebra A as in Theorem 5.13:
A=M,(C)®...® M, (C)

The center of each matrix algebra being reduced to the scalars, the commutant of this
algebra is then as follows, with each copy of C corresponding to a matrix block:

A=Co...0C
By taking once again the commutant we obtain A itself, and we are done. O

As another interesting application of Theorem 5.13, clarifying this time the relation
with operator theory, in finite dimensions, we have the following result:

THEOREM 5.15. Given an operator T € B(H) in finite dimensions, H = CN | the von
Neumann algebra A =< T > that it generates inside B(H) = My(C) is

A= M, (C)&...& M,/(C)

with the sizes of the blocks ny, ..., n, € N coming from the spectral theory of the associated
matric M € My(C). In the normal case TT* = T*T, this decomposition comes from
T=UDU*

with D € My (C) diagonal, and with U € Uy unitary.

ProoF. This is something which is routine, by using the linear algebra and spectral
theory developed in chapter 1, for the matrices M € My(C). To be more precise:

(1) The fact that A =< T > decomposes into a direct sum of matrix algebras is
something that we already know, coming from Theorem 5.13.

(2) By using standard linear algebra, we can compute the block sizes ny,...,n; € N,
from the knowledge of the spectral theory of the associated matrix M € My(C).

(3) In the normal case, TT* = T*T, we can simply invoke the spectral theorem, and
by suitably changing the basis, we are led to the conclusion in the statement. O

Let us get now to infinite dimensions, with Theorem 5.15 as our main source of in-
spiration. The same argument applies, provided that we are in the normal case, and we
have the following result, summarizing our basic knowledge here:

THEOREM 5.16. Given a bounded operator T € B(H) which is normal, TT* = T*T,
the von Neumann algebra A =<'T > that it generates inside B(H) is

< T >= L®(o(T))

with o(T') C C being as usual its spectrum.
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PROOF. The measurable functional calculus theorem for the normal operators tells us
that we have a weakly continuous morphism of x-algebras, as follows:

L=(o(T)) = B(H) , f— [(T)

Moreover, by the general properties of the measurable calculus, also established in
chapter 3, this morphism is injective, and its image is the weakly closed algebra < T" >
generated by T, T*. Thus, we obtain the isomorphism in the statement. O

More generally now, along the same lines, we have the following result:

THEOREM 5.17. Given operators T; € B(H) which are normal, and which commute,
the von Neumann algebra A =< 'T; > that these operators generates inside B(H) is

< T, >= L>(X)
with X being a certain measured space, associated to the family {T;}.

Proor. This is once again routine, by using the spectral theory for the families of
commuting normal operators T; € B(H) developed in chapter 3. U

As a fundamental consequence now of the above results, we have:

THEOREM 5.18. The commutative von Neumann algebras are the algebras
A=L*(X)
with X being a measured space.

PrROOF. We have two assertions to be proved, the idea being as follows:

(1) In one sense, we must prove that given a measured space X, we can realize the
A = L*(X) as a von Neumann algebra, on a certain Hilbert space H. But this is
something that we know since chapter 2, the representation being as follows:

L¥(X) C B(L*(X)) , [—=(9—fg)

(2) In the other sense, given a commutative von Neumann algebra A C B(H), we
must construct a certain measured space X, and an identification A = L*°(X). But this
follows from Theorem 5.17, because we can write our algebra as follows:

A=<T, >

To be more precise, A being commutative, any element 7" € A is normal, so we can
pick a basis {7;} C A, and then we have A =< T; > as above, with T; € B(H) being
commuting normal operators. Thus Theorem 5.17 applies, and gives the result.

(3) Alternatively, and more explicitly, we can deduce this from Theorem 5.16, applied
with 7" = T*. Indeed, by using T' = Re(T") +iIm(T), we conclude that any von Neumann
algebra A C B(H) is generated by its self-adjoint elements 7" € A. Moreover, by using
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measurable functional calculus, we conclude that A is linearly generated by its projections.
But then, assuming A = span{p;}, with p; being projections, we can set:

T:i%ﬁ
=0

Then T = T™, and by functional calculus we have pg €< T >, then p; €< T >, and
soon. Thus A =< T >, and A = L*(X) comes now via Theorem 5.16, as claimed. [

The above result is the foundation for all the advanced von Neumann algebra theory,
that we will discuss in the remainder of this book, and there are many things that can
be said about it. To start with, in relation with the general theory of the normed closed
algebras, that we developed in the beginning of this chapter, we have:

WARNING 5.19. Although the von Neumann algebras are norm closed, the theory of
norm closed algebras does not always apply well to them. For instance for A = L*(X)

Gelfand gives A = C’()?), with X being a certain technical compactification of X.

In short, this would be my advice, do not mess up the two theories that we will be
developing in this book, try finding different rooms for them, in your brain. At least at
this stage of things, because later, do not worry, we will be playing with both.

Now forgetting about Gelfand, and taking Theorem 5.18 as such, tentative foundation
for the theory that we want to develop, as a first consequence of this, we have:

THEOREM 5.20. Given a von Neumann algebra A C B(H), we have
Z(A) = L™(X)
with X being a certain measured space.

ProOOF. We know from Proposition 5.12 that the center Z(A) C B(H) is a von
Neumann algebra. Thus Theorem 5.18 applies, and gives the result. O

It is possible to further build on this, with a powerful decomposition result as follows,
over the measured space X constructed in Theorem 5.20:

A:/Axdx
X

But more on this later, after developing the appropriate tools for this program, which
is something non-trivial. Among others, before getting into such things, we will have to
study the von Neumann algebras A having trivial center, Z(A) = C, called factors, which
include the fibers A, in the above decomposition result. More on this later.
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5¢. Random matrices

Our main results so far on the von Neumann algebras concern the finite dimensional
case, where the algebra is of the form A = &;M,,,(C), and the commutative case, where
the algebra is of the form A = L>°(X). In order to advance, we must solve:

QUESTION 5.21. What are the next simplest von Neumann algebras, generalizing at
the same time the finite dimensional ones, A = @®;M,,(C), and the commutative ones,
A = L>®(X), that we can use as input for our study?

In this formulation, our question is a no-brainer, the answer to it being that of looking

at the direct integrals of matrix algebras, over an arbitrary measured space X:

A= /X M, (C)dz

However, when thinking a bit, all this looks quite tricky, with most likely lots of tech-
nical functional analysis and measure theory involved. So, we will leave the investigation
of such algebras, which are indeed quite basic, and called of type I, for later.

Nevermind. Let us replace Question 5.21 with something more modest, as follows:

QUESTION 5.22 (update). What are the next simplest von Neumann algebras, gener-
alizing at the same time the usual matriz algebras, A = My(C), and the commutative
ones, A = L>®(X), that we can use as input for our study?

But here, what we have is again a no-brainer, because in relation to what has been
said above, we just have to restrict the attention to the “isotypic” case, where all fibers
are isomorphic. And in this case our algebra is a random matrix algebra:

A= /X My(C)dz

Which looks quite nice, and so good news, we have our algebras. In practice now,
although there is some functional analysis to be done with these algebras, the main
questions regard the individual operators T' € A, called random matrices. Thus, we are
basically back to good old operator theory. Let us begin our discussion with:

DEFINITION 5.23. A random matriz algebra is a von Neumann algebra of the following
type, with X being a probability space, and with N € N being an integer:

A = My(L™(X))
In other words, A appears as a tensor product, as follows,
A= My(C)® L*(X)

of a matriz algebra and a commutative von Neumann algebra.
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As a first observation, our algebra can be written as well as follows, with this latter
convention being quite standard in the probability literature:

A= L*(X, Myx(C))

In connection with the tensor product notation, which is often the most useful one for
computations, we have as well the following possible writing, also used in probability:

A=L*X)® My(C)
Importantly now, each random matrix algebra A is naturally endowed with a canonical

von Neumann algebra trace tr : A — C, which appears as follows:

PROPOSITION 5.24. Given a random matriz algebra A = My(L>*(X)), consider the
linear form tr : A — C given by:

1 N

In tensor product notation, A = My(C) ® L*(X), we have then the formula

1
==T
T N 7’®/X

and this functional tr : A — C is a faithful positive unital trace.

PRrROOF. The first assertion, regarding the tensor product writing of ¢r, is clear from
definitions. As for the second assertion, regarding the various properties of ¢tr, this follows
from this, because these properties are stable under taking tensor products. O

As before, there is a discussion here in connection with the other possible writings of
A. With the probabilistic notation A = L*(X, My(C)), the trace appears as:

/—Tr (T7) dx

Also, with the probabilistic tensor notation A = L*(X) ® My (C), the trace appears
exactly as in the second part of Proposition 5.24, with the order inverted:

tr-/@—TT

To summarize, the random matrix algebras appear to be very basic objects, and the
only difficulty, in the beginning, lies in getting familiar with the 4 possible notations for
them. Or perhaps 5 possible notations, because we have A = fX My (C)dz as well.

Getting to work now, as already said, the main questions about random matrix alge-
bras regard the individual operators T' € A, called random matrices. To be more precise,
we are interested in computing the laws of such matrices, constructed according to:
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THEOREM 5.25. Given an operator algebra A C B(H) with a faithful trace tr : A — C,
any normal element T € A has a law, namely a probability measure p satisfying

tr(TF) = / Fdu(z)
C
with the powers being with respect to colored exponents k =oceeo ..., defined via

=1, a°=a , a"=a

and multiplicativity. This law is unique, and is supported by the spectrum o(T) C C. In
the non-normal case, TT* # T*T, such a law does not exist.

PrRoOOF. We have two assertions here, the idea being as follows:

(1) In the normal case, TT* = T*T, we know from Theorem 5.2, based on the contin-
uous functional calculus theorem, that we have:

<T>=C(c(T))

Thus the functional f(7') — tr(f(T")) can be regarded as an integration functional on
the algebra C'(c(7)), and by the Riesz theorem, this latter functional must come from a
probability measure p on the spectrum o(7'), in the sense that we must have:

tr(f(T)) = - f(2)dp(z)

We are therefore led to the conclusions in the statement, with the uniqueness assertion
coming from the fact that the operators T*, taken as usual with respect to colored integer
exponents, k = oeeo ... generate the whole operator algebra C(o(T)).

(2) In the non-normal case now, TT* ## T*T, we must show that such a law does not
exist. For this purpose, we can use a positivity trick, as follows:
TT* —T*T # 0 (TT* —T*T)*> >0
Tr171r-—-T7*17"T = T*TTT* +T*TT*T > 0
tr(TT*TT* —TT*T*T —T*TTT* +T*TT*T) > 0
tr(TT*TT* +T*TT*T) > tr(TT*T*T + T*TTT")
tr(TT*TT*) > tr(TTT*T™)

FEELL

Now assuming that 7" has a law p € P(C), in the sense that the moment formula
in the statement holds, the above two different numbers would have to both appear by
integrating |z|* with respect to this law p, which is contradictory, as desired. U

Back now to the random matrices, as a basic example, assume X = {.}, so that we
are dealing with a usual scalar matrix, T' € My(C). By changing the basis of CV, which
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won’t affect our trace computations, we can assume that T is diagonal:
A1
T ~
AN

But for such a diagonal matrix, we have the following formula:
1
N
Thus, the law of T is the average of the Dirac masses at the eigenvalues:
1
HEN
As a second example now, assume N = 1, and so T' € L*(X). In this case we obtain

the usual law of T', because the equation to be satisfied by pu is:

[ o) = [ elaauta)

At a more advanced level, the main problem regarding the random matrices is that of
computing the law of various classes of such matrices, coming in series:

tr(TF) = —(\F + ...+ %)

(Oxn, + -+ ay)

QUESTION 5.26. What is the law of random matrices coming in series
Ty € My(L*(X))
in the N >> 0 regime?

The general strategy here, coming from physicists, is that of computing first the as-
ymptotic law ©°, in the N — oo limit, and then looking for the higher order terms as
well, as to finally reach to a series in N~! giving the law of Ty, as follows:

py =0+ Nt + N2+
As a basic example here, of particular interest are the random matrices having i.i.d.
complex normal entries, under the constraint 7 = T*. Here the asymptotic law p° is
the Wigner semicircle law on [—2,2]. We will discuss this in chapter 6 below, and in the
meantime we can only recommend some reading, from the original papers of Marchenko-

Pastur [58], Voiculescu [85], Wigner [98], and from the books of Anderson-Guionnet-
Zeitouni [1], Mehta [59], Nica-Speicher [64], Voiculescu-Dykema-Nica [86].

5d. Quantum spaces

Let us end this preliminary chapter on operator algebras with some philosophy, a
bit a la Heisenberg. In relation with general “quantum space” goals, Theorem 5.18 is
something very interesting, philosophically speaking, suggesting us to formulate:
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DEFINITION 5.27. Given a von Neumann algebra A C B(H), we write
A=L*(X)
and call X a quantum measured space.
As an example here, for the simplest noncommutative von Neumann algebra that we

know, namely the usual matrix algebra A = My(C), the formula that we want to write
is as follows, with My being a certain mysterious quantum space:

My(C) = L¥(My)

So, what can we say about this space My? As a first observation, this is a finite space,
with its cardinality being defined and computed as follows:

‘MN| = dlm(c MN(C) = N2

Now since this is the same as the cardinality of the set {1,..., N?}, we are led to the
conclusion that we should have a twisting result as follows, with the twisting operation
X — X7 being something that destroys the points, but keeps the cardinality:

My ={1,...,N?*}°

From an analytic viewpoint now, we would like to understand what is the integration
over My, giving rise to the corresponding L*° functions. And here, we can set:

/M A = tr(A)

To be more precise, on the left we have the integral of an arbitrary function on My,
which according to our conventions, should be a usual matrix:

A€ L®(My) = My(C)

As for the quantity on the right, the outcome of the computation, this can only be the
trace of A. In addition, it is better to choose this trace to be normalized, by tr(1) = 1,
and this in order for our measure on My to have mass 1, as it is ideal:

1
tr(A) = =Tr(A
(4) = 3 Tr(4)
We can say even more about this. Indeed, since the traces of positive matrices are
positive, we are led to the following formula, to be taken with the above conventions,

which shows that the measure on My that we constructed is a probability measure:

A>0 = A>0
My

Before going further, let us record what we found, for future reference:
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THEOREM 5.28. The quantum measured space My formally given by
My(C) = L>(My)
has cardinality N?, appears as a twist, in a purely algebraic sense,
My =1{1,...,N*}°

and is a probability space, its uniform integration being given by

/M A = tr(A)

where at right we have the normalized trace of matrices, tr = Tr/N.

Proor. This is something half-informal, mostly for fun, which basically follows from
the above discussion, the details and missing details being as follows:

(1) In what regards the formula |My| = N2, coming by computing the complex vector
space dimension, as explained above, this is obviously something rock-solid.

(2) Regarding twisting, we would like to have a formula as follows, with the operation
A — A? being something that destroys the commutativity of the multiplication:

L®(My) = L>(1,...,N?°

In more familiar terms, with usual complex matrices on the left, and with a better-
looking product of sets being used on the right, this formula reads:

My(C) = L=({1,..., N} x {1,...,N}>U

In order to establish this formula, consider the algebra on the right. As a complex
vector space, this algebra has the standard basis { f;;} formed by the Dirac masses at the
points (7, 7), and the multiplicative structure of this algebra is given by:

Jij e = dijm
Now let us twist this multiplication, according to the formula e;jex = d;,e;. We obtain

in this way the usual combination formulae for the standard matrix units e;; : e; — ¢; of
the algebra My (C), and so we have our twisting result, as claimed.

(3) In what regards the integration formula in the statement, with the conclusion
that the underlying measure on My is a probability one, this is something that we fully
explained before, and as for the result (1) above, it is something rock-solid.

(4) As a last technical comment, observe that the twisting operation performed in
(2) destroys both the involution, and the trace of the algebra. This is something quite
interesting, which cannot be fixed, and we will back to it, later on. Il

In order to advance now, based on the above result, the key point there is the con-
struction and interpretation of the trace tr : My(C) — C, as an integration functional.
But this leads us into the following natural, and quite puzzling question:
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QUESTION 5.29. In the general context of Definition 5.27, where we formally wrote
A = L>®(X), what is the underlying integration functional tr : A — C?

This is a quite subtle question, and there are several possible answers here. For
instance, we would like the integration functional to have the following property:

tr(ab) = tr(ba)

And the problem is that certain von Neumann algebras do not possess such traces.
This is actually something quite advanced, that we do not know yet, but by anticipating
a bit, we are in trouble, and we must modify Definition 5.27, as follows:

DEFINITION 5.30 (update). Given a von Neumann algebra A C B(H), coming with a
faithful positive unital trace tr : A — C, we write
A=L>X)
and call X a quantum probability space. We also write the trace as tr = fX, and call it
integration with respect to the uniform measure on X.

At the level of examples, passed the classical probability spaces X, we know from
Theorem 5.28 that the quantum space My is a finite quantum probability space. But
this raises the question of understanding what the finite quantum probability spaces are,
in general. For this purpose, we need to examine the finite dimensional von Neumann
algebras. And the result here, extending Theorem 5.13, is as follows:

THEOREM 5.31. The finite dimensional von Neumann algebras A C B(H) over an
arbitrary Hilbert space H are exactly the direct sums of matriz algebras,

A=M,(C)&...& M, (C)
embedded into B(H) by using a partition of unity of B(H) with rank 1 projections
1=P+...+F
with the “factors” M,,(C) being each embedded into the algebra P;,B(H)P;.

PRrooOF. This is standard, as in the case A C My(C). Consider the center of A, which
is a finite dimensional commutative von Neumann algebra, of the following form:

Z(A) =CF

Now let P; be the Dirac mass at ¢ € {1,...,k}. Then P, € B(H) is an orthogonal
projection, and these projections form a partition of unity, as follows:

1=P+...+ B
With A; = P,AP;, we have then a non-unital x-algebra decomposition, as follows:
A= Al ... Ak

On the other hand, it follows from the minimality of each of the projections P, € Z(A)
that we have unital x-algebra isomorphisms A; ~ M, (C), and this gives the result. [
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We can now deduce what the finite quantum measured spaces are, in the sense of the
old Definition 5.27. Indeed, we must solve here the following equation:

L¥(X) = M,,(C)&...® M,,(C)

Now since the direct unions of sets correspond to direct sums at the level of the
associated algebras of functions, in the classical case, we can take the following formula
as a definition for a direct union of sets, in the general, noncommutative case:

L¥(X1U. . UX) = LX) @ ... LX)

With this, and by remembering the definition of My, we are led to the conclusion that
the solution to our quantum measured space equation above is as follows:

X =M, U...UM,,

For fully solving our problem, in the spirit of the new Definition 5.30, we still have to
discuss the traces on L>°(X). We are led in this way to the following statement:

THEOREM 5.32. The finite quantum measured spaces are the spaces
X=M,U...uM,,

according to the following formula, for the associated algebras of functions:

L*(X)=M,,(C)&...& M,,(C)
The cardinality | X| of such a space is the following number,

N=nl+...+n}
and the possible traces are as follows, with \; > 0 summing up to 1:
tr = Mtr1 @ ... ® Mty
Among these traces, we have the canonical trace, appearing as
tr: L>®(X) C L(L*(X)) —» C

via the left reqular representation, having weights \; = n? /N .

ProOF. We have many assertions here, basically coming from the above discussion,
with only the last one needing some explanations. Consider the left regular representation
of our algebra A = L*>°(X), which is given by the following formula:

T:ACL(A) , w(a):b—ab

We know that the algebra L£(A) of linear operators 7' : A — A is isomorphic to a
matrix algebra, and more specifically to My(C), with N = |X| being as before:

L(A) ~ My(C)
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Thus, this algebra has a trace tr : £L(A) — C, and by composing this trace with the
representation 7, we obtain a certain trace tr : A — C, that we can call “canonical”:

tr:AcC L(A)—C

We can compute the weights of this trace by using a multimatrix basis of A, formed
by matrix units e’,, with ¢ € {1,...,k} and with a,b € {1,...,n;}, and we obtain:

n
A = N’
Thus, we are led to the conclusion in the statement. O

We will be back to quantum spaces on several occasions, in what follows. In fact, the
present book is as much on operator algebras as it is on quantum spaces, and this because
these two points of view are both useful, and complementary to each other.

5e. Exercises

The theory in this chapter has been quite exciting, and we have already run into a
number of difficult questions. As a basic exercise on all this, we have:

EXERCISE 5.33. Find a simple proof for the von Neumann bicommutant theorem, in
finite dimensions.

This is something quite subjective, and try not to cheat. That is, not to convert the
amplification proof that we have in general, by using matrix algebras everywhere, nor by
using the structure result for the finite dimensional algebras either.

EXERCISE 5.34. Again in finite dimensions, H = C~, compute explicitly the von
Neumann algebra < T >C B(H) generated by a single operator.

As mentioned above, in the normal case the answer is clear, by diagonalizing T'. The
problem is that of understanding what happens when 7' is not normal.

EXERCISE 5.35. Try understanding what the law of the simplest non-normal operator,
0 1
7=(0 o)
acting on H = C? should be. Look also at more general Jordan blocks.

There are many non-trivial computations here. We will be back to this.

EXERCISE 5.36. Develop a full theory of finite quantum spaces, by enlarging what has
been said above, with various geometric topics, of your choice.

This is of course a bit vague, but some further thinking at all this is certainly useful,
at this point, and this is what the exercise is about.



CHAPTER 6

Random matrices

6a. Random matrices

We have seen so far the basics of von Neumann algebras A C B(H), with a look into
some interesting ramifications too, concerning random matrices and quantum spaces. In
what regards these ramifications, the situation is as follows:

(1) The random matrix algebras, A = My (L>*(X)) acting on H = C¥ ® L*(X), are
the simplest von Neumann algebras, from a variety of viewpoints. The main problem
regarding them is of operator theoretic nature, regarding the computation of the law of
individual elements T" € A with respect to the random matrix trace tr : A — C.

(2) The quantum spaces are exciting abstract objects, obtained by looking at an
arbitrary von Neumann algebra A C B(H) coming with a trace tr : A — C, and formally
writing the algebra as A = L*°(X), and its trace as tr = fX. In this picture, X is our
quantum probability space, and [ « 1s the integration over it, or expectation.

All this is quite interesting, and we will further explore these two topics, random
matrices and quantum spaces, with some basic theory for them, in this chapter and in
the next one. As a first observation, these two topics are closely related, due to:

FacT 6.1. A random matriz algebra can be written in the following way,

My(L*2(X)) = My(C)® L>(X)
= L>(My)® L>(X)
L>®(My x X)

so the underlying quantum space is something very simple, Y = My x X.

With this understood, the philosophical problem is now, what to do with our quantum
spaces, be them of random matrix type Y = My x X, or more general. Good question,
and do not expect a simple answer to it. Indeed, quantum spaces are more or less the
same thing as operator algebras, and from this perspective, our question becomes “what
are the operator algebras, and what is to be done with them”, obviously difficult.

129
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And there is even worse, because when remembering that operator algebras are more
or less the same thing as quantum mechanics, our question becomes something of type
“what is quantum mechanics, and what is to be done with it”. So, modesty.

Getting back to Earth, now that we have our questions and philosophy, for the whole
remainder of this book, let us get into random matrices. Quite remarkably, these provide
us with an epsilon of answer to our philosophical questions, as follows:

ANSWER 6.2. The simplest quantum spaces are those coming from random matrix
algebras, which are as follows, with X being a usual probability space,

Y =MyxX
and what is to be done with them is the computation of the law of individual elements, the
random matrices T € L>®(Y) = My(L>(X)), in the N >> 0 regime.

Which looks very nice, we eventually reached to some concrete questions, and time
now for mathematics and computations. Getting started, we must first further build on
the material from chapter 5. We recall from there that given a von Neumann algebra
A C B(H) coming with a trace tr : A — C, any normal element 7' € A has a law, which
is the complex probability measure p € P(C) given by the following formula:

1r(TF) = /C Hdu(2)

In the non-normal case, TT™* £ T*T, the law does not exist as a complex probability
measure p € P(C), as also explained in chapter 5. However, we can trick a bit, and talk
about the law of non-normal elements as well, in the following abstract way:

DEFINITION 6.3. Let A be a von Neumann algebra, given with a trace tr : A — C.

(1) The elements T' € A are called random variables.
(2) The moments of such a variable are the numbers My(T) = tr(T*).
(3) The law of such a variable is the functional p : P — tr(P(T)).

Here k = oeeo ... is by definition a colored integer, and the powers T% are defined
by multiplicativity and the usual formulae, namely:

™=1 , T°=T7 , T*=T*
As for the polynomial P, this is a noncommuting *-polynomial in one variable:
PeC<X X*>

Observe that the law is uniquely determined by the moments, because:

P(X) =) MNX' = u(P)=> NM(T)

Generally speaking, the above definition, due to Voiculescu [86], is something quite
abstract, but there is no other way of doing things, at least at this level of generality.
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However, in the special case where our variable T' € A is self-adjoint, or more generally
normal, the theory simplifies, and we recover more familiar objects, as follows:

THEOREM 6.4. The law of a normal variable T € A can be identified with the corre-
sponding spectral measure u € P(C), according to the following formula,

tr(f(T)) = / T

valid for any f € L>®(o(T)), coming from the measurable functional calculus. In the
self-adjoint case the spectral measure is real, ;1 € P(R).

PRroOF. This is something that we know well, from chapter 5, coming from the spectral
theorem for the normal operators, as developed in chapter 3. U

Getting back now to the random matrices, we have all we need, as general formalism,
and we are ready for doing some computations. As a first observation, we have:

THEOREM 6.5. The laws of basic random matrices T' € My (L>®(X)) are as follows:

(1) In the case N = 1 the random matriz is a usual random variable, T € L>*(X),
automatically normal, and its law as defined above is the usual law.

(2) In the case X = {.} the random matriz is a usual scalar matriz, T € My(C),
and in the diagonalizable case, the law is = 5 (Or, + ...+ 0xy).

ProoF. This is something that we know, once again, from chapter 5, and which is
elementary. Indeed, the first assertion follows from definitions, and the above discussion.
As for the second assertion, this follows by diagonalizing the matrix. O

In general, what we have can only be a mixture of (1) and (2) above. Our plan will
be that of discussing more in detail (1), and then getting into the general case, or rather
into the case of the most interesting random matrices, with inspiration from (2).

6b. Probability theory

So, let us set N = 1. Here our algebra is A = L*>°(X), an arbitrary commutative
von Neumann algebra. The most interesting linear operators T' € A, that we will rather
denote as complex functions f : X — C, and call random variables, as it is customary,
are the normal, or Gaussian variables, which are defined as follows:

DEFINITION 6.6. A wvariable f : X — R is called standard normal when its law is:

1
g1 = ——e " 2dx

V2r

More generally, the normal law of parameter t > 0 is the following measure:
1 2
_ —x /2td
= —e x
gt V27t

These are also called Gaussian distributions, with “g” standing for Gauss.
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Observe that these normal laws have indeed mass 1, as they should, as shown by a
quick change of variable, and the Gauss formula, namely:

2
(/ e_xde) = //e‘xQ_ygdxdy
R R JR
2T o0 )
= / / e " rdrdt
o Jo
1

= 2T X =
2
=T
Let us start with some basic results regarding the normal laws. We first have:

PROPOSITION 6.7. The normal law g, with t > 0 has the following properties:

(
(2) The density is even, so the odd moments vanish.

(3) The even moments are M, = t*/2 x k!, with k!' = (k — 1)(k — 3)(k —5)....
(4) Equivalently, the moments are My = ZWGPQ(,C) 7l for any k € N.

(5) The Fourier transform Fy(x) = E(ei*f) is given by F(zx) = e /2.

(6) We have the convolution semigroup formula gs * g = s, for any s,t > 0.

Proor. All this is very standard, with the various notations used in the statement
being explained below, the idea being as follows:

(1) The normal law g; being centered, its variance is the second moment, V' = M.
Thus the result follows from (3), proved below, which gives in particular:
My = x2ll =t
(2) This is indeed something self-explanatory.

(3) We have indeed the following computation, by partial integration:

1 2
M, = / e Pt dy
g V2rt Jr

1 . YR
— \/%/R(txk o) (—e /2t> dx

1 2
= tk — Dab2e % 2dy
v/ 27rt/]R ( )

1 2

= tlk—1)x 2F 2o 2 gy
( ) \/ﬁ/m

- t(]{ - 1)Mk_2

The initial value being My = 1, we obtain the result.
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(4) We know from (2,3) that the moments of the normal law g; satisfy the following
recurrence formula, with the initial data My =1, M; = O:

Mk- - t(k - 1)Mk:—2

Now let us look at P,(k), the set of pairings of {1,...,k}. In order to have such a
pairing, we must pair 1 with a number chosen among 2, ..., k, and then come up with a
pairing of the remaining & — 2 numbers. Thus, the number Ny = |P,(k)| of such pairings
is subject to the following recurrence formula, with initial data Ny =1, N; = O:

Ni = (k= 1)Nyp_s

But this solves our problem at ¢ = 1, because in this case we obtain the following
formula, with |.| standing as usual for the number of blocks of a partition:

TEP> (k) TEPs (k)

Now back to the general case, t > 0, our problem here is solved in fact too, because
the number of blocks of a pairing m € P,(k) being constant, || = k/2, we obtain:

My =t"?Ny= > 2= Y~ 4"

7T€P2(k) 7T€P2(k)
(5) The Fourier transform formula can be established as follows:

1 2 -
Flx — /6—y /2t+zxyd
(x) T ) y
— _1 /6—(y/¢7t—\/t/2iw)2—tw2/2dy
V27t Jr

1 _ Z_t 2/2
= e 7T/ 2tdz
V27t /]R

1 —t 2/2/ _ 2
= —e e *dz
VT R

6—t$2/2

(6) This follows indeed from (5), because log F}, is linear in ¢. O

We are now ready to establish the Central Limit Theorem (CLT'), which is a key result,
telling us why the normal laws appear a bit everywhere, in the real life:

THEOREM 6.8. Given a sequence of real random wvariables f1, fa, f3,... € L>®(X),
which are i.i.d., centered, and with variance t > 0, we have

1 n
%Zlfi’\’gt

with n — 0o, tn moments.
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PROOF. In terms of moments, the Fourier transform Fy(z) = E(e™®/) is given by:

Fy(r) =E (Z %) s,

k=0 k=0

8

Thus, the Fourier transform of the variable in the statement is:

_ -\
F = |Fy | —
@ = [7(5)]
[ ta? "
= |1-=—+0(n"?
g o)
Y
= |1- %]
i 2n
~ eftx2/2
But this latter function being the Fourier transform of ¢;, we obtain the result. O

Let us discuss as well the “discrete” counterpart of the above results, that we will need
too a bit later, in relation with the random matrices. We have:
DEFINITION 6.9. The Poisson law of parameter 1 is the following measure,
1 O
P = - 7
k

and the Poisson law of parameter t > 0 is the following measure,

~ tk
P =¢€ tZEfsk
—~ k!

with the letter “p” standing for Poisson.

We will see in a moment why these laws appear everywhere, in discrete probability,
the reasons behind this coming from the Poisson Limit Theorem (PLT). Getting started
now, in analogy with the normal laws, the Poisson laws have the following properties:

PROPOSITION 6.10. The Poisson law p; with t > 0 has the following properties:
(1) The variance is V = t.
(2) The moments are My =3 p . |
(3) The Fourier transform is F(x) = exp ((e" — 1)t).
(4) We have the semigroup formula ps * py = ps+t, for any s,t > 0.

Proor. We have four formulae to be proved, the idea being as follows:

(1) The variance is V = My — MZ, and by using the formulae M; =t and My = t + 12,
coming from (2), proved below, we obtain as desired, V = ¢.
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(2) This is something more tricky. Consider indeed the set P(k) of all partitions of
{1,...,k}. At t =1, to start with, the formula that we want to prove is:

My = |P(k)
We have the following recurrence formula for the moments of p;:
S + 1 k+1
M, = =
R O e

1 s 1\*
- gz—s;( +;>

1 K\ _,
= ;Zs 32 ()

- () ies

T S

- 3 ()

r

Our claim is that the numbers By = |P(k)| satisfy the same recurrence formula.
Indeed, since a partition of {1,...,k + 1} appears by choosing r neighbors for 1, among
the £ numbers available, and then partitioning the £ — r elements left, we have:

By = Z <I;) By,

T

Thus we obtain by recurrence My = By, as desired. Regarding now the general case,
t > 0, we can use here a similar method. We have the following recurrence formula for
the moments of p;, obtained by using the binomial formula:

ts+1(5 + 1)k+1
_ —t

B ts—l—l k 1 k
= € tz S!S (l‘l—g)

_ terl k k .
CoEEE()

k B ts+l k—r
_ Z(r) oy
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On the other hand, consider the numbers in the statement, S, = Zﬂ-eP(k) tml. As

before, since a partition of {1,...,k + 1} appears by choosing r neighbors for 1, among
the k numbers available, and then partitioning the k — r elements left, we have:

k
Sht1 = tz (r) Sk—r

Thus we obtain by recurrence My = By, as desired.

(3) The Fourier transform formula can be established as follows:
tk
k!

k

—t tk ikx
- o
. :
_ i (6Z:rt)k
= ¢ Z k!
k

= exp(—t) exp(e™t)
= exp ((e" — 1)t)
(4) This follows from (3), because log F, is linear in t. O

Fp(z) = e Fs, (z)

We are now ready to establish the Poisson Limit Theorem (PLT), as follows:

THEOREM 6.11. We have the following convergence, in moments,
t t *N
((1——) 50+—51) — Dt
n n

PROOF. Let us denote by pu, the Bernoulli measure appearing under the convolution
sign. We have then the following computation:

for any t > 0.
. t t
Fs () =¢e"" = F, (z)= (1 — —> + —e*

= Fupn(2) = (1 + w)”

=  F(z) =exp ((”" — 1)t)

Thus, we obtain the Fourier transform of p;, as desired. U
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As a third and last topic from classical probability, let us discuss now the complex
normal laws, that we will need too. To start with, we have the following definition:

DEFINITION 6.12. The complex Gaussian law of parametert > 0 is

G, = law <%(a 4 ib))

where a,b are independent, each following the law g;.
As in the real case, these measures form convolution semigroups:
PROPOSITION 6.13. The complex Gaussian laws have the property
Gsx Gy = Gopy
for any s,t > 0, and so they form a convolution semigroup.

Proor. This follows indeed from the real result, namely gs * ¢, = g5, established
above, simply by taking real and imaginary parts. U

We have the following complex analogue of the CLT:

THEOREM 6.14 (CCLT). Given complex random wvariables fi, fa, f3,... € L>®(X)
which are i.i.d., centered, and with variance t > 0, we have, with n — 0o, in moments,

1 n
Ly
v i=1
where Gy is the compler Gaussian law of parameter t.

Proor. This follows indeed from the real CLT, established above, simply by taking
the real and imaginary parts of all the variables involved. O

Regarding now the moments, we use the general formalism from Definition 6.3, involv-
ing colored integer exponents k = ceeo... We say that a pairing 7 € P(k) is matching
when it pairs o — e symbols. With this convention, we have the following result:

THEOREM 6.15. The moments of the complex normal law are the numbers
My(Gy) = Z ¢l
71'6732(16)

where Py(k) are the matching pairings of {1,...,k}, and |.| is the number of blocks.

PRrROOF. This is something well-known, which can be established as follows:

(1) As a first observation, by using a standard dilation argument, it is enough to do
this at ¢ = 1. So, let us first recall from the above that the moments of the real Gaussian
law g1, with respect to integer exponents k£ € N, are the following numbers:

my = | Py(F)]
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Numerically, we have the following formula, explained as well in the above:

k!l (k even)
mrp =
0 (kodd)

(2) We will show here that in what concerns the complex Gaussian law G, similar
results hold. Numerically, we will prove that we have the following formula, where a
colored integer k = o @@ o ... is called uniform when it contains the same number of o
and e ; and where |k| € N is the length of such a colored integer:

e = {(!k!/2)! (k wniform)

0 (k not uniform)

Now since the matching partitions m € Py(k) are counted by exactly the same numbers,
and this for trivial reasons, we will obtain the formula in the statement, namely:

My, = [Py(k)]
(3) This was for the plan. In practice now, we must compute the moments, with
respect to colored integer exponents k = o e eo ..., of the variable in the statement:
1 .
c=—=(a+1ib)

V2

As a first observation, in the case where such an exponent £ = oeeo. .. is not uniform
in o, e, a rotation argument shows that the corresponding moment of ¢ vanishes. To be
more precise, the variable ¢ = wec can be shown to be complex Gaussian too, for any
w € C, and from Mj(c) = My(c') we obtain My(c) = 0, in this case.

(4) In the uniform case now, where k = ceeo. .. consists of p copies of o and p copies
of e, the corresponding moment can be computed as follows:

1
Mk = ﬁ/(aQ—l-bQ)p

ST
:2% (i)(Qs)!!(Qp—Qs)!!
B 12238'( P (28) (2p— 29)!

o I(p—s)l 2551 20-5(p—s)!

502
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(5) In order to finish now the computation, let us recall that we have the following
formula, coming from the generalized binomial formula, or from the Taylor formula:

1 i 2k\ [ —t\"
VIitt Z=\k/)\4
By taking the square of this series, we obtain the following formula:
I 3 2k (25 [ —t\""*
1+t " k S 4
—t\" 2s\ [(2p — 2s
-2(H) 200

p s

Now by looking at the coefficient of ¥ on both sides, we conclude that the sum on the
right equals 4. Thus, we can finish the moment computation in (4), as follows:
_ Py
M, = T x 4P = p!
(6) As a conclusion, if we denote by |k| the length of a colored integer k = ceeo. ..,
the moments of the variable ¢ in the statement are given by:

(|k[/2)!  (k uniform)
My, = .
0 (k not uniform)

On the other hand, the numbers | P (k)| are given by exactly the same formula. Indeed,
in order to have matching pairings of k, our exponent £ = o @ @ o ... must be uniform,
consisting of p copies of o and p copies of e, with p = |k|/2. But then the matching
pairings of k correspond to the permutations of the e symbols, as to be matched with o
symbols, and so we have p! such matching pairings. Thus, we have the same formula as
for the moments of ¢, and we are led to the conclusion in the statement. Il

This was for the basic probability theory, which is in a certain sense advanced operator
theory, inside the commutative von Neumann algebras, A = L>°(X). We will be back to
this, with some further limiting theorems, in chapter 8 below.

6c. Wigner matrices

Let us exit now the classical world, that of the commutative von Neumann algebras
A = L*(X), and do as promised some random matrix theory. We recall that a random
matrix algebra is a von Neumann algebra of type A = My(L*(X)), and that we are
interested in the computation of the laws of the operators T € A, called random matrices.
Regarding the precise classes of random matrices that we are interested in, first we have
the complex Gaussian matrices, which are constructed as follows:
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DEFINITION 6.16. A complex Gaussian matrix is a random matriz of type
Z € My(L™(X))
which has i.i.d. complex normal entries.

We will see that the above matrices have an interesting, and “central” combinatorics,
among all kinds of random matrices, with the study of the other random matrices being
usually obtained as a modification of the study of the Gaussian matrices.

As a somewhat surprising remark, using real normal variables in Definition 6.16, in-
stead of the complex ones appearing there, leads nowhere. The correct real versions of
the Gaussian matrices are the Wigner random matrices, constructed as follows:

DEFINITION 6.17. A Wigner matriz is a random matriz of type
Z € My(L™(X))
which has i.i.d. complex normal entries, up to the constraint Z = Z*.

In other words, a Wigner matrix must be as follows, with the diagonal entries being
real normal variables, a; ~ ¢4, for some ¢t > 0, the upper diagonal entries being complex
normal variables, b;; ~ G¢, the lower diagonal entries being the conjugates of the upper
diagonal entries, as indicated, and with all the variables a;, b;; being independent:

aq b12 Ce . blN

bia a2

Z = :
B aN-1 bn-1,N
blN bN—l,N an

As a comment here, for many concrete applications the Wigner matrices are in fact the
central objects in random matrix theory, and in particular, they are often more important
than the Gaussian matrices. In fact, these are the random matrices which were first
considered and investigated, a long time ago, by Wigner himself [98].

Finally, we will be interested as well in the complex Wishart matrices, which are the
positive versions of the above random matrices, constructed as follows:
DEFINITION 6.18. A complex Wishart matriz is a random matriz of type

Z =YY" € My(L®(X))

with' Y being a complex Gaussian matriz.
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As before with the Gaussian and Wigner matrices, there are many possible comments
that can be made here, of technical or historical nature. First, using real Gaussian
variables instead of complex ones leads to a less interesting combinatorics. Also, these
matrices were introduced and studied by Marchenko-Pastur not long after Wigner, in
[58], and so historically came second. Finally, in what regards their combinatorics and
applications, these matrices quite often come first, before both the Gaussian and the
Wigner ones, with all this being of course a matter of knowledge and taste.

Summarizing, we have three main types of random matrices, which can be somehow
designated as “complex”, “real” and “positive”, and that we will study in what follows.
Let us also mention that there are many other interesting classes of random matrices,
usually appearing as modifications of the above. More on these later.

In order to compute the asymptotic laws of the above matrices, we will use the moment
method. We have the following result, which will be our main tool here:

THEOREM 6.19. Given independent variables X;, each following the compler normal
law Gy, with t > 0 being a fized parameter, we have the Wick formula

E (X XE) =24 {r € Pok)|r < keri
where k =ky ... ks and i =1y ...14, for the joint moments of these variables.

PRroOF. This is something well-known, and the basis for all possible computations
with complex normal variables, which can be proved in two steps, as follows:

(1) Let us first discuss the case where we have a single complex normal variable X,
which amounts in taking X; = X for any ¢ in the formula in the statement. What we
have to compute here are the moments of X, with respect to colored integer exponents
k =oeeo..., and the formula in the statement tells us that these moments must be:

E(X*) = "2 Py(k)|

But this is something that we know well from the above, the idea being that at t = 1
this follows by doing some combinatorics and calculus, in analogy with the combinatorics
and calculus from the real case, where the moment formula is identical, save for the
matching pairings P, being replaced by the usual pairings P, and then that the general
case t > 0 follows from this, by rescaling. Thus, we are done with this case.

(2) In general now, the point is that we obtain the formula in the statement. Indeed,
when expanding the product Xl-kl1 e Xlk and rearranging the terms, we are left with doing
a number of computations as in (1), and then making the product of the expectations
that we found. But this amounts precisely in counting the partitions in the statement,
with the condition m < ker: there standing precisely for the fact that we are doing the
various type (1) computations independently, and then making the product. U
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Now by getting back to the Gaussian matrices, we have the following result, with
NCy(k) = Po(k) N NC(k) standing for the noncrossing pairings of a colored integer k:

THEOREM 6.20. Given a sequence of Gaussian random matrices
Zn € My(L™(X))

having independent Gy variables as entries, for some fized t > 0, we have
A

for any colored integer k = oeeo ..., in the N — oo limit.

ProoOF. This is something standard, which can be done as follows:

(1) We fix N € N, and we let Z = Zy. Let us first compute the trace of Z*. With
k = ki ...k, and with the convention (i5)° = ij, (ij)® = ji, we have:

Tr(Z%) = Tr(Zk ... Z%)

(Z")iis(Z52)igiy - (2750

NE

I
'MZ

~
=
Il
N
.
w
Il
—

(Z(ilig)kl )kl (Z(Z'Qig)kQ)kQ tet (Z(isil)ks)ks

[
Mz
e

Il
—
~
Il
—

s

<.

1

(2) Next, we rescale our variable Z by a v/ N factor, as in the statement, and we also
replace the usual trace by its normalized version, tr = Tr/N. Our formula becomes:

7 k 1 N N
k k ks
" ((\/_N) ) T NS/ Z e Z(Z(iliz)kl) (Zigigy2)™ -+ (Ziaiyes)

i1=1 is=1

Thus, the moment that we are interested in is given by:

N N
Z 1 k k ks
M <\/N) = ez > ”Z/X<Z(i1iz)k1) (Zigigyra)™ -+ (Zaiyes )™

i1=1 is=1
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(3) Let us apply now the Wick formula, from Theorem 6.19. We conclude that the
moment that we are interested in is given by the following formula:

(%)

B2~ ke y
= N Z . Z # {7r € PQ(]{)‘W < ker ((i142)"", (i2i3)™, . . ., (zszl)ks)}
1=l =1
1 : s - . -
= tS/Q Z W# {Z < {17 s 7N} T < ker ((ZIZQ)kla (1223)@7 R (Zszl)ks>}
TEP2 (k)

(4) Our claim now is that in the N — oo limit the combinatorics of the above sum
simplifies, with only the noncrossing partitions contributing to the sum, and with each of
them contributing precisely with a 1 factor, so that we will have, as desired:

M, (i> = 2 ) (57reNCQ(k)+O(N_1)>

wE€P2(k)

~ 2 Z OreNCs (k)
wEP2(k)

= t2INC (k)]

(5) In order to prove this, the first observation is that when k is not uniform, in the
sense that it contains a different number of o, ® symbols, we have Py(k) = ), and so:

Z
M (TN) = 2N Cy(k)| = 0
(6) Thus, we are left with the case where k is uniform. Let us examine first the case
where k consists of an alternating sequence of o and e symbols, as follows:

k=oceoce.. . ... ce
2
In this case it is convenient to relabel our multi-index i = (iy,...,4s), with s = 2p, in
the form (jy, 1, ja.lo, . - ., Jp, lp). With this done, our moment formula becomes:
Z 1 , . . . .
Mk (\/_N) — tp Z Nerl# {j,l € {1, ey N}p m S ker (]1[1,]2[1,]2[2, Ce 7]1lp)}

TEP2(k)

Now observe that, with k being as above, we have an identification Py(k) =~ S,
obtained in the obvious way. With this done too, our moment formula becomes:

Z 1o ,

TESp

jr = jw(r)—‘rl? lr = l7r(7‘)7 VT}
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(7) We are now ready to do our asymptotic study, and prove the claim in (4). Let
indeed v € S, be the full cycle, which is by definition the following permutation:

vy=(12...p)
In terms of ~, the conditions j, = jr;)41 and [, = Iy found above read:
yr <kerj , mw<kerl
Counting the number of free parameters in our moment formula, we obtain:

Z tP
= E : |7+ — 7|+ |y —p—1
Mk(\/ﬁ)_Np+1 N7 _tPE Nl7l+lml=p

TESY TES)

(8) The point now is that the last exponent is well-known to be < 0, with equality
precisely when the permutation 7 € S, is geodesic, which in practice means that 7 must
come from a noncrossing partition. Thus we obtain, in the N — oo limit, as desired:

M, <\/%> ~ tPINCy(k)|

This finishes the proof in the case of the exponents £ which are alternating, and the
case where k is an arbitrary uniform exponent is similar, by permuting everything.  [J

As a conclusion to this, we have obtained as asymptotic law for the Gaussian matrices
a certain mysterious distribution, having as moments some numbers which are similar to
the moments of the usual normal laws, but with the “underlying matching pairings being
now replaced by underlying matching noncrossing pairings”. More on this later.

Regarding now the Wigner matrices, we have here the following result, coming as a
consequence of Theorem 6.20, via some simple algebraic manipulations:

THEOREM 6.21. Given a sequence of Wigner random matrices
Zn € My(L>(X))
having independent G variables as entries, with t > 0, up to Zn = Z5;, we have

M, (%) ~ 2 NCy(B)|

for any integer k € N, in the N — oo limit.

ProOF. This can be deduced from a direct computation based on the Wick formula,
similar to that from the proof of Theorem 6.20, but the best is to deduce this result
from Theorem 6.20 itself. Indeed, we know from there that for Gaussian matrices Yy €
My (L>*(X)) we have the following formula, valid for any colored integer K = ceeo...,
in the N — oo limit, with A/C, standing for noncrossing matching pairings:

My (\%) ~ (KA Co ()]
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By doing some combinatorics, we deduce from this that we have the following formula
for the moments of the matrices Re(Yy), with respect to usual exponents, k € N:

_ )
22 M (7
278 Y " PN CH(K)
|K|=k
= 27K H2 QMR INCy (k)
= 272 AN Cy (k)
Now since the matrices Zy = v2Re(Yy) are of Wigner type, this gives the result. [

12

Summarizing, all this brings us into counting noncrossing pairings. So, let us start
with some preliminaries here. We first have the following well-known result:

THEOREM 6.22. The Catalan numbers, which are by definition given by
Cr = |NCy(2k)|

satisfy the following recurrence formula, with initial data Cy = C7 =1,

their generating series f(2) =3 ;¢ Ci2"* satisfies the equation
2f2—f+1=0
and is given by the following explicit formula,
1—V1—4z
f(z) = 9.
and we have the following explicit formula for these numbers:

1 2k
Cp=-——
g k+1<k>
Numerically, these numbers are 1,1,2,5,14,42,132,429, 1430, 4862, 16796, . . .

PROOF. We must count the noncrossing pairings of {1,...,2k}. Now observe that
such a pairing appears by pairing 1 to an odd number, 2a + 1, and then inserting a
noncrossing pairing of {2,...,2a}, and a noncrossing pairing of {2a + 2,...,2(}. We
conclude that we have the following recurrence formula for the Catalan numbers:

Cr= > CuC

a+b=k—1
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In terms of the generating series f(z) = >_,., Cr2", this recurrence formula reads:

2f? =) CuCpattt!

a,b>0

= Z Z C,Cy2"

k>1 atb=k—1

k>1
= f—1

Thus f satisfies 2f2 — f + 1 = 0, and by solving this equation, and choosing the
solution which is bounded at z = 0, we obtain the following formula:

iy - L

In order to finish, we use the generalized binomial formula, which gives:
012k =2\ [ —t\"
Vi+t=1-2 - —
* Z;k(k—l)(4)
Now back to our series f, we obtain the following formula for it:

1—+v1-4z

2z
12k -2\ .,
E(k—1)z
k=1
— 1 [2k
=25 1<k>ﬁ
o
It follows that the Catalan numbers are given by:
1 [2k
C%_k+1(k>

Thus, we are led to the conclusion in the statement. O

f(z) =

(]

In order to recapture now the Wigner measure from its moments, we can use:

PROPOSITION 6.23. The Catalan numbers are the even moments of
1
"= 2—\/4 — x%dx
T

called standard semicircle law. As for the odd moments of vy, these all vanish.
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PROOF. The even moments of the semicircle law in the statement can be computed
with the change of variable x = 2 cost, and we are led to the following formula:

1 2
My, = —/ V4 — 222%dx
T Jo
1 w/2
= —/ V4 —4cos?t (2cost)**2sint dt
T Jo

4k+1 w/2
= — cos?* tsin? t dt
™ Jo

AL (2k)N21)

T 2 (2k+3)!

_ 94k (2k)!/2FK!
2k+1(k 4+ 1)!
= (C
As for the odd moments, these all vanish, because the density of v; is an even function.
Thus, we are led to the conclusion in the statement. Il

More generally, we have the following result, involving a parameter ¢ > 0:

PROPOSITION 6.24. Given t > 0, the real measure having as even moments the num-
bers My, = t*C), and having all odd moments 0 is the measure

1
v = — VA4t — 2%dx

2t
called Wigner semicircle law on [—2v/t,2V/1].

Proor. This follows indeed from Proposition 6.23, via a change of variables. U
Now by putting everything together, we obtain the Wigner theorem, as follows:
THEOREM 6.25. Given a sequence of Wigner random matrices
Zn € My(L>(X))
which by definition have i.i.d. complex normal entries, up to Zy = Zy, we have
ZN ~ N
in the N — oo limit, where vy, = ﬁ\/mm’ 15 the Wigner semicircle law.

Proor. This follows indeed from all the above, and more specifically, by combining
Theorem 6.21, Theorem 6.22 and Proposition 6.24. U

Regarding now the complex Gaussian matrices, in view of this result, it is natural to
think at the law found in Theorem 6.20 as being “circular”. But this is just a thought,
and more on this later, in chapter 8 below, when doing free probability.



148 6. RANDOM MATRICES

6d. Wishart matrices

Let us discuss now the Wishart matrices, which are the positive analogues of the
Wigner matrices. Quite surprisingly, the computation here leads to the Catalan numbers,
but not in the same way as for the Wigner matrices, the result being as follows:

THEOREM 6.26. Given a sequence of complex Wishart matrices
Wy =YnYy € My(L™(X))

with Yy being N x N complex Gaussian of parameter t > 0, we have

W,

for any exponent k € N, in the N — oo limit.
PROOF. There are several possible proofs for this result, as follows:

(1) A first method is by using the formula that we have in Theorem 6.20, for the
Gaussian matrices Yy. Indeed, we know from there that we have the following formula,
valid for any colored integer K = oceeo ..., in the N — oo limit:

Y,
My (\/—%> ~ 2N Cy (K
With K =oceoce..., alternating word of length 2k, with £ € N, this gives:

M, (YNYJ@ ) ~ KN Cy (K|

N
Thus, in terms of the Wishart matrix Wy = YyYy we have, for any k € N:

The point now is that, by doing some combinatorics, we have:
INCo(K)| = |[NCoy(2k)| = Cy
Thus, we are led to the formula in the statement.

(2) A second method, that we will explain now as well, is by proving the result directly,
starting from definitions. The matrix entries of our matrix W = Wy are given by:

N
Wz’j - Z er'rffjr
r=1



6D. WISHART MATRICES 149

Thus, the normalized traces of powers of W are given by the following formula:

| X N
tr(Wh) = N Z . Z WivisWisis - - Wiy

i1=1  ip=1

1 N N N N - - B
- N Z T Z Z te Z )/;17‘1}/;21”1}/;21“21/@'31”2 ce Y;krkmlrk

By rescaling now W by a 1/N factor, as in the statement, we obtain:

W k 1 N N N N B B B
tr ((ﬂ ) o DD D DI S5 (0 0 6 SRR e

i1=1 ip=1r1=1 rp=1

By using now the Wick rule, we obtain the following formula for the moments, with

K =oeoe... alternating word of lenght 2k, and with I = (iyry, 971, . .., k7%, 117%):
W & N N N N
Mj, (F) = WZ...ZZ...Z#{WGPg(K)‘Wﬁker([)}
. =1 i=lr=l =l
= w2 #{ire (L NYr <ke(n)}
m€P(K)

In order to compute this quantity, we use the standard bijection Py(K) ~ S. By
identifying the pairings m € Py(K) with their counterparts m € Sy, we obtain:

W tF
M, <W) - #{z’,re ,... N

TES

s = iw(s)+17 Ts = Tﬂ(s)uvs}

Now let v € Sy be the full cycle, which is by definition the following permutation:
y=(12...k)

The general factor in the product computed above is then 1 precisely when following
two conditions are simultaneously satisfied:

yr <keri , w<kerr
Counting the number of free parameters in our moment formula, we obtain:

w __ 4k |7 |+|ym|—k—1
M, (F) =t Z NIy

TESk

The point now is that the last exponent is well-known to be < 0, with equality precisely
when the permutation m € Sy is geodesic, which in practice means that m must come from



150 6. RANDOM MATRICES

a noncrossing partition. Thus we obtain, in the N — oo limit:

w

Thus, we are led to the conclusion in the statement. Il

As a consequence of the above result, we have a new look on the Catalan numbers,
which is more adapted to our present Wishart matrix considerations, as follows:

PROPOSITION 6.27. The Catalan numbers Cy = |NCo(2k)| appear as well as
Ci = |NC(k)|
where NC(k) is the set of all noncrossing partitions of {1,...,k}.

ProoFr. This follows indeed from the proof of Theorem 6.26. Observe that we obtain
as well a formula in terms of matching pairings of alternating colored integers. g

The direct explanation for the above formula, relating noncrossing partitions and
pairings, comes form the following result, which is very useful, and good to know:

PROPOSITION 6.28. We have a bijection between noncrossing partitions and pairings
NC(k) ~ NCy(2k)

which is constructed as follows:

(1) The application NC(k) — NC5(2k) is the “fattening” one, obtained by doubling
all the legs, and doubling all the strings as well.

(2) Its inverse NCy(2k) — NC(k) is the “shrinking” application, obtained by col-
lapsing pairs of consecutive neighbors.

PROOF. The fact that the two operations in the statement are indeed inverse to each
other is clear, by computing the corresponding two compositions, with the remark that
the construction of the fattening operation requires the partitions to be noncrossing. [J

Getting back now to probability, we are led to the question of finding the law having
the Catalan numbers as moments, in the above way. The result here is as follows:

PROPOSITION 6.29. The real measure having the Catalan numbers as moments is

1
™ = 2—\/437_1 —1ldx
™

called Marchenko-Pastur law of parameter 1.
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PROOF. The moments of the law m; in the statement can be computed with the change
of variable x = 4 cos?t, as follows:

1 4
M, = — Viaz—1 —12%dx

2 Jo

1 [™?sint
= — - (4cos® )" - 2 costsint dt
2m Jo  cost
4k+1 w/2
= — cos?* tsin® t dt
™ Jo
4L (2K)N2N

T 2 (2k+3)l

_ 94k, (2k)!/2FK!
2k+1(k 4 1)!
- O,
Thus, we are led to the conclusion in the statement. Il

Now back to the Wishart matrices, we are led to the following result:
THEOREM 6.30. Given a sequence of complex Wishart matrices
Wy =YNYy € My(L™(X))
with Yy being N x N complex Gaussian of parameter t > 0, we have

Wi 1
— ~ —V4x 1 -1
tN 27 v du

with N — oo, with the limiting measure being the Marchenko-Pastur law .
Proor. This follows indeed from Theorem 6.26 and Proposition 6.29. U

As a comment now, while the above result is definitely something interesting at t = 1,
at general ¢ > 0 this looks more like a “fake” generalization of the t = 1 result, because the
law 7, stays the same, modulo a trivial rescaling. The reasons behind this phenomenon
are quite subtle, and skipping some discussion, the point is that Theorem 6.30 is indeed
something “fake” at general t > 0, and the correct generalization of the ¢ = 1 computation,
involving more general classes of complex Wishart matrices, is as follows:

THEOREM 6.31. Given a sequence of general complex Wishart matrices
Wy =YnNYy € My(L™(X))
with Yy being N x M complex Gaussian of parameter 1, we have
4t — (z —1—1t)?
Vi1,

2rx
with M = tN — oo, with the limiting measure being the Marchenko-Pastur law ;.

W,
WN ~max(1 —t,0)d +
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Proor. This follows once again by using the moment method, the limiting moments
in the M =tN — oo regime being as follows, after doing the combinatorics:

Wy
N~ |7
TeNC (k)
But these numbers are the moments of the Marchenko-Pastur law 7, which in addition

has the density given by the formula in the statement, and this gives the result. U

As a philosophical conclusion now, we have 4 main laws in what we have been doing
so far, namely the Gaussian laws ¢;, the Poisson laws p;, the Wigner laws =, and the
Marchenko-Pastur laws 7;. These laws naturally form a diagram, as follows:

T ——— Nt

Pt —————— ¢
We will see in chapter 8 that m;,y; appear as “free analogues” of p;, g;, and that a
full theory can be developed, with central limiting theorems for all 4 laws, convolution
semigroup results for all 4 laws too, and Lie group type results for all 4 laws too. And
also, we will be back to the random matrices as well, with further results about them.

6e. Exercises

There has been a lot of non-trivial combinatorics and calculus in this chapter, some-
times only briefly explained, and as an exercise on all this, we have:

EXERCISE 6.32. Clarify all the details in connection with the Wigner and Marchenko-
Pastur computations, first at t =1, and then for general t > 0.

As before, these are things discussed in the above, but only briefly, this whole chapter
having been just a modest introduction to this exciting subject which are the random
matrices. In the hope that you will find some time, and do the exercise.



CHAPTER 7

Quantum spaces

7a. Gelfand theorem

We have seen that the von Neumann algebras A C B(H) are interesting objects, and
it is tempting to go ahead with a systematic study of such algebras. This is what Murray
and von Neumann did, when first coming across such algebras, back in the 1930s, in their
series of papers [61], [62], [63], [87], [88], [89]. In what concerns us, we will rather keep
this material for later, and talk instead, in this chapter and in the next one, of things
which are perhaps more basic, motivated by the following definition:

DEFINITION 7.1. Given a von Neumann algebra A C B(H), coming with a faithful
positive unital trace tr : A — C, we write

A= L®(X)

and call X a quantum probability space. We also write the trace as tr = fX, and call 1t
integration with respect to the uniform measure on X.

Obviously, this is something exciting, and we have seen how some interesting theory
can be developed along these lines in the simplest case, that of the random matrix algebras.
Thus, all this needs a better understanding, before going ahead with the above-mentioned
Murray-von Neumann theory. In order to get started, here are a few comments:

(1) Generally speaking, all this comes from the fact that the commutative von Neu-
mann algebras are those of the form A = L*(X), with X being a measured space. Since
in the finite measure case, p(X) < oo, the integration can be regarded as being a faithful
positive unital trace tr : L>°(X) — C, we are basically led to Definition 7.1.

(2) Regarding our assumption u(X) < oo, making the integration tr : A — C
bounded, this is something advanced, coming from deep classification results of von Neu-
mann and Connes, which roughly state that “modulo classical measure theory, the study
of the quantum measured spaces X basically reduces to the case u(X) < 00”.

(3) Finally, the traciality of ¢tr : A — C is something advanced too, again coming from
that classification results of von Neumann and Connes, which in their more precise formu-
lation state that “modulo classical measure theory, the study of the quantum measured
spaces X basically reduces to the case where ;(X) < oo, and [, is a trace”.

153
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In short, complicated all this, and you will have to trust me here. Moving ahead now,
there is one more thing to be discussed in connection with Definition 7.1, and this is
physics. Let me formulate here the question that you surely have in mind:

QUESTION 7.2. As physicists we already agreed, without clear evidence, that our op-
erators T : H — H should be bounded. But what about quantum spaces, is it a good idea
to assume that these are as above, of finite mass, and with tracial integration?

Well, this is certainly an interesting question. In favor of my choice, I would argue
that the mathematical physics of Jones [44], [45], [46], [48], [49] and Voiculescu [84],
[85], [86] needs a trace tr : A — C, as above. And the same goes for certain theoretical
physics continuations of the main work of Connes [28], as for instance the basic theory of
the Standard Model spectral triple of Chamseddine-Connes, whose free gauge group has
tracial Haar integration. Needless to say, all this is quite subjective. But hey, question of
theoretical physics you asked, answer of theoretical physics is what you get.

Hang on, we are not done yet. Now that we are convinced that Definition 7.1 is the
correct one, be that on mathematical or physical grounds, let us look for examples. And
here the situation is quite grim, because even in the classical case, we have:

Fact 7.3. The measure on a classical measured space X cannot come out of nowhere,
and 1s usually a Haar measure, appearing by theorem. Thus, in our picture

AC B(H)

both the Hilbert space H = L*(X) and the von Neumann algebra A = L°°(X) should
appear by theorem, not by definition, contrary to what Definition 7.1 says.

To be more precise, in what regards the first assertion, this is certainly the case with
simple objects like Lie groups, or spheres and other homogeneous spaces. Of course you
might say that [0, 1] with the uniform measure is a measured space, but isn’t [0, 1] obtained
by cutting the Lie group R, with its Haar measure. And the same goes with [0, 1] with an
arbitrary measure f(z)dx, or with [0, 1] being deformed into a curve, and so on, because
that dx, or what is left from it, will always refer to the Haar measure of R.

As for the second assertion, nothing much to comment here, mathematics has spoken.
So, getting back now to Definition 7.1 as it is, looks like we have two dead bodies there,
the Hilbert space H and the operator algebra A. So let us try to get rid of at least one
of them. But which? In the lack of any obvious idea, let us turn to physics:

QUESTION 7.4. In quantum mechanics, which came first, the Hilbert space H, or the
operator algebra A?

Unfortunately this question is as difficult as the one regarding the chicken and the
egg. A look at what various physicists said on this matter, in a direct or indirect way,
does not help much, and by the end of the day we are left with guidelines like “no one
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understands quantum mechanics” (Feynman), “shut up and compute” (Dirac) and so on.
And all this, coming on top on what has been already said on Definition 7.1, of rather
unclear nature, is probably too much. That is, the last drop, time to conclude:

CONCLUSION 7.5. The theory of von Neumann algebras has the same peculiarity as
quantum mechanics: it tends to self-destruct, when approached axiomatically.

And we will take this as good news, providing us with warm evidence that the theory
of von Neumann algebras is indeed related to quantum mechanics. This is what matters,
being on the right track, and difficulties and all the rest, we won'’t be scared by them.

Back to business now, in practice, we must go back to chapter 5, and examine what
we were saying right before introducing the von Neumann algebras. And at that time, we
were talking about general operator algebras A C B(H), closed with respect to the norm,
but not necessarily with respect to the weak topology. But this suggests formulating the
following definition, somewhat as a purely mathematical answer to Question 7.4:

DEFINITION 7.6. A C*-algebra is an complex algebra A, given with:
(1) A norm a — ||a||, making it into a Banach algebra.

(2) An involution a — a*, related to the norm by the formula ||aa*|| = ||a]|?.

Here by Banach algebra we mean a complex algebra with a norm satisfying all the
conditions for a vector space norm, along with ||ab|| < ||a|| - ||b|| and ||1|| = 1, and which
is such that our algebra is complete, in the sense that the Cauchy sequences converge. As
for the involution, this must be antilinear, antimultiplicative, and satisfying a** = a.

As basic examples, we have the operator algebra B(H), for any Hilbert space H, and
more generally, the norm closed *-subalgebras A C B(H). It is possible to prove that
any C*-algebra appears in this way, but this is a non-trivial result, called GNS theorem,
and more on this later. Note in passing that this result tells us that there is no need
to memorize the above axioms for the C*-algebras, because these are simply the obvious
things that can be said about B(H), and its norm closed *-subalgebras A C B(H).

As a second class of basic examples, which are of great interest for us, we have:

PROPOSITION 7.7. If X is a compact space, the algebra C(X) of continuous functions
f: X — C s a C*-algebra, with the usual norm and involution, namely:

7l =suplf@] () = flx)

This algebra is commutative, in the sense that fg = gf, for any f,g € C(X).
ProoOF. All this is clear from definitions. Observe that we have indeed:

1 £71l = sup | f()|* = || fII*
zeX

Thus, the axioms are satisfied, and finally fg = ¢gf is clear. O
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In general, the C*-algebras can be thought of as being algebras of operators, over some
Hilbert space which is not present. By using this philosophy, one can emulate spectral
theory in this setting, with extensions of the various results from chapters 3,5:

THEOREM 7.8. Given element a € A of a C*-algebra, define its spectrum as:
o(a) = {)\E(Ca—)\géA’l}

The following spectral theory results hold, exactly as in the A = B(H) case:
(1) We have o(ab) U {0} = o(ba) U {0}.
(2) We have polynomial, rational and holomorphic calculus.
(3) As a consequence, the spectra are compact and non-empty.
(4) The spectra of unitaries (u* = u™"') and self-adjoints (a = a*) are on T, R.
(5) The spectral radius of normal elements (aa* = a*a) is given by p(a) = ||all.

In addition, assuming a € A C B, the spectra of a with respect to A and to B coincide.

PRrROOF. This is something that we know from chapter 3, in the case A = B(H), and
then from chapter 5, in the case A C B(H). In general, the proof is similar:

(1) Regarding the assertions (1-5), which are of course formulated a bit informally,
the proofs here are perfectly similar to those for the full operator algebra A = B(H). All
this is standard material, and in fact, things in chapters 3 were written in such a way as
for their extension now, to the general C*-algebra setting, to be obvious.

(2) Regarding the last assertion, we know this from chapter 5 for A C B C B(H),
and the proof in general is similar. Indeed, the inclusion og(a) C 04(a) is clear. For the
converse, assume @ — A € B~!, and consider the following self-adjoint element:

b= (a—MN)"(a—M\)
The difference between the two spectra of b € A C B is then given by:
oa(b) — op(b) = {M eC—opb)|(0—p)'eB- A}

Thus this difference in an open subset of C. On the other hand b being self-adjoint,
its two spectra are both real, and so is their difference. Thus the two spectra of b are
equal, and in particular b is invertible in A, and so a — A € A~!, as desired. O

We can now get back to the commutative C*-algebras, and we have the following
result, due to Gelfand, which will be of crucial importance for us:

THEOREM 7.9. The commutative C*-algebras are exactly the algebras of the form
A=C(X)

with the “spectrum” X of such an algebra being the space of characters x : A — C, with
topology making continuous the evaluation maps ev, : x — x(a).
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PRrROOF. This is something that we basically know from chapter 5, but always good
to talk about it again. Given a commutative C*-algebra A, we can define X as in the
statement. Then X is compact, and a — ev, is a morphism of algebras, as follows:

ev:A— C(X)

(1) We first prove that ev is involutive. We use the following formula, which is similar
to the z = Re(z) 4+ iIm(z) formula for the usual complex numbers:
. a—a*

a+a* n
= ?
2 21
Thus it is enough to prove the equality ev,~ = ev? for self-adjoint elements a. But this

is the same as proving that a = a* implies that ev, is a real function, which is in turn
true, because ev,(x) = x(a) is an element of o(a), contained in R.

a

(2) Since A is commutative, each element is normal, so ev is isometric:

|leval| = p(a) = |lall
(3) It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass
theorem, because ev(A) is a closed subalgebra of C(X), which separates the points. O

In view of the Gelfand theorem, we can formulate the following key definition:

DEFINITION 7.10. Given an arbitrary C*-algebra A, we write
A=C(X)
and call X a compact quantum space.

This might look like something informal, but it is not. Indeed, we can define the
category of compact quantum spaces to be the category of the C*-algebras, with the
arrows reversed. When A is commutative, the above space X exists indeed, as a Gelfand
spectrum, X = Spec(A). In general, X is something rather abstract, and our philosophy
here will be that of studying of course A, but formulating our results in terms of X. For
instance whenever we have a morphism ® : A — B, we will write A = C(X),B = C(Y),
and rather speak of the corresponding morphism ¢ : Y — X. And so on.

Technically speaking, we will see later that the above formalism has its limitations,
and needs a fix. To be more precise, when looking at compact quantum spaces having a
probability measure, there are more of them in the sense of Definition 7.10, than in the
von Neumann algebra sense. Thus, all this needs a fix. But more on this later.

As a first concrete consequence of the Gelfand theorem, we have:

PROPOSITION 7.11. Assume that a € A is normal, and let f € C(o(a)).
(1) We can define f(a) € A, with f — f(a) being a morphism of C*-algebras.
(2) We have the “continuous functional calculus” formula o(f(a)) = f(o(a)).



158 7. QUANTUM SPACES

PROOF. Since a is normal, the C*-algebra < a > that is generates is commutative, so
if we denote by X the space formed by the characters y :< a >— C, we have:

<a>=C(X)
Now since the map X — o(a) given by evaluation at a is bijective, we obtain:
< a>=C(o(a))
Thus, we are dealing with usual functions, and this gives all the assertions. U
As another consequence of the Gelfand theorem, we have:

PROPOSITION 7.12. For a normal element a € A, the following are equivalent:

(1) a is positive, in the sense that o(a) C [0, 00).
(2) a =10?, for some b € A satisfying b = b*.
(3) a = cc*, for some c € A.

Proor. This is very standard, exactly as in A = B(H) case, as follows:
(1) = (2) Since f(z) = +/z is well-defined on o(a) C [0,00), we can set b = /a.
(2) = (3) This is trivial, because we can set ¢ = b.

(3) = (1) We proceed by contradiction. By multiplying ¢ by a suitable element of
< cc* >, we are led to the existence of an element d # 0 satisfying —dd* > 0. By writing
now d = x + iy with x = 2*,y = y* we have:

dd* + d*d = 2(z* +y*) > 0
Thus d*d > 0, contradicting the fact that o(dd*), o(d*d) must coincide outside {0}. O

Let us clarify now the relation between C*-algebras and von Neumann algebras. In
order to do so, we need a prove a key result, called GNS representation theorem, stating
that any C*-algebra appears as an operator algebra. As a first result, we have:

PROPOSITION 7.13. Let A be a commutative C*-algebra, write A = C(X), with X
being a compact space, and let p be a positive measure on X. We have then

AC B(H)
where H = L?(X), with f € A corresponding to the operator g — fg.

PROOF. Given a continuous function f € C(X), consider the operator T¢(g) = fg,
on H = L*(X). Observe that T} is indeed well-defined, and bounded as well, because:

1 Fgll2 = \//X |F(2)Plg(@)[2dp(z) < [[f]loo]lgll2

The application f — T being linear, involutive, continuous, and injective as well, we
obtain in this way a C*-algebra embedding A C B(H), as claimed. U
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In order to prove the GNS representation theorem, we must extend the above con-
struction, to the case where A is not necessarily commutative. Let us start with:

DEFINITION 7.14. Consider a C*-algebra A.
(1) ¢ : A — C is called positive when a >0 = ¢(a) > 0.
(2) ¢ : A— C is called faithful and positive when a > 0,a #0 = ¢(a) > 0.

In the commutative case, A = C'(X), the positive elements are the positive functions,
f: X —]0,00). As for the positive linear forms ¢ : A — C, these appear as follows, with
1 being positive, and strictly positive if we want ¢ to be faithful and positive:

o(f) = /X f (@) dp(z)

In general, the positive linear forms can be thought of as being integration functionals
with respect to some underlying “positive measures”. We can use them as follows:

PRrROPOSITION 7.15. Let ¢ : A — C be a positive linear form.

(1) <a,b>= @(ab*) defines a generalized scalar product on A.
(2) By separating and completing we obtain a Hilbert space H .
(3) m(a) : b — ab defines a representation w: A — B(H).

(4) If  is faithful in the above sense, then m is faithful.

PrROOF. Almost everything here is straightforward, as follows:

(1) This is clear from definitions, and from the basic properties of the positive elements
a > 0, which can be established exactly as in the A = B(H) case.

(2) This is a standard procedure, which works for any scalar product, the idea being
that of dividing by the vectors satisfying < x,x >= 0, then completing.

(3) All the verifications here are standard algebraic computations, in analogy with
what we have seen many times, for multiplication operators, or group algebras.

(4) Assuming that we have a # 0, we have then m(aa*) # 0, which in turn implies by
faithfulness that we have m(a) # 0, which gives the result. O

In order to establish the embedding theorem, it remains to prove that any C*-algebra
has a faithful positive linear form ¢ : A — C. This is something more technical:

PROPOSITION 7.16. Let A be a C*-algebra.

(1) Any positive linear form ¢ : A — C is continuous.

(2) A linear form ¢ is positive iff there is a norm one h € A, such that ||p|| = @(h).
(3) For any a € A there exists a positive norm one form ¢ such that p(aa*) = ||a||?.
(4) If A is separable there is a faithful positive form ¢ : A — C.
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PROOF. The proof here is quite technical, inspired from the existence proof of the
probability measures on abstract compact spaces, the idea being as follows:

(1) This follows from Proposition 7.15, via the following estimate:

pa)] < [lm(a)lle(1) < lalle(1)
(2) In one sense we can take h = 1. Conversely, let a € A, ||a|| < 1. We have:
o(h) = (@)l <@l - [[h = al| < @(h)
Thus we have Re(p(a)) > 0, and with a = 1 — h we obtain:
Re(p(L—h)) =0

Thus Re(p(1)) > ||¢||, and so ¢(1) = ||¢]||, so we can assume h = 1. Now observe
that for any self-adjoint element a, and any t € R we have, with ¢(a) = x + iy:

p(*(L+[all?) > @)1 +t%a?|

= |lell*- |11 +dtal”
lo(1 + ita)|?
lp(1) — ty + itz
> (p(1) —ty)?

Thus we have y = 0, and this finishes the proof of our remaining claim.

v

(3) We can set ¢(Aaa*) = M||a||? on the linear space spanned by aa*, then extend this
functional by Hahn-Banach, to the whole A. The positivity follows from (2).

(4) This is standard, by starting with a dense sequence (a,), and taking the Cesaro
limit of the functionals constructed in (3). We have ¢(aa*) > 0, and we are done. O

With these ingredients in hand, we can now state and prove:
THEOREM 7.17. Any C*-algebra appears as a norm closed x-algebra of operators
AC B(H)
over a certain Hilbert space H. When A is separable, H can be taken to be separable.

PRroOOF. This result, called called GNS representation theorem after Gelfand, Naimark
and Segal, follows indeed by combining Proposition 7.15 with Proposition 7.16. O

All this might seem quite surprising, and your first reaction would be to say what have
we been we doing here, with our C*-algebra theory, because we are now back to operator
algebras A C B(H), and everything that we did with C*-algebras, extending things that
we knew about operator algebras A C B(H ), looks more like a waste of time.

Error. The axioms in Definition 7.6, coupled with the writing A = C(X) in Definition
7.10, are something powerful, because they do not involve any kind of L? or L> functions
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on our quantum spaces X. Thus, we can start hunting for such spaces, just by defining
C*-algebras with generators and relations, then look for Haar measures on such spaces,
and use the GNS construction in order to reach to von Neumann algebras. Before getting
into this, however, let us summarize the above discussion as follows:

THEOREM 7.18. We can talk about compact quantum measured spaces, as follows:

(1) The category of compact quantum measured spaces (X, ) is the category of the
C*-algebras with faithful traces (A, ), with the arrows reversed.

(2) In the case where we have a non-faithful trace ¢, we can still talk about the
corresponding space (X, i), by performing the GNS construction.

(3) By taking the weak closure in the GNS representation, we obtain the von Neu-
mann algebra A” = L*>°(X), in the previous general measured space sense.

PrOOF. All this follows from Theorem 7.17, and from the other things that we already
know, with the whole result itself being something rather philosophical. O

7b. Tori, amenability

In the remainder of this chapter we explore the whole new world opened by the C*-
algebra theory, with the study of several key examples. We will first discuss the group
duals, also called noncommutative tori. Let us start with a well-known result:

THEOREM 7.19. The compact abelian groups G are in correspondence with the discrete
abelian groups I', via Pontrjagin duality,

G=I , T=G

with the dual of a locally compact group L being the locally compact group L consisting of
the continuous group characters x : L — T.

ProoOF. This is something very standard, the idea being that, given a group L as
above, its continuous characters x : L — T form indeed a group, that we can call L. The
correspondence L — L constructed in this way has then the following properties:

(1) We have Z ~ = Zp. This is the basic computation to be performed, before anything
else, and which is something algebraic, with roots of unity.

(2) More generally, the dual of a finite abelian group G = Zy, X ... X Zy, is the group
@ itself. This comes indeed from (1) and from G x H = G x H.

(3) At the opposite end now, that of the locally compact groups which are not compact,
nor discrete, the main example, which is standard, is R = R.

(4) Getting now to what we are interested in, it follows from the definition of the
correspondence L — L that when L is compact L is discrete, and vice versa.
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(5) Finally, in order to best understand this latter phenomenon, the best is to work
out the main pair of examples, which are T = Z and Z = T. O

Our claim now is that, by using operator algebra theory, we can talk about the dual
G =T of any discrete group I'. Let us start our discussion in the von Neumann algebra
setting, where things are particularly simple. We have here:

THEOREM 7.20. Given a discrete group I', we can construct its von Neumann algebra
L(T) € B(I*(T))

by using the left reqular representation. This algebra has a faithful positive trace, tr(g) =
dg.1, and when I' is abelian we have an isomorphism of tracial von Neumann algebras

L(T) ~ L™(G)
gwen by a Fourier type transform, where G = T is the compact dual of T'.

PROOF. There are many assertions here, the idea being as follows:

(1) The first part is standard, with the left regular representation of I' working as
expected, and being a unitary representation, as follows:
I cB(I*T)) , w(g):h—gh
(2) The positivity of the trace comes from the following alternative formula for it, with
the equivalence with the definition in the statement being clear:
tr(l) =<T1,1>

(3) The third part is standard as well, because when I' is abelian the algebra L(T")
is commutative, and its spectral decomposition leads by delinearization to the group
characters xy : I' = T, and so the dual group G = TI', as indicated.

(4) Finally, the fact that our isomorphism transforms the trace of L(I") into the Haar
integration functional of L*(G) is clear. Moreover, the study of various examples show
that what we constructed is in fact the Fourier transform, in its various incarnations. [l

Getting back now to our quantum space questions, we have a beginning of answer,
because based on the above, we can formulate the following definition:

DEFINITION 7.21. Given a discrete group I', not necessarily abelian, we can construct
its abstract dual G =T as a quantum measured space, via the following formula:
L*(G) = L(I)
In the case where I happens to be abelian, this quantum space G = T is a classical space,

namely the usual Pontrjagin dual of I', endowed with its Haar measure.

Let us discuss now the same questions, in the C*-algebra setting. The situation here
is more complicated than in the von Neumann algebra setting, as follows:
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PROPOSITION 7.22. Associated to any discrete group I' are several group C*-algebras,

CH () = Co(T') = Creg(T)

red
which are constructed as follows:

(1) C*(T) is the closure of the group algebra C[T'|, with involution g* = g~', with
respect to the maximal C*-seminorm on this x-algebra, which is a C*-norm.

(2) Cr (') is the norm closure of the group algebra C[I'] in the left regular represen-
tation, on the Hilbert space I*(T"), given by X(g)(h) = gh and linearity.

(3) Cx(I') can be any intermediate C*-algebra, but for best results, the indexing object

T must be a unitary group representation, satisfying m @ w C .

ProOOF. This is something quite technical, with (2) being very similar to the von
Neumann algebra construction from Theorem 7.20, with (1) being something new, with
the norm property there coming from (2), and finally with (3) being an informal statement,
that we will comment on later, once we will know about compact quantum groups. [

When T is finite, or abelian, or more generally amenable, all the above group algebras
coincide. In the abelian case, that we are particularly interested in here, the precise result
is as follows, complementing the L* analysis from Theorem 7.20:

THEOREM 7.23. When I' is abelian all its group C*-algebras coincide, and we have an
1somorphism as follows, given by a Fourier type transform,

C*(T) =~ C(G)

where G = T is the compact dual of I'.  Moreover, this isomorphism transforms the
standard group algebra trace tr(g) = 6,1 into the Haar integration of G.

PROOF. Since I' is abelian, any of its group C*-algebras A = C*(I") is commutative.
Thus, we can apply the Gelfand theorem, and we obtain A = C(X), with X = Spec(A).
But the spectrum X = Spec(A), consisting of the characters x : A — C, can be identified

by delinearizing with the Pontrjagin dual G = I", and this gives the results. U

At a more advanced level now, we have the following result:

THEOREM 7.24. For a discrete group I' =< g1, ...,gn >, the following conditions are
equivalent, and if they are satisfied, we say that " is amenable:

(1) The projection map C*(I') — C*,,(I") is an isomorphism.

(2) The morphism € : C*(I') — C given by g — 1 factorizes through C,,(T").

(3) We have N € o(Re(g1 + ...+ gn)), the spectrum being taken inside C¥,,(I').
The amenable groups include all finite groups, and all abelian groups. As a basic example

of a non-amenable group, we have the free group Fy, with N > 2.
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PROOF. There are several things to be proved, the idea being as follows:
(1) The implication (1) = (2) is trivial, and (2) = (3) comes from the following
computation, which shows that N — Re(g; + ...+ gn) is not invertible inside C}, ,(I"):
e[N — Re(g1 + ...+ gn)] N — Rele(g1) + ... +¢<(gn)]
= N-—-N
=0

As for (3) = (1), this is something more advanced, that we will not need for the
moment. We will be back to this later, directly in a more general setting.

(2) The fact that any finite group G is amenable is clear, because all the group C*-
algebras are equal to the usual group *-algebra C[G], in this case. As for the case of the
abelian groups, these are all amenable as well, as shown by Theorem 7.23.

(3) It remains to prove that Fy with N > 2 is not amenable. By using F, C Fl, it is
enough to do this at N = 2. So, consider the free group F» =< g, h >. In order to prove
that F5 is not amenable, we use (1) = (3). To be more precise, it is enough to show
that 4 is not in the spectrum of the following operator:

T =Xg)+Ag™") + Ah) + A(h™)

This is a sum of four terms, each of them acting via d,, — .., With e being a certain
length one word. Thus if w # 1 has length n then T'(d,) is a sum of four Dirac masses,
three of them at words of length n + 1 and the remaining one at a length n — 1 word. We
can therefore decompose T as a sum T, + T, where T, adds and T_ cuts:

T'=T,+T_
That is, if w # 1 is a word, say beginning with h, then T act on J,, as follows:
T (0w) = Ogw + 0g-10p + Opw  »  T-(0) = dp-14
It follows from definitions that we have 177 = T_. We can use the following trick:
(Ty +T2) + (i((Ty —T2)) = 2T . T- + T_T)
Indeed, this gives (T, +7T_)* < 2(T . T- + T_T,), and we obtain in this way:
T2 = [T + 7|2 < 2|7, T + T3 |
Let w # 1 be a word, say beginning with h. We have then:
T T (0y) = T-(0guw + 0g-10 + Ohw) = 304
The action of T_T'; on the remaining vector d; is computed as follows:
T_-Ty(61) =T-(6g + 641 + Op + 0p—1) = 461
Summing up, with P : §,, — d; being the projection onto Cd,, we have:
T T, =3+ P
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On the other hand we have T, 7 (6;) = T+ (0) = 0, so the subspace Cd; is invariant
under the operator T, 7" +T_T,. We have the following norm estimate:

IT)[2 < 2T T + 714 < 2 max{|[3+ PIl, [[(T3T- +T-T,)(1 - P)||}
The norm of 3 + P is equal to 4, and the other norm is estimated as follows:
(T +T-T)(1 =Pl < [|ITYT-|[ + [[(3+ P)(1 = P)]
= [IT-T4 [ +3
=7
Thus we have ||T|| < v/14 < 4, and this finishes the proof. O

7c. Quantum groups

The duals of discrete groups have several similarities with the compact groups, and
our goal now will be that of unifying these two classes of compact quantum spaces. Let
us start with the following definition, due to Woronowicz [99]:

DEFINITION 7.25. A Woronowicz algebra is a C*-algebra A, given with a unitary
matriz uw € My(A) whose coefficients generate A, such that the formulae

A(ugj) = Zqu Qur; , eluy) =205 , Sluy)= u;kz
k

define morphisms of C*-algebras A: A —- AR A, e: A—C, 5: A— AP,
We say that A is cocommutative when YA = A, where ¥(a ® b) = b ® a is the flip.
We have the following result, which justifies the terminology and axioms:
PROPOSITION 7.26. The following are Woronowicz algebras:
(1) C(G), with G C Ux compact Lie group. Here the structural maps are:

Alp) = (g.h) = ¢(gh) , e(@)=w(1) . Slp)=g—wlg™)
(2) C*(T"), with Fx — T finitely generated group. Here the structural maps are:
Alg)=g®g , eg)=1 ., Slg=g"
Moreover, we obtain in this way all the commutative/cocommutative algebras.
PROOF. In both cases, we have to exhibit a certain matrix . For the first assertion,
we can use the matrix u = (u;;) formed by matrix coordinates of G, given by:
un(g) ... wn(g)
g= : :
uni(g) - unn(g)
As for the second assertion, here we can use the diagonal matrix formed by generators,

u = diag(gi, ..., gn). Finally, the last assertion follows from the Gelfand theorem, in the
commutative case, and in the cocommutative case, we will be back to this later. U
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In general now, the structural maps A, e, S have the following properties:

PROPOSITION 7.27. Let (A,u) be a Woronowicz algebra.
(1) A e satisfy the usual axioms for a comultiplication and a counit, namely:

(A ®id)A = (id® A)A
(e®id)A = (id®e)A =id
(2) S satisfies the antipode aziom, on the x-subalgebra generated by entries of u:
m(S ®id)A = m(id ® S)A = ¢(.)1
(3) In addition, the square of the antipode is the identity, S* = id.
ProoOF. When A is commutative, by using Proposition 7.26 we can write:
A=mt | e=u , S=1¢

The above 3 conditions come then by transposition from the basic 3 group theory
conditions satisfied by m, u, i, which are as follows, with d(g) = (g, 9):

m(m x id) = m(id x m)
m(id X u) = m(u X id) = id
m(id X )0 = m(i x id)d =1
Observe that S? = id is satisfied as well, coming from i?> = id. In general now, all

the formulae in the statement are satisfied on the generators w;;, and so by linearity,
multiplicativity and continuity they are satisfied everywhere, as desired. U

In view of Proposition 7.26, we can formulate the following definition:
DEFINITION 7.28. Given a Woronowicz algebra A, we formally write
A=C(G)=CcI)
and call G compact quantum group, and I' discrete quantum group.

When A is both commutative and cocommutative, G is a compact abelian group, I'
is a discrete abelian group, and these groups are dual to each other:

G= , T=G

In general, we still agree to write G = f, r=aG , in a formal sense. Finally, in relation
with functoriality issues, let us complement Definitions 7.25 and 7.28 with:

DEFINITION 7.29. Given two Woronowicz algebras (A,u) and (B,v), we write
A~B

and we identify as well the corresponding compact and discrete quantum groups, when we
have an isomorphism of *-algebras < u;; >~< v;; >, mapping w;; — vi;.
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In order to develop now some theory, let us call corepresentation of A any unitary
matrix v € M, (A), with A =< u;; >, satisfying the same conditions as u, namely:

A(vi;) = Zvik Qur; , elvy) =205 , Svy)= U;i
k

These can be thought of as corresponding to the unitary representations of the under-
lying compact quantum group G. Following Woronowicz [99], we have:

THEOREM 7.30. Any Woronowicz algebra has a unique Haar integration functional,

(L@id)A:(id@)/G)A:/G(')l

which can be constructed by starting with any faithful positive form ¢ € A*, and setting

where ¢ x 1 = (¢ @ Y)A. Moreover, for any corepresentation v € M, (C) ® A we have

(z’d@/G>v—P

where P is the orthogonal projection onto Fix(v) = {£ € C*"|v€ = &}

PROOF. Following [99], this can be done in 3 steps, as follows:

(1) Given ¢ € A*, our claim is that the following limit converges, for any a € A:

1 n
a=lim — Y ¢*(a)

Indeed, by linearity we can assume that a is the coefficient of corepresentation, a =
(T ® id)v. But in this case, an elementary computation shows that we have the following
formula, where P, is the orthogonal projection onto the 1-eigenspace of (id ® ¢)uv:

(id@[p)v—P¢

(2) Since v€ = ¢ implies [(id ® ¢)v]¢ = &, we have P, > P, where P is the orthogonal
projection onto the space Fiz(v) = {£ € C"|v€ = £}. The point now is that when ¢ € A*
is faithful, by using a positivity trick, one can prove that we have P, = P. Thus our
linear form f(p is independent of ¢, and is given on coefficients a = (7 ® id)v by:

(id®/¢>v:P

(3) With the above formula in hand, the left and right invariance of [, = feo is clear
on coefficients, and so in general, and this gives all the assertions. See [99]. u
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As a main application, we can develop a Peter-Weyl type theory for the corepresen-
tations of A. Consider the dense *-subalgebra A C A generated by the coefficients of the
fundamental corepresentation u, and endow it with the following scalar product:

<a,b >:/ab*
G

With this convention, we have the following result, also from Woronowicz [99]:

THEOREM 7.31. We have the following Peter-Weyl type results:

(1) Any corepresentation decomposes as a sum of irreducible corepresentations.
(2) Each irreducible corepresentation appears inside a certain u®*.
(3) A= D,errr(a) Maimw)(C), the summands being pairwise orthogonal.

(4) The characters of irreducible corepresentations form an orthonormal system.

PRrROOF. All these results are from [99], the idea being as follows:

(1) Given v € M,(A), its intertwiner algebra End(v) = {T € M, (C)|Tv = vT} is a
finite dimensional C*-algebra, and so decomposes as End(v) = M,,(C) & ... & M, (C).
But this gives a decomposition of type v = v; + ... + v,, as desired.

(2) Consider indeed the Peter-Weyl corepresentations, u®* with k colored integer,
defined by u® = 1, u® = u, u® = @ and multiplicativity. The coefficients of these
corepresentations span the dense algebra A, and by using (1), this gives the result.

(3) Here the direct sum decomposition, which is technically a *-coalgebra isomorphism,
follows from (2). As for the second assertion, this follows from the fact that (id ® [,)v is
the orthogonal projection P, onto the space Fixz(v), for any corepresentation v.

(4) Let us define indeed the character of v € M,,(A) to be the matrix trace, x, = Tr(v).
Since this character is a coefficient of v, the orthogonality assertion follows from (3). As
for the norm 1 claim, this follows once again from (id ® [,)v = P, u

We can now solve a problem that we left open before, namely:

PROPOSITION 7.32. The cocommutative Woronowicz algebras appear as the quotients
c*')— A— Cr ()

red

given by A = CX(T") with m @ m C w, with " being a discrete group.

PRrooF. This follows from the Peter-Weyl theory, and clarifies a number of things said
before, notably in Proposition 7.26. Indeed, for a cocommutative Woronowicz algebra the
irreducible corepresentations are all 1-dimensional, and this gives the results. U

As another consequence of the above results, once again by following Woronowicz [99],
we have the following statement, dealing with functional analysis aspects, and extending
what we already knew about the C*-algebras of the usual discrete groups:
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THEOREM 7.33. Let Apyy be the enveloping C*-algebra of A, and A,cq be the quotient
of A by the null ideal of the Haar integration. The following are then equivalent:

(1) The Haar functional of Asy is faithful.

(2) The projection map Afyy — Areq 1S an isomorphism.

(3) The counit map € : Ap — C factorizes through Aycq.

(4) We have N € o(Re(xy)), the spectrum being taken inside Ayeq.

If this is the case, we say that the underlying discrete quantum group I' is amenable.

PRroOOF. This is well-known in the group dual case, A = C*(I"), with I" being a usual
discrete group. In general, the result follows by adapting the group dual case proof:

(1) <= (2) This simply follows from the fact that the GNS construction for the
algebra Ay,; with respect to the Haar functional produces the algebra A,.4.

(2) <= (3) Here = is trivial, and conversely, a counit map ¢ : A,.4 — C produces
an isomorphism A,.q — A, via a formula of type (¢ ® id)®. See [99].

(3) <= (4) Here = is clear, coming from ¢(N — Re(x(u))) = 0, and the converse
can be proved by doing some functional analysis. Once again, we refer here to [99]. O

Let us discuss now some interesting examples. Following Wang [91], we have:

PROPOSITION 7.34. The following universal algebras are Woronowicz algebras,
C(U]T[) = O* ((Uij)i7j:17._.’]\/‘u* = Uil, Ut = 'L_Lil>
so the underlying spaces O%,, U are compact quantum groups.

PRrOOF. This follows from the elementary fact that if a matrix u = (u;;) is orthogonal
or biunitary, then so must be the following matrices:

uiAj = ZUik®Ukj U =0y ufj = uj;
k
Thus, we can indeed define morphisms A, e, S as in Definition 7.25, by using the
universal properties of C(O}), C(Uy), and this gives the result. O
There is a connection here with group duals, coming from:

PROPOSITION 7.35. Given a closed subgroup G C Uy, consider its “diagonal torus”,
which is the closed subgroup T C G constructed as follows:

(1) = C(G) [ (uig = 0|vi # j)

This torus s then a group dual, T = /A\, where N =< ¢1,...,gn > 1is the discrete group
generated by the elements g; = u;;, which are unitaries inside C(T).
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PROOF. Since w is unitary, its diagonal entries g; = w;; are unitaries inside C(T).
Moreover, from A(u;;) = >, wix ® ug; we obtain, when passing inside the quotient:

Algi) = 9i ® gi
It follows that we have C(T") = C*(A), modulo identifying as usual the C*-completions
of the various group algebras, and so that we have T'= A, as claimed. O

With this notion in hand, we have the following result:

THEOREM 7.36. The diagonal tori of the basic rotation groups are as follows,

Uy Ut T~ Fy
Ox 0%, /4 ZN

where Fy is the free group on N generators, and * is a group-theoretical free product.

PROOF. This is clear indeed from Uy, and the other results can be obtained by impos-
ing to the generators of Fly the relations defining the corresponding quantum groups. [

As a conclusion to all this, the C*-algebra theory suggests developing a theory of
“noncommutative geometry”, covering both the classical and the free geometry, by using
compact quantum groups. We will be back to this in chapter 8.

7d. Cuntz algebras

We would like to end this chapter with an interesting class of C*-algebras, discovered
by Cuntz in [29], and heavily used since then, for various technical purposes. These
algebras are not obviously related to the quantum space program that we have been
developing so far, and might even look like some sort of Devil’s invention, orthogonal to
what is beautiful in operator algebras, but believe me, if planning to do some serious
operator algebra work, you will certainly run into them. Their definition is as follows:

DEFINITION 7.37. The Cuntz algebra O, is the C*-algebra generated by isometries
S1, ..., S, satisfying the following condition:

S187+...+8.85, =1
That is, O, C B(H) is generated by n isometries whose ranges sum up to H.

Observe that H must be infinite dimensional, in order to have isometries as above. In
what follows we will prove that O, is independent on the choice of such isometries, and
also that this algebra is simple. We will restrict the attention to the case n = 2, the proof
in general being similar. Let us start with some simple computations, as follows:
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PROPOSITION 7.38. Given a word i = iy ...1 with iy € {1,2}, we associate to it the

element S; = S;, ... S;, of the algebra Oy. Then S; are isometries, and we have
S;S; =051

for any two words 1,7 having the same lenght.

PROOF. We use the relations defining the algebra Os, namely:

S =555 =1, 515 +55 =1
The fact that S; are isometries is clear, here being the check for ¢ = 12:
S19S12 = (5192)%(5152) = 5557515 = 555, =1

Regarding the last assertion, by recurrence we just have to establish the formula there
for the words of length 1. That is, we want to prove the following formulae:

SiSy =85S, =0

But these two formulae follow from the fact that the projections P; = S;S; satisfy by
definition P, + P, = 1. Indeed, we have the following computation:

P+P=1 = PP=0
= 51575255, =0
= 5785, = 57515752555, =0
Thus, we have the first formula, and the proof of the second one is similar. O
We can use the formulae in Proposition 7.38 as follows:

PROPOSITION 7.39. Consider words in Oz, meaning products of Sy, 57, Se,S5.

(1) Each word in Oy is of form 0 or S;S} for some words i, j.
(2) Words of type S;S; with (i) = I(j) = k form a system of 2 x 2% matriz units.
(3) The algebra Ay, generated by matriz units in (2) is a subalgebra of Ay, .

PROOF. Here the first two assertions follow from the formulae in Proposition 7.38,
and for the last assertion, we can use the following formula:

S;S7 = Si1S57 = S; (5157 + 5295) S5
Thus, we obtain an embedding of algebras A, as in the statement. U

Observe now that the embedding constructed in (3) above is compatible with the
matrix unit systems in (2). Consider indeed the following diagram:

Ak+1 ~ M2k+1 (C)
U U
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With the notation e;; ,; = €;; @ ez, the inclusion on the right is given by:

€ij — €i11h T €i22j
€ij X e + €ij X €99
= € ®1
Thus, with standard tensor product notations, the inclusion on the right is the canon-
ical inclusion m — m ® 1, and so the above diagram becomes:

Appr ~ MQ((C)@IH—I
U U

Ak ~ Mg(C)®k

The passage from the algebra A = Uy Ay ~ My(C)®>* coming from this observation to
the full the algebra O, that we are interested in can be done by using:

PROPOSITION 7.40. Fach element X €< Sy,Sy >C Oy decomposes as a finite sum
X=> SIX_i+Xo+ ) X5
>0 >0
where each X; is in the union A of algebras Ay.
PRrROOF. By linearity and by using Proposition 7.39 we may assume that X is a nonzero
word, say X = S5;S7. In the case I(i) = I(j) we can set X, = X and we are done.

Otherwise, we just have to add at left or at right terms of the form 1 = S75;. For
instance X = S, is equal to 525751, and we can take X; = S3S] € A;. O

We must show now that the decomposition X — (X;) found above is unique, and
then prove that each application X — X; has good continuity properties. The following
formulae show that in both problems we may restrict attention to the case i = 0:

Xip1 = (X57); X_im1 = (51X);
In order to solve these questions, we use the following fact:

PROPOSITION 7.41. If P is a nonzero projection in Oy =< S1,5, >C Os, its k-th
average, given by the formula

Q= > 8PS}
1(3)=k

is a nonzero projection in Oy having the property that the linear subspace QALQ s iso-
morphic to a matriz algebra, and Y — QY Q is an isomorphism of Ay onto it.
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PrOOF. We know that the words of form S;S} with [(i) = I(j) = k are a system of
matrix units in A;. We apply to them the map ¥ — QY @, and we obtain:

QS:S;Q = Y S,PS;8:8;8,PS;
pq
— Z(sipaqupP?S;
pq

— S,PS;

The output being a system of matrix units, ¥ — QY@ is an isomorphism from the
algebra of matrices A, to another algebra of matrices QQ A,Q, and this gives the result. [J

Thus any map Y — QY @ behaves well on the ¢ = 0 part of the decomposition on X.
It remains to find P such that Y — QY @ destroys all 7 # 0 terms, and we have here:

PROPOSITION 7.42. Assuming Xy € Ag, there is a nonzero projection P € A such
that QX Q = QXoQ, where Q) is the k-th average of P.

Proor. We want ¥ — QY (@) to map to zero all terms in the decomposition of X,
except for Xy. Let us call My, ..., M; € Oy — A the terms to be destroyed. We want the
following equalities to hold, with the sum over all pairs of length & indices:

> 8PS M,S;PS; =0
ij
The simplest way is to look for P such that all terms of all sums are 0:
SiPS; M S;PS =0
By multiplying to the left by S and to the right by S;, we want to have:
PS;M,S;P =0
With N, = S;M,S;, where z belongs to some new index set, we want to have:
PN.P =0
Since N, € Oy — A, we can write N, = S,,. Sy with [(m.) # (n.), and we want:
PSS, P=0

In order to do this, we can the projections of form P = S,.S). We want:
SrSySm. Sy SrS; =0

Let K be the biggest length of all m.,n.. Assume that we have fixed r, of length
bigger than K. If the above product is nonzero then both S;S,,. and S S, must be
nonzero, which gives the following equalities of words:

1o Timy) =Mz 5 T1...T(ny) = Nz
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Assuming that these equalities hold indeed, the above product reduces as follows:
Sp.Sy ..Sk S, S ST

Ti(ry Ti(mz)+1 " Unz)+1 Tiry~r

Now if this product is nonzero, the middle term must be nonzero:
Snm .8 S, e Sy 70

T (my) 1 Tl (nz) +1

In order for this for hold, the indices starting from the middle to the right must be equal
to the indices starting from the middle to the left. Thus r» must be periodic, of period
|l(m.) —l(n.)| > 0. But this is certainly possible, because we can take any aperiodic
infinite word, and let r be the sequence of first M letters, with M big enough. O

We can now start solving our problems. We first have:
PROPOSITION 7.43. The decomposition of X is unique, and we have
1G]] < [1X]
for any i.

PROOF. It is enough to do this for ¢ = 0. But this follows from the previous result,
via the following sequence of equalities and inequalities:

|1 Xoll = [|QXQl| = |QX QI < [|X]]

Thus we got the inequality in the statement. As for the uniqueness part, this follows
from the fact that Xg — QXoQ = QXQ is an isomorphism. O

Remember now we want to prove that the Cuntz algebra O, does not depend on the
choice of the isometries S, Ss. In order to do so, let Oy be the completion of the x-algebra
Oy =< 51,5 >C Oy with respect to the biggest C*-norm. We have:

PROPOSITION 7.44. We have the equivalence
X=0<«= X;=0,V:
valid for any element X € O,.

PROOF. Assume X; = 0 for any i, and choose a sequence X* — X with X* € O,.
For A € T we define a representation p, in the following way:

P - Sz —))\SZ

We have then p)(Y) =Y for any element Y € A. We fix norm one vectors £,n and
we consider the following continuous functions f : T — C:

FEO) =< pa(XM)En >
From X* — X we get, with respect to the usual sup norm of C(T):

ff=f
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Each X* € O, can be decomposed, and f* is given by the following formula:
P =D A< 8PXE >+ < Xo&n >+ N < XFSiEn>
i>0 >0
This is a Fourier type expansion of f*, that can we write in the following way:

o0

FFO) =) afv

j=—o0
By using Proposition 7.43 we obtain that with k£ — oo, we have:
af] < [IXE = [13°]] = 0
On the other hand we have af — a; with k — oco. Thus all Fourier coefficients a; of
f are zero, so f = 0. With A = 1 this gives the following equality:
< X&En>=0
This is true for arbitrary norm one vectors &, 7, so X = 0 and we are done. U

We can now formulate the Cuntz theorem, from [29], as follows:

THEOREM 7.45 (Cuntz). Let Sy, 53 be isometries satisfying S1.57 + 5255 = 1.

(1) The C*-algebra Oy generated by S1,Ss does not depend on the choice of Sy, Ss.
(2) For any nonzero X € Oy there are A, B € Oy with AXB = 1.
(3) In particular Oy is simple.

Proor. This basically follows from the various results established above:

(1) Consider the canonical projection map 7 : Oy — O,. We know that 7 is surjective,
and we will prove now that 7 is injective. Indeed, if 7(X) = 0 then 7(X); = 0 for any i.
But 7(X); is in the dense *-algebra A, so it can be regarded as an element of Oy, and with
this identification, we have 7(X); = X; in Oy. Thus X; = 0 for any 4, so X = 0. Thus 7
is an isomorphism. On the other hand O, depends only on O,, and the above formulae
in O,, for algebraic calculus and for decomposition of an arbitrary X € O,, show that O,
does not depend on the choice of S7,.55. Thus, we obtain the result.

(2) Choose a sequence X* — X with X* € O,. We have the following formula:

(X*X)o = lim (Z XEXF 4+ XPX+D S;Z’X;f*xfs;)
>0

k—o0
>0
Thus X # 0 implies (X*X)q # 0. By linearity we can assume that we have:
[[(X*X)ol| =1
Now choose a positive element Y € Oy which is close enough to X*X:
| X*X -Y]|| <e
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Since Z — Zj is norm decreasing, we have the following estimate:
Yol > 1 —¢
We apply Proposition 7.42 to our positive element Y € Oy. We obtain in this way a

certain projection ) such that QYy,QQ = QY Q belongs to a certain matrix algebra. We
have QY Q) > 0, so we can diagonalize this latter element, as follows:

QY Q) = Z AiR;
Here )\; are positive numbers and R; are minimal projections in the matrix algebra.
Now since ||QY Q|| = ||Yo||, there must be an eigenvalue greater that 1 — e:
N >1—¢

By linear algebra, we can pass from a minimal projection to another:
UU=R;, , UU*=SFs*
The element B = QU*S¥ has norm < 1, and we get the following inequality:
|1 - B*X*XB|| < |1-BYB||+||B'YB—-B*X"XB||
< |1=BYB||+¢
The last term can be computed by using the diagonalization of QY @), as follows:
B*YB = SPrUQyQU*st
— S (Z /\iURiU*) Sk
= \SiFSkgikgh
= X
From Ay > 1 — ¢ we get ||l — B*Y B|| < ¢, and we obtain the following estimate:
|1 = B*X*XB|| < 2¢
Thus B*X*X B is invertible, say with inverse C, and we have (B*X*) X (BC) = 1.
(3) This is clear from the formula AX B = 1 established in (2). O

Te. Exercises

We have seen many things in this chapter, and there are many potential exercises, on
all this. We will be however short, and as unique, key exercise, we have:

EXERCISE 7.46. Work out the proof of the existence result for the Haar measure on a
compact group G, as a particular case of the result proved for quantum groups.

This is of course something very standard, the problem being that of eliminating
algebras, linear forms and other functional analysis notions from the proof for the quantum
groups, as to have in the end something talking about spaces, and measures on them.



CHAPTER 8

Geometric aspects

8a. Topology, K-theory

This chapter is a continuation of the previous one, meant to be a grand finale to the
C*-algebra theory that we started to develop there, before getting back to more traditional
von Neumann algebra material, following Murray, von Neumann and others. There are
countless things to be said, and possible paths to be taken. En hommage to Connes, and
his book [28], which is probably the finest ever on C*-algebras, we will adopt a geometric
viewpoint. To be more precise, we know that a C*-algebra is a beast of type A = C(X),
with X being a compact quantum space. So, it is about the “geometry” of X that we
would like to talk about, everything else being rather of administrative nature.

Let us first look at the classical case, where X is a usual compact space. You might
say right away that wrong way, what we need for doing geometry is a manifold. But my
answer here is modesty, and no hurry. It is right that you cannot do much geometry with
a compact space X, but you can do some, and we have here, for instance:

DEFINITION 8.1. Given a compact space X, its first K-theory group Ko(X) is the
group of formal differences of complex vector bundles over X.

This notion is quite interesting, and we can talk in fact about higher K-theory groups
K,(X) as well, and all this is related to the homotopy groups m,(X) too. There are
many non-trivial results on the subject, the end of the game being of course that of
understanding the “shape” of X, that you need to know a bit about, before getting into
serious geometry, in the case where X happens to be a manifold.

As a question for us now, operator algebra theorists, we have:

QUESTION 8.2. Can we talk about the first K-theory group Ko(X) of a compact quan-
tum space X ?

We will see that this is a quite subtle question. To be more precise, we will see that we
can talk, in a quite straightforward way, of the group Ky(A) of an arbitrary C*-algebra
A, which is constructed as to have Ky(A) = Ky(X) in the commutative case, where
A = C(X), with X being a usual compact space. In the noncommutative case, however,
Ky (A) will sometimes depend on the choice of A satisfying A = C(X), and so all this will
eventually lead to a sort of dead end, and to a rather “no” answer to Question 8.2.

177
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Getting started now, in order to talk about the first K-theory group Ky(A) of an
arbitrary C*-algebra A, we will need the following simple fact:

PROPOSITION 8.3. Given a C*-algebra A, the finitely generated projective A-modules
E appear via quotient maps f : A" — E, so are of the form
E =pA"
with p € M,(A) being an idempotent. In the commutative case, A = C(X) with X
classical, these A-modules consist of sections of the complex vector bundles over X.

PROOF. Here the first assertion is clear from definitions, via some standard algebra,
and the second assertion is clear from definitions too, again via some algebra. O

With this in hand, let us go back to Definition 8.1. Given a compact space X, it is
now clear that its K-theory group Ky(X) can be recaptured from the knowledge of the
associated C*-algebra A = C'(X), and to be more precise we have Ky(X) = Ky(A), when
the first K-theory group of an arbitrary C*-algebra is constructed as follows:

DEFINITION 8.4. The first K-theory group of a C*-algebra A is the group of formal
differences

Ko(A) = {p—q}
of equivalence classes of projections p € M, (A), with the equivalence being given by
pr~q < Ju,uu’ =p,uu=gq
and with the additive structure being the obvious one, by diagonal concatenation.

This is very nice, and as a first example, we have Ky(C) = Z. More generally, as
already mentioned above, it follows from Proposition 8.3 that in the commutative case,

where A = C(X) with X being a compact space, we have Ky(A) = Ky(X). Observe also
that we have, by definition, the following formula, valid for any n € N:
Ko(A) = Ko(M(A))

Some further elementary observations include the fact that K, behaves well with
respect to direct sums and with inductive limits, and also that K is a homotopy invariant,
and for details here, we refer to any introductory book on the subject, such as [21].

In what concerns us, back to our Question 8.2, what has been said above is certainly
not enough for investigating our question, and we need more examples. However, these
examples are not easy to find, and for getting them, we need more theory. We have:

DEFINITION 8.5. The second K-theory group of a C*-algebra A is the group of con-
nected components of the unitary group of G Lo (A), with

01
being the embeddings producing the inductive limit G Ly (A).

GL.(A) C GLui(A) , a— <a O)
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Again, for a basic example we can take A = C, and we have here K;(C) = {1},
trivially. In fact, in the commutative case, where A = C(X), with X being a usual
compact space, it is possible to establish a formula of type K;(A) = K;(X). Further
elementary observations include the fact that K; behaves well with respect to direct sums
and with inductive limits, and also that K is a homotopy invariant.

Importantly, the first and second K-theory groups are related, as follows:

THEOREM 8.6. Given a C*-algebra A, we have isomorphisms as follows, with

sa={fec(o,1,4)|f0) =0}
standing for the suspension operation for the C*-algebras:
(1) K1(A) = Ko(SA).
(2) KolA) = Ki(SA).
PROOF. Here the isomorphism in (1) is something rather elementary, and the iso-
morphism in (2) is something more complicated. In both cases, the idea is to start first
with the commutative case, where A = C'(X) with X being a compact space, and un-

derstand there the isomorphisms (1,2), called Bott periodicity isomorphisms. Then, with
this understood, the extension to the general C*-algebra case is quite straightforward. [J

The above result is quite interesting, making it clear that the groups Ky, K, are of the
same nature. In fact, it is possible to be a bit more abstract here, and talk in various clever
ways about the higher K-theory groups, K, (A) with n € N, of an arbitrary C*-algebra,
with the result that these higher K-theory groups are subject to Bott periodicity:

Kn(A) = Kni2(A)
However, in practice, this leads us back to Definition 8.4, Definition 8.5 and Theorem

8.6, with these statements containing in fact all we need to know, at n = 0, 1.

Going ahead with examples, following Cuntz [29] and related papers, we have:
THEOREM 8.7. The K -theory groups of the Cuntz algebra O,, are given by
Ko(On) =Zpn1 , Ki(O,) ={1}
with the equivalent projections P; = S;S} standing for the standard generator of Z, ;.

ProoFr. We recall that the Cuntz algebra O,, is generated by isometries Si,..., S,
satisfying S157 + ...+ 5,5 = 1. Since we have S;S; = 1, with P, = 5,57, we have:

P~ .. ~PFP, ~1

On the other hand, we also know that we have P, 4+ ...+ P, = 1, and the conclusion
is that, in the first K-theory group K;(O,), the following equality happens:

n[t] = [1]
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Thus (n — 1)[1] = 0, and it is quite elementary to prove that k[1] = 0 happens in fact
precisely when k is a multiple of n — 1. Thus, we have a group embedding, as follows:

Zn—l C KO(OTL)

The whole point now is that of proving that this group embedding is an isomorphism,
which in practice amounts in proving that any projection in O,, is equivalent to a sum of
the form P, +...4 P, with P, = S;S} as above. Which is something non-trivial, requiring
the use of Bott periodicity, and the consideration of the second K-theory group K;(O,,)
as well, and for details here, we refer to Cuntz [29] and related papers. g

The above result is very interesting, for various reasons. First, it shows that the
structure of the first K-theory groups Ko(A) of the arbitrary C*-algebras can be more
complicated than that of the first K-theory groups Ko(X) of the usual compact spaces
X, with the group Ky(A) being for instance not ordered, in the case A = O,,, and with
this being the first in a series of no-go observations that can be formulated.

Second, and on a positive note now, what we have in Theorem 8.7 is a true non-
commutative computation, dealing with an algebra which is rather of “free” type. The
outcome of the computation is something nice and clear, suggesting that, modulo the
small technical issues mentioned above, we are on our way of developing a nice theory,
and that the answer to Question 8.2 might be “yes”. However, as bad news, we have:

THEOREM 8.8. There are discrete groups I having the property that the projection
m: O () = Crey(T)
is not an isomorphism, at the level of K-theory groups.

PRrROOF. For constructing such a counterexample, the group I' must be definitely non-
amenable, and the first thought goes to the free group F5. But it is possible to prove that
F; is K-amenable, in the sense that 7 is an isomorphism at the K-theory level. However,
counterexamples do exist, such as the infinite groups I' having Kazhdan’s property (7).
Indeed, for such a group the asssociated Kazhdan projection p € Ky(C*(I')) is nonzero,

while mapping to the zero element 0 € Ky(C? ,(I")), so we have our counterexample. [

As a conclusion to all this, which might seem a bit dissapointing, we have:
CoNCLUSION 8.9. The answer to Question 8.2 is no.

Of course, the answer to Question 8.2 remains “yes” in many cases, the general idea
being that, as long as we don’t get too far away from the classical case, the answer remains
“yes”, so we can talk about the K-theory groups of our compact quantum spaces X, and
also, about countless other invariants inspired from the classical theory. For a survey of
what can be done here, including applications too, we refer to Connes’ book [28].
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In what concerns us, however, we will not take this path. For various reasons, coming
from certain quantum physics beliefs, which can be informally summarized as “at suffi-
ciently tiny scales, freeness rules”, we will be rather interested in this book in compact
quantum spaces X which are of “free” type, and we will only accept geometric invariants
for them which are well-defined. And K-theory, unfortunately, does not qualify.

8b. Free probability

As a solution to the difficulties met in the previous section, let us turn to probability.
This is surely not geometry, in a standard sense, but at a more advanced level, geometry
that is. For instance if you have a quantum manifold X, and you want to talk about its
Laplacian, or its Dirac operator, you will certainly need to know a bit about L*(X). And
isn’t advanced measure theory the same as probability theory, hope we agree on this.

Let us start our discussion with something that we know since chapter 5:

DEFINITION 8.10. Let A be a C*-algebra, given with a trace tr : A — C.

(1) The elements a € A are called random variables.
(2) The moments of such a variable are the numbers M (a) = tr(a¥).

(3) The law of such a variable is the functional p: P — tr(P(a)).
Here the exponent k = o e e o ... is as before a colored integer, with the powers a”

being defined by multiplicativity and the usual formulae, namely:
=1, a®=a , a"=a
As for the polynomial P, this is a noncommuting *-polynomial in one variable:
PeC< X X*>

Generally speaking, the above definition is something quite abstract, but there is no
other way of doing things, at least at this level of generality. However, in the special case
where our variable a € A is self-adjoint, or more generally normal, we have:

PROPOSITION 8.11. The law of a normal variable a € A can be identified with the
corresponding spectral measure p € P(C), according to the following formula,

/fdu

valid for any f € L*>®(o(a)), coming from the measurable functional calculus. In the
self-adjoint case the spectral measure is real, ;1 € P(R).

ProoF. This is something that we again know well, either from chapter 5, or simply
from chapter 3, coming from the spectral theorem for normal operators. O

Let us discuss now independence, and its noncommutative versions. As a starting
point, we have the following update of the classical notion of independence:
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DEFINITION 8.12. We call two subalgebras B,C' C A independent when the following
condition 1s satisfied, for any x € B and y € C':

tr(zy) = tr(x)tr(y)
Equivalently, the following condition must be satisfied, for any x € B and y € C':
tr(zx) =tr(y) =0 = tr(zy) =0
Also, b,c € A are called independent when B =< b > and C =< ¢ > are independent.

It is possible to develop some theory here, but this leads to the usual CLT. As a much
more interesting notion now, we have Voiculescu’s freeness [84]:

DEFINITION 8.13. Given a pair (A, tr), we call two subalgebras B,C C A free when
the following condition is satisfied, for any x; € B and y; € C':
tr(z;) =tr(y;)) =0 = tr(z1y122y2...) =0
Also, b,c € A are called free when B =< b > and C =< ¢ > are free.
As a first observation, there is a certain lack of symmetry between Definition 8.12 and

Definition 8.13, because the latter does not include an explicit formula for quantities of
type tr(z1y122ys . . .). But this can be done, the precise result being as follows:

ProrosiTION 8.14. If B,C C A are free, the restriction of tr to < B,C > can be
computed in terms of the restrictions of tr to B,C'. To be more precise, we have

tr(r1y122ys .. .) = P({tr(wilxiz )b tr (Y, - )}J>

where P is certain polynomial, depending on the length of x1y122ys . .., having as variables
the traces of products x; x;, ... and y;,yj, ..., with iy <is < ... and j; < j2 < ...

PrROOF. With 2/ = x — tr(x), we can start our computation as follows:

tr(xiyizays...) = tr[(x’l +tr(xy))(yy + tr(yr)) (x5 + tr(zs)) .. }
= tr(z}y x5ys . . .) + other terms

= other terms
Thus, we are led to a kind of recurrence, and this gives the result. O

Let us discuss now some examples of independence and freeness. We first have the
following result, from [84], which is something elementary:

PROPOSITION 8.15. Given two algebras (A, tr) and (B, tr), the following hold:

(1) A, B are independent inside their tensor product AQ B, endowed with its canonical
tensor product trace, given on basic tensors by tr(a ® b) = tr(a)tr(b).

(2) A, B are free inside their free product A x B, endowed with its canonical free
product trace, given by the formulae in Proposition 8.14.



8B. FREE PROBABILITY 183

PROOF. Both the assertions are indeed clear from definitions, with just some standard
discussion needed for (2), in connection with the free product trace. See [84]. O

More concretely now, we have the following result, also from Voiculescu [84]:

PROPOSITION 8.16. We have the following results, valid for group algebras:

(1) L(T"), L(A) are independent inside L(I" x A).
(2) L(T), L(A) are free inside L(T * A).

PROOF. In order to prove these results, we can use the general results in Proposition
8.15, along with the following two isomorphisms, which are both standard:

LOOxA) =LA)®LT) , LT *A)=L(A) L(T)

Alternatively, we can check the independence and freeness formulae on group elements,
which is something trivial, and then conclude by linearity. See [84]. u

We have already seen limiting theorems in classical probability, in chapter 6. In order
to deal now with freeness, let us develop some tools. First, we have:

PROPOSITION 8.17. We have a well-defined operation B, given by

pa B o = flato
with a,b being free, called free convolution.
PrROOF. We need to check here that if a, b are free, then the distribution ., depends
only on the distributions p,, pp. But for this purpose, we can use the formula in Proposi-

tion 8.14. Indeed, by plugging in arbitrary powers of a,b as variables xz;,y;, we obtain a
family of formulae of the following type, with ) being certain polyomials:

tr(af b akept ) = P({tr(ak)}k, {tr(b’)}l>

Thus the moments of a+0b depend only on the moments of a, b, and the same argument
shows that the same holds for x-moments, and this gives the result. U

In order to advance now, we would need an analogue of the Fourier transform, or
rather of the log of the Fourier transform. Quite remarkably, such a transform exists
indeed, the precise result here, due to Voiculescu [84], being as follows:

THEOREM 8.18. Given a probability measure p, define its R-transform as follows:

6ue) = [ P19 = 6, R0+ ) =

RE—1

The free convolution operation is then linearized by the R-transform.
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Proor. This is something quite tricky, the idea being as follows:

(1) In order to model the free convolution, the best is to use creation operators on free
Fock spaces, corresponding to the semigroup von Neumann algebras L(N**). Indeed, we
have some freeness here, a bit in the same way as in the free group algebras L(F}).

(2) The point now, motivating this choice, is that the variables of type S*+ f(.S), with
S € L(N) being the shift, and with f € C[X] being an arbitrary polynomial, are easily
seen to model in moments all the possible distributions p : C[X]| — C.

(3) Now let f,g € C[X] and consider the variables S* + f(S) and T* + ¢(T'), where
S,T € L(NxN) are the shifts corresponding to the generators of N % N. These variables
are free, and by using a 45° argument, their sum has the same law as S* + (f + ¢)(.9).

(4) Thus the operation u — f linearizes the free convolution. We are therefore left
with a computation inside L(N), which is elementary, and whose conclusion is that R, = f
can be recaptured from p via the Cauchy transform G, as in the statement. O

With the above linearization technology in hand, we can now establish the following
remarkable free analogue of the CLT, also due to Voiculescu [84]:

THEOREM 8.19 (Free CLT). Given self-adjoint variables x1,xs, T3, . .., which are f.i.d.,
centered, with variance t > 0, we have, with n — 00, in moments,

1 n
\/ﬁ ; Ve
where vy, = QLM\/ 4t — x2dx is the Wigner semicircle law of parameter t.

Proor. We follow the same idea as in the proof of the CLT:

(1) At t = 1, the R-transform of the variable in the statement can be computed by
using the linearization property from Theorem 8.18, and is given by:

R(€) = nR, (%) ~

(2) On the other hand, some standard computations show that the Cauchy transform
of the Wigner law ~; satisfies the following equation:

1
a - =

Thus, by using Theorem 8.18, we have the following formula:

R’Yl (5 ) =<
(3) We conclude that the laws in the statement have the same R-transforms, and so
they are equal. The passage to the general case, t > 0, is routine, by dilation. U

In the complex case now, we have a similar result, also from [84], as follows:
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THEOREM 8.20 (Free CCLT). Given random variables x1,xo,x3, ... which are f.i.d.,
centered, with variance t > 0, we have, with n — 0o, in moments,

1 n
— i~ T
where I'y = law((a + zb)/\/i), with a,b being free, each following the Wigner semicircle
law vy, is the Voiculescu circular law of parameter t.

PrOOF. This follows indeed from the free CLT, established before, simply by taking
real and imaginary parts of all the variables involved. U

Now that we are done with the basic results in continuous case, let us discuss as well
the discrete case. We can establish a free version of the PLT, as follows:

THEOREM 8.21 (Free PLT). The following limit converges, for any t > 0,

Hn
n—oo n n

and we obtain the Marchenko-Pastur law of parameter t,

\/4t—(x—1—t)2d
2rx

7 = max(1 —¢,0)dy + x
also called free Poisson law of parameter t.

PRrROOF. Let p be the measure in the statement, appearing under the convolution sign.
The Cauchy transform of this measure is elementary to compute, given by:

t\1 ¢t 1
= ]_ —_— — e —
By using Theorem 8.18, we want to compute the following R-transform:
R = R e (y) = nRy(y)

We know that the equation for this function R is as follows:

Lt Lt 1 B
n)yt+R/n n yr'+R/n—-1 —Y
With n — oo we obtain from this the following formula:
t

But this being the R-transform of 7;, via some calculus, we are done. O

As a first application now of all this, following Voiculescu [85], we have:
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THEOREM 8.22. Given a sequence of complex Gaussian matrices Zy € My(L>®(X)),
having independent G, variables as entries, with t > 0, we have

2T

VN

in the N — oo limit, with the limiting measure being Voiculescu’s circular law.
ProoOF. We know from chapter 6 that the asymptotic moments are:
Z
On the other hand, the free Fock space analysis done in the proof of Theorem 8.18
shows that we have, with the notations there, the following formulae:
S+S "~y , S+T"~1I4

By doing some combinatorics, this shows that an abstract noncommutative variable
a € A is circular, following the law I';, precisely when its moments are:

Mi(a) = tM2INCy (k)|
Thus, we are led to the conclusion in the statement. See [85]. U
Next in line, comes the main result of Voiculescu in [85], as follows:

THEOREM 8.23. Given a family of sequences of Wigner matrices,
Zi € My(L®(X)) , i€l
with pairwise independent entries, each following the complex normal law Gy, with t > 0,
up to the constraint Z% = (Z)*, the rescaled sequences of matrices

5% e My(L¥(X)) , i€l

become with N — oo semicircular, each following the Wigner law ~y;, and free.

PROOF. We can assume that we are dealing with 2 sequences of matrices, Zy, Z}. In
order to prove the asymptotic freeness, consider the following matrix:

1 .
YN = E(ZN +ZZ;V)

This is then a complex Gaussian matrix, so by using Theorem 8.22, we have:

“Noor

/—N t
We are therefore in the situation where (Zy + iZ})/v N, which has asymptotically
semicircular real and imaginary parts, converges to the distribution of a free combination
of such variables. Thus Zy, Z} become asymptotically free, as desired. U
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Getting now to the complex case, we have a similar result here, as follows:
THEOREM 8.24. Given a family of sequences of complexr Gaussian matrices,
Zh € My(L™(X)) , iel

with pairwise independent entries, each following the law Gy, with t > 0, the matrices
Zy
€ My(L>™(X , 11

become with N — oo circular, each following the Voiculescu law 'y, and free.

Proor. This follows indeed from Theorem 8.23, which applies to the real and imagi-
nary parts of our complex Gaussian matrices, and gives the result. U

Finally, we have as well a similar result for the Wishart matrices, as follows:
THEOREM 8.25. Given a family of sequences of complex Wishart matrices,
Zy =Ye(Yy) € My(L®(X)) , i€l
with each Y3 being a N x M matriz, with entries following the normal law Gy, and with
all these entries being pairwise independent, the rescaled sequences of matrices
Zy
N
become with M = tN — oo Marchenko-Pastur, each following the law 7, and free.

€ My(L®(X)) , i€l

PRrROOF. Here the first assertion is the Marchenko-Pastur theorem, from chapter 6,
and the second assertion follows from Theorem 8.23, or from Theorem 8.24. U

Let us develop now some further limiting theorems, classical and free. We have the
following definition, extending the Poisson limit theory developed before:

DEFINITION 8.26. Associated to any compactly supported positive measure p on C are
the probability measures

1 *1 1 Hn
p, = lim <(1—5> 50+—,0) , 7, = lim ((1—5> 50+—p>
n—o0 n n n—oo n n

where ¢ = mass(p), called compound Poisson and compound free Poisson laws.

In what follows we will be interested in the case where p is discrete, as is for instance
the case for p = t6; with ¢ > 0, which produces the Poisson and free Poisson laws. The
following result allows one to detect compound Poisson/free Poisson laws:

PROPOSITION 8.27. For p = Zle ci0,, with ¢; > 0 and z; € C, we have

5 o ~ Gz
By (y) = exp (Zcxe%—w) R =D

i=1 i

=1

where F, R denote respectively the Fourier transform, and Voiculescu’s R-transform.
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PROOF. Let p, be the measure appearing in Definition 8.26. We have:
c 1< . c 1< ) "
F = <1 — _> - : 1Yz —  F i — <1 _ _) - ’ Yz,
i () . +H;C€ e (Y) ( - +n;ce
— F, (y) =exp (Z ci(e i — 1))

i=1
In the free case we can use a similar method, and we obtain the above formula. [

We have the following result, providing an alternative to Definition 8.26, which will
be our formulation here of the Compond Poisson Limit Theorem, classical and free:

THEOREM 8.28 (CPLT). For p =", ¢;0,, with ¢; >0 and z; € C, we have

Pp/ T, = law (Z zial->
i=1

where the variables o are Poisson/free Poisson(c;), independent/free.

Proor. This follows indeed from the fact that the the Fourier/R-transform of the
variable in the statement is given by the formulae in Proposition 8.27. U

Following [10], [12], we will be interested here in the main examples of classical and
free compound Poisson laws, which are constructed as follows:

DEFINITION 8.29. The Bessel and free Bessel laws are the compound Poisson laws

bf = Pre, B = T,
where g4 is the uniform measure on the s-th roots unity. In particular:
(1) At s =1 we obtain the usual Poisson and free Poisson laws, py, ;.

(2) At s =2 we obtain the “real” Bessel and free Bessel laws, denoted by, ;.
(3) At s = oo we obtain the “complex” Bessel and free Bessel laws, denoted By, By.

There is a lot of theory regarding these laws, and we refer here to [10], [12], where
these laws were introduced. We will be back to these laws, in a moment.

8c. Algebraic manifolds

We are now ready, or almost, to develop some basic noncommutative geometry. The
idea will be that of further building on the material from chapter 7, by enlarging the class
of compact quantum groups studied there, with the consideration of quantum homoge-
neous spaces, X = G/H, and with classical and free probability as our main tools.

But let us start with something intuitive, namely basic algebraic geometry, in a basic
sense. The simplest compact manifolds that we know are the spheres, and if we want to
have free analogues of these spheres, there are not many choices here, and we have:
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DEFINITION 8.30. We have compact quantum spaces, constructed as follows,

x; :x;k,z:v? = 1)
C’(ngrl) =" (acl,...,xN‘ lexf = Zmi‘xz = 1)

called respectively free real sphere, and free complex sphere.

C’(Sﬁ;l) =C" (xl,...,xN

Observe that our spheres are indeed well-defined, due to the following estimate:

i

Given a compact quantum space X, meaning as usual the abstract spectrum of a C*-
algebra, we define its classical version to be the classical space X455 obtained by dividing
C(X) by its commutator ideal, then applying the Gelfand theorem:

O(Xclass> - O(X)/I ) I =< [a7 b] >

Observe that we have an embedding of compact quantum spaces X455 C X. In this
situation, we also say that X appears as a “liberation” of X. We have:

[lzill* = llwsaf]] < =1

PrRoPOSITION 8.31. We have embeddings of compact quantum spaces

N—-1 N—-1
S¢ o — 5S¢4

Sp Tt —— S
and the spaces on the right appear as liberations of the spaces of the left.

PROOF. In order to prove this, we must establish the following isomorphisms:

xT; = xf,fo = 1)
C(SEhHY=cx (xl, . ,:IZ‘N‘ szxf = fo:cl = 1)

But these isomorphisms are both clear, by using the Gelfand theorem. U

C(Sﬂ]{yil) = C:omm (:1:1, .., N

We can now introduce a broad class of compact quantum manifolds, as follows:
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DEFINITION 8.32. A real algebraic submanifold X C S(]C\fjrl s a closed quantum space
defined, at the level of the corresponding C*-algebra, by a formula of type

O(X) = C(ng)/<fi(x1, L ay) = o>

for certain noncommutative polynomials f; € C < Xy,..., Xy >. We identify two such
manifolds, X ~Y , when we have an isomorphism of x-algebras of coordinates
C(X)~C(Y)

mapping standard coordinates to standard coordinates.

In practice, while our assumption X C Sg 11 is definitely something technical, we are
not losing much when imposing it, and we have the following list of examples:

PrOPOSITION 8.33. The following are algebraic submanifolds X C ngrl:

(1) The spheres S§ ' C Sg_l,SH]{X;l C Sg;l.

(2) Any compact Lie group, G C U,, with N = n?.

(3) The duals T of finitely generated groups, I' =< g1,...,gn >.
(4) More generally, the closed subgroups G C U™, with N = n?.

PrROOF. These facts are all well-known, the proofs being as follows:
(1) This is indeed true by definition of our various spheres.

(2) Given a closed subgroup G C U, we have an embedding G C SY !, with N = n?,
given in double indices by x;; = u;;//n, that we can further compose with the standard
embedding S3 ! C Sg jrl. As for the fact that we obtain indeed a real algebraic manifold,
this is standard too, coming either from Lie theory or from Tannakian duality.

(3) Given a group I' =< ¢1,...,gn >, consider the variables x; = ¢;/VN. These
variables satisfy then the quadratic relations ), z;27 = ) . xfx; = 1 defining Sé\f ;1, and

the algebricity claim for the manifold T C Sg ;1 is clear.

(4) Given a closed subgroup G C U,, we have indeed an embedding G C Sg ;1, with

N = n?, given by z;; = u;;/\/n. As for the fact that we obtain indeed a real algebraic
manifold, this comes from the Tannakian duality results in [57], [100]. O

Summarizing, what we have in Definition 8.32 is something quite fruitful, covering
many interesting examples. In addition, all this is nice too at the axiomatic level, because
the equivalence relation for our algebraic manifolds, as formulated in Definition 8.32, fixes
in a quite clever way the functoriality issues of the Gelfand correspondence.

At the level of the general theory now, as a first tool that we can use, for the study of
our manifolds, we have the following version of the Gelfand theorem:
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THEOREM 8.34. Assuming that X C S(]c\fjrl is an algebraic manifold, given by

C(X) = C(Sg;l)/<f,»(x1, L aN) = 0>

for certain noncommutative polynomials f; € C < Xq,..., Xy >, we have

Xiass = {x € Sévfl filzy, ... xy) = O}

and X itself appears as a liberation of X -

ProoF. This is something that we know well for the spheres, from Proposition 8.31.
In general, the proof is similar, coming from the Gelfand theorem. U

There are of course many other things that can be said about our manifolds, at the
purely algebraic level. But in what follows we will be rather going towards analysis.

8d. Free geometry

We have now all the needed tools in our bag for developing “free geometry”. The
idea will be that of going back to the free quantum groups from chapter 7, and further
building on that material, with a beginning of free geometry. Let us start with:

THEOREM 8.35. The classical and free, real and complex quantum rotation groups can
be complemented with quantum reflection groups, as follows,

+ +
Ky Uy
N N

+ .
: + .
On
with Hy = Z 1Sy and Ky = T Sy being the hyperoctahedral group and the full complex
reflection group, and Hy = Za b Sy and K, = T . ST, being their free versions.

Hy
Hy

PRroOF. This is something quite tricky, the idea being as follows:

(1) The first observation is that Sy, regarded as group of permutations of the N
coordinate axes of RV, is a group of orthogonal matrices, Sy C Oy. The corresponding
coordinate functions u;; : Sy — {0, 1} form a matrix u = (u,;;) which is “magic”, in the
sense that its entries are projections, summing up to 1 on each row and each column. In
fact, by using the Gelfand theorem, we have the following presentation result:

cSy)=¢cx, .. ((u,-j)m:l,m,N‘u = magic)
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(2) Based on the above, and following Wang’s paper [91], we can construct the free
analogue S, of the symmetric group Sy via the following formula:

c(Sy) =c* ((uij)i’jzle)u = magic)

Here the fact that we have indeed a Woronowicz algebra is standard, exactly as for
the free rotation groups in chapter 7, because if a matrix u = (u;;) is magic, then so are
the matrices u®, u®, u® constructed there, and this gives the existence of A, u, S.

(3) Consider now the group H3 C Uy consisting of permutation-like matrices having
as entries the s-th roots of unity. This group decomposes as follows:

HS = 7,1 Sy

It is straightforward then to construct a free analogue Hy™ C Uy of this group, for
instance by formulating a definition as follows, with ¢, being a free wreath product:

HJSVJF — Zs 2* S]—\’—[

(4) In order to finish, besides the case s = 1, of particular interest are the cases
s = 2,00. Here the corresponding reflection groups are as follows:

Hy =705y , Ky=T!Sy

As for the corresponding quantum groups, these are denoted as follows:
HYy=7y18% , Ki{=TuLSy

Thus, we are led to the conclusions in the statement. See [10], [12]. O

The point now is that we can add to the picture spheres and tori, as follows:

Fact 8.36. The basic quantum groups can be complemented with spheres and tori,

N—-1

with Ty = Z5 , Ty = TV, and with Ty, TL standing for the duals of Z3N, Fy.

Again, this is something quite tricky, and there is a long story with all this. We already
know from chapter 7 that the diagonal subgroups of the rotation groups are the tori in
the statement, but this is just an epsilon of what can be said, and this type of result can
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be extended as well to the reflection groups, and then we can make the spheres come into
play too, with various results connecting them to the quantum groups, and to the tori.

Instead of getting into details here, let us formulate, again a bit informally:

Fact 8.37. The various quantum manifolds that we have, namely spheres S, tori T,
unitary groups U, and reflection groups K, arrange into 4 diagrams, as follows,

S T

U K

with the arrows standing for various correspondences between (S, T, U, K). These diagrams
correspond to 4 main noncommutative geometries, real and complex, classical and free,

RY Y

RN (o

with the remark that, technically speaking, Rf , (Cf do not exist, as quantum spaces.

As before, things here are quite long and tricky, but we already have some good
evidence for all this, so I guess you can just trust me. And if truly interested in all this,
later after finishing this book, you can check [16] and subsequent papers for details.

Summarizing, we have some beginning of theory. Now with this understood, let us
try to integrate on our manifolds. In order to deal with quantum groups, we will need:

DEFINITION 8.38. The Tannakian category associated to a Woronowicz algebra (A, u)
is the collection Cx = (Ca(k,1)) of vector spaces

Calk,1) = Hom(u®", u®")
where the corepresentations u®* with k = o e @ o ... colored integer, defined by

®@:1 ®o __ Qe

, Ut =u o, U =1u

and multiplicativity, u®* = u®* @ u®', are the Peter-Weyl corepresentations.
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As a key remark, the fact that u € My(A) is biunitary translates into the following
conditions, where R : C — C @ CV is the linear map given by R(1) = >, &; ® e;:

Re Hom(l,u®u) , Re€ Hom(l,u® u)
R € Hom(u®u,1) , R"€ Hom(u®u,l)

We are therefore led to the following abstract definition, summarizing the main prop-
erties of the categories appearing from Woronowicz algebras:

DEFINITION 8.39. Let H be a finite dimensional Hilbert space. A tensor category over
H is a collection C' = (C(k,l)) of subspaces

C(k,1) C L(H®", H?)

satisfying the following conditions:

(1) S, T € C implies ST € C.

(2) If S, T € C are composable, then ST € C.

(3) T € C implies T* € C.

(4) Each C(k, k) contains the identity operator.

(5) C(0,0e) and C(0), ®0) contain the operator R: 1 — Y. e; ® e;.

The point now is that conversely, we can associate a Woronowicz algebra to any tensor
category in the sense of Definition 8.39, in the following way:

PROPOSITION 8.40. Given a tensor category C = (C(k,1)) over CV, as above,
Ap = C* ((uij)i,jzl,.,.,N‘T € Hom(u®*, u®), vk, 1,vT € C(k, l))
1s a Woronowicz algebra.

PROOF. This is something standard, because the relations 7' € Hom(u®*, u®') deter-
mine a Hopf ideal, so they allow the construction of A,e,S as in chapter 7. U

With the above constructions in hand, we have the following result:
THEOREM 8.41. The Tannakian duality constructions
C—>Ac , A—=Cy
are inverse to each other, modulo identifying full and reduced versions.

PROOF. The idea is that we have C' C Cj4,, for any algebra A, and so we are left
with proving that we have Cy, C C, for any category C. But this follows from a long
series of algebraic manipulations, and for details we refer to Malacarne [57], and also to
Woronowicz [100], where this result was first proved, by using other methods. O

In practice now, all this is quite abstract, and we will rather need Brauer type results,
for the specific quantum groups that we are interested in. Let us start with:
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DEFINITION 8.42. Let P(k,l) be the set of partitions between an upper colored integer
k, and a lower colored integer l. A collection of subsets

D= |D(k,1)
k.l
with D(k,1) C P(k,l) is called a category of partitions when it has the following properties:

(
(1) Stability under the horizontal concatenation, (w,0) — [wo].

(2) Stability under vertical concatenation (mw, o) — [2], with matching middle symbols.
(3) Stability under the upside-down turning , with switching of colors, o <> e.

(4) Each set P(k,k) contains the identity partition ||...||.

(5) The sets P((),0e) and P((), ®0) both contain the semicircle N.

Observe the similarity with Definition 8.39. In fact Definition 8.42 is a delinearized
version of Definition 8.39, the relation with the Tannakian categories coming from:

PROPOSITION 8.43. Given a partition m € P(k,l), consider the linear map

T,T . ((CN)®1<: N (CN)®Z

given by the following formula, where e, ..., ey is the standard basis of CV,
T
1---J1

and with the Kronecker type symbols 6, € {0,1} depending on whether the indices fit or
not. The assignement m — T, is then categorical, in the sense that we have

Te@T, =T , Tol, =Ny . T;=T.

where c¢(m, o) are certain integers, coming from the erased components in the middle.
PROOF. The concatenation property follows from the following computation:

(T ®T)(eil®---®eip®ek1®---®ekr)

= 2:}:5 < o %>5(ﬁ ”'?ﬁeﬁ®.“®e%®eh®”.®qs

Jq

J1---Jg li..ds
= 225[m<. Z}’ ll l>€j1®--~®€jq®€ll®---®els
el jq 1 s

= 7—‘[71‘0'](67;1 ®“'®eip®ek’1 ®®€kr)
As for the other two formulae in the statement, their proofs are similar. O

In relation with quantum groups, we have the following result, from [17]:
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THEOREM 8.44. Fach category of partitions D = (D(k,l)) produces a family of com-
pact quantum groups G = (Gy), one for each N € N, via the following formula:

Hom/(u®* u®) = span ( w|m € D(k,l))

To be more precise, the spaces on the right form a Tannakian category, and so produce a
certain closed subgroup G C Uy, via the Tannakian duality correspondence.

Proor. This follows indeed from Woronowicz’s Tannakian duality, in its “soft” form
from Malacarne [57], as explained in Theorem 8.41. Indeed, let us set:

C%J):ﬁmn<WW€thU>

By using the axioms in Definition 8.42, and the categorical properties of the operation
m — Ty, from Proposition 8.43, we deduce that C' = (C(k,1)) is a Tannakian category.
Thus the Tannakian duality applies, and gives the result. U

Philosophically speaking, the quantum groups appearing as in Theorem 8.44 are the
simplest, from the perspective of Tannakian duality, so let us formulate:

DEFINITION 8.45. A closed subgroup G C Uy; is called easy when we have

Hom(u®* u®") = span (

ﬂweD@@)
for any colored integers k.1, for a certain category of partitions D C P.

All this might seem a bit complicated, but we will see examples in a moment. Getting
back now to integration questions, we have the following key result:

THEOREM 8.46. For an easy quantum group G C Uy, coming from a category of
partitions D = (D(k,l)), we have the Weingarten integration formula

/ufllj1 UG = Z 07(1)06(§)Wien (7, 0)
G m,oeD(k)
for any k = ey ...ex and any i, j, where D(k) = D(0,k), 6 are usual Kronecker symbols,

and Wiy = Gin, with Gyn(m,0) = NI™°| where |.| is the number of blocks.

ProoFr. We know from chapter 7 that the integrals in the statement form altogether
the orthogonal projection P onto the space Fiz(u®*) = span(D(k)). Let us set:

Z <x,Tp>T;
weD(k)

By standard linear algebra, it follows that we have P = W E, where W is the inverse
on span(T,|m € D(k)) of the restriction of E. But this restriction is the linear map given
by Gy, and so W is the linear map given by Wy, and this gives the result. U
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All this is very nice. However, before enjoying the Weingarten formula, we still have
to prove that our main quantum groups are easy. The result here is as follows:

THEOREM 8.47. The basic quantum unitary and reflection groups

) /KNJOT/

are all easy, the corresponding categories of partitions being as follows,

Uy
Un

NCeien NC,
e /
NCepen Ny
Peven P
e /
Peven Py

with P, NC' standing for partitions and noncrosssing partitions, 2, even standing for pair-
ings, and partitions with even blocks, and with calligraphic standing for matching.

PROOF. The quantum group Uy; is defined via the following relations:

* -1 t 1

U =u , U =u
Thus, the following operators must be in the associated Tannakian category:
r. , ==/22,0
We conclude that the associated Tannakian category is span(Ty|m € D), with:
D=< [, L >=NCy

Thus, we have one result, and the other ones are similar. See [10], [12]. O

We are not ready yet for applications, because we still have to understand which
assumptions on N € N make the vectors T); linearly independent. We will need:
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DEFINITION 8.48. The Mobius function of any lattice, and so of P, is given by

1 fr=0
ILL(,]T7O-) = - ng7<o’ /’I’(W7T> lf ™o
0 ifrLo

with the construction being performed by recurrence.

The main interest in this function comes from the Mobius inversion formula:

:Zg(ﬂ' = g(o Z/J,?TO’

<o <o

In linear algebra terms, the statement and proof of this formula are as follows:

PROPOSITION 8.49. The inverse of the adjacency matrix of P, given by
A = 1 ?f <o
0 frLo
is the Mébius matriz of P, given by My, = pu(m,0).

ProoOF. This is well-known, coming for instance from the fact that A is upper trian-
gular. Indeed, when inverting, we are led into the recurrence from Definition 8.48. U

Now back to our Gram and Weingarten matrix considerations, with Wyy = Glz]}], as
in the statement of Theorem 8.46, we have the following result:

PROPOSITION 8.50. The Gram matrix is given by Gy = AL, where
—1)... — i <
Lir.o) = {N(N 1)..(N=|x|+1) ifo<nm

0 otherwise
and where A = M~ is the adjacency matriz of P(k).
PRrROOF. We have indeed the following computation:

Nimvel  — #{z’l,...,ike{1,...,N}’kerz’27r\/0}
- Z#{il,...,ike{l,...,N}‘keri:T}

>7Vo
= ) N(N-1)...(N—|r|+1)
r>7Vo
According to the deﬁnitior: of Gin and of A, L, this formula reads:
(Gin)ro = Y Lro = Z AnrLro = (AL)ro

T>T7

Thus, we obtain the formula in the statement. U
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With the above result in hand, we can now formulate:

THEOREM 8.51. The determinant of the Gram matriz Gy is given by:

N!
det(Gry) = —_
Wel;l(k) (N = [x])!
In particular, the vectors {&;|m € P(k)} are linearly independent for N > k.

ProoF. This is an old formula from the 60s, due to Lindstom and others, having
many things behind it. By using the formula in Proposition 8.50, we have:

det(Grn) = det(A) det(L)

Now if we order P(k) with respect to the number of blocks, then lexicographically, A
is upper triangular, and L is lower triangular, and we obtain the above formula. U

Now back to our quantum groups, let us start with:

THEOREM 8.52. For an easy quantum group G = (Gy), coming from a category of
partitions D = (D(k, 1)), the asymptotic moments of the character x =, u;; are

lim [ x"=|D(k)|

N—oo GN

where D(k) = D(0, k), with the limiting sequence on the left consisting of certain integers,
and being stationary at least starting from the k-th term.

PRrROOF. This is something elementary, which follows straight from Peter-Weyl theory,
by using the linear independence result from Theorem 8.51. U

In practice now, for the basic rotation and reflection groups, we obtain:

THEOREM 8.53. The character laws for basic rotation and reflection groups are
B, ——1Iy

B At
By 4*— Gy
bh———a
in the N — oo limit, corresponding to the basic probabilistic limiting theorems, at t = 1.

PRroor. This follows indeed from Theorem 8.47 and Theorem 8.52, by using the known
moment formulae for the laws in the statement, at ¢ = 1. O
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In the free case, the convergence can be shown to be stationary starting from N = 4.
The “fix” comes by looking at truncated characters, constructed as follows:

[tN]
Xt = Z Ui
i=1
With this convention, we have the following final result on the subject, with the
convergence being non-stationary at ¢ < 1, in both the classical and free cases:

THEOREM 8.54. The truncated character laws for the basic quantum groups are
B, —I

iy

@ Tt

B, Gy
b —————a
in the N — oo limit, corresponding to the basic probabilistic limiting theorems.

ProoOF. We already know that the result holds at ¢ = 1, and the proof at arbitrary
t > 0 is once again based on easiness, but this time by using the Weingarten formula for
the computation of the moments. We refer here to [10], [12], [14], [17]. O

All this is very nice, as a beginning. Of course, still left for this chapter would be the
extension of all this to the case of more general homogeneous spaces X = G/H, and other
free manifolds, in the sense of the free real and complex geometry axiomatized before.

But hey, we learned enough math in this chapter, time for a beer. We refer here to the
2010 paper [16], which started things with the computation for S]fg’jrl, and to the book
[8], which explains what was found on the subject, in the 10s. And if interested in this,
the hot topic, waiting for input from you, are the applications to quantum physics.

8e. Exercises
There has been a lot of exciting theory in this chapter, and as exercise, we have:

EXERCISE 8.55. Prove that Sy is easy, coming from the category of all noncrossing
partitions NC', and compute the asymptotic law of the main character.

As bonus exercise, try as well the truncated characters. Also, don’t forget about Sy.
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And the story tellers say
That the score brave souls inside
For many a lonely day sailed across the milky seas
Never looked back, never feared, never cried



CHAPTER 9

Functional analysis

9a. Kaplansky density

Welcome to this second half of the present book. We will get back here to a more
normal pace, at least for most of the text to follow, our goal being to discuss the basics
of the von Neumann algebra theory, due to Murray, von Neumann and Connes [26], [27],
[61], [62], [63], [87], [88], [89], or at least the “basics of the basics”, the whole theory
being quite complex, and then the most beautiful advanced theory which can be built on
this, which is the subfactor theory of Jones [44], [45], [46], [47], [48], [50], [51].

The material here will be in direct continuation of what we learned in chapter 5,
namely bicommutant theorem, commutative case, finite dimensions, and a handful of
other things. The idea will be that of building directly on that material, and using the
same basic techniques, namely functional analysis and operator theory.

As an important point, all this is related, but in a subtle way, to what we learned in
chapters 6-8 too. To be more precise, what we will be doing in chapters 9-12 here will
be more or less orthogonal to what we did in chapters 6-8. However, and here comes our
point, the continuation of all this, chapters 13-16 below following Jones, will stand as a
direct continuation of what we did in chapters 6-8, with Jones’ subfactors being something
more general than the random matrices and quantum groups from there.

Getting started, as a first objective we would like to have a better understanding of
the precise difference between the norm closed *-algebras, or C*-algebras, A C B(H), and
the weakly closed such algebras, which are the von Neumann algebras, from a functional
analytic viewpoint. Let us begin with some generalities. We first have:

PROPOSITION 9.1. The weak operator topology on B(H) is the topology having the
following equivalent properties:
(1) It makes T —< Tx,y > continuous, for any x,y € H.
(2) It makes T,, = T when < Tyz,y >—< Tx,y >, for any z,y € H.
(3) Has as subbase the sets Up(x,y,e) ={S:| < (S—T)x,y > | <e}.
(4) Has as base Ur(z1, ..., Ty Y1y Yn,€) =4S 1| < (S =Ty, y; > | < e,Vi}.

PROOF. The equivalences (1) <= (2) <= (3) <= (4) all follow from definitions,
with of course (1,2) referring to the coarsest topology making that things happen. U

203
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Similarly, in what regards the strong operator topology, we have:

PROPOSITION 9.2. The strong operator topology on B(H) is the topology having the
following equivalent properties:

(1) It makes T — Tx continuous, for any x € H.

(2) It makes T,, — T when T,x — Tx, for any x € H.

(3) Has as subbase the sets Vp(x,e) = {5 : ||(S —T)z|| < €}.

(4) Has as base the sets Vp(xy, ..., xp,e) = {5 |[(S — T)x;|| < e,Vi}.

PROOF. Again, the equivalences (1) <= (2) < (3) <= (4) are all clear, and
with (1,2) referring to the coarsest topology making that things happen. O

We know from chapter 5 that an operator algebra A C B(H) is weakly closed if and
only if it is strongly closed. Here is a useful generalization of this fact:

THEOREM 9.3. Given a conver set C C B(H), its weak operator closure and strong
operator closure coincide.

PROOF. Since the weak operator topology on B(H) is weaker by definition than the
strong operator topology on B(H), we have, for any subset C' C B(H):

— strong — weak

C ccC
Now by assuming that C' C B(H) is convex, we must prove that:

— weak — strong

TeC — TecC

In order to do so, let us pick vectors z1,...,z, € H and ¢ > 0. We let K = H®", and
we consider the standard embedding i : B(H) C B(K), given by:

Z-T‘(yh o 7yn) = (Tyla S 7Tyn)

We have then the following implications, which are all trivial:

— weak — weak ————weak

TeC — T €iC — T'(x) €iC(x)

Now since the set C' C B(H) was assumed to be convex, the set iC'(x) C K is convex
too, and by the Hahn-Banach theorem, for compact sets, it follows that we have:

iT(x) € iC(x)
Thus, there exists an operator S € C' such that we have, for any i:
||SZEZ — TZEZH <€

But this shows that we have S € Vp(xy,...,z,,€), and since z1,...,z, € Hand e > 0

were arbitrary, by Proposition 9.2 it follows that we have T' € Umong, as desired. Il

We will need as well the following standard result:
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PROPOSITION 9.4. Given a vector space E C B(H), and a linear form f : E — C,
the following conditions are equivalent:

(1) f is weakly continuous.
(2) f is strongly continuous.
(3) f(T) =31, < Txy,y; >, for certain vectors x;,y; € H.

Proor. This is something standard, using the same tools at those already used in
chapter 5, namely basic functional analysis, and amplification tricks:

(1) = (2) Since the weak operator topology on B(H) is weaker than the strong
operator topology on B(H), weakly continuous implies strongly continuous. To be more
precise, assume T,, — T strongly. Then T,, — T weakly, and since f was assumed to be
weakly continuous, we have f(7,,) — f(7'). Thus f is strongly continuous, as desired.

(2) = (3) Assume indeed that our linear form f : E' — C is strongly continuous.
In particular f is strongly continuous at 0, and Proposition 9.2 provides us with vectors
Z1,...,%, € H and a number € > 0 such that, with the notations there:

f(‘/o(l’l, . ,l’n,€)) C D0(1>
That is, we can find vectors x1,...,x, € H and a number € > 0 such that:
[ Tzi|| <e,Vi = |[f(T)] <1

But this shows that we have the following estimate:
DTzl <& = /(1) <1
i=1

By linearity, it follows from this that we have the following estimate:

n
DTz
i=1

Consider now the direct sum H®" and inside it, the following vector:
r=(11,...,3,) € H™

Consider also the following linear space, written in tensor product notation:

F(T)] < -

K=(E®1l)xzCc H""
We can define a linear form f’: K — C by the following formula, and continuity:
f'(Txy,...,Tx,) = f(T)
We conclude that there exists a vector y € K such that the following happens:
F(Tely) =< (T e,y >
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But in terms of the original linear form f : ' — C, this means that we have:
A(T) = Z < T,y >
i=1

(3) = (1) This is clear, because we have, with respect to the weak topology:
T, —-T = <Tx,y >—><Tx;,y >,V
— Y < Ty >— Y < Ty >
i=1 i=1
= f(Tn) = f(T)
Thus, our linear form f is weakly continuous, as desired. O
Here is one more well-known result, that we will need as well:

THEOREM 9.5. The unit ball of B(H) is weakly compact.

PRrooOF. If we denote by B; C B(H) the unit ball, and by D; C C the unit disk, we
have a morphism as follows, which is continuous with respect to the weak topology on
By, and with respect to the product topology on the set on the right:

B, C H Dy, , T—(<Tz,y>)uy
(] [lyl[<1

Since the set on the right is compact, by Tychonoft, it is enough to show that the
image of By is closed. So, let (c;y) € By. We can then find T; € By such that:

<Tix,y>—cyy , Va,y
But this shows that the following map is a bounded sesquilinear form:
HxH—-C |, (x,y) = gy

Thus, we can find an operator 7' € B(H), and so T' € By, such that < Tz, y >= ¢,
for any x,y € H, and this shows that we have (c;,) € By, as desired. d

Getting back to operator algebras, we have the following result, due to Kaplansky,
which is something very useful, and of independent interest as well:
THEOREM 9.6. Given an operator algebra A C B(H), the following happen:
(1) The unit ball of A is strongly dense in the unit ball of A”.
(2) The same happens for the self-adjoint parts of the above unit balls.
PRrooOF. This is something quite tricky, the idea being as follows:

(1) Consider the self-adjoint part As, C A. By taking real parts of operators, and
using the fact that T"— T is weakly continuous, we have then:

Au” (A7),
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Now since the set Ay, is convex, and by Theorem 9.3 all weak operator topologies
coincide on the convex sets, we conclude that we have in fact equality:

—w — w
Asa - (A )sa
(2) With this result in hand, let us prove now the second assertion of the theorem.

For this purpose, consider an element 7' € A", satisfying 7' = T* and ||T|| < 1. Consider
as well the following function, going from the interval [—1, 1] to itself:

2
f(t):rtﬁ

By functional calculus we can find an element S € (Zw)sa such that:

f(8)=T
In other words, we can find an element S € (Zw)sa such that:
25
1+ 52
Now given arbitrary vectors x1,...,x, € H and an arbitrary number ¢ > 0, let us
pick an element R € A,,, subject to the following two inequalities:
R S

1+ T 1"
Finally, consider the following element, which has norm < 1:
2R
1+ R?
We have then the following computation, using the above formulae:

2R 28
1+R2 1452

1 1
= 2 1+5%) —(1+52
(1+R2(R( +57%) — ( +S)R)1+Sz)
1 1 R S
— 2 —_ —_
(1+R2(R Nt ire® R)1+52>
2 1 L
= e T AT
Thus, we have the following estimate, for any ¢ € {1,...,n}:

(L =T)ail| <e

L-T =

But this gives the second assertion of the theorem, as desired.
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(3) Let us prove now the first assertion of the theorem. Given an arbitrary element
T € A", satisfying ||T|| < 1, let us look at the following element:

/ 0 T —w

This element is then self-adjoint, and we can use what we proved in the above, and
we are led in this way to the first assertion in the statement, as desired. O

We can go back now to our original question, from the beginning of the present chapter,
namely that of abstractly characterizing the von Neumann algebras, and we have:

THEOREM 9.7. An operator algebra A C B(H) is a von Neumann algebra precisely
when its unit ball is weakly compact.

ProoF. This is something which is now clear, coming from the Kaplansky density
results established in Theorem 9.6. To be more precise:

(1) In one sense, assuming that A C B(H) is a von Neumann algebra, this algebra
is weakly closed. But since the unit ball of B(H) is weakly compact, we are led to the
conclusion that the unit ball of A is weakly compact too.

(2) Conversely, assume that an operator algebra A C B(H) is such that its unit ball
is weakly compact. In particular, the unit ball of A is weakly closed. Now if T" satisfying
[|T]| < 1 belongs to the weak closure of A, by Kaplansky density we conclude that we
have T' € A. Thus our algebra A must be a von Neumann algebra, as claimed. O

There are several other abstract characterizations of the von Neumann algebras, inside
the class of C*-algebras, and we will be back to this, on several occasions, and notably at
the end of the present chapter, with such a characterization involving the predual.

9b. Projections, order

In order to further investigate the von Neumann algebras, the key idea, coming from
the analysis of the finite dimensional algebras from chapter 5, will be that of looking at
the projections. Let us start with some generalities. In analogy with what happens in
finite dimensions, we have the following notions, over an arbitrary Hilbert space H:

DEFINITION 9.8. Associated to any two projections P,Q) € B(H) are:

(1) The projection P A Q, projecting on the common range.
(2) The projection PV Q, projecting on the span of the ranges.

Abstractly speaking, these two operations can be thought of as being inf and sup type
operations, and all the known algebraic formulae for inf and sup hold in this setting. For
the moment we will not need all this, and we will be back to it later. Let us record
however the following basic formula, which is something very useful:
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PRrROPOSITION 9.9. We have the following formula,
P+Q=PAQ+PVQ
valid for any two projections P,Q € B(H).

PRroOF. This is clear from definitions, because when computing P + () we obtain the
projection PV () on the span on the ranges, modulo the fact that the vectors in the
common range are obtained twice, which amounts in saying that we must add PA Q. O

With the above notions in hand, we have the following result:

THEOREM 9.10. Consider two projections P,Q € B(H).
(1) In finite dimensions, over H = CN | we have, in norm:

(PQ)" = PAQ
(2) In infinite dimensions, we have the following convergence, for any x € H,
(PQ)"z — (PNQ)x
but the operators (PQ)™ do not necessarily converge in norm.
ProoF. We have several assertions here, the proof being as follows:

(1) Assume that we are in the case P,Q € My(C). By substracting P A @ from both
P, Q, we can assume P A ) = 0, and we must prove that we have:

PANQ=0 = (PQ)" =0
Our claim is that we have ||PQ|| < 1. Indeed, we know that we have:

1Pl < [IP||- 1@l =1

Assuming now by contradiction that we have ||PQ|| = 1, since we are in finite dimen-
sions, we must have, for a certain norm one vector, ||z|| = 1:
1PQx|| =1

Thus, we must have equalities in the following estimate:
1PQz|| < [|Qu|] < [|z|]

But the second equality tells us that we must have x € Im(Q), and with this in hand,
the first equality tells us that we must have € I'm(P). But this contradicts P A Q = 0,
so we have proved our claim, and the convergence (PQ)"™ — 0 follows.

(2) In infinite dimensions now, as before by substracting P A @ from both P, Q, we
can assume P A () = 0, and we must prove that we have, for any x € H:

PANQ=0 = (PQ)"x—0
For this purpose, we use a trick. Consider the following operator:
R = PQP
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This operator is positive, because we have R = (PQ)(PQ)*, and we have:
IR < [IP[] - [IQII - 1P| = 1
Our claim, which will finish the proof, is that for any x € H we have:
R'x — 0

In order to prove this claim, let us diagonalize R, by using the spectral theorem for
self-adjoint operators, from chapter 3. If all the eigenvalues are < 1 then we are done. If
not, this means that we can find a nonzero vector € H such that:

|| e | = [ ||
But this condition means that we must have equalities in the following estimate:
|1PQPz|| < [|QPz|| < [|Px]| < |||

The point now is that this is impossible, due to our assumption P A @) = 0. Indeed,
the last equality tells us that we must have x € I'm(P), and with this in hand, the middle
equality tells us that we must have z € Im(Q). But this contradicts P A Q) = 0, so we
have proved our claim, and the convergence (PQ)"x — 0 follows.

(3) Finally, for a counterexample to (PQ)™ — 0, in infinite dimensions, we can take
H = [?(N), and then find projections P, Q such that (PQ)"e, — 0 for any k, but with
the convergence arbitrarily slowing down with k& — oco. Thus, (PQ)™ /4 0. U

As a consequence, in connection with the von Neumann algebras, we have:
THEOREM 9.11. Given two projections P,QQ € B(H), the projections
PANQ , PVQ
both belong to the von Neumann algebra generated by P, Q).

PRrOOF. This comes from the above. Indeed, in what regards P A (), this is something
that follows from Theorem 9.10. As for PV @, here the result follows from the result for
P A Q, and from the formula P+ Q = PAQ + PV @, from Proposition 9.9. U

The idea now will be that of studying the von Neumann algebras A C B(H) by using
their projections, p € A. Let us start with the following result:

THEOREM 9.12. Any von Neumann algebra is generated by its projections.

PRroOOF. This is something that we know from chapter 5, coming from the measurable
functional calculus, which can cut any normal operator into projections. U

There are many other things that can be said about projections, in the general setting.
In what follows we will just discuss the most important and useful such results. A first
such result, providing us with some geometric intuition on projections, is as follows:
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THEOREM 9.13. Given a von Neumann algebra A C B(H), and a projection p € A,
we have the following equalities, between von Neumann algebras on pH :

(1) pAp = (A'p)".
(2) (pAp)' = A'p.

Proor. This is not exactly obvious, but can be proved as follows:

(1) As a first observation, the von Neumann algebras pAp and A’p commute on pH.
Thus, we must prove that we have the following implication:

re(Ap) = x€pAp
For this purpose, consider the element y = xp. Then for any z € A’ we have:
zy = zap
= zprp
= xpzp
= xpz
= yz
But this shows that we have y € A, and so we obtain, as desired:
T = pyp € pAp
(2) As before, one of the inclusions being clear, we must prove that we have:
r € (pAp) = xw e Ap

By using the standard fact that any bounded operator appears as a linear combination
of 4 unitaries, that we know from the beginning of chapter 4, it is enough to prove this
for a unitary element, x = u. So, assume that we have a unitary as follows:

u € (pAp)'
In order to prove our claim, consider the following vector space:
K = ApH

This space being invariant under both the algebras A, A’, we conclude that the pro-
jection ¢ = Proj(K) onto it belongs to the center of our von Neumann algebra:

q € Z(A)

Our claim now, which will quickly lead to the result that we want to prove, is that
we can extend the above unitary u € (pAp)’ to the space K = ApH via the following
formula, valid for any elements z; € A, and any vectors & € pH:

v <Z xzfz) = szufz
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In order to prove this latter claim, we can use the following computation:

(=

2

= Z < .Ii’LLfi,xj'Lij >
]

= Z < xjwiué;, ué >
]

= Z < prjEipus;, u; >
]

= Z < upxirpéi, u; >
]

= Z < prjaip&i, §; >
]

= Y <z >
]

= Z < @i, w€5 >
ij

2
= ‘ szfz

Thus v is well-defined by the above formula, and is an isometry of K. Now observe
that this element v commutes with the algebra A on the space ApH, and so on K. Thus
vg € A’, and so u = vgp, which proves that we have u € A'p, as desired. O

As a second result now, once again in the general setting, we have:

PROPOSITION 9.14. Given a von Neumann algebra A C B(H), the formula

uut =
p:q(z)ﬂu,{* b
uu =q

defines an equivalence relation for the projections p € A.

PRrROOF. This is something elementary, which follows from definitions, with the tran-
sitivity coming by composing the corresponding partial isometries. ]

As a third result, once again in the general setting, which once again provides us with
some intuition, but this time of somewhat abstract type, we have:
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THEOREM 9.15. Given a von Neumann algebra A C B(H), we have a partial order
on the projections p € A, constructed as follows, with u being a partial isometry,

p=q < du, {Z*u;zz
which is related to the equivalence relation ~ constructed above by:
p~q <= p=q q=p
Thus, = is a partial order on the equivalence classes of projections p € A.
PrROOF. We have several assertions here, the idea being as follows:

(1) The fact that we have indeed a partial order is clear, with the transitivity coming,
as before, by composing the corresponding partial isometries.

(2) Regarding now the relation with ~, via the equivalence in the statement, the
implication = is clear. Thus, we are left with proving <=, which reads:

P2q q=p = p=(q
Our assumption is that we have partial isometries u, v such that:
uu*=p , uwu<gq
v'o<p , w'=gq
We can construct then two sequences of decreasing projections, as follows:
Po=D ;s Ppt1=0Gu

GO=9q ; Got1=UuPppu
Consider now the limits of these two sequences of projections, namely:

poo:/\pz ) qoo:/\Qi

In terms of all these projections that we constructed, we have the following decompo-
sition formulae for the original projections p, ¢:

p=@—-—p)+ @1 —p2)+...+ Do

q=@—q)+ (@ —q)+. . + o
Now observe that the summands are equivalent, with this being clear from the defini-
tion of p,, ¢, at the finite indices n < oo, and with p, =~ ¢ coming from:

U*QOOU = Poo CIOOU'U*QOO = (o
Thus we obtain that we have p ~ ¢, as desired, by summing.

(3) Finally, the fact that the order relation < factorizes indeed to the equivalence
classes under =~ follows from the equivalence established in (2). O
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Summarizing, in view of Theorem 9.12, and of Theorem 9.15, we can formulate:

CONCLUSION 9.16. We can think of a von Neumann algebra A C B(H) as being
a kind of object belonging to “mathematical logic”, consisting of equivalence classes of
projections p € A, ordered via the relation =<, and producing A itself via transport by
partial isometries, and then linear combinations, and weak limits.

Which is something quite remarkable, who on Earth could have guessed, say when we
were back in chapter 5, struggling with the basics of the von Neumann algebra theory, or
even at the beginning of the present chapter 9, again struggling with some sort of basics,
of the more advanced theory, that we will end up with something that luminous.

Well, that person on Earth who found this was von Neumann himself, back in the
1930s. And his Conclusion 9.16, called “von Neumann vision” of the operator algebras,
has been extremely useful ever since, and is still largely used nowadays.

Very nice all this, first class mathematics, but in what concerns us, however, we will
rather stick to our A = L*>°(X) viewpoint, with X being a quantum measured space, and
the most often being a “quantum manifold”. This is more of a “continuous” philosophy;,
and in order to keep it intact, and powerful, we will have to take sometimes distances
with the von Neumann philosophy, especially in what concerns the terminology.

In short, we will be definitely users of the von Neumann projection technology, which
is extremely powerful, and is quite often the only available tool, but keeping in mind
however that we are dealing with continuous objects X, and choosing the terminology
and notations accordingly, inspired from continuous geometry.

9c. States, isomorphism

Getting back now to general questions concerning the von Neumann algebras, one
question that we met on several occasions, and that we would like to clarify now, is the
relation between abstract isomorphism and spatial isomorphism.

To be more precise, we would like to understand when two von Neumann algebras
A C B(H) and B C B(K) are isomorphic, in an algebraic and topological sense, but
without reference to the ambient Hilbert spaces H, K. With the idea in mind that, once
this understood, we will be able to talk about the von Neumann algebras A as being
abstract objects, a bit as were the C*-algebras, discussed in chapter 7.

In order to discuss this, let us start with some technical preliminaries. Here is a
definition that I have been postponing for long, but which is now unavoidable:

DEFINITION 9.17. We call ultraweak and ultrastrong topologies on B(H) the topologies
defined exactly as the weak and strong operator topologies, but by using infinite families
of vectors (x;);en C H instead of finite families (x;);=1,.. . n C H.
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And up to you to tell me if you love such things or not, and I will be here listening,
like Sigmund Freud. Anyway. With this convention, we have the following result:

PROPOSITION 9.18. Given a vector space E C B(H), and a linear form f: E — C,
the following conditions are equivalent:

(1) f is ultraweakly continuous.
(2) f is ultrastrongly continuous.
(3) f(T) =322, < T,y >, for certain vectors x;,y; € H.

Proor. This is similar to the proof of Proposition 9.4, as follows:

(1) = (2) Since the ultraweak operator topology is weaker than the ultrastrong
operator topology, ultraweakly continuous implies ultrastrongly continuous.

(2) = (3) Assume that f : F — C is ultrastrongly continuous. By continuity we
can find vectors x; € H and a number € > 0 such that:

DTl < = |f(T)] <1
i=1

It follows from this that we have the following estimate:

[e.e]
D T2
i=1

Consider now the direct sum H%*, and inside it, the following vector:
r=(z;) € H®®

Consider also the following linear space, written in tensor product notation:

£(T)] < -

K=(E®1l)x C H®®
We can define a linear form f’: K — C by the following formula, and continuity:
f(Tx:):) = f(T)
We conclude that there exists a vector y € K such that:
f’((T ® 1)y) =< (T®1x,y>

But in terms of the original linear form f : ' — C, this means that we have:
f(T) = Z < Tz, y; >
i=1

(3) = (1) This is indeed clear from definitions. O

As a consequence of the above result, we have:
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THEOREM 9.19. Given a von Neumann algebra A C B(H), and a positive linear form
f:A— C, the following are equivalent:

(1) f is normal, in the sense that f (sup, x;) = sup; f(x;), for any increasing sequence
of positive elements x; € A.

(2) f is completely additive, in the sense that f (\/,p:) = >, f(p:), for any family of
pairwise orthogonal projections p; € A.

(3) f is ultraweakly continuous, or equivalently, f is a vector state, f =< Tx,x >,
when suitably extending it to the space H @ I*(N).

Proor. This is something very standard, as follows:

(1) = (2) Given a family of pairwise orthogonal projections {p;}, we can consider
the following increasing sequence of positive elements:

n
Tp = E Di
=1

By using now the formula in (1) for these elements we obtain, as desired:

f (\/p> = f(sgbpxn>

= Sgpf(xn)
= S%pi(pi)
= Zf(pz')

(2) = (3) This is something more technical, that we will prove in several steps. Let
us fix a projection ¢ € A, and consider a vector £ € Im(q) such that:
<@, §E>>1
Our claim is that there exists a projection p < ¢ such that, for any = € A:
f(pxp) << ppé, & >

Indeed, in order to prove this, let us pick, by using the Zorn lemma, a maximal family
of pairwise orthogonal projections {p;} C A such that, for any i, we have:

fpi) >2<pi&, € >
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By using our complete additivity assumption, we have then:

f(\i/pz) = ;f(pi)

> Z<pz€7£>

~{(ve)ed

Now consider the following projection, which is nonzero:
p=q-\/pi
By maximality of the family {p;}, for any nonzero projection r < p, we have:

f(r) << rg € >

We therefore obtain the following estimate, valid for any x € A, as desired:

f(prp) << pap€.§ >
Now by Cauchy-Schwarz we obtain that for any = € A, ||z|| < 1, we have:
[f@p)l? < flpe*ap)f(1)
< <pzirpg, € >
||epg|f?

Thus the following linear form is strongly continuous on the unit ball of A:

z — f(pr)

In order to finish now, once again by using the Zorn lemma, let us pick a maximal
family of pairwise orthogonal projections {p;} C A such that =z — f(p;z) is strongly
continuous on the unit ball of A, for any . By maximality we have then:

Zf(pa =f (Zm) =f(1)=1

Now given € > 0, let us choose a finite subset of our index set, F' C I, such that for
all the finite subsets F' C J C I, we have an inequality as follows:

1—f<2pj>§e

jed
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By Cauchy-Schwarz we have then, for any x € A, ||z|| = 1, the following estimate:

) = A

jed
We conclude from this that we have the following estimate:

o))

Thus we obtain f € A,, as desired.

< ¢

<Ve

(3) = (1) This is something trivial, coming from definitions. d
We can now go back to our original question, and we have:

THEOREM 9.20. Given two von Neumann algebras A C B(H) and B C B(K), acting
on possibly different Hilbert spaces H, K, any algebraic isomorphism

b: A~ B
is spatial up to amplification, in the sense that we have a formula as follows,
PT)1=UT®1)U"
for a certain Hilbert space L, and a certain unitary U : H ® L - K ® L.
Proor. This is something standard, coming from Theorem 9.19, as follows:

(1) As a first observation, assuming that a positive unital linear form f: A — C is a
vector state, given by a certain vector x € H, then by Theorem 9.19 the linear form f&!
is also a vector state, say given by a vector y € K.

(2) We conclude from this that we have a unitary as follows, intertwining the corre-
sponding actions of the von Neumann algebras A and B:

U, : Az — By

Now by making the above vector x € H vary, and performing a direct sum, we obtain
with L = [*(N) an isometry as in the statement, namely:

U H®L—-K®L

Our construction shows that U intertwines indeed the actions of the von Neumann
algebras A and B, and what is left to do is to study the unitarity of U.

(3) We will prove now that, up to a suitable replacement, the above operator U can
be taken to be unitary, still intertwining the actions of the von Neumann algebras A and
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B. For this purpose, consider the action of von Neumann algebra A on the direct sum
Hilbert space (H ® L) ® (K ® L) given by the following matrices:

v = (x%gl @(xg]@g 1)

Since U intertwines the actions of the von Neumann algebras A and B, in terms of
2 x 2 matrices, we are led to the following conclusion:

0 0 /
(5 0) <4

Thus, the following happens inside the von Neumann algebra A’:

(0= )

On the other hand, the same reasoning applied to the isomorphism ®~! shows that
we have as well, once again inside the von Neumann algebra A’

()=o)

(4) We are now in position to finish. By combining the above two conclusions, we
obtain an equivalence of projections inside A’, as follows:

G0~

Now pick a partial isometry implementing this equivalence. This partial isometry
must be of the following form, with U’ being now a unitary:

0 0
v (o o)

Thus, we have a unitary as follows, which intertwines the actions of A and B:
U HRL—- KL
But this is the unitary we were looking for, and we are done. U

The above result is something quite fundamental, allowing us to talk about von Neu-
mann algebras A as abstract objects, without reference to the exact Hilbert space H
where the elements a € A live as operators a € B(H), and with this being of course
possible modulo some functional analysis knowledge. We will heavily use this point of
view in chapter 10 below, and then in chapters 13-16, when talking about II; factors.
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9d. Predual theory

We have seen so far, as a consequence of the Kaplansky density theorem, that an op-
erator algebra A C B(H) is a von Neumann algebra precisely when its unit ball is weakly
compact. This is certainly useful, but there are many other possible characterizations of
the von Neumann algebras, as operator algebras, which are useful as well.

To be more precise, going ahead now with more abstract functional analysis, that we
will be using in what follows, on several occasions, let us formulate:

DEFINITION 9.21. Given a von Neumann algebra A C B(H), we set
A, = { f:A— C, weakly continuous}
regarded as a linear subspace, A, C A*, of the usual dual, given by
A* = {f : A — C, norm continuous}

and we call this space A, predual of our von Neumann algebra A.

Our first goal will be that of proving that we have the following duality formula,
between the linear space A, constructed above, and the algebra A itself:

A= (A)

In order to do so, let us first discuss the case of the full operator algebra A = B(H)
itself. This is actually the key case, with the extension to the arbitrary von Neumann
algebras A C B(H) being something coming afterwards, quite straightforward.

We will need some standard operator theory, developed in chapter 4. First, we have
the following result, regarding the trace class operators, established there:

THEOREM 9.22. The space of trace class operators, which appears as an intermediate
space between the finite rank operators and the compact operators,

F(H) c Bi(H) ¢ K(H)
is a two-sided x-ideal of K(H). The following is a Banach space norm on By(H),
| T[ly = Tr|T|
satisfying ||T|| < ||T||1, and for T € Bi(H) and S € B(H) we have:
ST < [ISI[- 1T ]y
Also, the subspace F(H) is dense inside Bi(H), with respect to this norm.
Proor. This is indeed something standard, explained in chapter 4. Il

We will need as well the following result, regarding this time the Hilbert-Schmidt
operators, which is also from chapter 4:



9D. PREDUAL THEORY 221

THEOREM 9.23. The space of Hilbert-Schmidt operators, which appears as an inter-
mediate space between the trace class operators and the compact operators,

F(H) C Bi(H) C By(H) C K(H)

is a two-sided x-ideal of K(H). In terms of the singular values (X\,), the Hilbert-Schmidt
operators are characterized by the following formula:

Z 2\ < o0
Also, the following formula, taking as input two Hilbert-Schmidt operators,
< S, T >=Tr(ST")
defines a scalar product of Bo(H), making it a Hilbert space.
PROOF. As before, this is something standard, explained in chapter 4. O
We will need as well the following technical result, also from chapter 4:
THEOREM 9.24. We have the following commutation formula,
Tr(ST)=Tr(TS)
valied for any two Hilbert-Schmidt operators S, T € By(H).
PROOF. As before, this is something standard, explained in chapter 4. O

With the above ingredients in hand, and getting back now to von Neumann algebras,
and to our predual questions raised before, we first have the following result:

THEOREM 9.25. The linear space B(H), C B(H)* consisting of the linear forms
f: B(H) — C which are weakly continuous is given by

B(H). = {T - Tr(ST)‘S € By(H)}
and we have the following duality formula
B(H) = (B(H).)"
as a duality in the usual Banach space sense.

PROOF. There are several things to be proved, the idea being as follows:

(1) First of all, any linear form of type " — T'r(ST), with S being trace class, is
weakly continuous. Thus, if we denote by B(H ), the subspace of B(H) in the statement,
consisting of such linear forms, we have an inclusion as follows:

B(H), C B(H).
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(2) In order to prove now the reverse inclusion, consider an arbitrary weakly continuous
linear form f € B(H).. We can then find vectors (z;) and (y;) such that:

f(T) =) < Taiy >
Let us consider now the following operators, going by definition from the Hilbert space
[*(N) to our Hilbert space H, and which are both Hilbert-Schmidt:
Q:e;,—x; , R:e—vy;
In terms of these operators, our linear form can be written as follows:
f(T) = Tr(R'TQ)
On the other hand, by using the formula in Theorem 9.24 we obtain:
Tr(R*TQ) =Tr(TQR")
Thus, with S = QR*, which is trace class, we have the following formula:
f(r)y=Tr(TS)
Thus, we have proved that we have an inclusion as follows:
B(H). C B(H),

(3) Summing up, from (1) and (2) we conclude that we have an equality as follows,
which proves the first assertion in the statement:

B(H), = B(H),

(4) It remains to prove that B(H) is indeed the dual of B(H).. For this purpose, we
use the above identification, which ultimately identifies B(H ), with the space of trace
class operators Bi(H). So, assume that we have a linear form, as follows:

fBl(H)—>C

It is then routine to show that f must come from evaluation on a certain operator
T € B(H), and this leads to the conclusion that B(H) is indeed the dual of B(H).. O

More generally now, for the arbitrary von Neumann algebras A C B(H), we have:

THEOREM 9.26. Given a von Neumann algebra A C B(H), if we set
A, = { f:A— C, weakly continuous}
regarded as a linear subspace, A, C A*, of the usual dual, given by:
A* = {f : A — C, norm continuous}

then we have the duality formula A = (A)*, in the usual Banach space sense.
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PROOF. This can be proved in several steps, as follows:

(1) First of all, we know from the above that the result holds for the von Neumann
algebra A = B(H) itself, in the sense that we have:
B(H) = (B(H).)"

(2) The point now is that for any von Neumann subalgebra A C B(H), or more
generally for any weakly closed linear subspace A C B(H), we have an equality as follows,
coming as a consequence of the Hahn-Banach theorem:

A=A
(3) Thus, modulo some standard algebra, and some standard identifications for quo-
tient spaces and their duals, we are led to the conclusion in the statement. O

In fact, we have the following result, due to Sakai:

THEOREM 9.27. The von Neumann algebras are exactly the C*-algebras which have a
predual, in the above sense.

PROOF. This is a variation of the above, which caps the above series of results, and
closes any further discussions, and for details here, we refer to Sakai’s book [77]. g

There are many other things that can be said, of purely abstract nature, on the von
Neumann algebras. We will be back to this, from time to time, in what follows.

9e. Exercises

Things have been quite tricky in this chapter, with a number of detours, and by
avoiding some difficulties, and as a first exercise, which is quite difficult, we have:

EXERCISE 9.28. Look up and learn von Neumann’s reduction theory, stating that given
a von Neumann algebra A C B(H), if we write its center as

Z(A) = L¥(X)

then we have a decomposition as follows, with the fibers A, having trivial center,

A:/Amdx
X

and then write down a brief account of what you learned.

This is something very fundamental and instructive, and is actually fundamental to the
point that we should have normally talked about this in the present chapter 9. However,
in practice, this is not really doable, things very technical, and although foundational, this
remains something quite advanced. We will be actually back to this later in this book,
but only under the assumption that the algebra has a trace, tr : A — C, which simplifies
a number of things, and rather with explanations, instead of a complete proof.
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EXERCISE 9.29. Given two projections P,QQ € B(H), with H being infinite dimen-
stonal, find an elementary proof for the fact that we have, for any v € H,

(PQ)"r — (PNQ)x
but the operators (PQ)"™ do not necessarily converge in norm.

This is something that we proved in the above, but the problem now is that of finding
an elementary proof of this fact, by using whatever tricks of your choice.

EXERCISE 9.30. Given a commutative von Neumann algebra, written as

A= L*(X)
with X being a measured space, write, by using the Gelfand theorem,
A=C(X)

with X being a compact space, and understand the correspondence X — X.

As a bonus exercise here, try understanding as well what happens for the non-unital
commutative C*-algebras A C B(H), and their weak closures A” C B(H).



CHAPTER 10

Finite factors

10a. Finite factors

In this chapter we go for the real thing, namely the study of the II; factors, following
Murray and von Neumann [61], [62], [63], [87], [88], which is the basis for everything
more advanced, in relation with operator algebras. We will only present the very basic
theory of the II; factors, with the idea in mind of using them later for doing subfactors
a la Jones. We will mainly follow the simplified approach from Jones’ book [49], with
sometimes a look into Blackadar [21], both books that we recommend for more.

Let us first talk about general factors. There are several possible ways of introducing
them, and dividing them into several classes, for further study. In what concerns us, we
will use a rather intuitive approach. The general idea, which is quite natural, is that
among the von Neumann algebras A C B(H), of particular interest are the “free” ones,
having trivial center, Z(A) = C. These algebras are called factors:

DEFINITION 10.1. A factor is a von Neumann algebra A C B(H) whose center
Z(A)=AnA
which is a commutative von Neumann algebra, reduces to the scalars, Z(A) = C.

This notion is in fact something that we already met in the above, in the context of
various comments or exercises, and time now to clarify all this. The idea is that there
are two main motivations for the study of factors, with each of them being more than
enough, as to serve as a strong motivation. First, at the intuitive level, we have:

PRrRINCIPLE 10.2 (Freeness). The following happen:

(1) The condition Z(A) = C defining the factors is, obviously, opposite to the condi-
tion Z(A) = A defining the commutative von Neumann algebras.

(2) Therefore, the factors are the von Neumann algebras which are “free”, meaning
as far as possible from the commutative ones.

(3) Equivalently, with A = L>*(X), the quantum spaces X coming from factors are
those which are “free”, meaning as far as possible from the classical spaces.

So, this was for our first principle, which is something reasonable, intuitive, and self-
explanatory, and which can surely serve as a strong motivation for the study of factors.

225
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In fact, all that has being said above comes straight from the structure theorem for the
commutative von Neumann algebras, A = L*°(X), with X being a measured space, that
we know since chapter 5, and the above principle is just a corollary of that theorem.

At a more advanced level, another motivation for the study of factors, which among
others justifies the name “factors” for them, comes from the reduction theory of von
Neumann [89], which is something non-trivial, that can be summarized as follows:

PrincIPLE 10.3 (Reduction theory). Given a von Neumann algebra A C B(H), if we
write its center Z(A) C A, which is a commutative von Neumann algebra, as

Z(A) = L¥(X)

with X being a measured space, then the whole algebra decomposes as

A:/Amdaz
X

with the fibers A, being factors, that is, satisfying Z(A,) = C.

As a first comment, we have already seen an instance of such decomposition results in
chapter 5, when talking about finite dimensional algebras. Indeed, such algebras decom-
pose, in agreement with the above, as direct sums of matrix algebras, as follows:

A= M,,(C)

In general, however, things are more complicated than this, and technically speaking,
and as opposed to Principle 10.2, which was more of a triviality, Principle 10.3 is a tough
theorem, due to von Neumann [89]. More on this later, in chapter 11 below.

This was for the story, and let us close this philosophical discussion with:

CONCLUSION 10.4. Regardless of the approach and technical level, be that beginner or
advanced, the von Neumann factors are the algebras that matter.

Getting to work now, there are many things that can be said about factors. In order
to get started, as a direct continuation of the work from chapter 9, for the general von
Neumann algebras, let us first study their projections. We will see that many interesting
things happen here, with everything coming from the following technical result:

PROPOSITION 10.5. Given two projections p,q # 0 in a factor A, we have

pugq # 0

for a certain unitary u € A.
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PROOF. Assume by contradiction pug = 0, for any unitary v € A. This gives:
u*puqg =0

By using this for all the unitaries u € A, we obtain the following formula:

( \/ u*pu) q=20
ueUp

On the other hand, from p # 0 we obtain, by factoriality of A:

Thus, our previous formula is in contradiction with g # 0, as desired. U

Getteing back now to the order on projections from chapter 9, and to the whole von
Neumann projection philosophy, in the case of factors things simplify, as follows:

THEOREM 10.6. Given two projections p,q € A in a factor, we have
p=q or q=p
and so = 1s a total order on the equivalence classes of projections p € A.

Proor. This basically follows from Proposition 10.5, and from the Zorn lemma, by
using some standard functional analysis arguments. To be more precise:

(1) Consider indeed the following set of partial isometries:
S = {u‘uu* <puu< q}

We can then order this set S by saying that we have v < v when v*u < v*v, and
when v = v holds on the initial domain u*uH of u. With this convention made, the Zorn
lemma applies, and provides us with a maximal element u € S.

(2) In the case where this maximal element u € S satisfies uu* = p or u*u = ¢, we are
led to one of the conditions p < g or ¢ < p in the statement, and we are done.

(3) So, assume that we are in the case left, uu* # p and u*u # q. By Proposition 10.5
we obtain a unitary v # 0 satisfying the following conditions:

vt < p—uu”
v < qg—utu

But these conditions show that the element u 4+ v € S is strictly bigger than u € S,
which is a contradiction, and we are done. U
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Moving ahead now, as explained time and again throughout this book, for a variety
of reasons, which can be elementary or advanced, and also mathematical or physical, we
are mainly interested in the case where our algebras have traces:

tr: A—C

And in relation with the factors, by leaving aside the rather trivial case of the matrix
algebras A = My(C), we are led in this way to the following key notion:

DEFINITION 10.7. A Iy factor is a von Neumann algebra A C B(H) which:

(1) Is infinite dimensional, dim A = oco.
(2) Has trivial center, Z(A) = C.
(3) Has a trace tr : A — C.

Here the order of the axioms is a bit random, with any of the possible 3! = 6 choices
making sense, and corresponding to a slightly different vision on what the II; factors truly
are. With the above order, with (1) we are making it clear, right from the beginning, that
we are not here for revolutionizing linear algebra. Then with (2) we adhere to Definition
10.1, and to what was said next about it, on freeness and reduction. And finally with (3)
we adhere to the above principle, that von Neumann algebras must have traces.

More technically now, and leaving aside anything subjective, the above definition is
motivated by the heavy classification work of Murray, von Neumann and Connes [26],
[27], [61], [62], [63], [87], [88], [89], whose conclusion is more or less that everything
in von Neumann algebras reduces, via some quite complicated procedures, we should
mention that, to the study of the II; factors. With the mantra here being as follows:

Fact 10.8. The Il factors are the building blocks of the whole von Neumann algebra
theory.

To be more precise, this statement, that we will get to understand later, is some-
thing widely agreed upon, at least among operator algebra experts who are familiar with
von Neumann algebras, and with this agreement being something great. What remains
controversial, however, is how to start playing with these Lego bricks that we have:

(1) A first option is that of adding the matrix algebras My (C), not to be forgotten,
and then stacking together such Lego bricks. According to the von Neumann reduction
theory, this leads to the von Neumann algebras having traces, tr : A — C.

(2) A second option, perhaps even more playful, is that of taking crossed products of
such Lego bricks by their automorphisms scaling the trace, or performing more general
constructions inspired by advanced ergodic theory. This leads to general factors.
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(3) And the third option is that of being a bad kid, or perhaps some kind of nerd,
engineer in the becoming, and picking such a Lego brick, or a handful of them, and
breaking them, see what’s inside. Good option too, and more on this later.

Getting to work now, in practice, and forgetting about reduction theory, which raises
the possibility of decomposing any tracial von Neumann algebra into factors, in order
to obtain explicit examples of II, factors, it is not even clear that such beasts exist.
Fortunately the group von Neumann algebras are there, and we have the following result,
which provides us with some examples of 1I; factors, to start with:

THEOREM 10.9. The center of a group von Neumann algebra L(I") is

Z(L()) = {Z)‘gg Agh = )‘hg}

and if I' # {1} has infinite conjugacy classes, in the sense that

‘{ghg’llg € G}} =00 , Vh#1
with this being called ICC property, the algebra L(T') is a 11y factor.

PROOF. There are two assertions here, the idea being as follows:

(1) Consider a linear combination of group elements, which is in the weak closure of
C[I'], and so defines an element of the group von Neumann algebra L(I):

a:Z)\gg
g

By linearity, this element a € L(I') belongs to the center of L(I") precisely when it
commutes with all the group elements h € I', and this gives:

a€Z(A) <= ah=ha

= ) Agh=) Ahg
g g

= > Atk =Y Mk
k k

< >\kh—1 — >\h_1k
Thus, we obtain the formula for Z(L(I')) in the statement.

(2) We have to examine the 3 conditions defining the II; factors. We already know
from chapter 7 that the group algebra L(G) has a trace, given by:

tr(g) = g1
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Regarding now the center, the condition Ay, = A, that we found is equivalent to the
fact that ¢ — A, is constant on the conjugacy classes, and we obtain:

Z(L(T)) =C <= T =1CC

Finally, assuming that this ICC condition is satisfied, with I" # {1}, then our group
[" is infinite, and so the algebra L(I") is infinite dimensional, as desired. U

In order to look now for more examples of II; factors, an idea would be that of
attempting to decompose into factors the group von Neumann algebras L(I"), but this is
something difficult, and in fact we won'’t really exit the group world in this way. Difficult
as well is to investigate the factoriality of the von Neumann algebras of discrete quantum
groups L(I"), because the basic computations from the proof of Theorem 10.9 won’t extend
to this setting, where the group elements g € I' become corepresentations g € My (L(T)).
Despite years of efforts, it is presently not known at all what the “quantum ICC” condition
should mean, and the problem comes from this. But more on this later.

In short, we have to stop here the construction of examples, and Theorem 10.9 will
be what we have, at least for the moment. With this being actually not a big issue, the
group factors L(I") being known to be quite close to the generic II; factors.

10b. Basic results

Getting away now from the above difficulties, let us go back to the abstract II; factors,
as axiomatized in Definition 10.7. In order to investigate them, the idea will be that from
chapter 9, namely looking at the projections, and their equivalence classes.

In the case of the II; factors, as a first interesting remark, the presence of the trace
trivializes the proof of the main result that we have about projections, as follows:
THEOREM 10.10. Given two projections p,q € A in a Il; factor we have, trivially
p=q or qg=p
and so = 1s a total order on the equivalence classes of projections p € A.

ProoF. This is something that we already know, from Theorem 10.6, and which
actually holds for any factor, with the non-trivial part being the following implication:

P2¢ q3p = p=q
But this implication is clear in the present II; factor setting, by using the trace. [
The above theorem and its proof, which are remarkable, are the first in a series of

mysteries, in what concerns the special case of the II; factors. More such mysteries to
follow. In order to study now the trace of the II; factors, we will need:
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PROPOSITION 10.11. Given a weakly closed left ideal I C A in a von Neumann algebra,
there exists a unique projection p € A such that:

1=Ap
Moreover, if I C A is assumed to be a two-sided ideal, then p € Z(A).
PrROOF. We have several things to be proved, the idea being as follows:
(1) Given an ideal I C A as in the statement, consider the following intersection:
INI-cA

This is a weakly closed non-unital #-subalgebra of A, so if we denote by p € A its
largest projection, or unit, then we have an inclusion Ap C I.

(2) Conversely now, let us pick x € I. By polar decomposition we can write = u|z|,
and we have the following implications, which prove the reverse inclusion I C Ap:

rel = J|z|=uzel

= |z|lelINnI”

= |zlp = |z|

— x=ulz|=ul|z|p € Ap

(3) The uniqueness assertion is clear from the comparison theorem for projections.

(4) Regarding now the last assertion, assume that I C A is a two-sided weakly closed
ideal. Then for any unitary u € A we have:

I =ulu" = wulu*=Ap
— [ = Aupu”
Thus by uniqueness we obtain upu* = p, and so p € Z(A), as desired. U

As a first main result now regarding the II; factors, following the paper of Murray and
von Neumann [63], which by the way is a must-read, we have:

THEOREM 10.12. Given a Il factor A, any weakly continuous positive trace
tr: A—C
is automatically faithful.
ProoF. Consider the null space of the trace, which is by definition:
I= {:c € A‘tr(m*x) = O}
We have the following inequality, which shows that [ is a left ideal:

v*a*ax < ||a|fPz*z
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Now by using the trace condition tr(ab) = tr(ba), we conclude that I is a two-sided
ideal. Also, the Cauchy-Schwarz inequality gives:

tr(z*x) =0 <= tr(zy) =0,Yy € A

We conclude from this that [ is an intersection of kernels of weakly closed functionals,
which are weakly closed, and so it is weakly closed. Thus the last assertion in Proposition
10.11 applies, and produces a projection p € Z(A) such that:

I =Ap
Now since A was assumed to be a factor, we have Z(A) = C. Thus p = 0, and so the
null ideal of the trace is I = {0}, and so our trace ¢r is faithful, as desired. 4

Our goal now will be that of proving that the trace on a II; factor is unique, and takes
on projections any value in [0, 1]. Let us start with a technical result, as follows:

ProOPOSITION 10.13. Given a 11y factor A, the traces of the projections
tr(p) € [0, 1]
can take arbitrarily small values.

ProoF. Consider the set formed by all values of the trace on the projections:

5= {tr(p) pPP=p=p e A}
We want to prove that the following number equals 0:
c = inf(S — {0})

In order to do so, assume by contradiction ¢ > 0, pick € > 0 small, and pick a
projection p € A such that the following condition is satisfied:

tr(p) <c+e¢

Since we are in a II; factor, this projection p € A cannot be minimal, and so we can
find another projection g € A satisfying ¢ < p. Now observe that we have:

tr(p—q) = tr(p) —tr(q)
< tr(p) —c
< ¢
Thus with € < ¢ we obtain a contradiction, and so ¢ = 0, as desired. U

In order to prove our next main result, we will need as well:

ProprosITION 10.14. Given a Iy factor A on a Hilbert space H and a projection
p € A, the von Neumann algebra pAp is a 11y factor on the Hilbert space pH.
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PROOF. We have to prove that the von Neumann algebra pAp has a trace, and is
infinite dimensional, and these two properties can be proved as follows:

(1) In what regards the trace, we know that the trace tr : A — C restricts to a trace
tr : pAp — C, which must be nonzero, as desired.

(2) In what regards the infinite dimensionality, this follows from the fact that a minimal
projection in pAp would be minimal in A, which is impossible. U

Still following the fundamental paper of Murray and von Neumann [63], we can now
formulate a second main result regarding the II; factors, as follows:

THEOREM 10.15. Given a Il factor A, the traces of projections
tr(p) €10, 1]
can take any values in [0, 1].

PROOF. Given a number ¢ € [0, 1], consider the following set:

S = {p2:p:p* EA‘t'r(p) gc}

This set satisfies the assumptions of the Zorn lemma, and so by this lemma we can
find a maximal element p € S. Assume by contradiction that we have:

tr(p) <c

The point now is that by using Proposition 10.13 and Proposition 10.14, we can slightly
enlarge the trace of p, and we obtain a contradiction, as desired. O

As a third and last main result regarding the II; factors, also from [63], we have:
THEOREM 10.16. The trace of a I1; factor
tr: A—C
1S UNLQUE.

ProOF. This can be proved in many ways, a standard one being that of proving that
any two traces agree on the projections, as a consequence of the above results:

(1) Assume indeed that we have a second trace ¢’ : A — C. Since A is generated by
its projections, it is enough to show that we have tr = tr’ on projections.

(2) As a first observation, since traces on matrix algebras are unique, we obtain that
we have tr = tr’ on the projections p € A having rational trace, tr(p) € Q.

(3) So, let us pick p € A having non-rational trace, tr(p) ¢ Q, and prove that we have
tr(p) = tr'(p). The idea will be that of using the result for the projections having rational
traces, applied to an infinite direct sum of projections, converging to p.
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(4) To be more precise, assume that we have constructed our sequence p; — p up to
order n € N, and let us try to construct p,,1. The idea is to use the following algebra:

A= (p—pn)Alp —pn)

(5) Indeed this algebra is a II; factor, and we can choose inside it a projection p, 1
satisfying p, < ppy1 < p, such that tr = ¢r’ on it, and such that:

1
tr(p — ppt1) < 5 tr(p — pn)

(6) According to our choices for these projections p,, we have:

p= \/ Pn
n=1
Thus when evaluating ¢r, tr’ on p we obtain the same result, as desired. U

In what regards illustrations for all this, as examples of II; factors we have so far the
group von Neumann algebras L(I"), with I' being an ICC group. In certain cases, it is
possible to say more about all the above, and in particular about the projections, for
instance with quite explicit procedures for constructing projections p € L(I') having an
arbitrary prescribed trace z € [0,1]. We will be back to this later, when discussing more
in detail the group von Neumann algebras L(I"), and their generalizations.

Back to theory, we have seen that the II; factors are very interesting objects, naturally
lying above the matrix algebras My (C), which are type I factors. From this perspective,
a II; factor A C B(H) is not really in need of the ambient Hilbert space H, and the
question of “representing” it appears. We will discuss this question, in two steps:

(1) A first question is that of understanding the possible embeddings A C B(H),
with H being a Hilbert space. The main result here will be the construction of
a numeric invariant dim4 H, called coupling constant.

(2) A second question is that of understanding the possible embeddings A C B, with
B being another II; factor. By using the coupling constant for both A, B we will
construct a numeric invariant [B : A], called index.

We will discuss now (1), and leave (2) for later, towards the end of this chapter. In
order to get started, let us formulate the following definition:

DEFINITION 10.17. Given a von Neumann algebra A with a trace tr : A — C, the
emdedding

A C B(L*(A))
obtained by GNS construction is called standard form of A.
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Here we use the GNS construction, explained in chapter 7. As the name indicates,
the standard representation is something “standard”, to be compared with any other
representation A C B(H), in order to understand this latter representation.

As already seen in chapter 7, the GNS construction has a number of unique features,
that can be exploited. In the present setting, the main result is as follows:
THEOREM 10.18. In the context of the standard representation we have
A'=JAJ
with J : L*(A) — L*(A) being the antilinear map given by T — T*.

PROOF. Observe first that any 7" € A can be regarded as a vector T' € L*(A), to which
we can associate, in an antilinear way, the vector T* € L?*(A). Thus we have indeed an
antilinear map J as in the statement. In terms of the standard cyclic and separating
vector €) for the GNS representation, the formula of this formula .J is:

J(zQ2) = 2*Q
(1) Our first claim is that we have the following formula:
< JE, IJn>=<§n>
Indeed, with £ = Q) and n = y€2, we have the following computation:
<J&JIn> = <yr*Q,Q >
= tr(yz")
= <&n>
(2) Our second claim is that we have the following formula:
JxJ(yQ) = yz*Q
Indeed, this follows from the following computation:
JrJ(yQ) = J(zy*Q) = ya*Q
(3) Our claim now is that we have an inclusion as follows:
JAJ C A
Indeed, this follows from the formula obtained in (2).
(4) In order to prove the reverse inclusion, our claim is that for x € A’ we have:

JrQ) = 2*Q
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Indeed, this follows from the following computation, valid for any y € A:
< JxQyQd > = < JyQ,zQ) >
= <y Qx>
= < Quayd >
< x*Q,yQ >
(5) Our claim now is that the following formula defines a trace on A’
Tr(z) =< x£,Q >
Indeed, for any two elements z,y € A" we have:
<zy, Q> = <yQ "0 >
= <yQ,JzQd >
= <z, JyQ >
= <z, y" Q>
= <yxQ), Q>

(6) We can now finish the proof. Indeed, by using the trace constructed in (5), we can
apply our results obtained so far to A’, and we obtain JA'J C A, as desired. O

As a basic illustration for the above result, we have:

THEOREM 10.19. The commutant of a von Neumann group algebra L(T'), which is
obtained by definition by using the left reqular representation, is the von Neumann group
algebra R(T), obtained by using the right regular representation.

PrROOF. We recall that the left and the right representations of a discrete group I' are
given by the following formulae, by using the standard identification T C 1?(T):

Ag :th— gh | ,og:h—>hg_1
We have Jg = g~! for any group element g € I', and by using this, we obtain:
JAJh = JA\h!

Jgh™*
= hg!
= pgh
Thus, the left and right representations are related by the following formula:
JAgJ = py

By using now Theorem 10.18 we can compute commutants, as follows:
L) = JL(T")J = R(T)
Finally, we have L(I') = R(I')’ too, by taking the commutant. O
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As another application of the standard representation, let us go back to the uniqueness
of the trace, that we know from Theorem 10.16. There are several alternative proofs for
this fact, which are all instructive. As a first such statement and proof, we have:

THEOREM 10.20. Given a 1y factor A, and an element a € A, we have the following
Dixmier averaging property:

ueUA}wﬂ(Cl;é@

span {uau*
In particular, the 11y factor trace tr : A — C is unique.

PROOF. We use the basic theory of the regular representation A C L?(A), with respect
to the given trace tr : A — C, explained above. The proof goes as follows:

(1) Given an element a € A, consider the space in the statement, obtained as the weak
closure of the space spanned by the spinned versions of a, namely:

uGUA}

This linear space K, C A is by definition weakly closed, and it follows that the subset
K,Q C L*(A), where Q € L*(A) is the canonical trace vector, is a weakly closed convex
subset. In particular, we see that K,Q C L*(A) is a norm closed convex subset.

w

K, = span {uau*

(2) In view of this, we can consider the unique element b € K, having the property
that 62 has a minimal norm. We have then the following formula, for any unitary u € Uy,
where J : L?(A) — L?(A) is the standard antilinear map, given by 7' — T*:

|luJuJoQ2| = |[b€2]
By uniqueness of b, it follows that for any unitary u € Uy, we have:
uJuJb§2 = bS)
But this shows that for any unitary u € U4, we have:
ubu® = b
We conclude that we have b € C1, and this proves the first assertion.

(3) Regarding now the second assertion, consider an arbitrary trace tr : A — C. By
using tr(uau*) = tr(a), we conclude that this trace is constant on the following set:

uEUA}

Now by using the first assertion, we conclude that we have the following formula:

w

K, = span {uau*

u € UA}w NC1 = {tr(a)1}

span {uau*

Summarizing, we have obtained a purely algebraic formula for our trace tr : A — C,
and it follows that this trace is indeed unique, as claimed. U
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In relation with the above, let us mention that there is as well a third proof for the
uniqueness of the trace, due to Yeadon, based on nothing or almost, meaning the definition
of the II; factors, along with some abstract functional analysis. For more on all this, basic
theory of the II; factors, we refer to the standard operator algebra books, with some good
choices here being the books of Connes [28], Jones [49] and Blackadar [21].

Before developing more general theory for the II; factors, let us discuss the examples.
We have so far only one class of examples, namely the group von Neumann algebras L(I),
which are II; factors precisely when the discrete groups I' have the ICC property. This
suggests doing several things, in order to have more examples, as follows:

(1) A first idea is that of looking at the algebras of discrete quantum groups, A = L(T),

or equivalently, A = L*(G), with G = r being the compact quantum group dual to T
However, despite years of efforts, no one knows what “quantum ICC” should mean.

(2) A more modest statement would be that if a compact quantum group G C Uy ap-
pears as liberation of a classical group Gqss C Uy, then the corresponding von Neumann
algebra A = L*°(G) should be a II; factor. But this question is open, too.

(3) We can in fact conjecture that if a homogeneous space X = G/H, or a more
general manifold X, appears as liberation of a homogeneous space X ass = Gelass/ Helass
or of a more general manifold X s, then A = L>(X) should be a II; factor.

(4) Along the same lines, but having this time von Neumann’s reduction theory re-
sults in mind, we have the question of understanding how the various quantum group or
quantum manifold algebras considered above decompose as sums of II; factors.

Summarizing, we have many difficult questions here, with the Holy Grail being the
reduction theory for the algebras of type A = L*°(X), with X being a quantum manifold.
Fortunately, we have as well a series of alternative questions, also inspired by the group
von Neumann algebras L(I'), and which are supposedly easier, as follows:

(5) A group von Neumann algebra L(I') can be thought of as coming from the trivial
action I' ~ {.}, and the question is that of investigating von Neumann algebras associated
to more general actions, I' ~ X, by using various crossed product techniques.

(6) There are many natural examples of compact groups G acting on von Neumann
algebras P, and the question is that of understanding under which exact assumptions on
the action G ~ P, the corresponding fixed point algebra P¢ is a factor.

(7) There are as well many examples of discrete groups I' acting on von Neumann
algebras R, and the question is that of understanding under which exact assumptions on
the action G ~ R, the corresponding crossed product algebra R x I' is a factor.
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(8) Finally, the above questions are related to each other, and even more general
questions come by looking at actions of compact quantum groups G, or discrete quantum
groups I', on various quantum spaces X, or von Neumann algebras P or R.

In order to get started, in connection with questions (1-2-3-4), let us first talk about
free quantum groups, as a continuation of the material from chapters 7-8. The various
combinatorial considerations there lead to the following conjecture:

CONJECTURE 10.21. Assuming that an easy quantum group G C Uy, is free, in the
sense that it comes from a category of noncrossing partitions

D cCNC
the associated von Neumann algebra L*°(G) is a factor.

This is something quite technical, motivated by the findings in [17], which state that
the liberation operation G — G for the easy quantum groups corresponds to the opera-
tion D — D N NC at the level of the associated categories of partitions.

As a more general, and also more elementary conjecture, we have:
CONJECTURE 10.22. Assuming that a closed subgroup G C Uy satisfies
Sy CcGcUy
the associated von Neumann algebra L>(G) is a factor.

In relation with this, let us recall that the free complexification of a Woronowicz
algebra (A, u) with u € My(A) is the Woronowicz algebra (A, @) constructed as follows,
where z € C(T) is the standard generator, given by = — z for any x € T:

A=<iy; >CC(M*xA , 4==zu€c My(A)

The point indeed with this notion is that, in the context of the liberation operation
G — G discussed above, we usually have embeddings as follows:

GcGcat
Thus, we are led into a conjecture about free complexifications, as follows:

CONJECTURE 10.23. Given a closed subgroup G C Uy, the von Neumann algebra

A= L>(G)
of L™ functions on its free complezification G C Uy is a factor.

Many more things can be said here, and then about general quantum manifolds as
well, with the global conjecture being that if such a manifold X is free, in some suitable
algebraic sense, then its associated von Neumann algebra L°°(X) should be a factor.
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10c. Type II factors

Let us go back now to the general theory of the II; factors, with the aim of talking
about representations of such II; factors, inside the category of the II; factors, A C B.
For this purpose we will need a key notion, called coupling constant.

In order to discuss the construction of the coupling constant, we will need some further
results on the type II factors, complementing those that we already have. The point indeed
is that the class of II factors, to be axiomatized later, and with this being not something
urgent, comprises, besides the II; factors discussed above, the I, factors as well:

DEFINITION 10.24. A Il factor is a von Neumann algebra of the form
B=A® B(H)
with A being a 11y factor, and with H being an infinite dimensional Hilbert space.

We should mention that there are several possible ways of defining the Il factors,
and the above definition is something rather intuitive, the point being that, once you
learn the theory of the Il factors, as we will do here, what you remember at the end of
the day is what has been said above, B = A ® B(H), with A being a II; factor.

Getting started now, as a useful characterization of such factors, we have:

PROPOSITION 10.25. For an infinite factor B, the following are equivalent:
(1) There exists a projection p € B such that pBp is a 11y factor.
(2) B is ally factor.

ProoF. This is something elementary, as follows:

(1) = (2) Assume indeed that p € B is a projection such that pBp is a II; factor.
We choose a maximal family of pairwise orthogonal projections {p;} C B satisfying p; ~ p,
for any ¢, and we consider the following projection, which satisfies ¢ < p:

qzl—ZPi

Since the indexing set for our set of projections {p;} must be infinite, we can use a
strict embedding of this index set into itself, as to write a formula as follows:

IS Q+Zpi
= p0+zpi

i#0
1

A
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Thus we have ) . p; >~ 1, and we may further suppose that we have in fact:
o=
Thus the family {p;} can be used in order to construct a copy B(H) C B, with

H = [*(N), and we must have B = A ® B(H), with A being a II; factor, as desired.

(2) = (1) This is clear, because when assuming B = A ® B(H), as in Definition
10.24, we can take our projection p € B to be of the form p = 1 ® ¢, with ¢ € B(H) being
a rank 1 projection, and we have then pBp = A, which is a II; factor, as desired. U

Getting back now to the original interpretation of the Il factors, from Definition
10.24, the tensor product writing there B = A® B(H) suggests tensoring the trace of the
II; factor A with the usual operator trace of B(H). We are led in this way to:

DEFINITION 10.26. Given a Il factor B, written as B = A ® B(H), with A being a
[Ty factor and with H being an infinite dimensional Hilbert space, we define a map

tr: By —[0,00] , tr((zy)) = Ztr(%z)

where we have chosen a basis of H, as to have H ~ [*(N), and so B(H) C M (C).

As an important observation, to start with, unlike in the II; factor case, that of the
factor A, or in the I, factor case, that of the factor B(H), it is not possible to suitably
normalize the trace constructed above. This follows indeed from the results below.

On the positive side now, the trace that we constructed has all sorts of good properties,
that we can use for various purposes, which can be summarized as follows:

ProPOSITION 10.27. The Il factor trace that we constructed above
tr: By — [0, 00]
has the following properties:
(1) tr(z+y) =tr(x) +tr(y), and tr(Az) = Mr(z) for A > 0.
(2) If x; S« then tr(z;) — tr(z).
(3) tr(zz*) = tr(z*z).
(4) tr(uzu*) = tr(z) for any u € Up.
Proor. All this is elementary, the idea being as follows:
(1) This is clear from definitions.
2) This is again clear from definitions.

(2)
(3) This is something which is elementary as well.
(4) This comes from (3), via the formula uzu* = uy/x - \/zu*. O
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As a main result now regarding the Il factor trace, we have:

THEOREM 10.28. The Il factor trace tr : By — [0,00] constructed above, when
restricted to the projections
tr: P(B) — [0, 0]

induces an isomorphism between the totally ordered set of equivalence classes of projections
in B and the interval [0, 00].

PROOF. We have several things to be checked here, as follows:
(1) Our first claim is that a projection p € B is finite precisely when tr(p) < oo.

— Indeed, in one sense, assume that we have tr(p) < co. If our projection p was to be
infinite, we would have a subprojection ¢ < p having the same trace as p, and sor = p—gq
would be a projection of trace 0, which is impossible. Thus p is indeed finite.

— In the other sense now, assuming tr(p) = oo, we have to prove that p is infinite. For
this purpose, let us pick a projection ¢ < p having finite trace. Then r = p — ¢ satisfies
tr(r) = oo, and so we can iterate the procedure, and we end up with an infinite sequence
of pairwise orthogonal projections, which are all smaller than p. But this shows that p
dominates an infinite projection, and so that p itself is infinite, as desired.

(2) Our second claim is that if p, ¢ € B are projections, with p finite, then:
p=q = tr(p) =tr(q)
But this follows exactly as in the II; factor case, discussed above.

(3) Our third and final claim, which will finish the proof, is that any infinite projection
is equivalent to the identity. For this purpose, assume that p € B is infinite. By definition,
this means that we can find a unitary v € B such that:

w'=p , wu<p , uwu #p

But these conditions show that (u")'u" is a strictly decreasing sequence of equivalent
projections, and by using this sequence we conclude that we have 1 < p, as desired. [

Moving ahead now, in order to further investigate the Il factors, we will need:
THEOREM 10.29. Given a Il; factor A C B(H), there exists an isometry
u: H — L*(A) ® I*(N)
such that ux = (z ® 1)u, for any v € A.

PrROOF. We use a standard idea, that we used many times before, namely an ampli-
fication trick. Given a II; factor A C B(H), consider the following Hilbert space:

K =Ho L*(A) ® *(N)
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Consider, as operators over this space K, the following projections:
p=1id®0 , q=0&did

Both these projections p, ¢ belong then to A’, which is a type Il factor. Now since
q € A’ is infinite, by Theorem 10.28 we can find a partial isometry u € A’ such that:

uvu=p , wuut<gq
Now let us represent this partial isometry v € B(K) as a 2 X 2 matrix, as follows:
Y (a b)
~\c d
The above conditions u*u = p and uu* < ¢ reformulate then as follows:
b'o+d'd=0 , aa*+bb*=0

We conclude that our partial isometry u € B(K) has the following special form:

But the operator ¢ : H — [?(A) ®{?(N) that we found in this way must be an isometry,
and from u € A" we obtain ur = (x ® 1)u, for any = € A, as desired. d

As a basic consequence of the above result, which is something good to know, and
that we will use many times in what follows, we have:

THEOREM 10.30. The commutant of a 11y factor is a I1; factor, or a Il factor.

Proor. This follows indeed from the explicit interpretation of the operator algebra
embedding A C B(H) of our II; factor A, found in Theorem 10.29. O

Summarizing, we have an extension of the general theory of the II; factors, developed
before, to the general case of the type II factors, which comprises by definition the II;
factors and the II,, factors. All this is of course technically very useful.

10d. Coupling constant

We are now in position of constructing the coupling constant. The idea here, following
as usual the key paper of Murray and von Neumann [63], will be that given a represen-
tation of a II; factor A C B(H), we can try to understand how far is this representation
from the standard form, where H = L?(A), from “above” or from “below”.

In order to discuss this, which is something quite technical, let us start with:
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PRroOPOSITION 10.31. Given a 11} factor A C B(H), with its embedding into B(H)
being represented as above, in terms of an isometry
u:H— LF(AQPN) , wr=@®lu
the following quantity does not depend on the choice of this isometry u:
C = tr(uu®)
Moreover, for the standard form, where H = L?(A), this constant takes the value 1.

PROOF. Assume indeed that we have an isometry u as in the statement, and that we
have as well a second such isometry, of the same type, namely:

viH— L*(A)PFN) , vr=(@2®l)w
We have then uwu* = wv*vu*, and by using this, we obtain:
C, = tr(uu”)

= tr(uv*ovu”)

= tr(vu uv®)

= tr(vv¥)

= C,
Thus, we are led to the conclusion in the statement. As for the last assertion, regarding

the standard form, this is clear from definitions, because here we can take u = 1. Il

As a conclusion to all this, given a II; factor A C B(H), we know from Theorem
10.29 that H must appear as an “inflated” version of L*(A). The corresponding inflation
constant is a certain number, that we can call coupling constant, as follows:

DEFINITION 10.32. Given a representation of a 11y factor A C B(H), we can talk
about the corresponding coupling constant, as being the number
dimy H € (0, o0
constructed as follows, with u : H — L*(A) ® I*(N) isometry satisfying ur = (x ® 1)u:
dimy H = tr(uu®)
For the standard form, where H = L*(A), this coupling constant takes the value 1.
This definition might seem a bit complicated, but things here are quite non-trivial,
and there is no way of doing something substantially simpler. Alternatively, we can define

the coupling constant via the following formula, after proving first that the number on
the right is indeed independent of the choice on a nonzero vector x € H:

tTA(PA/m)

dim 4 H =
A tra (Pas)
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This latter formula was in fact the original definition of the coupling constant, by
Murray and von Neumann [63]. However, technically speaking, things are slightly easier
when using the approach in Definition 10.32. We will be back to this key formula of
Murray and von Neumann, with full explanations, in a moment.

Let us start our study of the coupling constant with some basic results, coming from
definitions and from what we already have, as results, as follows:

PROPOSITION 10.33. The coupling constant dims H € (0, o0] associated to a 11, factor
representation A C B(H) has the following properties:

(1) For the standard form, H = L*(A), we have dimy H = 1.

(2) For the usual representation on H = L*(A) ® [*(N), we have dimy H = oo.
(3) We have dimy H < oo precisely when A’ is a 11y factor.

(4) We have additivity, dim4 (@, H;) = >, dimy H;.

(5) We have dima(L*(A)p) = tr(p), for any projection p € A.

(6) The coupling constant can take any value in (0, c0].

Proor. All these assertions are elementary, the idea being as follows:
1) This is something that we already know, coming from definitions.
2) This is something that comes from definitions too.

3) This comes from the general properties of the Il factors, and their traces.

4) Again, this is clear from the definition of the coupling constant.

5) This follows by using u(z) = z ® £, with ¢ € I>(N) being of norm 1.

6) This follows by starting with (5), and then making direct sums, as in (4). d

(
(
(
(
(
(

At a more advanced level now, in relation with projections and compressions, and
getting towards the above-mentioned Murray-von Neumann approach, we have:

PrRoOPOSITION 10.34. We have the compression formula
dimA H
tra(p)

dimy, 4, (pH) =

valid for any projection p € A.
PROOF. We can prove this result in two steps, as follows:
(1) Assume that H is as follows, with ¢ € A being a projection satisfying ¢ < p:
H=1*(A)q
We can use the following unitary, intertwining the left and right actions of pAp:

L*(pAp) — pL*(A)p ,  prpQt — p(zQ)p
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Indeed, we obtain that the following algebras are unitarily equivalent:
pAp C B(pL*(A)q) , pAp C B(L*(pAp)q)
Thus, by using the formula (5) in Proposition 10.33 we obtain, as desired:

dimya,(pH) = trpap(q)
tra(q)
tra(p)
dimA H
tra(p)

(2) In the general case now, where H is arbitrary, the result follows from what we
proved above, and from the additivity property from Proposition 10.33 (4). O

With all these properties established, we can now recover, as a theorem, the original
definition of the coupling constant, due to Murray and von Neumann, as follows:

THEOREM 10.35. Given a II; factor A C B(H), with the commutant A" C B(H)
assumed to be finite, the corresponding coupling constant is finite, given by

with the number on the right being independent of the choice on a nonzero vector x € H.
In the case where A’ is infinite, the corresponding coupling constant is infinite.

PROOF. There are several things to be proved here, the idea being as follows:

(1) We know from Proposition 10.33 (3) that we have dimy H < oo precisely when
the commutant A’ C B(H) is finite. Thus, we may assume that we are in this case.

(2) Assuming so, we have the following formula, valid for any projection p € A’, which
follows from the basic properties of the coupling constant, established above:

dima,(pH) = tra(p) dima H

(3) Now with this formula in hand, the formula in the statement follows as well, once
again by doing a number of standard amplification and compression manipulations. [

As an illustration for all this, given an inclusion of ICC groups A C I', whose group
algebras are both II; factors, we have the following formula:

There are many other examples of explicit computations of the coupling constant, all

leading into interesting mathematics. We will be back to this.

As a last topic for this chapter, given a II; factor A, let us discuss now the represen-
tations of type A C B, with B being another II; factor. This is a quite natural notion,
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perhaps even more natural than the representations A C B(H), because we have previ-
ously decided that the II; factors B, and not the full operator algebras B(H), are the
correct infinite dimensional generalization of the usual matrix algebras My (C).

This was for the philosophy, and one can of course agree or not with this. Or at least
agree or not at the present point of the presentation, because once we will get into the
structure of the subfactors A C B, which is something amazing, there is no way back.

In practice now, given an inclusion of II; factors A C B, a first question is that of
defining its index, measuring how big is B compared to A. The first thought here goes
into defining the index of A C B as being a purely algebraic quantity, as follows:

However, this is non-trivial, due to the fact that we are in the “continuous dimension”
setting, and so our algebraic intuition, where indices are always integers, will not help us
much. We will be back to this question later, with a technical solution to it.

In order to solve our index problem, a much better approach is by using the ambient
operator algebra B(H), or rather the ambient Hilbert space H, as follows:

THEOREM 10.36. Given an inclusion of I1; factors A C B, the number
. dimA H
~ dimp H
is independent of the ambient Hilbert space H, and is called indez.

PROOF. The fact that the index of the subfactor A C B, as defined by the above
formula, is indeed independent of the ambient Hilbert space H, comes from the various
basic properties of the coupling constant, established above. Il

There are many examples of subfactors coming from groups, and every time we obtain
the intuitive index. More suprisingly now, Jones proved in [44] that the index, when
small; is in fact “quantized”, subject to the following unexpected restriction:

N e {4C082 (Z) ‘n > 3} U [4, o0
n

This is in fact part of a series of non-trivial results about the subfactors, due to Jones,
and also Ocneanu, Popa, Wassermann and others, and involving as well the Temperley-
Lieb algebra [81], and many more. We will be back to this later, with the whole last part
of the present book, chapters 13-16 below, being dedicated to subfactor theory.
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10e. Exercises
In relation with the general theory of factors, we have:

EXERCISE 10.37. Classify the von Neumann factors A C B(H) by using as invariant
the ordered semigroup formed by the equivalence classes of projections p € A.

This is something quite tricky, and there are many things that can be done here, even
in the context of the matrix algebras and type II factors. We will be back to this.

EXERCISE 10.38. Find a direct proof for the fact that the traces of projections in L(T")
can take any values in [0,1], for an ICC group T' of your choice.

In other words, the question is that of picking a simple ICC group, such as I' = S,
and constructing projections in L(T"), whose traces converge to a given ¢ € [0, 1].

EXERCISE 10.39. Do something, statement and proof, even modest, in relation with
the von Neumann algebras L(I') = L*(G) of the discrete quantum groups I' = G.

To be more precise, in what regards conjectures, there are many of them, and we
discussed this in the above. The problem now is that of downgrading our dreams and
expectations, and finding something which is doable. We will be back to this.

EXERCISE 10.40. Fully clarify the basic properties of the 11, factors, and the related
construction of the coupling constant.

This is something that we already discussed in the above, but with a few details
missing, and the problem now is that of clarifying all this. You can either go through the
discussion which was made above, and come up with the missing details, or do something
alternative, based on the various historical comments given above.

EXERCISE 10.41. Prove that we have the formula
dimyp) L*(T) = [T : A]
for any inclusion of ICC groups A C T’
Normally this should not be difficult. We will be back to this.



CHAPTER 11

Advanced results

11a. Reduction theory

Welcome to advanced von Neumann algebra theory, and in the hope that we will
survive, both you reader, and me author. Our main purpose here will be to discuss some
key decomposition methods for the von Neumann algebras A C B(H), in terms of von
Neumann factors, Z(A) = C, which altogether are called “reduction theory”.

The reduction theory, due to von Neumann himself, is something quite fundamental,
to the point that it would have made sense to get into it right after the von Neumann
algebra basics from chapter 5. However, the subject being quite technical, we have not
done this after chapter 5, and nor in fact we will really do it here, with the presentation
below being just a modest introduction to all this. So, this is the situation, and in the
hope that the gods of mathematics, Bourbaki and others, will pardon us.

The story, first. Von Neumann started to work on operator algebras in the 1930s,
and became increasingly convinced that these should be subject to a reduction theory
theorem, with his interest in factors, which is obvious in his papers [61], [62], [63], [87],
[88], basically coming from this. However, he was not able to come at that time, during
his prime years of work, with a complete proof, and paper, on reduction theory. He only
did that much later, after a break involving other things, like the Manhattan Project,
game theory, computers and more, in his 1949 paper [89], written towards the end of his
career. His main theorem in [89], which is quite easy to formulate, is as follows:

Fact 11.1 (Reduction theory). Given a von Neumann algebra A C B(H), if we write
its center Z(A) C A, which is a commutative von Neumann algebra, as

Z(A) = L¥(X)

with X being a measured space, then the whole algebra decomposes as

A:/Azdx
X

with the fibers A, being von Neumann algebra factors, Z(A;) = C.
249
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As a first comment, we have already seen an instance of such decomposition results in
chapter 5, when talking about finite dimensional algebras. Indeed, such algebras decom-
pose, in agreement with Fact 11.1, as direct sums of matrix algebras, as follows:

A= M,,(C)

More generally, it is possible to axiomatize a certain class of “type I algebras”, and
then show that these algebras appear as direct integrals of matrix algebras:

A:/XMM(C)dx

Observe in particular that in the case where the decomposition is isotypic, n, = N
for some N € N, we obtain the random matrix algebras studied in chapter 6:

A= My (L>*(X))

Beyond type I, however, things become quite complicated. Next in the hierarchy is
the general “finite case”, where the algebra is assumed to have a trace:

tr: A—=C

Here the existence of the trace simplifies a bit things, although these still remain
fairly complicated, and actually adds to the final result, in the form of the supplementary
formula, regarding its decomposition, the precise statement being as follows:

Fact 11.2 (Reduction theory, finite case). Given a von Neumann algebra A C B(H)
coming with a trace tr : A — C, if we write its center Z(A) C A as

Z(A) = L¥(X)

with X being a measured space, then the whole algebra and its trace decompose as

A:/Awda: , tr:/trxdx
X X

with the fibers A, being factors which are “finite”, in the sense that they have traces,
which in practice means that they can be usual matriz algebras, or 11y factors.

As already mentioned, while some tricks are potentially available here, coming from
the presence of the trace tr : A — C, this remains something complicated. As for the most
general case, where the von Neumann algebra A C B(H) is taken arbitrary, corresponding
to Fact 11.1 in full generality, this is something even more complicated, with the only
possible tools coming from advanced operator theory, and functional analysis.

So, this is the situation, and what to do now. We cannot explain the above, because
it is too complicated, but we cannot skip it either, because these are fundamentals. This
situation has been known to generations of mathematicians, starting with von Neumann
himself, who finished and published his reduction theory paper [89] long after developing
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the basics of operator algebra theory, as mentioned above. The various books written
afterwards, including Blackadar [21], Connes [28], Dixmier [33], Jones [49], Kadison-
Ringrose [52], Sakai [77], Stratila-Zsido [78] and Takesaki [79] did not arrange things,
being either evasive, or way too technical, not to say unreadable, on this subject.

The present book won’t be an exception to the rule. Our plan in what follows will be
that of discussing a bit all this, reduction theory, notably with a study of examples:

(1) First we have the type I algebras, which are direct integrals of matrix algebras
M, (C), with the case n, = 1 corresponding to commutativity, the case n, € N corre-
sponding to the “type I finite case”, and with the general case being n, € NU {oo}. At
the level of main examples, these come from finite groups and quantum groups.

(2) Then we have the type II algebras, where we can have both type I and type II
factors in the decomposition. Of particular interest is the “finite” case, where the algebra
is simply assumed to come with a trace, tr : A — C, and where the reduction theory
result is Fact 11.2, with the factors being matrix algebras My (C), or II; factors.

(3) Finally, we have the general type III case, with no assumption on the algebra
A C B(H), corresponding to Fact 11.1. Here the factors in the decomposition can be of
type I, or of type II, or neither of type I or II, which are called by definition of type III.
The interesting questions here regard the structure of the type III factors.

In order to get started, let us look at the commutative von Neumann algebras. Here
we have the following result, that we basically know from chapter 5:
THEOREM 11.3. The commutative von Neumann algebras are the algebras of type
A= L*(X)

with X being a measured space. Thus, we formally have for them the formula

A:/Amdac
X

with the fibers A, being trivial in this case, A, = C, for any x € X.
PrROOF. We have several assertions to be proved, the idea being as follows:

(1) In one sense, we must prove that given a measured space X, we can realize the
commutative algebra A = L*°(X) as a von Neumann algebra, on a certain Hilbert space
H. But this is something that can be done via multiplicity operators, as follows:

L¥(X) ¢ B(L*(X))
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(2) In the other sense, given a commutative von Neumann algebra A C B(H), we
must construct a certain measured space X, and an identification A = L*°(X). But this
can be done by writing our von Neumann algebra as follows:

A=<T, >

Indeed, no matter what particular family of generators {7;} we choose for our algebra
A, these generators T; will be commuting normal operators. Thus the spectral theorem
for such families of operators, from chapter 3, applies and gives the result.

(3) In fact, by using the theory of projections from chapters 9-10, we can write our
commutative von Neumann algebra A C B(H) in singly generated form:

A=<T>

But this simplifies the situation, because the basic spectral theorem, for single normal
operators, from chapter 3, applies to our generator 7', and gives the result.

(4) Finally, the last assertion, regarding the validity of the reduction theory result in
this case, is something trivial, and of course without much practical interest. U

Moving forward, the above result is not the end of the story with the commutative
von Neumann algebras, because we still have to understand how a given such algebra
A = L*(X), or rather the weak topology isomorphism class of such an algebra, can be
represented as an operator algebra, over the various Hilbert spaces H:

L>®(X) C B(H)

But this can be again solved by writing our algebra as A =< T >, and then applying
the spectral theorem for normal operators, with the conclusion that the commutative von
Neumann algebras are, up to spatial isomorphism, the algebras of the following form,
with X being a measured space, and with all this being up to a multiplicity:

L>®(X) c B(L*(X))

With these results in hand, we are now in position of better understanding the idea
behind von Neumann’s reduction theory. Indeed, given an arbitrary von Neumann algebra
A C B(H), the idea is to consider its center, and write it as follows:

Z(A) = L®(X) ¢ B(H)

The point is then that everything will decompose over the measured space X, and in
particular, the whole algebra A itself will decompose as a direct integral of fibers:

A:/Azdx
X

As already mentioned, we will only partly explain this in what follows, and by insisting
on examples. Also, we will do this slowly, following the type I, I1, IIT hierarchy.
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11b. Type I algebras

In order to decompose our von Neumann algebras into factors, we must first make
some upgrades to our terminology and notations regarding the factors, as follows:

DEFINITION 11.4. The von Neumann algebras having trivial center, also called factors,
can be divided into several types, as follows:

(1
(2
(3
(4
(5

It is possible to be more abstract here, but in practice, this is how these factors are
best remembered. Now back to reduction theory, we will present it gradually, by following
the general type I, II, III hierarchy for the von Neumann algebras, coming from the above
classification of factors. Let us first discuss the type I case. Here as starting point we
have the following result, which is something that we know well, from chapter 5:

) The matriz algebra My (C) is of type Iy.

) The operator algebra B(H), with H separable, is of type 1.

) The factors which are infinite dimensional and have a trace are of type 11;.
) The tensor products A ® B(H), with A being a 11y factor, are of type 1.
) As for the factors left, these are called of type III.

THEOREM 11.5. The finite dimensional von Neumann algebras A C B(H) are exactly
the direct sums of matriz algebras,

A= M, (C)&...® M, (C)

with the summands coming by decomposing the unit into central minimal projections,
1=P +...4+ P,. Thus, the general reduction theory formula, namely

A:/Amdm
X

holds for them, with the measured space X, coming via the formula Z(A) = L*>(X), being
in this case a finite space, X = {1,... k}, and with the fibers being matriz algebras.

PRrROOF. This is something that we know well from chapter 5. The center of A is a
finite dimensional commutative von Neumann algebra, of the following form:

Z(A) =CF

Now let P; be the Dirac mass at ¢ € {1,...,k}. Then P, € B(H) is an orthogonal
projection, and these projections form a partition of unity. With A; = P,AP;, it is
elementary to check that we have a non-unital x-algebra decomposition, as follows:

A=A410...® A

On the other hand, it follows from the minimality of each of the projections P, € Z(A)
that we have A; ~ M, (C). Thus, we are led to the conclusion in the statement. U
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It is possible to further build on the above result, in several directions, either by al-
lowing the factors in the decomposition to be type I, factors as well, that is, A, ~ B(H),
or by allowing the center to be an infinite measured space, | X | = oo, or by allowing both.
The first possible generalization is not very interesting. The second possible generaliza-
tion, however, is something quite interesting, and we have here:

Fact 11.6 (Reduction theory, type I finite case). Given a von Neumann algebra A C
B(H) which is of discrete type, and has a trace tr : A — C, we can write

A:/Axdx
X

with X coming via Z(A) = L*(X), and the trace decomposes as well, as

tr:/ tr, dx
X

with the fibers A, being usual matriz algebras, A, = M, (C), with n, € N.

As a first observation, this statement generalizes both what we know about the com-
mutative algebras, and the finite dimensional ones. However, having these two things
jointly generalized is something quite technical, that we will not explain here in detail.
The idea is of course first that of axiomatizing what “discrete” should mean in the above,
say by looking at the finiteness properties of the projections p € A, and then, once the
statement properly formulated, to prove it by jointly generalizing what we know about
the commutative algebras, and the finite dimensional ones.

Moving ahead, let us lift now the assumption that the factors in the decomposition
are of type I, with N < co. We are led in this way to a general result, as follows:

Fact 11.7 (Reduction theory, type I case). Given a von Neumann algebra A C B(H)
which is of type I, in the sense that it is of a suitable discrete type, we can write

A:/Azdac
X

with X coming via Z(A) = L>®(X), and with the fibers A, being type 1 factors, meaning
A, ~ B(H,), with each H, being either finite dimensional, or separable.

As before with Fact 11.6, we will not attempt to explain this here. As a comment,
however, this can only follow from Fact 11.6 applied to the “finite” part of the algebra, ob-
tained by removing the infinite part, and after proving that this infinite part is something
of type L*(Y) ® B(H), with Y C X, and with H being separable.

All the above was quite abstract, and as something more concrete now, let us discuss
the reduction theory for the group von Neumann algebras L(I'), in the finite case, |I'| < oco.
For this purpose, it is convenient to change a bit our terminology and notations, making
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them more in tune with the quantum group formalism from chapter 7. First, we will
denote our finite group I', which is at the same time discrete and compact, by F', and
we will think of it as being the dual of a finite quantum group G = F. Also, since in
the finite group case everything is automatically norm or weakly closed, we will use the
more familiar notation C*(F') for the associated von Neumann algebra L(F'). With these
conventions, we have the following result, which is standard:

THEOREM 11.8. Given a finite group F', the center of the associated von Neumann
algebra 1s isomorphic to the algebra of central functions on F,

Z(C*(F)) = C(-F)central
and the reduction theory applied to this algebra, which is a formula of type

C*(F) ~ P M, (C)

appears by dualizing the Peter-Weyl decomposition of the usual function algebra
C(F)~ @ Mamn(C)
relrr(F)

via the standard identification between representations r and their characters x.,.

PRrROOF. In what concerns the first assertion, regarding the center, this is something
that we already know, from chapter 10, coming from our study there of the general group
algebras L(I"), with I" being a discrete group. To be more precise, in the case where I' = F'
is a finite group, the computation there gives the following formula for the center:

Z2(CH(F)) = {ZAgg

Now since on the right we have central functions on our group, A € C(F)centrai, We
obtain the isomorphism in the statement, namely:

Z(C*<F)) = C<F)central

7
)\gh = /\hg,Vh S F}

Regarding now the second assertion, let us first recall that the Peter-Weyl theory ap-
plied to the finite group F' gives a direct sum decomposition as follows, which is technically
an isomorphism of linear spaces, which is in addition a *-coalgebra isomorphism:

C(F)~ P Mam(C)
relrr(F)

Thus by dualizing, which is a standard functional analysis procedure, to be explained
more in detail below, in a more general setting, we obtain a direct sum decomposition of
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the group algebra, as follows, which is this time a *-algebra isomorphism:
C(F)~ P Maim(C)
relrr(F)

Our claim now, which will finish the proof, is that this is exactly what comes out from
von Neumann’s reduction theory, applied to the von Neumann algebra L(F) = C*(F).
Indeed, by using the standard identification between representations r and their characters
X, Which are central functions on F', the center computation that we did above reads:

Z(C*(F)) ~ L>®(Irr(F))

We conclude that von Neumann’s reduction theory, applied to the von Neumann
algebra L(F') = C*(F), gives a *-algebra isomorphism of the following type:

C(F)~ P M, (C)
relrr(F)

But a careful examination of the fibers appearing in this decomposition, based on
their very definition, shows that these are precisely the above matrix blocks coming from
Peter-Weyl. That is, we have n, = dim(r) for any r € Irr(F'), and we are done. O

Our next goal will be that of extending the above result to the finite quantum group
setting. For this purpose, we will not really need the general compact quantum group
formalism from chapter 7, and it is more convenient to start with:

DEFINITION 11.9. A finite dimensional Hopf algebra is a finite dimensional C*-algebra,
with comultiplication, counit and antipode maps, satisfying the conditions

(A ®id)A = (id® A)A
(e®id)A = (id®e)A =id
m(S ®id)A =m(id @ S)A =¢(.)1
along with the extra condition S? = id. Given such an algebra we write
A=C(G)=C"(F)
and call G, F finite quantum groups, dual to each other.

In this definition everything is standard, except for the last axiom, S? = id, which
corresponds to the fact that, in the corresponding quantum group, we should have:

() ' =g
It is possible to prove that this condition is automatic, in the present C*-algebra

setting. However, this is something non-trivial, and since all this is just an informative
discussion, not needed later, we have opted for including S? = id in our axioms.
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We say that an algebra A as above is cocommutative if YA = A, where ¥(a®0b) = b®a
is the flip. With this convention made, we have the following result, which summarizes
the basic theory of finite quantum groups, and justifies the terminology and axioms:

THEOREM 11.10. The following happen:

(1) If G is a finite group then C(G) is a commutative Hopf algebra, with

Ap) = (g,h) = w(gh) , elp)=p1) , Slp)=g—=¢(g")

as structural maps. Any commutative Hopf algebra is of this form.
(2) If F is a finite group then C*(F) is a cocommutative Hopf algebra, with

Alg)=g®g , elg)=1 , Slg=g"

as structural maps. Any cocommutative Hopf algebra is of this form.
(3) If G, F are finite abelian groups, dual to each other via Pontrjagin duality,

C(G)=C*"(F)
as Hopf algebras, coming via a Fourier transform type operation.

PROOF. These results are all elementary, the idea being as follows:

(1) The fact that A e, S satisfy the axioms is clear from definitions, and the converse
follows from the Gelfand theorem, by working out the details, regarding A, e, S.

(2) Once again, the fact that A, e, S satisfy the axioms is clear from definitions. For
the converse, we use a trick. Let A be an arbitrary finite dimensional Hopf algebra,
as in Definition 11.9, and consider its comultiplication, counit, multiplication, unit and
antipode maps. The transposes of these maps are then linear maps as follows:

Al A* @ A — A*
g C— A
m': A* — A* @ A*
ut A — C
St A — A
It is routine to check that these maps make A* into a Hopf algebra. Now assuming that

A is cocommutative, it follows that A* is commutative, so by (1) we obtain A* = C(G)
for a certain finite group G, which in turn gives A = C*(G), as desired.

(3) This follows indeed from the discussion in the proof of (2), and from the general
theory of Pontrjagin duality for finite abelian groups, explained in chapter 7. O

There are many other things that can be said about the finite dimensional Hopf
algebras, and in what follows we will be particularly interested in the notion of corepre-
sentation. These corepresentations can be introduced as follows:
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DEFINITION 11.11. A unitary corepresentation of a finite dimensional Hopf algebra A
is a unitary matriz u € M, (A) satisfying the following conditions:

Aluy) = ug @ury ,  elug) =65 ,  S(uy) = uj,
k

We say that w is irreducible, and we write u € Irr(A), when it has no nontrivial inter-
twiners, in the sense that Tu = uT with T' € M, (C) implies T' € C1.

Observe the similarity with the notions introduced in chapter 7, for the Woronowicz
algebras. In fact, by using left regular representations we can see that any finite dimen-
sional Hopf algebra in the sense of Definition 11.9 is a Woronowicz algebra in the sense
of chapter 7. Thus, we can freely use here the results established in chapter 7, and in
particular, we can use the Peter-Weyl type theory developed there.

In relation now with our von Neumann algebra questions, we have the following result,
coming from that Peter-Weyl type theory, which generalizes Theorem 11.8:

THEOREM 11.12. Given a finite quantum group F', the center of the associated von
Neumann algebra is isomorphic to the algebra of central functions on F,

Z(C*(F>) = C(F)central
and the reduction theory applied to this algebra, which is a formula of type
C*(F) ~ @ M,,(C)
ueX
appears by dualizing the Peter-Weyl decomposition of the usual function algebra
C(F)~ @ Mamw(C)
uelrr(F)

via the standard identification between representations w and their characters x.,.

PROOF. The proof here is nearly identical to the proof of Theorem 11.8. To be more
precise, with the more familiar notation A = C*(F), the proof goes as follows:

(1) In what concerns the first assertion, regarding the center, we recall from Woronow-
icz [99] that Acentra; is by definition the subalgebra of A appearing as follows:

Acentral = {a € A‘Aa = a}

But this shows, first by dualizing, and then by doing some computations similar to
those that we did in chapter 10, when computing the centers of the usual group von
Neumann algebras, that we have an isomorphism as in the statement, namely:

Z<A) =~ (A*)central
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(2) Regarding now the second assertion, we recall that the Peter-Weyl theory applied
to Hopf algebra A* gives a direct sum decomposition as follows, which is technically an
isomorphism of linear spaces, which is in addition a *-coalgebra isomorphism:

A* ~ @ Mdim(u) (C)
uelrr(A*)

Thus by dualizing, we obtain a direct sum decomposition of the group algebra, as
follows, which is this time a x-algebra isomorphism:

A~ P Maimw(C)
u€lrr(A*)

(3) Our claim now, which will finish the proof, is that this is exactly what comes out
from von Neumann’s reduction theory, applied to the algebra A. Indeed, by using the
standard identification between corepresentations u of A* and their characters y,, which
belong to the algebra (A*).cnirar, the center computation that we did above reads:

Z(A) ~ L*>®(Irr(A"))

We conclude that von Neumann’s reduction theory, applied to the von Neumann
algebra A, gives a x-algebra isomorphism of the following type:

A~ P M,,(C)
uelrr(A*)

But a careful examination of the fibers shows that these are precisely the matrix blocks
coming from Peter-Weyl. That is, n, = dim(u) for any u € Irr(A*), and we are done. [

All this is quite interesting, and it is possible to say more about it. However, when it
comes to type I algebras, in general, the following comment is unavoidable:

COMMENT 11.13. The most interesting type I algebras are probably those having an
isotypic decomposition, and so which can be written as follows:

A = My(L>*(X))

But these are precisely the random matrix algebras, that we investigated in great detail in
chapter 6, right after introducing the von Neumann algebras. So, job done.

Needless to say, this is something subjective. But, in any case, whether you agree or
not with this, now you know more on the organization of the present book.
11c. Type II algebras

Let us discuss now the type II case, where the truly interesting problems are. The
central result here, that we already formulated in the beginning of this chapter, is:
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FacT 11.14 (Reduction theory, finite case). Given a von Neumann algebra A C B(H)
coming with a trace tr : A — C, if we write its center Z(A) C A as

Z(A) = L®(X)

with X being a measured space, then the whole algebra and its trace decompose as

A:/Axd:c , tr:/trxdq:
X X

with the fibers A, being either factors of type Iy, with N < oo, or of type 11;.

Regarding the proof, this is something quite technical, generalizing what we know, or
rather what we don’t, about the type I finite case, which is substantially easier. We refer
here to Dixmier [33], and with the comment that we will see soon examples of all this.

As before in the type I case, it is possible to add a bit of infinity in the above, and we
have the following result, which is a bit more general, but more technical too:

Fact 11.15 (Reduction theory, type Il case). Given a von Neumann algebra A C B(H)
which is of type 11, in a suitable sense, if we write its center Z(A) C A as

Z(A) = L®(X)

with X being a measured space, then the whole algebra decomposes as

A:/Amdx
X

with the fibers A, being von Neumann factors of type 1 or II.

As before with what happened in type I, the above results are particularly interesting
in the case of the von Neumann algebras of the discrete groups, A = L(I"), and their
generalizations. In order to discuss these questions, let us recall that the center of an
arbitrary group von Neumann algebra A = L(I") consists, up to some standard identifica-
tions, of the functions which are constant on the finite conjugacy classes. This suggests
the following definition, which is something well-known in group theory:

DEFINITION 11.16. A discrete group F' is said to have the FC property if all its con-
Jjugacy classes are finite. In other words, for any g € F', we must have:

{hgh‘l he F}‘ <o

If this finite conjugacy property is satisfied, we also say that F is a FC group.

As basic examples of FC groups, we have the finite groups, the abelian groups, and
the products of such groups. Besides being stable under taking products, the class of FC
groups is stable under a number of other basic operations, such as taking subgroups, or
quotients. In connection now with our reduction theory questions, we have:
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THEOREM 11.17. Given a group F' having the FC property, the center of the associated
von Neumann algebra is isomorphic to the algebra of central functions on F,

Z(L(F>> = C(F>central
and the reduction theory applied to this algebra, which is a formula of type

appears in relation with the representation theory of F.

PRrROOF. In what concerns the first assertion, regarding the center, this is something
that we know from chapter 10. Indeed, we have the following formula for the center:

Z(L(F)) = {Z&;g

Now since on the right we have central functions on our group, A € C(F)centrai, We
obtain the isomorphism in the statement, namely:

Z(L(F)) = C(F)central

Regarding now the second assertion, this is something more tricky, as follows:

"
)\gh = )\hg,Vh € F}

(1) In the finite group case, we recall from Theorem 11.8 that, by using the stan-
dard identification between representations r and their characters y,, which are central
functions on F', the center computation that we did above reads:

Z(L(F)) ~ L*>®(Irr(F))

In order to discuss now the reduction theory for L(F), we recall that the Peter-Weyl
theory applied to F' gives a direct sum decomposition as follows, which is technically an
isomorphism of linear spaces, which is in addition a *-coalgebra isomorphism:

L¥F)~ P Maim(C)
relrr(F)

Thus by dualizing, we obtain a direct sum decomposition of the group von Neumann
algebra as follows, which is this time a *x-algebra isomorphism:

LF)~ @B Mawmw(C)
relrr(F)

But this is exactly what comes out from von Neumann’s reduction theory, applied to
the algebra L(F'), and so we are fully done with the finite group case.

(2) As a second key particular case, let us discuss now the case where F' is abelian. In
the simplest infinite group case, where our group is F' = Z, the group algebra is:

L(Z) ~ L*®(T)
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More generally, for the abelian groups F = Z", which are those which are finitely
generated and without torsion, we obtain the algebras of functions on various tori:
L(ZN) ~ L>=(Ty)

In general now, assuming that F' is finitely generated and abelian, here we know from
Pontrjagin duality that we have an isomorphism as follows:

~

L(F) ~ L*(F)

More explicitly now, let us write our finitely generated abelian group F' as a product
of cyclic groups, possibly taken infinite, as follows:

F=17"N x (Hzn>

The Pontrjagin dual of F'is then the following compact abelian group:

F=T"x (Hzn>

Thus, things are very explicit here, and we are done with the abelian case too.

(3) In the general case now, where our discrete group F' is only assumed to have
the FC property, the reduction theory for the corresponding von Neumann algebra L(F)
appears somewhat as a mixture of what happens for the finite and for the abelian groups,
discussed in (1) and (2) above. For more on all this, we refer to Dixmier [33]. O

Regarding the corresponding problems for the discrete quantum groups, these are not
solved yet. In fact, the knowledge here stops at a very basic level, with the analogue of
the ICC property, leading to the factoriality of L(T"), not being known yet, and for more
on all this, we refer to the discussion made in chapter 10.

Moving ahead from these difficulties, let us go back now to the usual group von
Neumann algebras L(I'), and discuss what happens in general. Once again inspired by
the basic computation that we have, namely that of the center of an arbitrary group
algebra L(T"), let us formulate the following purely group-theoretical definition:

DEFINITION 11.18. Given a discrete group ', its FC subgroup F' C I is the subgroup
F= {g c r‘ thh‘l‘h c FH < oo}

consisting of the elements in the finite conjugacy classes of I.

Here the fact that F'is indeed a subgroup is clear from definitions, with the fact that
F' is stable under multiplication coming from the following trivial observation:

h(gk)h ™" = hgh™' - hkh™
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Observe that I" has the FC property, in the sense of Definition 11.16, precisely when
the inclusion F' C T is an equality. As before with the FC groups, there are many known
things about the FC subgroups F' C I', and we refer here to the group theory literature.

In connection now with our reduction theory questions, we have:

THEOREM 11.19. Given a discrete group I', the center of the associated von Neumann
algebra is isomorphic to the algebra of central functions on its FC subgroup F C T,

Z(L(F>> = C(F)central
and the reduction theory applied to this algebra, which is a formula of type

appears in relation with the representation theory of I', and of its FC subgroup F C T'.

PROOF. In what concerns the first assertion, regarding the center, this is something
that we know from chapter 10, coming from our study there of the general group algebras
L(T"), with T being a discrete group. To be more precise, we know from there that:

Z(L(T)) = {Z)‘gg

Now since on the right we have central functions on the FC subgroup, A € C(F)centrai,
we obtain the isomorphism in the statement, namely:

Z(L(F>> = C(F)centml

”
)\gh = )\hg,Vh € F}

Regarding the second assertion, this is something more tricky, and we refer here to
the relevant group theory and operator algebra literature, including Dixmier [33]. O

As a last topic for this section, let us briefly discuss the reduction theory in the general
case, type III. In order to get started, we must discuss the type III factors, which are new
to us. According to our various conventions above, these factors are defined as follows:

DEFINITION 11.20. A type 111 factor is a von Neumann algebra A C B(H) which is a
factor, Z(A) = C, and satisfies one of the following equivalent conditions:
(1) A is not of type 1, or of type 11.
(2) A has no semifinite trace tr : A — C.
(3) A has no trace tr : A — C, and is not of type I or 1.

In order to investigate such factors, the general idea will be that of looking at the
crossed products of type II factors, which can be lacking traces tr : A — C, and so which
allow us to exit the type II world. In order to get started, however, we have:



264 11. ADVANCED RESULTS

THEOREM 11.21. Any locally compact group G has a left invariant Haar measure X,
and a right invariant Haar measure p,

d\(z) =d\yz) , dp(z) = d\(zy)

which are unique up to multiplication by scalars. These two measures are absolutely con-
tinuous with respect to each other, and the Radon-Nikodym derivative

_ )
dp(x)

well-defined up to multiplication by scalars, is called modulus of the group. The unimodular

groups, for which m = 1, include all compact groups, and all abelian groups.

m:G—=R | m(z)

PROOF. There are many things here, with everything being very classical, and the
proof, along with comments, examples and more theory, especially in what regards the
unimodular groups, can be found in any good measure theory book. U

As it has become customary in this book, whenever talking about groups we must make
some comments about quantum groups too. Things are quite interesting in connection
with Theorem 11.21, because it is possible “twist” things in the compact case, as to have
a notion of modulus there as well. We refer here to Woronowicz [99] and related papers.
In relation now with our factor questions, we have the following result:

THEOREM 11.22. The type 111 factors basically appear from the type 11 factors, via
various crossed product constructions, and their generalizations.

PRrooF. This statement is obviously something quite informal, and we will certainly
not attempt to explain the proof either. Here are however the main ideas, with the result
itself being basically due to Connes [26], along with some historical details:

(1) First of all, Murray and von Neumann knew of course about such questions, but
were quite evasive in their papers about type III, with the brief comment “we don’t know”.
Whether they really worked or not on these questions, we’ll never know.

(2) Inspired by Theorem 11.21, it is possible to develop a whole machinery for the
study of the non-tracial states ¢ : A — C, the main results here being the Kubo-Martin-
Schwinger (KMS) condition, and the Tomita-Takesaki theory. See Takesaki [79].

(3) On the other hand, looking at type II factors and their crossed products by au-
tomorphisms, which are not necessarily of type II, leads to a lot of interesting theory as
well, leading to large classes of type III factors, appearing from type II factors.

(4) The above results are basically from the 50s and 60s, and Connes was able to put
all this together, in the early 70s, via a series of quick, beautiful and surprising Comptes
Rendus notes, eventually leading to his paper [26], which is a must-read. U

In equivalent terms, and also by remaining a bit informal, we have:
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THEOREM 11.23. The von Neumann algebra factors can be classified as follows,
In Ioo
T, [T
Ty, 111y, I11,

with the type I1; ones being the most important, basically producing the others too.

Proor. This follows by putting altogether what we have, results of Murray and von
Neumann in type I and II, and then of Connes in type III. The last assertion is of course
something quite informal, because the situation is not exactly as simple as that. U

Getting back now to our series of reduction theory results, we have:

THEOREM 11.24. Given an arbitrary von Neumann algebra A C B(H), write its center
as follows, with X being a measured space:

Z(A) = L*(X)

The whole algebra A decomposes then over this measured space X, as a direct sum of
fibers, taken in an appropriate sense,

A:/Axda:
X

with the fibers A, being von Neumann factors, which can be of type 1,11, 111.

PRrROOF. As before with other such results, this is something heavy, generalizing our
previous knowledge in type I, and type II. The proof however is quite similar, basically
using the same ideas. We refer here to the literature, for instance to Dixmier [33]. 4

11d. Abelian subalgebras

We would like to end this chapter with something more refreshing, in relation with
the above, namely matrix models, and abelian subalgebras. These two topics are actually
related, and in a quite subtle way, and we will provide an introduction to this.

Let us first discuss the matrix models, for the quantum groups. One interesting method
for the study of the closed subgroups G C Uy consists in modelling the coordinates
u;; € C(G) by concrete variables U;; € B. Indeed, assuming that the model is faithful
in some suitable sense, and that the target algebra B is something quite familiar, all
questions about G would correspond in this way to routine questions inside B.

Regarding now the choice of the target algebra B, some very familiar and convenient
algebras are the random matrix ones, B = Mg(C(T)), with K € N, and T being a
compact space. We are led in this way to the following definition:
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DEFINITION 11.25. A matriz model for G C Uy is a morphism of C*-algebras
m:C(G) = Mg(C(T))
where T 1s a compact space, and K > 1 is an integer.
There are many examples of such models, and will discuss them later on. For the
moment, let us develop some general theory. The question to be solved is that of under-
standing the suitable faithfulness assumptions needed on 7, as for the model to “remind”

the quantum group. The simplest situation is when 7 is faithful in the usual sense. Let
us introduce the following notion, which is related to faithfulness:

DEFINITION 11.26. A matriz model 7 : C(G) — My (C(T)) is called stationary when

fi= (e f)r

where fT 15 the integration with respect to a given probability measure on T'.

Here the term “stationary” comes from a functional analytic interpretation of all this,
with a certain Cesaro limit being needed to be stationary, and this will be explained later.
Yet another explanation comes from a certain relation with the lattice models, but this
relation is rather something folklore, not axiomatized yet. We will be back to this.

As a first result now, which is something which is not exactly trivial, and whose proof
requires some functional analysis, the stationarity property implies the faithfulness:

THEOREM 11.27. Assuming that G C Uy, has a stationary model,

71 C(G) — My(C(T)) /G: <t7“®/T)7r

it follows that G is coamenable, and that the model is faithful, coming as:
C(G) C L™(G) C Mg(L™(T))
Moreover, we can have such models only when the algebra L>(G) is of type 1.

PRrROOF. We use the basic theory of compact and discrete quantum groups, developed
in chapter 7. Assume that we have a stationary model, as in the statement. By performing
the GNS construction with respect to fG, we obtain a factorization as follows, which
commutes with the respective canonical integration functionals:

71 O(G) — C(G)rea € Mg (C(T))

Thus, in what regards the coamenability question, we can assume that 7 is faithful.
With this assumption made, observe that we have embeddings as follows:

C=(G) C O(G) € Mg(C(T))
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The point now is that the GNS construction gives a better embedding, as follows:
L¥(G) € Mg (L>(T))

Now since the von Neumann algebra on the right is of type I, so must be its subalgebra
A = L*(G). This means that, when writing the center of this latter algebra as Z(A) =
L*>(X), the whole algebra decomposes over X, as an integral of type I factors:

12(G) = /X My, (C) da

In particular, we can see from this that C*°(G) C L*(G) has a unique C*-norm, and
so (G is coamenable. Finally, the other assertions follow as well from the above, because
our factorization of 7 consists of the identity, and of an inclusion. U

More generally now, we can talk about matrix models for the algebraic submanifolds
X C S(]C\{ ;1, in the obvious way, and we have the following result:

THEOREM 11.28. Given a matriz model w : C(X) — Mg (C(T)), with both X, T being
assumed to have integration functionals, the following are equivalent:

(1) m is stationary, in the sense that [, = (tr ® [r)T.
(2) 7 produces an inclusion @ : Creq(X) C My (X(T)).
(3) 7 produces an inclusion 7 : L°(X) C My (L>(T)).

Moreover, in the quantum group case, these conditions imply that 7 is faithful.

PRroOF. Consider the following diagram, with all the solid arrows being by definition
the canonical maps between the various algebras concerned:

MK(C(z)) MK(LA”(T))
C(X) ChroalX) L(X)

With this picture in hand, the equivalences (1) <= (2) <= (3) between the above
conditions (1,2,3) are all clear, coming from the basic properties of the GNS construction.
As for the last assertion, this is something that we know from Theorem 11.27. O

Moving ahead now, our claim is that our modelling philosophy, with type I algebras as
target, and more specifically with random matrix algebras as target, can perfectly apply,
at least in the quantum group case, to the type II algebras as well.

We have indeed the following result, which is something quite subtle:
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THEOREM 11.29. Given a matriz model © : C(G) — Mg(C(T)), with T being a
probability space, there exists a smallest subgroup G' C G producing a factorization
7:C(G) = C(G') = Mg (C(T))

with the intermediate algebra C'(G") being called Hopf image of m. When m is inner faithful,
in the sense that we have G = G', we have the formula

k
—_ 1 *T
/G Jim >
r=1

where ¢ = (tr @ [p)7 is the matriz model trace, and where ¢ x ¢ = (¢ @ Y)A. Also, the
model 7w 1s stationary precisely when this latter convergence s stationary.

Proor. All this is well-known, the idea being as follows:

(1) The construction of the Hopf image can be done by dividing the algebra C(G) by
a suitable ideal, but for our purposes here it is more convenient to go via an alternative
proof. Let us denote by u = (u;;) the fundamental corepresentation of G, and consider
the following vector spaces, taken in a formal sense, where U;; = m(u;;):

Cr = Hom(U®* U®)
Since the morphisms increase the intertwining spaces, when defined either in a repre-
sentation theory sense, or just formally, we have inclusions as follows:
Hom(u®* u®) € Hom(U®*, U®")

More generally, we have such inclusions when replacing (G, u) with any pair producing
a factorization of . Thus, by Woronowicz’s Tannakian duality [100], the Hopf image must
be given by the fact that the intertwining spaces must be the biggest, subject to the above
inclusions. But since wu is biunitary, so is U, and it follows that the above spaces C}; form
a Tannakian category, so have a quantum group (G’,v) given by:

Hom(v®* v®) = Hom(U®*, U®")
By the above discussion, C(G") follows to be the Hopf image of 7, as claimed.

(2) The formula for [ o follows by adapting Woronowicz’s construction of the Haar

integration functional, from [99], to the matrix model situation. If we denote by f(/; the
limit in the statement, we must prove that this limit converges, and that we have:

N

It is enough to check this on the coefficients of corepresentations, and if we let w = u®*
be one of the Peter-Weyl corepresentations, we must prove that we have:

(e - (a2 )
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We know from chapter 7 that the matrix on the right is the orthogonal projection onto
Fixz(w). Regarding now the matrix on the left, this is the orthogonal projection onto the
1-eigenspace of (id ® pm)w. Now observe that, if we set W;; = m(w;;), we have:

(id @ pm)w = (id @ )W

Thus, exactly as in chapter 7, we conclude that the 1-eigenspace that we are interested
in equals Fiz(W). But, according to the proof of (1) above, we have:

Fix(W) = Fiz(w)
Thus, we have proved that we have f(; = [, as desired. O

The above result, with contributions by many people, and we refer to [8] for the story,
is quite important, for many reasons, mainly coming from the following fact:

Fact 11.30. There is no known restriction on the quantum groups having a model
m:C(G) - Mg(C(T))
which is inner faithful, in the above sense.

Which is obviously something interesting, conjecturally making Theorem 11.29 a clever
way of passing from type II to type I. There are also connections here with the Connes
embedding problem, and with all sorts of questions from algebra, geometry, analysis and
probability, coming from both mathematics and physics. We will be back to this.

In the general quantum algebraic manifold setting now, talking about inner faithfulness
is in general not possible, unless our manifold X C Sév jrl has some extra special structure,
as for instance being an affine homogeneous space, and we refer here to [8].

Changing topics now, let us go back to the arbitrary von Neumann algebras, and
explore some further perspectives opened by the various results that we know. Given a
von Neumann algebra A C B(H), looking at the center Z(A) = AN A’ is not the only
possible way of getting to commutative, or abelian subalgebras, and we have as well:

DEFINITION 11.31. Given a von Neumann algebra A C B(H), an abelian subalgebra
B C A which is mazimal, in the sense that there is no bigger abelian algebra

BCB CA
is called mazimal abelian subalgebra (MASA).

It is possible to say many interesting things about the MASA, and skipping some
details here, if we want to further build on this notion, we are led to:
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DEFINITION 11.32. Given a von Neumann algebra A coming with a trace tr : A — C,
assume that we have a pair of maximal abelian subalgebras

B,CCA
satisfying the following orthogonality condition, with respect to the trace:
(BeCl) L (CecCl)
We say then that B,C are orthogonal maximal abelian subalgebras.

Here the scalar product is by definition < b, ¢ >= tr(bc*), and by taking into account
the multiples of the identity, the orthogonality condition reformulates as follows:

tr(bc) = tr(b)tr(c)

As explained by Popa in [70], the interest in Definition 11.32 comes from the fact that
a pair of orthogonal MASA brings some sort of 2D orientation inside the von Neumann
algebra A, or at least inside the subalgebra < B, C' >C A generated by the MASA. There
is also an obvious link with the notion of noncommutative independence discussed in
chapter 8. But more on all this later, in chapter 15 below, when doing subfactors.

As a “toy example”, we can try and see what happens for the simplest factor that we
know, namely the matrix algebra My (C), endowed with its usual matrix trace. And in
this context, we have the following surprising result of Popa [70]:

THEOREM 11.33. Up to a conjugation by a unitary, the pairs of orthogonal maximal
abelian subalgebras in the simplest factor, namely My (C), are as follows,

A=A | B=HAH

with A C My (C) being the diagonal matrices, and with H € My(C) being Hadamard, in
the sense that |H;j| =1 for any i, j, and the rows of H are pairwise orthogonal.

PROOF. Any maximal abelian subalgebra in My (C) being conjugated to A, we can
assume, up to conjugation by a unitary, that we have, with U € Uy:

A=A , B=UAU*

Now observe that given two diagonal matrices D, E € A, we have:

1
tr(D-UEU*) = NZ(DUEU*),-Z-
1 _
= NZD%U@'jEﬁUij

J
1
= % >~ DisEy| Uy
i
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Thus, the orthogonality condition A 1 B reformulates as follows:
1 1
N > DiEy|Uyl* = e > Dikj
ij ij

Thus the rescaled matrix H = v/ NU must satisfy the following condition:
| Hijl =1
Thus, we are led to the conclusion in the statement. U

The Hadamard matrices appearing in Theorem 11.33 are well-known objects, appear-
ing in several branches of combinatorics, and quantum physics. The basic examples of
such matrices are the Fourier matrices of abelian groups, constructed as follows:

THEOREM 11.34. Given a finite abelian group G, with dual group G = {x:G— T},
consider the Fourier coupling Fo : G x G — T, given by (i, x) — x(7).

(1) Via the standard isomorphism G ~ @, this Fourier coupling can be regarded as a
square matriz, Fg € Mg(T), which is a complex Hadamard matriz.

(2) For the cyclic group G = Zy we obtain in this way, via the standard identification
Zy = {1,..., N}, the standard Fourier matriz, Fy = (w¥”) with w = *"/N.

(3) In general, when using a decomposition G = Zy, X ... X Ly, the corresponding
Fourier matriz is given by Fo = Fn, @ ... ® Fy, .

Proor. This follows indeed from some basic facts from group theory:

(1) With the identification G ~ G made our matrix is given by (Fa)iy = x(7), and the
scalar products between the rows are computed as follows:

< Ry, Ry >= x(i)x(j) = ) x(i —j) =G| -4

Thus, we obtain indeed a complex Hadamard matrix.

(2) This follows from the well-known and elementary fact that, via the identifications
Zy = Zn = {1,..., N}, the Fourier coupling here is as follows, with w = €™/

(i,j) — w"
(3) We use here the following well-known formula, for the duals of products:
HxK=HxK
At the level of the corresponding Fourier couplings, we obtain from this:
Fpxkx = Fn ® Fi

Now by decomposing G into cyclic groups, as in the statement, and by using (2) for
the cyclic components, we obtain the formula in the statement. U



272 11. ADVANCED RESULTS

Summarizing, we have some interesting connections with finite group theory, and
with the associated Fourier matrices. However, there are as well many exotic examples of
Hadamard matrices, nor necessarily coming from finite groups, as in Theorem 11.34, and
all this is quite of interest for us, in connection with Theorem 11.33.

We will be back to this later, with more results on the subject, in chapters 13-16, when
talking about subfactors. Among others, we will see there that the combinatorics of the
MASA associated to an Hadamard matrix comes from a certain quantum permutation
groups, appearing as in Theorem 11.29, via a matrix model. More on this soon.

1le. Exercises

Things have been quite technical in this chapter, which was more of a survey than
something else, and as a unique exercise on all this, we have:

EXERCISE 11.35. Learn some more basic von Neumann algebra theory, from the papers
of von Neumann and Murray-von Neumann, then Tomita-Takesaki and Connes, and write
down a brief account of what you learned.

In what follows we will avoid ourselves this type of exercise, basically by getting back
to the material in chapter 10, and building on that, following Jones.



CHAPTER 12

Hyperfiniteness

12a. The factor R

Welcome to advanced operator algebra theory, again. What we saw in the previous
chapter was in fact just half of the story, and the other half, regarding hyperfiniteness,
still remains to be told. The idea indeed is that there has been a considerable amount of
work on hyperfiniteness, comparable in size and difficulty with the general classification
work for the factors, based on reduction theory, and we will discuss this here.

In practice, all this will be quite independent from what we did in chapter 11. What
we have to do is to go back to the functional analysis methods for general von Neumann
algebras developed in chapter 9, and to the theory of factors, and notably of the type II;
factors developed in chapter 10, with the aim of further building on this. Following old,
classical work of Murray-von Neumann [63], our main object of study will be the central
example of a II; factor, namely the “smallest” one, the hyperfinite II; factor R.

Once this factor R introduced, and its basic theory understood, we will go on a more
advanced discussion, including more theory of R, following Connes [27], then a discussion
of various quantum group aspects, as a continuation of what has been said in chapter 10,
and finally a discussion of the connections with the material in chapter 11.

Needless to say, this chapter will be a bit like the previous one, more of a survey. Also,
let us mention that afterwards, in chapters 13-16 below, we will go back to a more normal
pace, with a standard introduction to the Jones theory of inclusions of II; factors, with
full details. The notion of hyperfiniteness and the factor R will of course show up there,
every now and then, but usually at the end of each chapter, and most of the time using
actually only its basic theory, and not most of the advanced material below.

In order to get started now, let us formulate the following definition:

DEFINITION 12.1. A wvon Neumann algebra A C B(H) is called hyperfinite when it
appears as the weak closure of an increasing limit of finite dimensional algebras:

A=Ja

When A is a 11y factor, we call it hyperfinite 11, factor, and we denote it by R.

273
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As a first observation, there are many hyperfinite von Neumann algebras, for instance
because any finite dimensional von Neumann algebra A = @;M,,,(C) is such an algebra,
as one can see simply by taking A; = A for any ¢, in the above definition.

Also, given a measured space X, by using a dense sequence of points inside it, we can
write X = [J, X; with X; C X being an increasing sequence of finite subspaces, and at
the level of the corresponding algebras of functions this gives a decomposition as follows,
which shows that the algebra A = L*°(X) is hyperfinite, in the above sense:

20 = Jr=(x)

The interesting point, however, is that when trying to construct II; factors which are
hyperfinite, all the possible constructions lead in fact to the same factor, denoted R. This
is an old theorem of Murray and von Neumann [63], that we will explain now.

In order to get started, we will need a number of technical ingredients. Generally
speaking, out main tool will be the expectation F; : A — A; from a hyperfinite von
Neumann algebra A onto its finite dimensional subalgebras A; C A, so talking about such
conditional expectations will be our first task. Let us start with:

PROPOSITION 12.2. Given an inclusion of finite von Neumann algebras A C B, there
1$ a unique linear map
E.:B— A

which 1s positive, unital, trace-preserving and satisfies the following condition:
E(blabg) = blE(a)bg
This map is called conditional expectation from B onto A.

PrOOF. We make use of the standard representation of the finite von Neumann alge-
bra B, with respect to its trace tr : B — C, as constructed in chapter 10:

B C L*(B)

If we denote by € the cyclic and separating vector of L?(B), we have an identification
of vector spaces AQ = L?(A). Consider now the following orthogonal projection:

e: L*(B) — L*(A)

It follows from definitions that we have an inclusion e(BSQ2) C A, and so our projec-
tion e induces by restriction a certain linear map, as follows:

E:B— A
This linear map E and the orthogonal projection e are then related by:

exe = E(x)e
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But this shows that the linear map FE satisfies the various conditions in the state-
ment, namely positivity, unitality, trace preservation and bimodule property. As for the
uniqueness assertion, this follows by using the same argument, applied backwards, the
idea being that a map E as in the statement must come from the projection e. O

Following Jones [44], who was a heavy user of such expectations, we will be often
interested in what follows in the orthogonal projection e : L?(B) — L?(A) producing the
expectation E : B — A, rather than in F itself. So, let us formulate:

DEFINITION 12.3. Associated to any inclusion of finite von Neumann algebras A C B,
as above, 1s the orthogonal projection

e: L*(B) — L*(A)
producing the conditional expectation E : B — A wvia the following formula:
ere = E(x)e
This projection is called Jones projection for the inclusion A C B.

We will heavily use Jones projections in chapters 13-16 below, in the context where
both the algebras A, B are II; factors, when systematically studying the inclusions of
such II; factors A C B, called subfactors. In connection with our present hyperfiniteness
questions, the idea, already mentioned above, will be that of using the conditional expec-
tation E; : A — A; from a hyperfinite von Neumann algebra A onto its finite dimensional
subalgebras A; C A, as well as its Jones projection versions e; : L?(A) — L?(A;). Let us
start with a technical approximation result, as follows:

PROPOSITION 12.4. Assume that a von Neumann algebra A C B(H) appears as an
increasing limit of von Neumann subalgebras

A:U&w

and denote by E; : A — A; the corresponding conditional expectations.
(1) We have ||E;(z) — z|| — 0, for any x € A.
(2) If z; € A; is a bounded sequence, satisfying x; = E;(x;41) for any i, then this
sequence has a norm limit x € A, satisfying x; = E;(x) for any i.

PROOF. Both the assertions are elementary, as follows:

(1) In terms of the Jones projections e; : L*(A) — L?*(A;) associated to the expec-
tations E; : A — A;, the fact that the algebra A appears as the increasing union of its
subalgebras A; translates into the fact that the e; are increasing, and converging to 1:

61/‘1

But this gives ||E;(z) — z|| — 0, for any x € A, as desired.
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(2) Let {z;} C A be a sequence as in the statement. Since this sequence was assumed
to be bounded, we can pick a weak limit x € A for it, and we have then, for any i:
Ei(x) =z
Now by (1) we obtain from this ||z — x,|| — 0, which gives the result. O

We have now all the needed ingredients for formulating a first key result, in connection
with the hyperfinite II; factors, due to Murray-von Neumann [63], as follows:

PROPOSITION 12.5. Given an increasing union on matrix algebras, the following con-
struction produces a hyperfinite 11, factor

R-UJi,©"

called Murray-von Neumann hyperfinite factor.

Proor. This basically follows from the above, in two steps, as follows:

(1) The von Neumann algebra R constructed in the statement is hyperfinite by defini-
tion, with the remark here that the trace on it tr : R — C comes as the increasing union
of the traces on the matrix components tr : M, (C) — C, and with all the details here

i

being elementary to check, by using the usual standard form technology.

(2) Thus, it remains to prove that R is a factor. For this purpose, pick an element
belonging to its center, x € Z(R), and consider its expectation on A; = M, (C):

x; = Fi(x)

We have then z; € Z(A;), and since the matrix algebra A; = M,,,(C) is a factor, we
deduce from this that this expected value x; € A; is given by:

x; = tr(z;)1 = tr(x)l
On the other hand, Proposition 12.4 applies, and shows that we have:
|z = 2|l = [|Es(z) — 2| = 0
Thus our element is a scalar, = tr(z)1, and so R is a factor, as desired. U

Next, we have the following substantial improvement of the above result, also due to
Murray-von Neumann [63], which will be our final saying on the subject:

THEOREM 12.6. There is a unique hyperfinite 11y factor, called Murray-von Neumann
hyperfinite factor R, which appears as an increasing union on matrix algebras,

R=|JM.,(©)

with the isomorphism class of this union not depending on the exact sizes of the matriz
algebras involved, nor on the particular inclusions between them.
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PrOOF. We already know from Proposition 12.5 that the union in the statement is a
hyperfinite II; factor, for any choice of the matrix algebras involved, and of the inclusions
between them. Thus, in order to prove the result, it all comes down in proving the
uniqueness of the hyperfinite II; factor. But this can be proved as follows:

(1) Given a II; factor A, a von Neumann subalgebra B C A, and a subset S C A, let
us write S C. B when the following condition is satisfied, with ||z||s = /tr(z*x):

Vee S,y e B,llx—ylla<e

With this convention made, given a II; factor A, the fact that this factor is hyperfinite
in the sense of Definition 12.1 tells us that for any finite subset S C A, and any € > 0, we
can find a finite dimensional von Neumann subalgebra B C A such that:

Sc.B

(2) With this observation made, assume that we are given a hyperfinite II; factor A.
Let us pick a dense sequence {x;} C A, and let us set:

Sk:{xl,...,a:k}

By choosing ¢ = 1/k in the above, we can find, for any k£ € N, a finite dimensional
von Neumann subalgebra By C A such that the following condition is satisfied:

Sk Ci/x By

(3) Our first claim is that, by suitably choosing our subalgebra B, C A, we can always
assume that this is a matrix algebra, of the following special type:

But this is something which is quite routine, which can be proved by starting with a
finite dimensional subalgebra B, C A as above, and then perturbing its set of minimal
projections {e;} into a set of projections {e;} which are close in norm, and have as traces
multiples of 2", with n >> 0. Indeed, the algebra B; C A having these new projections
{€}} as minimal projections will be then arbitrarily close to the algebra By, and so will
still contain the subset S; in the above approximate sense, and due to our trace condition,
will be contained in a subalgebra of type B} =~ Mo (C), as desired.

(4) Our next claim, whose proof is similar, by using standard perturbation arguments
for the corresponding sets of minimal projections, is that in the above the sequence of
subalgebras { By} can be chosen increasing. Thus, up to a rescaling of everything, we can
assume that our sequence of subalgebras { By} is as follows:
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(5) But this finishes the proof. Indeed, according to the above, we have managed to
write our arbitrary hyperfinite II; factor A as a weak limit of the following type:

A=Mp(0)

Thus we have uniqueness indeed, and our result is proved. U

The above result is something quite fundamental, and adds to a series of similar results,
or rather philosophical conclusions, which are quite surprising, as follows:

(1) We have seen early on in this book that, up to isomorphism, there is only one
Hilbert to be studied, namely the infinite dimensional separable Hilbert space, which can
be taken to be, according to knowledge and taste, either H = L*(R), or H = [*(N).

(2) Regarding now the study of the operator algebras A C B(H) over this unique
Hilbert space, another somewhat surprising conclusion, from chapter 6, is that we won'’t
miss much by assuming that A = My (L*(X)) is a random matrix algebra.

(3) And now, guess what, what we just found is that when trying to get beyond
random matrices, and what can be done with them, we are led to yet another unique von
Neumann algebra, namely the above Murray-von Neumann hyperfinite II; factor R.

(4) And for things to be complete, we will see later that when getting beyond type
IT;, things won’t change, because the other types of hyperfinite factors, not necessarily of
type II;, can be all shown to ultimately come from R, via various constructions.

All this is certainly quite interesting, philosophically speaking. All in all, always the
same conclusion, no need to go far to get to interesting algebras and questions: these
interesting algebras and questions are just there, the most obvious ones.

Now back to more concrete things, one question is about how to best think of R, with
Theorem 12.6 as stated not providing us with an answer. To be more precise, we would
like to know what is the “best model” for R, that is, what exact matrix algebras should
we use in practice, and with which inclusions between them. And here, a look at the
proof of Theorem 12.6 suggests that the “best writing” of R is as follows:

R:UMQk(C)w
k

And we can in fact do even better, by observing that the inclusions between matrix
algebras of size 2 appear via tensor products, and formulating things as follows:
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PROPOSITION 12.7. The hyperfinite 11, factor R appears as
R =) M(C)

with the infinite tensor product being defined as an inductive limit, in the obvious way.

Proo¥F. This follows from the above discussion, and with the remark that there is a
binary choice there, of left /right type, to be made when constructing the inductive limit.
And we prefer here not to make any choice, and leave things like this, because the best
choice here always depends on the precise applications that you have in mind. U

Along the same lines, we can ask as well for precise group algebra models for the
hyperfinite II; factor, R = L(T"), and the canonical choice here is as follows:

PrROPOSITION 12.8. The hyperfinite 11, factor R appears as
R=L(S«)
with Seo = U,cy Sr being the infinite symmetric group.

ProOF. Consider indeed the infinite symmetric group Ss, which is by definition the
group of permutations of {1,2, 3, ...} having finite support. Since such an infinite permu-
tation with finite support must appear by extending a certain finite permutation o € S,

with fixed points outside {1,...,r}, we have then, as stated:
S =J S
reN

But this shows that the von Neumann algebra L(S.) is hyperfinite. On the other
hand S, has the ICC property, and so L(Sy) is a II; factor. Thus, L(S.) = R. O

There are of course some more things that can be said here, because other groups
of the same type as S,,, namely appearing as increasing limits of finite subgroups, and
having the ICC property, will produce as well the hyperfinite factor, L(I') = R, and so
there is some group theory to be done here, in order to fully understand such groups.
However, we prefer to defer the discussion for later, after learning about amenability,
which will lead to a substantial update of our theory, making such things obsolete.

As an interesting consequence of all this, however, let us formulate:

PROPOSITION 12.9. Given two groups I',T", each having the ICC property, and each
appearing as an increasing union of finite subgroups, we have

L(T) ~ L(T)
while the corresponding group algebras might not be isomorphic, C[I'] # C[I"].
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PROOF. Here the first assertion follows from the above discusssion, the von Neumann
algebra in question being the hyperfinite II; factor R. As for the last assertion, there are
countless counterexamples here, all coming from basic group theory. O

The point with the above result is that the isomorphisms of type L(I') ~ L(I") are
in general impossible to prove with bare hands. Thus, we can see here the power of the
Murray-von Neumann results in [63]. And we can also see the magic of the weak topology,
which by some kind of miracle, makes everyone equal in the end.

12b. Amenability

The hyperfinite II; factor R, which is a quite fascinating object, was heavily investi-
gated by Murray-von Neumann [63], and then by Connes [27]. There are many things
that can be said about it, which all interesting, but are usually quite technical as well.

As a central result here, in what regards advanced hyperfiniteness theory, we have the
following theorem of Connes [27], whose proof is something remarkably heavy, and which
is arguably the deepest result in operator algebra related functional analysis:

THEOREM 12.10. For a finite von Neumann algebra A, the following are equivalent:

(1) A is hyperfinite in the usual sense, namely it appears as the weak closure of an
increasing limit of finite dimensional algebras:

a=Ja;

(2) A amenable, in the sense that the standard inclusion A C B(H), with H = L*(A),
admits a conditional expectation E : B(H) — A.

PRrOOF. This result, due to Connes [27], is something fairly heavy, that only a handful
of people have really managed to understand, the idea being as follows:

(1) = (2) Assuming that the algebra A is hyperfinite, let us write it as the weak
closure of an increasing limit of finite dimensional subalgebras:

A:U&w

Consider the inclusion A C B(H), with H = L*(A). In order to construct an expec-
tation £ : B(H) — A, let us pick an ultrafilter w on N. Given T' € B(H), we can define
the following quantity, with u; being the Haar measure on the unitary group U(A4;):

O(T)=lim [ UTU*dp(U)
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With this construction made, by using now the standard involution J : H — H, given
by the formula 7" — T, we can further define a map as follows:
E:BH)—A |, E(T)=JyT)J
But this is the expectation that we are looking for, with its left and right invariance
properties coming from the left and right invariance of each Haar measure ;.

(2) = (1) This is something heavy, using lots of advanced functional analysis, and
for details here, we refer to Connes’ original paper [27]. O

We should mention that Connes’ results in [27], besides proving the above implication
(2) = (1), provide also a considerable extension of Theorem 2.10, with a number
of further equivalent formulations of the notion of amenability, which are a bit more
technical, but all good to know. The story here, still a bit simplified, is as follows:

Fact 12.11 (Connes). For a finite von Neumann algebra A, the following conditions
are in fact equivalent:

(1) A is hyperfinite, in the sense that it appears as the weak closure of an increasing
limit of finite dimensional algebras:

Aa=Ja

(2) A amenable, in the sense that the standard inclusion A C B(H), with H = L*(A),
admits a conditional expectation:

E:B(H) = A
(3) There exist unit vectors &, € L*(A) @ L*(A) such that, for any x € A:
|2&, — Enzlla = 0, < a&,, & >— tr(x)

(4) For any x4, ...,z € A and yy, ..., yx € A we have:

lr (Z %%) Z z; @yt

Again, this is something technical and advanced, that we won’t get into, in this book.
Let us mention however that the idea with all this is as follows:

(1)
(2)
(3)
(4)
(2)

<

min

(2) is elementary, as explained above.

3) can be proved by using an inequality due to Powers-Stgrmer.

2) is again something technical, but doable as well.

el

)
)
4) is something quite technical, but doable as well.
)
2 )

(
(
(
(

1) is, as before in Theorem 12.10, the difficult implication.
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Regarding the difficult implication, (2) = (1), the difficulty here comes of course
from the fact that, no matter what beautiful abstract functional analysis things you know
about A, at some point you will have to get to work, and construct that finite dimensional
subalgebras A; C A, and it is not even clear where to start from. For a solution to this
problem, and for more, we refer to Connes’s article [27], and also to his book [28].

Getting back now to more everyday mathematics, the above results as stated remain
something quite abstract, and advanced, and understanding their concrete implications
will be our next task. In the case of the II; factors, we have the following result:

THEOREM 12.12. For a Il; factor R, the following are equivalent:

(1) R amenable, in the sense that we have an expectation, as follows:
E:B(L*(R)) - R
(2) R is the Murray-von Neumann hyperfinite 11, factor.

Proor. This follows indeed from Theorem 12.10, when coupled with the Murray-von
Neumann uniqueness result for the hyperfinite I1; factor, from Theorem 12.6. U

As another application, getting back now to the general case, that of the finite von
Neumann algebras, from Theorem 12.10 as stated, a first question is about how all this
applies to the group von Neumann algebras, and more generally to the quantum group
von Neumann algebras L(I'). In order to discuss this, let us start with the case of the
usual discrete groups I'. We will need the following result, which is standard:

THEOREM 12.13. For a discrete group I', the following two conditions are equivalent,
and if they are satisfied, we say that I' is amenable:

(1) T' admits an invariant mean m : 1>°(I') — C.

(2) The projection map C*(I') — C*,,(I") is an isomorphism.
Moreover, the class of amenable groups contains all the finite groups, all the abelian groups,
and 1s stable under taking subgroups, quotients and products.

ProoOF. This is something very standard, the idea being as follows:

(1) The equivalence (1) <= (2) is standard, with the amenability conditions (1,2)
being in fact part of a much longer list of amenability conditions, including well-known
criteria of Fglner, Kesten and others. We will be back to this, with details, in a moment,
directly in a more general setting, that of the discrete quantum groups.

(2) As for the last assertion, regarding the finite groups, the abelian groups, and
then the stability under taking subgroups, quotients and products, this is something
elementary, which follows by using either of the above definitions of the amenability. [

Getting back now to operator algebras, we can complement Theorem 12.10 with:
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THEOREM 12.14. For a group von Neumann algebra A = L(T'), the following condi-
tions are equivalent:

(1) A is hyperfinite.
(2) A amenable.
(3) T is amenable.

PROOF. The group von Neumann algebras A = L(I") being by definition finite, The-
orem 12.10 above applies, and gives the equivalence (1) <= (2). Thus, it remains to
prove that we have (2) <= (3), and we can prove this as follows:

(2) = (3) This is something clear, because if we assume that A = L(I") is amenable,
we have by definition a conditional expectation E : B(L*(A)) — A, and the restriction of
this conditional expectation is the desired invariant mean m : [*(I') — C.

(3) = (2) Assume that we are given a discrete amenable group I'. In view of
Theorem 12.13, this means that [ has an invariant mean, as follows:

m:1*(T) - C

Consider now the Hilbert space H = [?(T"), and for any operator T' € B(H) consider
the following map, which is a bounded sesquilinear form:

or: HxH—C
(&n) = m [y =< p,Tpi&,n >]

By using the Riesz representation theorem, we conclude that there exists a certain
operator F(T) € B(H), such that the following holds, for any two vectors &, n:

(pT(éa Tl) =< E(T)§777 >

Summarizing, to any operator 7' € B(H ) we have associated another operator, denoted
E(T) € B(H), such that the following formula holds, for any two vectors &, n:

< BE(T)¢,n >=m [y =< p,Tpi&,n >]

In order to prove now that this linear map F is the desired expectation, observe that
for any group element g € I'; and any two vectors &, € H, we have:

<pEM)pyéin> = < E(D)py&. pgn >
m [y =< p,Tpips&, pyn >]
m [7 =< P Tpg,6,m >}
= m [y =< p,Tpié,n >]
= <EM¢n>
Since this is valid for any £, n € H, we conclude that we have, for any g € I:
Py E(T)p, = E(T)
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But this shows that the element E(T") € B(H) is in the commutant of the right regular
representation of I', and so belongs to the left regular group algebra of I':

E(T) € L(T)

Summarizing, we have constructed a certain linear map F : B(H) — L(I'). Now by
using the above explicit formula of it, in terms of m : [*(I") — C, which was assumed to
be an invariant mean, we conclude that E is indeed an expectation, as desired. U

As a very concrete application of all this technology, in relation now with the discrete
group algebras which are II; factors, the results that we have lead to:

THEOREM 12.15. For a discrete group ', the following conditions are equivalent:

(1) T is amenable, and has the ICC property.
(2) A= L(T") is the hyperfinite 11, factor R.

PROOF. This follows indeed from Theorem 12.14, coupled with the standard fact, that
we know well from chapter 10, that a group algebra A = L(I") is a factor, and so a II;
factor, precisely when the group I' has the ICC property. U

As a comment here, this result, coming from Connes’ Theorem 12.10, is far better
than what we knew to come from Murray-von Neumann’s Theorem 12.6, and with the
statement itself being something elementary, not involving any kind of advanced functional
analysis, such as the notion of amenability for von Neumann algebras. In fact, Murray-von
Neumann knew about this statement, but their hunt for a proof proved to be unsuccessful,
with the only possible proof being the one above, via advanced functional analysis.

Summarizing, and to put things in context, Murray-von Neumann did great work with
their papers [61], [62], [63], [87], [88], but were stuck with 3 questions, namely reduction
theory, type III factors, and solutions of L(I') = R. And these questions were solved later
by von Neumann himself [89], then Connes [26], and Connes again [27].

Beautiful times these must have been, for mathematics and for mankind, and job for
us, future generations, at least to write a complete von Neumann algebra book, clearly
explaining all this fundamental material. And with many older people giving up, for
various technical reasons, this will be most likely a job for you, young reader.

12c. Quantum groups

Back now to work, we would like to discuss all sorts of questions, for the most open,
or at least difficult, in relation with groups and quantum groups, taken finite, discrete or
compact, and with more general quantum manifolds and quantum spaces, in connection
with the Murray-von Neumann factor R, amenability and hyperfiniteness. As a first such
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question, in relation with the considerations from chapter 10, we would like to understand
which discrete quantum groups I' produce group algebras as follows:

LIT)~R

In terms of the compact quantum group duals G = f, the problem is that of under-
standing which compact quantum groups G produce group algebras as follows:

L>®(G) ~ R

In order to discuss this, we must first talk about amenability. We have here the fol-
lowing result, basically due to Woronowicz [99], and coming from the Peter-Weyl theory,
extending to the discrete quantum groups the standard theory for discrete groups:

THEOREM 12.16. Let (A, u) withu € My(A) be a Woronowicz algebra, as axiomatized
before. Let A be the enveloping C*-algebra of A =< w;; >, and let A,q be the quotient
of A by the null ideal of the Haar integration. The following are then equivalent:

(1) The Haar functional of Ay is faithful.

(2) The projection map Agu — Apea is an isomorphism.

(3) The counit map € : A — C factorizes through Ayq.

(4) We have N € o(Re(xy)), the spectrum being taken inside Ay eq.

(5) |lazy, — e(a)zk|] = O for any a € A, for certain norm 1 vectors x; € L*(A).
i

If this is the case, we say that the underlying discrete quantum group I is amenable.
PRrROOF. Before starting, we should mention that amenability and the present result

are a bit like the spectral theorem, in the sense that knowing that the result formally holds

does not help much, and in practice, one needs to remember the proof as well. For this

reason, we will work out explicitly all the possible implications between (1-5), whenever
possible, adding to the global formal proof, which will be linear, as follows:

1) = 2 = B = @ = 6) = (1)

In order to prove these implications, and the other ones too, the general idea is that
this is is well-known in the group dual case, A = C*(I"), with I being a usual discrete
group, and in general, the result follows by adapting the group dual case proof.

(1) <= (2) This follows from the fact that the GNS construction for the algebra
Ay with respect to the Haar functional produces the algebra A,.4.

(2) = (3) This is trivial, because we have quotient maps Ap,y — A — A,eq, and
so our assumption Ay, = A,.q implies that we have A = A, 4.

(3) = (2) Assume indeed that we have a counit map, as follows:

EZAred—>(C
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In order to prove As,; = A,eq, we can use the right regular corepresentation. Indeed,
we can define such a corepresentation by the following formula:

W(a®z)=A(a)(l® )
This corepresentation is unitary, so we can define a morphism as follows:
A Aeg = Ared @Apr , a— Wia® )W
Now by composing with € ® id, we obtain a morphism as follows:
(e @id)A" : Aveq = Apunr , Uij — Uy
Thus, we have our inverse for the canonical projection Ay, — A,eq, as desired.
(3) = (4) This implication is clear, because we have:
WA N
e(Re(xa)) = 5 <Z e(uii) + 26(%&2))
} i=1 i=1
= §(N + N)
= N
Thus the element N — Re(x,) is not invertible in A,.q4, as claimed.

(4) = (3) In terms of the corepresentation v = u + 4, whose dimension is 2N and
whose character is 2Re(y,,), our assumption N € o(Re(x,)) reads:

dimv € o(xv)

By functional calculus the same must hold for w = v 4+ 1, and then once again by
functional calculus, the same must hold for any tensor power of w:
wy, = w®*
Now choose for each k € N a state ¢, € Ay ; having the following property:
e (wg) = dim wy,

By Peter-Weyl we must have e;(r) = dimr for any r < wy, and since any irreducible
corepresentation appears in this way, the sequence ¢, converges to a counit map:

£ Ared —C
(4) = (5) Consider the following elements of A,.4, which are positive:
a; = 1-— Re(u”)

Our assumption N € o(Re(x.)) tells us that @ = >_ a; is not invertible, and so there
exists a sequence x;, of norm one vectors in L?(A) such that:

< axg,rp >— 0
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Since the summands < a;xy, ), > are all positive, we must have, for any i:
< a;Tg, T >— 0
We can go back to the variables u;; by using the following general formula:
v — z||? = |Jvz||* +2 < (1 — Re(v))z, 2 > —1

Indeed, with v = u; and x = x5 the middle term on the right goes to 0, and so the
whole term on the right becomes asymptotically negative, and so we must have:

||uizxy — xx]| — 0

Now let M,,(A,q) act on C" ® L?*(A). Since u is unitary we have:
> gl ? = [Jue; @ )| = 1

From ||u;zk|| — 1 we obtain ||u;;zx|| — 0 for ¢ # j. Thus we have, for any ¢, j:
lluijzr — 0ijzk]| — 0
Now by remembering that we have e(u;;) = d;;, this formula reads:
|lugjr — e(uij)xp|[ — 0
By linearity, multiplicativity and continuity, we must have, for any a € A, as desired:
llaxy —e(a)zk]| — 0

(5) = (1) This is something well-known, which follows via some standard functional
analysis arguments, exactly as in the usual group case.

(1) = (5) Once again this is something well-known, which follows via some standard
functional analysis arguments, exactly as in the usual group case. O

Before getting further, with advanced amenability and hyperfiniteness questions, and
as a first application of the above, we can now advance on a problem that we left open
before, in chapter 7, when talking about cocommutative Woronowicz algebras. Indeed,
we can now state and prove the following result, which clarifies the situation:

PROPOSITION 12.17. The cocommutative Woronowicz algebras are the intermediate
quotients of the following type, with I' =< gy,...,gn > being a discrete group,

C*(l) = CL(1) = Cry(T)

red

and with w being a unitary representation of I', subject to weak containment conditions of
type m @ ™ C m and 1 C w, which guarantee the existence of A, e.
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PRrROOF. We use the various findings from Theorem 12.16, following Woronowicz, the
idea being to proceed in several steps, as follows:

(1) Theorem 12.16 and standard functional analysis arguments show that the cocom-
mutative Woronowicz algebras should appear as intermediate quotients, as follows:

(D) = A — (D)

red

(2) The existence of A : A — A ® A requires our intermediate quotient to appear as
follows, with m being a unitary representation of I', satisfying the condition 7 ® # C m,
taken in a weak containment sense, and with the tensor product ® being taken here to
be compatible with our usual maximal tensor product ® for the C*-algebras:

C*(l) = CL(T) = Crey(T)

red

(3) With this condition imposed, the existence of the antipode S : A — AP is then
automatic, coming from the group antirepresentation g — g~.

(4) The existence of the counit € : A — C, however, is something non-trivial, related
to amenability, and leading to a condition of type 1 C m, as in the statement. O

Let us focus now on the Kesten amenability criterion, from Theorem 12.16 (4), which
brings connections with interesting mathematics and physics, and which in practice will
be our main amenability criterion. In order to discuss this, we will need:

PROPOSITION 12.18. Given a Woronowicz algebra (A, u), with w € My(A), the mo-
ments of the main character x =), u; are given by:

/ x* = dim (Fiz(u®))
a
In the case u ~ u the law of x is a usual probability measure, supported on [—N, N].

PROOF. The first assertion follows from the Peter-Weyl theory, which tells us that we
have the following formula, valid for any corepresentation v € M,,(A):

/G Yo = dim(Piz(v))

Indeed, with v = u®* we obtain the result. As for the second assertion, if we assume
u ~ 4, then we have y = x*, and so law(x) is a real probability measure, supported by
the spectrum of x. But, since the matrix u € My (A) is unitary, we have:

w' =1 = ||uyl| <1,Vi,j = |[x|][<N
Thus the spectrum of the character satisfies o(x) C [—N, N], as desired. O

In relation now with the notion of amenability, we have:
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THEOREM 12.19. A Woronowicz algebra (A, w), with u € My(A), is amenable when

N € supp (law(Re(x))>

and the support on the right depends only on law(y).

PROOF. There are two assertions here, the proof being as follows:

(1) According to the Kesten amenability criterion, from Theorem 12.16 (4), the algebra
A is amenable when the following condition is satisfied:

N € o(Re(x))

Now since Re(x) is self-adjoint, we know from spectral theory that the support of its
spectral measure law(Re(y)) is precisely its spectrum o(Re(x)), as desired:

supp(law(Re(x))) = o(Re(x))

(2) Regarding the second assertion, once again the variable Re(y) being self-adjoint,
its law depends only on the moments fG Re(x)?, with p € N. But, we have:

/GRe(x)pI/G(XZX*Y:Q—iZ/GX’“

|k|=p

Thus law(Re(x)) depends only on law(y), and this gives the result. O

Let us work out now in detail the group dual case. Here we obtain a very interesting
measure, called Kesten measure of the group, as follows:

PROPOSITION 12.20. In the case A = C*(I') and u = diag(g1,...,gn), and with the
normalization 1 € uw = 4 made, we have the formula

/AXPI#{il,...,ipgil...gip:1}
T

counting the loops based at 1, having length p, on the corresponding Cayley graph.

PRrROOF. Consider indeed a discrete group I' =< ¢y, ..., gy >. The main character of
A = C*(I"), with fundamental corepresentation u = diag(gi, - .., gn), is then:

X=01+...+9gn

Given a colored integer k = e; .. .e,, the corresponding moment is given by:

/Axk:/A(gl—i-...—i-gN)k:#{ila--wipgiell“‘gie::1}
© r

In the self-adjoint case now, u ~ u, as in the statement, we are only interested in the
moments with respect to usual integers, p € N, and the above formula becomes:

/AXp:#{ih"'vip gil"'giP:1}
T
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Assume now that we have in addition 1 € u, so that the condition 1 € u = @ in the
statement is satisfied. At the level of the generating set S = {gi,..., gy} this means:

le S=87"

Thus the corresponding Cayley graph is well-defined, with the elements of I" as vertices,
and with the edges g — h appearing when the following condition is satisfied:

gh™tes
A loop on this graph based at 1, having length p, is then a sequence as follows:
(1) = (9) = (909i) — - = (Gir - - Gipr) — (92 --- 93, = 1)
Thus the moments of x count indeed such loops, as claimed. Il

In order to generalize the above result to arbitrary Woronowicz algebras, we can use
the discrete quantum group philosophy. The fundamental result here is as follows:

THEOREM 12.21. Let (A,u) be a Woronowicz algebra, and assume, by enlarging if
necessary u, that we have 1 € uw = u. The following formula

d(v, w) :min{k:EN‘l C6®w®u®k}

defines then a distance on Irr(A), which coincides with the geodesic distance on the
associated Cayley graph. In the group dual case we obtain the usual distance.

PROOF. The fact that the lengths are finite follows from Woronowicz’s analogue of
Peter-Weyl theory, and the other verifications are as follows:

(1) The symmetry axiom is clear.
(2) The triangle inequality is elementary to establish as well.
(3) The Cayley graph assertion is something elementary as well.

(4) Finally, in the group dual case, where our Woronowicz algebra is of the form
A = C*(I'), with I' =< S > being a finitely generated discrete group, our normalization
condition 1 € u = u means that the generating set must satisfy:

leS=¢8"1

But this is precisely the normalization condition for the discrete groups, and the fact
that we obtain the same metric space is clear. U

Summarizing, we have a good understanding of what a discrete quantum group is. We
can now formulate a generalization of Proposition 12.20, as follows:
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THEOREM 12.22. Let (A, u) be a Woronowicz algebra, with the normalization assump-
tion 1 € u = u made. The moments of the main character,

/ X" = dim (Fiz(u®?))
G
count then the loops based at 1, having lenght p, on the corresponding Cayley graph.

ProOF. Here the formula of the moments, with p € N is the one coming from Propo-
sition 12.18, and the Cayley graph interpretation comes from Theorem 12.21. U

As an application of this, we can introduce the notion of growth, as follows:

DEFINITION 12.23. Given a closed subgroup G C Uy, with 1 € u = u, consider the
series whose coefficients are the ball volumes on the corresponding Cayley graph,

f(z) = Zbkz’k , b= Z dim(v)?
K I(v)<k

and call it growth series of the discrete quantum group G. In the group dual case, G = f,
we obtain in this way the usual growth series of T'.

There are many things that can be said about the growth, and we will be back to this.
As a first such result, in relation with the notion of amenability, we have:

THEOREM 12.24. Polynomial growth implies amenability.

PRrROOF. We recall from Theorem 12.21 that the Cayley graph of G has by definition
the elements of Irr(G) as vertices, and the distance is as follows:

d(v,w) = min{k: € N‘l C @®w®u®k}
By taking w = 1 and by using Frobenius reciprocity, the lenghts are given by:
[(v) = min {k € Njv C u®k}

By Peter-Weyl we have then a decomposition as follows, where By, is the ball of radius
k, and where my(v) € N are certain multiplicities:

u®* = Z my(v) - v

vEB}

By using now Cauchy-Schwarz, we obtain the following inequality:

mar(Dby = Y mp(v)* Y dim(v)?

vEDBY vEBy
2
> (Z my,(v) dim(v))
vE B}

— NZk
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But shows that if b, has polynomial growth, then the following happens:
lim sup mo(1)"/% > N

k—o0

Thus, the Kesten type criterion applies, and gives the result. O

There are many other things that can be said, as a continuation of the above, notably
with explicit computations of growth exponents for all the discrete quantum groups that
we know, and with some further generalities too, of functional analytic nature, and in
relation with Lie theory and its generalizations too. For more on all this, you can check
my quantum group textbook [8], and the quantum group literature cited there.

To summarize now, we have a decent understanding of what a discrete quantum group
is, and also of what amenability means, in the discrete quantum group setting. However,
all this does not exactly solve the von Neumann algebra questions, and we have:

QUESTION 12.25. Which discrete quantum groups I' have the property L(I') ~ R?
Equivalently, which compact quantum groups G have the property L>(G) ~ R?

Here the equivalence between the above two questions comes from the fact that, with
I' = G, we have L(I") = L>(G). As for the questions themselves, normally the hyperfinite-
ness part can be dealt with as in the classical group case, by using the amenability theory
developed above, and the problem is with the ICC property, guaranteeing factoriality,
with no one presently knowing what this “quantum ICC” property is.

As a funny comment here, the equation L(I') ~ R is precisely the one Murray and
von Neumann were stuck with, in the classical group case, some 90 years ago. Some sort
of Connes is needed, coming and solving this problem, with new ideas.

Finally, let us mention that in connection with amenability and hyperfiniteness, we
have as well a series of further questions, in relation with the actions of quantum groups.
To be more precise, the problems that we would like to solve are as follows:

(1) We would like to understand, given a compact group or quantum group acting on
a von Neumann algebra, G ~ P, when the fixed point algebra P is a factor.

(2) More generally, we would like to understand under which assumptions on G ~ P
the fixed point algebra (B ® P)% is a factor, for any finite dimensional algebra B.

(3) In fact, we would like to understand when the fixed point algebra PY, or more
generally all the fixed point algebras (B ® P)%, are the hyperfinite II; factor R.

These questions are all of interest in subfactor theory, the idea being that a quite
standard construction of subfactors is (By® P)¢ C (B;®P)%, coming from a von Neumann
algebra P, an inclusion of finite dimensional algebras By C Bj, and a compact quantum
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group G acting on everything, provided that the fixed point algebras involved are indeed
factors. And then, once such a subfactor constructed and studied, the main problem is
that of understanding if this subfactor can be taken to be hyperfinite.

These are quite technical questions, to be discussed in chapters 13-16 below, when
doing subfactors. Let us mention however, coming a bit in advance, that we have:

FAcT 12.26. Assuming that ' = G has an outer action on the hyperfinite 11, factor
I'~R

we can set P = R x I', and the answer to the above questions is yes.

Which brings us into the very interesting question on whether we have such outer
actions I' ~ R, with the status of the subject being as follows:

(1) All this goes back to work in the 80s of Ocneanu, and Wassermann too, with Oc-
neanu eventually conjecturing that any discrete group I', and more generally any discrete
quantum group I', should have such an action. This question is still open.

(2) In practice, the result is known in the finite case, |I'| < oo, and more generally in
the case where C*(I") has an inner faithful matrix model, in the sense of chapter 11, with
this being worked out in [6] and its follow-ups, and then by Vaes in [82].

(3) And there has been quite some work on this, since then. For the status of the
question, and relations with other questions, such as the Connes embedding problem,
Voiculescu microstates and more, we refer to Brannan-Chirvasitu-Freslon [22].

Summarizing, many things going on here, with the philosophy being somehow that,
once we want our factors or subfactors to be hyperfinite, isomorphic to R, we are all of
the sudden into all sorts of interesting questions, in relation with advanced mathematics
and physics. But more on this later, in chapters 13-16 below, when doing subfactors.

12d. Hyperfinite factors

Back to general theory, there are many other things that can be said, in relation with
hyperfiniteness. We first have a reduction theory result, as follows:

THEOREM 12.27. Any tracial hyperfinite von Neumann algebra appears as

A—/Amdx
X

with the factors A, being either usual matriz algebras, or the factor R.

Proor. This follows indeed by combining the von Neumann reduction theory from
[89] with the theory of R of Murray-von Neumann [63] and Connes [27]. O
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More generally, we have the following result, this time in arbitrary type:

THEOREM 12.28. Given a hyperfinite von Neumann algebra A C B(H), write its
center as follows, with X being a measured space:

Z(A) = L®(X)

The whole algebra A decomposes then over this measured space X, as follows,

A:/Axdx
X

with the fibers A, being hyperfinite von Neumann factors, which can be of type 1,11, I11.

Proor. This is again something heavy, combining the general reduction theory results
of von Neumann with the work of Connes in the hyperfinite case. O

Which brings us into the question of classifying all hyperfinite factors. The result
here, due to Connes [27], with a key contribution by Haagerup [41], is as follows:

THEOREM 12.29. The hyperfinite factors are as follows, with 1 factor in each class
IN; To
T, [Ty
11y, 11Ty, I1T,
and with the type 11, one R being the most important, basically producing the others too.

Proor. This is again heavy, based on early work of Murray-von Neumann in type II
[63], then on heavy work by Connes in type II and III [26], [27], basically finishing the
classification, and with a final contribution by Haagerup in type I11; [41]. O

Getting back now to the II; factors, and beyond hyperfiniteness, where things are
understood, with R being the only example, there is a whole classification program here,
by Popa and others, going on. Let us mention that a main open problem is that of
deciding whether the free group factors are isomorphic or not:

QUESTION 12.30. Are the von Neumann algebras of free groups isomorphic,
for N #£ M, or not?

This question can be of course asked in crossed product form, in the spirit of the
various crossed product results evoked above, and of advanced ergodic theory in general,
with the space in question, producing the crossed product, being the point:

{}xFy~"{} xFy
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This formulation, used by Popa, has the advantage of putting the above problem into a
more conceptual framework, with lots of advanced machinery available around. However,
it is not clear whether this formulation simplifies or not the original problem.

There are as well a number of alternative approaches to this question, and notably
the Voiculescu one, using free probability, which is particularly conceptual and beautiful,
the idea being that of recapturing the number N € N from the knowledge of the von
Neumann algebra L(Fy), via an entropy-type invariant:

L(Fy) ~ N

This latter program, while not solving the original problem, due to technical difficul-
ties, is however very successful, in the sense that it has led to a lot of interesting results
and computations, in relation with a lot of mathematics and physics.

Is the free group factor problem something belonging to logic, as the difficult problems
in functional analysis usually end up being? No one really knows the answer here.

Interestingly, the question is difficult to the point where the conjectural answer, yes or
no, is not known. And even worse, excluding the many people who have spent considerable
time on the matter, years or more, working on yes or no, most people familiar with the
question don’t even really know what to wish for, yes or no, as an answer.

In what concerns us, we have been quite close in this book to the ideas of Voiculescu,
but, as a surprise, these very ideas of Voiculescu lead us into wishing for a yes answer to
the above question, which is opposite to his no wish, and work using free entropy. Indeed,
to put things in context, let us formulate the question in the following way:

QUESTION 12.31. Is there a factor F, standing as a free counterpart for R?

And wouldn’t you wish for a yes answer to this question, with F' being of course all
the free group factors L(Fx) combined, and probably many more, coming from all sorts
of free quantum groups, free homogeneous spaces, or other free manifolds. It would be
good to know in free geometry that what we get by default is this factor F.

As a last comment here, later on, when doing subfactors, we will see that the particular
factor F' = L(F.) quite does the job there, in subfactors, being more of less the only “free
factor” that is needed, for that theory. But this does not really solve Question 12.31 in
the context of subfactor theory because, ironically, the main questions there, including
the “free” ones, rather concern the subfactors of the good old hyperfinite factor R.
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12e. Exercises

Things have been very technical in this chapter, which was more of a survey than
something else, and as a unique exercise on all this, we have:

EXERCISE 12.32. Learn some more basic hyperfinite von Neumann algebra theory,
from the papers of von Neumann and Murray-von Neumann, then Connes, and then
Haagerup and others, and write down a brief account of what you learned.

In what follows we will avoid ourselves this type of exercise, basically by getting back
to the material in chapter 10, and building on that, following Jones.



Part IV

Subfactor theory



Manria, you've gotta see her
Go insane and out of your mind
Latina, Ave Maria
A million and one candle lights



CHAPTER 13

Subfactor theory

13a. The Jones tower

In this last part of the present book we discuss the basics of Jones’ subfactor theory
[44], [45], [46], [47], [48]. The idea is that subfactors are quite subtle objects, generalizing
various algebraic and combinatorial constructions from chapters 5-8, and coming from the
functional analysis and operator theory considerations from chapters 9-12. Their study
will bring us into a lot of advanced mathematics, mixing algebra, geometry, analysis and
probability, and with everything being of modern physics flavor, often in relation with
considerations from advanced statistical mechanics, and quantum mechanics.

We recall that a II; factor is a von Neumann algebra A C B(H) which has trivial
center, Z(A) = C, is infinite dimensional, and has a trace tr : A — C. For a number of
reasons, ranging from simple and intuitive to fairly advanced, explained in chapters 9-12,
such algebras are the core at the whole von Neumann algebra theory.

The world of II; factors is a bit similar to the world of the usual matrix algebras
My (C), which are actually called type I factors, in the sense that it is “self-sufficient”,
with no need to go further than that. In particular, a nice representation theory for such
IT; factors can be obtained by staying inside the class of II; factors, and we have the
following definition to start with, which will keep us busy for the rest of this book:

DEFINITION 13.1. A subfactor is an inclusion of I1; factors A C B.

We will see later some examples of such inclusions, along with motivations for their
study. In order to get started now, the first thing to be done with such an inclusion is
that of defining its index, as a quantity of the following type:

[B: Al = dimy B

Since both A, B are infinite dimensional algebras, this is not exactly obvious. In
addition, in view of our previous experience with the II; factors, and notably with their
“continuous dimension” features, we can only expect the index to range as follows:

[B: Al €[1,0]

In order to discuss this, let us recall from chapter 10 that given a representation of
a II; factor A C B(H), we can construct a number as follows, called coupling constant,

299
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which for the standard form, where H = L?*(A), takes the value 1, and which in general
mesures how far is A C B(H) from the standard form:

dimy H € (0, OO]

Getting now to the subfactors, in the sense of Definition 13.1, we have the following
construction, that we know as well from chapter 10:

THEOREM 13.2. Given a subfactor A C B, the number
N — dlmA H
dimg H

is independent of the ambient Hilbert space H, and is called indez.

€ [1, o]

ProoOF. This is something that we know from chapter 10, the idea being that the
independence of the index from the choice of the ambient Hilbert space H comes from
the various basic properties of the coupling constant. Il

There are many examples of subfactors, and we will discuss this gradually, in what
follows. Following Jones [44], the most basic examples of subfactors are as follows:

PROPOSITION 13.3. Assuming that G is a compact group, acting on a 11y factor P in
a minimal way, in the sense that we have

(PEYnP=C
and that H C G is a closed subgroup of finite index, we have a subfactor
p¢cpt
having index N = |G : H|, called Jones subfactor.

PROOF. This is something standard, the idea being that the factoriality of P, PH
comes from the minimality of the action, and that the index formula is clear. We will be
back with full details about this in a moment, directly in a more general setting. U

In order to study the subfactors, let us start with the following standard result:
PROPOSITION 13.4. Given a subfactor A C B, there is a unique linear map
E:B— A
which is positive, unital, trace-preserving and satisfies the following condition:
E(biaby) = by E(a)bs

This map is called conditional expectation from B onto A.
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PrROOF. We make use of the standard representation of the II; factor B, with respect
to its unique trace tr : B — C, as constructed in chapter 10:

B C L*(B)

If we denote by Q the standard cyclic and separating vector of L?(B), we have an
identification AQ = L?(A). Consider now the following orthogonal projection:

e: LZ(B) — LZ(A)
It follows from definitions that we have an inclusion as follows:
e(BQ) C AQ

Thus e induces by restriction a certain linear map E : B — A. This linear map E and
the orthogonal projection e are then related by:

ere = E(x)e

But this shows that the linear map FE satisfies the various conditions in the state-
ment, namely positivity, unitality, trace preservation and bimodule property. As for the
uniqueness assertion, this follows by using the same argument, applied backwards, the
idea being that a map E as in the statement must come from the projection e. U

Following Jones [44], we will be interested in what follows in the orthogonal projection
e : L*(B) — L*(A) producing the expectation F : B — A, rather than in F itself:

DEFINITION 13.5. Associated to any subfactor A C B is the orthogonal projection
e: L*(B) — L*(A)
producing the conditional expectation EE : B — A wvia the following formula:
ere = E(x)e
This projection is called Jones projection for the subfactor A C B.

Quite remarkably, the subfactor A C B, as well as its commutant, can be recovered
from the knowledge of this projection, in the following way:

PROPOSITION 13.6. Given a subfactor A C B, with Jones projection e, we have
A=Bn{e}
A= (B'n{e})"
as equalities of von Neumann algebras, acting on the space L*(B).
PROOF. These formulae basically follow from exe = E(x)e, as follows:
(1) Let us first prove that we have A C BN {e}. Given x € A, we have:
re = E(x)e = exe

e = E(x%)e = ex”e
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Thus, we obtain, as desired, that x commutes with e:
ex = (z%e)" = (ex’e)” = exe = xe
(2) Let us prove now that BN {e} C A. Assuming ex = xe, we have:
E(z)e = exe = we? = ze
We conclude from this that we have the following equality:
(E(x) —2)Q = (E(x) —x)eQ2 =0
Now since € is separating for B we have, as desired:
r=FE(x)ecA
(3) In order to prove now A’ =< B’ e >, observe that we have:
A=Bn{e} =B"n{e} = (B n{e})
Now by taking the commutant, we obtain A’ = (B’ N {e})”, as desired. O
Still following Jones [44], we are now ready to formulate a key definition:
DEFINITION 13.7. Associated to any subfactor A C B is the basic construction
Ac.BcC

with C =< B, e > being the algebra generated by B and by the Jones projection

e: L2(B) — L*(A)

acting on the Hilbert space L*(B).

The idea in what follows will be that B C C appears as a kind of “reflection” of

A C B, and also that the basic construction can be iterated, with all this leading to
nontrivial results. Let us start by further studying the basic construction:

THEOREM 13.8. Given a subfactor A C B having finite indez,
[B:A] < oo

the basic construction A C. B C C has the following properties:

(1) C=JAJ.
(2) C' = B+ Beb.
(3) C is a 11y factor.

(4) [C:B]=[B:A]

(5) eC’e = Ae.

(6) tr(e) =[B: A]"".

(7) tr(ze) = tr( )[B: A7t for any x € B.
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Proor. All this is standard, the idea being as follows:
(1) We have JB'J = B and JeJ = e, which gives:
JA'J = J< B, e>J
= < JB'J, Jed >
= < B,e>
= C
(2) This follows from the fact that the vector space B + BeB is closed under multi-

plication, and from the fact that we have exe = FE(z)e.

(3) This follows from the fact, that we know from chapter 10, that our finite index
assumption [B : A] < oo is equivalent to the fact that A’ is a factor. But this is in turn
equivalent to the fact that C' = JA'J is a factor, as desired.

(4) We have indeed the folowing computation:
dimp L2(B)
dime L2(B)
1
dime L2(B)
1
dimJA/J LQ(B)
1
dimA/ LQ(B)
= dimy L*(B)
= [B:A]

(5) This follows indeed from (2) and from the formula exe = E(x)e.

[C:B] =

(6) We have the following computation:
1 = dimu L*(A)
= dimy(eL*(B))
= try(e)dimy(L*(B))
= tra(a)[B: A
Now since C' = JA'J and JeJ = e, we obtain from this, as desired:
tr(e) = tryas(Jed)
tra(e)
= [B: A
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(7) We already know from (6) that the formula in the statement holds for z = 1. In
order to discuss the general case, observe first that for x,y € A we have:

tr(zye) = tr(yex) = tr(yxe)

Thus the linear map x — tr(ze) is a trace on A, and by uniqueness of the trace on A,
we must have, for a certain constant ¢ > 0:

tr(ze) = c-tr(x)

Now by using (6) we obtain ¢ = [B : A]™, so we have proved the formula in the
statement for x € A. The passage to the general case x € B can be done as follows:
tr(ze) = tr(exe)
= tr(E(z)e)
= tr(E(x))c
= tr(x)c
Thus, we have proved the formula in the statement, in general. U

The above result is quite interesting, so let us perform now twice the basic construction,
and see what we get. The result here, which is more technical, is as follows:

PROPOSITION 13.9. Associated to A C B is the double basic construction
Ac.BcyCcCD
with e, f being the following orthogonal projections,
e: L*(B) — L*(A)
f:L*C) — L*(B)
having the following properties:
fef=[B: A"\
efe=[B: A e
PrROOF. We have two formulae to be proved, the idea being as follows:
(1) The first formula is clear, because we have:
fef = E(e)f
— t(e)f
= [B:A]7'f

(2) Regarding now the second formula, it is enough to check it on the dense subset
(B + BeB)). Thus, we must show that for any x,y, z € B, we have:

efe(r +yez)Q =[B: Al e(z + yez)Q
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For this purpose, we will prove that we have, for any z,y, z € B:

efexQl = [B: Al texQ

efeyez) = [B : Al teyezQ
The first formula can be established as follows:

efexQ) = efexfQ
= eFE(ex)fQ
= eE(e)xfQ
= [B: A exfQ
= [B: Al ez

The second formula can be established as follows:

efeyez) = efeyezfQ
= eFE(eyez)fQ
eE(eye)zfQ
BB
= eE(y)E( )2fQ
[B: A]" eE(y)=f
= [B:A]” 1eyezfQ
1B A"

B : Al eyezQ

Thus, we are led to the conclusion in the statement. Il

We can in fact perform the basic construction by recurrence, and we obtain:

THEOREM 13.10. Associated to any subfactor Ay C Ay is the Jones tower

with the Jones projections having the following properties:

(1) e2=¢;=¢f

(2) eie; = eje; for |Z—j| > 2.

(3) eieirie; = [B: A7t

(4) tr(wepsq1) = [B: A]_ltr(w), for any word w €< ey, ... e, >.

PRrooF. This follows from Theorem 13.8 and Proposition 13.9, because the triple basic
construction does not need in fact any further study. See Jones [44]. g
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13b. Temperley-Lieb

The relations found in Theorem 13.10 are in fact well-known, from the standard theory
of the Temperley-Lieb algebra. This algebra, discovered by Temperley and Lieb in the
context of statistical mechanics [81], has a very simple definition, as follows:

DEFINITION 13.11. The Temperley-Lieb algebra of index N € [1,00) is defined as
TLy(k) = span(NCsy(k, k))
with product given by vertical concatenation, with the rule
O=N
for the closed circles that might appear when concatenating.

In other words, the algebra T'Ly(k), depending on parameters k € N and N € [1,00),
is the formal linear span of the pairings 7 € NCy(k, k). The product operation is obtained
by linearity, for the pairings which span T'Ly (k) this being the usual vertical concatena-
tion, with the conventions that things go “from top to bottom”, and that each circle that
might appear when concatenating is replaced by a scalar factor, equal to V.

In order to make the connection with subfactors, let us start with:

PROPOSITION 13.12. The Temperley-Lieb algebra T'L (k) is generated by the diagrams
ei=pn 5, e2=|n ., =,
which are all multiples of projections, in the sense that their rescaled versions
e; = N7lg
satisfy the abstract projection relations e? = e¢; = e;.

PRrROOF. We have two assertions here, the idea being as follows:

(1) The fact that the algebra T'Ly (k) is indeed generated by the sequence of diagrams
€1, €9, €3, ... follows by drawing pictures, and more specifically by graphically decomposing
each basis element m € NCy(k, k) as a product of such elements ¢;.

(2) Regarding now the projection assertion, when composing €; with itself we obtain
g; itself, times a circle. Thus, according to our multiplication conventions, we have:

E?ZN&

Also, when turning upside-down ¢;, we obtain ¢; itself. Thus, according to our invo-
lution convention for the Temperley-Lieb algebra, we have:

el =¢g
We conclude that the rescalings e; = N~ lg; satisfy e? = e; = e, as desired. O

As a second result now, making the link with Theorem 13.10, we have:
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PROPOSITION 13.13. The standard generators e; = N~ 'e; of the Temperley-Lieb al-
gebra T Ly (k) have the following properties, where tr is the trace obtained by closing:
(1) eie; = eje; for |i —j| > 2.
(2) €;€i+16; = [B : A]flei.
(3) tr(weni1) = [B : A7 Yr(w), for any word w €< ey, ..., e, >.

Proor. This follows indeed by doing some elementary computations with diagrams,
in the spirit of those performed in the proof of Proposition 13.12. Indeed:

(1) This is clear from the definition of the diagrams ¢;.
(2) This is clear as well from the definition of the diagrams &;.
(3) This is something which is clear too, from the definition of &, . O

With the above results in hand, we can now reformulate our main finding about
subfactors, namely Theorem 13.10, into something more conceptual, as follows:

THEOREM 13.14. Given a finite index subfactor Ay C Ay, with Jones tower
Ag Cey A1 Cey Ay Cey A3 C ot
the rescaled sequence of projections ey, es, es, ... € B(H) produces a representation
TLy C B(H)
of the Temperley-Lieb algebra of index N = [A;y : Ag].

PROOF. The idea here is that Theorem 13.10, coming from the study of the basic con-

struction, tells us that the rescaled sequence of projections ey, es, €3, ... € B(H) behaves
algebrically exactly as the sequence of diagrams €1, ¢e5,¢3,... € T' Ly given by:
81:% 9 52:’% 9 53:HH )

But these diagrams generate T'Ly, and so we have an embedding T'Ly C B(H), where
H is the Hilbert space where our subfactor Ag C A; lives, as claimed. Il

Before going further, with some examples, more theory, and consequences of Theorem
13.14, let us make the following key observation, also from Jones [44]:

THEOREM 13.15. Given a finite index subfactor Ay C Ay, the graded algebra
P = (F)
formed by the sequence of higher relative commutants
Py = AyN Ay
contains the copy of the Temperley-Lieb algebra constructed above:
TLy CP
This graded algebra P = (Py) is called “planar algebra” of the subfactor.
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PROOF. As a first observation, since the Jones projection e; : A; — Ay commutes
with Ag, as was previously established in the above, we have:

e, € P,
By translation we obtain from this that we have, for any k& € N:
€1,...,6x_1 € P
Thus we have indeed an inclusion of graded algebras T'Ly C P, as claimed. U

The point with the above result, which explains among others the terminology at
the end, is that, in the context of Theorem 13.14, the planar algebra structure of T'Ly,
obtained by composing diagrams, extends into an abstract planar algebra structure of P.
See [46]. We will discuss all this, with full details, in the next chapter.

13c. Basic examples

Let us discuss now some basic examples of subfactors, with concrete illustrations for
all the above notions, constructions, and general theory. These examples will all come
from group actions G ~ P, which are assumed to be minimal, in the sense that:

(PYYNnP=C

We will not provide proofs for the next few results to follow, the idea being that these
constructions can be unified, and that we would like to keep the proofs for the unifications
only. As a starting point, we have the following result, that we already know:

PROPOSITION 13.16. Assuming that G is a compact group, acting minimally on a 11y
factor P, and that H C G is a subgroup of finite index, we have a subfactor

pPYc p?
having index N = [G : H|, called Jones subfactor.

PROOF. This is something that we know, the idea being that the factoriality of P¢, PH
comes from the minimality of the action, and that the index formula is clear. O

Along the same lines, we have the following result:

PROPOSITION 13.17. Assuming that G is a finite group, acting minimally on a 11y
factor P, we have a subfactor as follows,

PCcPxd

having index N = |G|, called Ocneanu subfactor.

Proor. This is standard as well, the idea being that the factoriality of P x G comes
from the minimality of the action, and that the index formula is clear. U

We have as well a third result of the same type, as follows:
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PROPOSITION 13.18. Assuming that G is a compact group, acting minimally on a 11y
factor P, and that G — PU, s a projective representation, we have a subfactor
P% c (M,(C)® P)¢
having index N = n?, called Wassermann subfactor.

PROOF. As before, the idea is that the factoriality of P, (M, (C) ® P)¢ comes from
the minimality of the action, and the index formula is clear. U

The above subfactors look quite related, and indeed they are, due to:

THEOREM 13.19. The Jones, Ocneanu and Wassermann subfactors are all of the same
nature, and can be written as follows,

(P¢ c P") ~ ((C®P) C (I™(G/H)® P)Y)
(PCPxG) ~ ((I°G)® P) C (L(IP(G) ® P)Y)
(PY C (M,(C)® P)¥) ~ ((C® P)Y C (M,(C)® P))

with standard identifications for the various tensor products and fixed point algebras.

PRroOF. This is something very standard, modulo all kinds of standard identifications.
We will explain all this more in detail later, after unifying these subfactors. U

In order to unify now the above constructions of subfactors, the idea is quite clear.
Given a compact group G, acting minimally on a II; factor P, and an inclusion of finite
dimensional algebras By C Bj, endowed as well with an action of G, we would like to
construct a kind of generalized Wassermann subfactor, as follows:

(By® P)Y Cc (B, ® P)“

In order to do this, we must talk first about the finite dimensional algebras B, and
about inclusions of such algebras By C B;. Let us start with the following definition:

DEFINITION 13.20. Associated to any finite dimensional algebra B is its canonical
trace, obtained by composing the left reqular representation with the trace of L(B):

tr: BC L(B)—C

We say that an inclusion of finite dimensional algebras By C By is Markov if it comm-
mutes with the canonical traces of By, B;.

In what regards the first notion, that of the canonical trace, this is something that we
know well, from chapter 5. Indeed, as explained there, we can formally write B = C'(X),
with X being a finite quantum space, and the canonical trace tr : B — C is then precisely
the integration with respect to the “counting measure” on X.

In what regards the second notion, that of a Markov inclusion, this is something very
natural too, and as a first example here, any inclusion of type C C B is Markov. In
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general, if we write By = C(X,) and B; = C(X;), then the inclusion By C B; must come
from a certain fibration X; — X, and the inclusion By C B is Markov precisely when
the fibration X; — Xy commutes with the respective counting measures.

We will be back to Markov inclusions and their various properties on several occasions,
in what follows. For our next purposes here, we just need the following result:

PROPOSITION 13.21. Given a Markov inclusion of finite dimensional algebras By C B
we can perform to it the basic construction, as to obtain a Jones tower

By Ce, By Ce, B, Ces BsC......
exactly as we did in the above for the inclusions of 111 factors.

Proor. This is something quite routine, by following the computations in the above,
from the case of the II; factors, and with everything extending well. It is of course
possible to do something more general here, unifying the constructions for the inclusions
of II; factors Ay C A;i, and for the inclusions of Markov inclusions of finite dimensional
algebras By C By, but we will not need this degree of generality, in what follows. U

With these ingredients in hand, getting back now to the Jones, Ocneanu and Wasser-
mann subfactors, from Theorem 13.19, the point is that these constructions can be unified,
and then further studied, the final result on the subject being as follows:

THEOREM 13.22. Let G be a compact group, and G — Aut(P) be a minimal action
on a Iy factor. Consider a Markov inclusion of finite dimensional algebras

B()CBl

and let G — Aut(By) be an action which leaves invariant By, and which is such that its
restrictions to the centers of By and By are ergodic. We have then a subfactor

(By® P)Y C (B, ® P)“
of index N = [B; : By|, called generalized Wassermann subfactor, whose Jones tower is
(B ®P)* C (By® P)° C(Bs®@P)’ C ...

where { B; };>1 are the algebras in the Jones tower for By C By, with the canonical actions
of G coming from the action G — Aut(By), and whose planar algebra is given by:

Py = (B,N By)°
These subfactors generalize the Jones, Ocneanu and Wassermann subfactors.
PROOF. There are several things to be proved, the idea being as follows:

(1) As before on various occasions, the idea is that the factoriality of the algebras
(B; ® P)¢ comes from the minimality of the action G — Aut(P), and that the index
formula is clear as well, from the definition of the coupling constant and of the index.
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(2) Regarding the Jones tower assertion, the precise thing to be checked here is that
if AC B C C'is a basic construction, then so is the following sequence of inclusions:

(A P)Y c (B® P)Y c (C® P)¢

But this is something standard, which follows by verifying the basic construction
conditions. We will be back to this in a moment, directly in a more general setting.

(3) Next, regarding the planar algebra assertion, we have to prove here that for any
indices 7 < j, we have the following equality between subalgebras of B; ® P:

(B;® P))' N (B;® P)“ = (BiNBf)®1

But this is something which is routine too, following Wassermann [92], and we will
be back to this in a moment, with full details, directly in a more general setting.

(4) Finally, the last assertion, regarding the main examples of such subfactors, which
are those of Jones, Ocneanu, Wassermann, follows from Theorem 13.19. Il

In addition to the Jones, Ocneanu and Wassermann subfactors, discussed and unified
in the above, we have the Popa subfactors, which are constructed as follows:

PrROPOSITION 13.23. Given a discrete group I' =< g1, ..., g9, >, acting faithfully via
outer automorphisms on a Iy factor Q), we have the following “diagonal” subfactor
91(q)

q€Qp CM(Q)
9n(q)
having index N = n?, called Popa subfactor.
PRroOOF. This is something standard, a bit as for the Jones, Ocneanu and Wassermann
subfactors, with the result basically coming from the work of Popa, who was the main

user of such subfactors. We will come in a moment with a more general result in this
direction, involving discrete quantum groups, along with a complete proof. U

In order to unify now Theorem 13.22 and Proposition 13.23, observe that the diagonal
subfactors can be written in the following way, by using a group dual:

Q%) € (MofC©) @ (Q %))
Here the group dual T acts on P = Q) x T" via the dual of the action I' C Aut(Q)), and
on M, (C) via the adjoint action of the following representation:
By; : [ —cCn

Summarizing, we are led into quantum groups. Our plan in what follows will be that
of discussing the quantum extension of Theorem 13.22, covering the diagonal subfactors
as well, and this time with full details, and with examples and illustrations as well.
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We follow [6], where this extension of the Wassermann construction [92] was devel-
oped. Let us start our discussion with some basic theory. We first have:

DEFINITION 13.24. A coaction of a Woronowicz algebra A on a finite von Neumann
algebra P is an injective morphism ® : P — P ® A" satisfying the following conditions:
(1) Coassociativity: (® ® id)® = (id ® A).
(2) Trace equivariance: (tr @ id)® = tr(.)1.
(3) Smoothness: P = P, where P = ® (P Qg4 A).
The above conditions come from what happens in the commutative case, A = C(G),

where they correspond to the usual associativity, trace equivariance and smoothness of
the corresponding action G ~ P. Along the same lines, we have as well:

DEFINITION 13.25. A coaction ® : P — P ® A" as above is called:
(1) Ergodic, if the algebra P® = {p € P|®(p) =p ® 1} reduces to C.
(2) Faithful, if the span of {(f @ id)®(P)|f € P.} is dense in A”.
(3) Minimal, if it is faithful, and satisfies (P®) NP = C.
Observe that the minimality of the action implies in particular that the fixed point

algebra P?® is a factor. Thus, we are getting here to the case that we are interested in,
actions producing factors, via their fixed point algebras. More on this later.

In order to prove our subfactor results, we need of some general theory regarding the
minimal actions. Following Wassermann [92], let us start with the following definition:

DEFINITION 13.26. Let ® : P — P ® A” be a coaction. An eigenmatriz for a corepre-
sentation u € B(H) ® A is an element M € B(H) ® P satisfying:

(Zd (24 (I))M = M12U13
A coaction is called semidual if each corepresentation has a unitary eigenmatri.

As a basic example here, the canonical coaction A : A - A ® A is semidual. We
will prove in what follows, following the work of Wassermann in the usual compact group
case, that the minimal coactions of Woronowicz algebras are semidual. We first have:

PROPOSITION 13.27. If & : P — P ® A” is a minimal coaction and u € Irr(A) is a
corepresentation, then w has a unitary eigenmatrixz precisely when P* # {0}.

PRroOOF. Given u € M, (A), consider the following unitary corepresentation:

10
0 u

It is then routine to check, exactly as in [92], with the computation being explained
in [6], that if the following algebra is a factor, then u has a unitary eigenmatrix:

X, = (Mz(C) ® M,,(C) ® P)"+

uw=n®l)du= ( ) € My(M,(C) ® A) = My(C) ® M, (C)® A
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So, let us prove that X, is a factor. For this purpose, let x € Z(X,). We have then
1®1® P* C X,, and from the irreducibility of the inclusion P™ C P we obtain that:
z e My(C)® M,(C)®1
On the other hand, we have the following formula:
XuNMy(C) @ My (C)®1 = (My(C)® M,(C))+ @1
= Endut)®1

Since our corepresentation u was chosen to be irreducible, it follows that x must be of
the following form, with y € M, (C), and with A € C:

_(y O
x—(o )\[>®1

Now let us pick a nonzero element p € P", and write:
<I>(p) = Zpij & Ujj
tj

Then ®(p;;) = >, prj @ug; for any 7, j, and so each column of (p;;);; is a u-eigenvector.
Choose such a nonzero column [ and let m* be the matrix having the i-th row equal to [,
and being zero elsewhere. Then m; is a u-eigenmatrix for any ¢, and this implies that:

0 m
(O O)eXu

The commutation relation of this matrix with z is as follows:

y 0\ /0 mY\ (0 m"\ [y O
0 XJ\0O 0/ \0 O 0 A
But this gives (y — Al)m’ = 0. Now by definition of m’, this shows that the i-th
column of y — Al is zero. Thus y — A\ = 0, and so x = A1, as desired. Il
We can now prove a main result about minimal coactions, as follows:

THEOREM 13.28. The minimal coactions are semidual.

PROOF. Let K be the set of finite dimensional unitary corepresentations of A which
have unitary eigenmatrices. Then, according to the above, the following happen:

(1) K is stable under taking tensor products. Indeed, if M, N are unitary eigenmatrices
for u,w, then Mj3Ns3 is a unitary eigenmatrix for u ® w.

(2) K is stable under taking sums. Indeed, if M; are unitary eigenmatrices for u;, then
diag(M;) is a unitary eigenmatrix for ®u;.

(3) K is stable under substractions. Indeed, if M is an eigenmatrix for U = &I, u;,
then the first dim(u;) columns of M are formed by elements of P*!, the next dim(us)
columns of M are formed by elements of P*2, and so on. Now if M is unitary, it is in
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particular invertible, so all P% are different from {0}, and we may conclude that we can
indeed substract corepresentations from U, by using Proposition 13.27.

(4) K is stable under complex conjugation. Indeed, by the above results we may
restrict attention to irreducible corepresentations. Now if u € Irr(A) has a nonzero
cigenmatrix M then M is an eigenmatrix for . By Proposition 13.27 we obtain from this
that P* # {0}, and we may conclude by using again Proposition 13.27.

With this in hand, by using Peter-Weyl, we obtain the result. See [6]. O
Let us construct now the fixed point subfactors. We first have:

PROPOSITION 13.29. Consider a Woronowicz algebra A = (A, A,S), and denote by
A, the Woronowicz algebra (A, oA, S), where o is the flip. Given coactions
6:B—B®A
T:P—P®A,
with B being finite dimensional, the following linear map, while not being multiplicative
in general, is coassociative with respect to the comultiplication oA of A,,
bOm:BRP—B®RP®A,

b®p— m(p)as((id @ S)B(D))13
and its fized point space, which is by definition the following linear space,

(B ® P)"o" = {xEB@P‘(ﬁ@w)x:m@)l}
is then a von Neumann subalgebra of B ® P.

ProoF. This is something standard, which follows from a straightforward algebraic
verification, explained in [6]. As mentioned in the statement, to be noted is that the
tensor product coaction 8 ® m is not multiplicative in general. See [6]. U

Our first task is to investigate the factoriality of such algebras, and we have here:

THEOREM 13.30. If 5 : B — B® A is a coaction and 7 : P - P ® A, is a minimal
coaction, then the following conditions are equivalent:
(1) The von Neumann algebra (B ® P)?®™ is a factor.
(2) The coaction B3 is centrally ergodic, Z(B) N B = C.

PRrooOF. This is something standard, from [6], the idea being as follows:

(1) Our first claim, which is something whose proof is a routine verification, explained
in [6], based on the semiduality of the minimal coaction 7, that we know from Theorem
13.28, is that the following diagram is a non-degenerate commuting square:

P C B®P
U U
P™ C (B P)for
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(2) In order to prove now the result, it is enough to check the following equality,
between von Neumann subalgebras of the algebra B ® P:

Z((B® P)*™) = (Z(B)n B ) ® 1

So, let x be in the algebra on the left. Then x commutes with 1 ® P”, so it has to be
of the form b® 1. Thus z commutes with 1 ® P. But z commutes with (B ® P)%®", and
from the non-degeneracy of the above square, x commutes with B ® P, and in particular
with B® 1. Thus we have b € Z(B) N B”. As for the other inclusion, this is obvious. O

In view of the above result, we can talk about subfactors of type (By®P)“ C (B;®P)C.
In order to investigate such subfactors, we will need the following technical result:

ProposITION 13.31. Consider two commuting squares, as follows:

F c E ¢ D
U U U
A c B c C

(1) If the square on the left and the big square are non-degenerate, then so is the
square on the right.

(2) If both squares are non-degenerate, ' C E C D is a basic construction, and the
Jones projection e € D for this basic construction belongs to C, then the square
on the right is the basic construction for the square on the left.

ProoOF. We have several things to be proved, the idea being as follows:
(1) This assertion is clear from the following computation:
D =35pYCF =35pYCBF =35p“CFE
(2) Let W : D — C be the expectation. By non-degeneracy, we have that:
E =35pY FB =3p” BF
We also have D = sp* FeE' by the basic construction, so we get that:
C = Y(D)
= U(sp" Fek)
= VY(sp¥ BFeFB)
= WU(sp" BeFB)
= 3pY BeV(F)B
= sp” BeAB
= 35p“ BeB
Thus the algebra C' is generated by B and e, and this gives the result. U

Next in line, we have the following key technical result:
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ProrosiTION 13.32. If B: B — B ® A is a coaction then

A C BA
U T8
C c B

s a non-degenerate commuting square.

PrROOF. From the p-equivariance of the trace we get that the inclusion on the left
commutes with the traces, so that the above is a commuting diagram of finite von Neu-
mann algebras. From the formula of the expectation Ez = (id ® [,)3 we get that this
diagram is a commuting square. Choose now an orthonormal basis {b;} of B, write
Biby— > ;bj ® uj;, and consider the corresponding unitary corepresentation:

up = Zeij &® Uyj

Then for any k and any a € A we have the following computation:

D Bb)(1@upa) = > b ®ujupa
i ij
= Z bj ® 5jka
i

= bk ® a
Thus our commuting square is non-degenerate, as claimed. U

Getting now to the generalized Wassermann subfactors, we first have:

PROPOSITION 13.33. Given a Markov inclusion of finite dimensional algebras By C
By, construct its Jones tower, and denote it as follows:

By C By Ce, By =< By,e1 >Ce, B3 =< By,e3 >Cq, ...

If By : By — B ® A is a coaction/anticoaction leaving By invariant then there ezists a
unique sequence {B;}i>o of coactions/anticoactions

such that each B; extends B;_1 and leaves invariant the Jones projection e;_1.
Proor. By taking opposite inclusions we see that the assertion for anticoactions is

equivalent to the one for coactions, that we will prove now. The uniqueness is clear from
B; =< B;_1,e;_1 >. For the existence, we can apply Proposition 13.32 to:

A C By®A C BI®A

U T Bo 1B
C cC By C By
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Indeed, we get in this way that the square on the right is a non-degenerate. Now by
performing basic constructions to it, we get a sequence as follows:

By® A C Bi®A C By,®A C B3®A C

T Bo T B T B2 T B3
By C B, C By C Bs -

It is easy to see from definitions that the ; are coactions, that they extend each other,
and that they leave invariant the Jones projections. But this gives the result. U

With the above technical results in hand, we can now formulate our main theorem
regarding the fixed point subfactors, of the most possible general type, as follows:

THEOREM 13.34. Let G be a compact quantum group, and G — Aut(P) be a minimal
action on a 11y factor. Consider a Markov inclusion of finite dimensional algebras

By C B

and let G — Aut(By) be an action which leaves invariant By and which is such that its
restrictions to the centers of By and By are ergodic. We have then a subfactor

(By® P)Y C (B, ® P)¢
of index N = [B; : By|, called generalized Wassermann subfactor, whose Jones tower is
(B ®P)® C (By® P)° C (Bs®P)% C ...

where {B;};>1 are the algebras in the Jones tower for By C By, with the canonical actions
of G coming from the action G — Aut(By), and whose planar algebra is given by:

Py = (ByN By)°
These subfactors generalize the Jones, Ocneanu, Wassermann and Popa subfactors.
PrRoOOF. We have several things to be proved, the idea being as follows:

(1) The first part of the statement, regarding the factoriality, the index and the Jones
tower assertions, is something that follows exactly as in the classical group case.

(2) In order to prove now the planar algebra assertion, consider the following diagram,
with ¢ < j being arbitrary integers:

P C B;® P - B;®P
U U U
PT C (B;® p)&@w c (B;® p)ﬁj@w

We know from Proposition 13.32 that the big square and the square on the left are
both non-degenerate commuting squares. Thus Proposition 13.31 applies, and shows that
the square on the right is a non-degenerate commuting square.
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(3) Consider now the following sequence of non-degenerate commuting squares:

By@P C Bi®@P C BeP C
U U U
(By® P)?®™ C (B ® P)"®™ C (By® P)»%™ C

Since the Jones projections live in the lower line, Proposition 13.32 applies and shows
that this is a sequence of basic constructions for non-degenerate commuting squares. In
particular the lower line is a sequence of basic constructions, as desired.

(4) Finally, we already know from Theorem 13.22 that our construction generalizes
the Jones, Ocneanu and Wassermann subfactors. As for the Popa subfactors, the result
here follows from the discussion made after Proposition 13.23. O

13d. The index theorem

Let us go back now to the arbitrary subfactors, with Theorem 13.14 being our main
result. As an interesting consequence of the above results, somehow contradicting the
“continuous geometry” philosophy that has being going on so far, in relation with the IT;
factors, we have the following surprising result, also from Jones’ original paper [44]:

THEOREM 13.35. The index of subfactors A C B is “quantized” in the [1,4] range,

N e {4C082 <E> ‘n > 3} U [4, o0]

n

with the obstruction coming from the existence of the representation T Ly C B(H).

PRrROOF. This comes from the basic construction, and more specifically from the com-
binatorics of the Jones projections e, es, e3, .. ., the idea being as folows:

(1) In order to best comment on what happens, when iterating the basic construction,
let us record the first few values of the numbers in the statement:

4 cos? <g) =1 , 4cos’ (%) =2

4 cos? <E) = 34 V5 . 4dcos? <E> =3
5 2 6

(2) When performing a basic construction, we obtain, by trace manipulations on e;:
N ¢ (1,2)

With a double basic construction, we obtain, by trace manipulations on < ey, ey >:

3+/5
ve (2257)
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With a triple basic construction, we obtain, by trace manipulations on < ey, es, e3 >:
3+
N ¢ ( 2‘[, 3)

Thus, we are led to the conclusion in the statement, by a kind of recurrence, involving
a certain family of orthogonal polynomials.

(3) In practice now, the most elegant way of proving the result is by using the
fundamental fact, explained in Theorem 13.14, that that sequence of Jones projections
e1, e, €s3,... C B(H) generate a copy of the Temperley-Lieb algebra of index N:

TLy C B(H)
With this result in hand, we must prove that such a representation cannot exist in
index N < 4, unless we are in the following special situation:

N = 4 cos? <E>
n

But this can be proved by using some suitable trace and positivity manipulations on
TLy, as in (2) above. For full details here, we refer to [37], [44], [51]. O

The above result raises the question of understanding if there are further restrictions
on the index of subfactors A C B, in the range found there, namely:

N e {4C082 <%> ‘n > 3} U [4, o0

This question is quite tricky, because it depends on the ambient factor B C B(H),
and also on the irreducibility assumption on the subfactor, namely A’ N B = C, which is
something quite natural, and can be added to the problem.

All this is quite technical, to be discussed later on, when doing more advanced sub-
factor theory. In the simplest formulation of the question, the answer is generally “no”,
as shown by the following result, also from Jones’ original paper [44]:

THEOREM 13.36. Consider the Murray-von Neumann hyperfinite 11y factor R. lIts
subfactors Ry C R are then as follows:
(1) They eist for all admissible index values, N € {4cos® () [n > 3} U [4, oc].
(2) In index N < 4, they can be realized as irreducible subfactors, RyN R = C.
(3) In index N > 4, they can be realized as arbitrary subfactors.

ProoF. This is something quite tricky, worked out in Jones’ original paper [44], and
requiring some advanced algebra methods, the idea being as follows:

(1) This basically follows by taking a copy of the Temperley-Lieb algebra T'Ly, and
then building a subfactor out of it, first by constructing a certain inclusion of inductive
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limits of finite dimensional algebras, A C B, and then by taking the weak closure, which
produces copies of the Murray-von Neumann hyperfinite II; factor, A ~ B ~ R.

(2) This follows by examining and fine-tuning the construction in (1), which can be
performed as to have control over the relative commutant.

(3) This follows as well from (1), and with the simplest proof here being in fact quite
simple, based on a projection trick. O

As another application now, which is more theoretical, let us go back to the question
of defining the index of a subfactor in a purely algebraic manner, which was open since
chapter 10. The answer here, due to Pimsner and Popa [69], is as follows:

THEOREM 13.37. Any finite index subfactor A C B has an algebraic orthonormal
basis, called Pimsner-Popa basis, which is constructed as follows:
(1) In integer index, N € N, this is a usual basis, of type {by,...,bx}, whose length
15 exactly the index.
(2) In non-integer index, N ¢ N, this is something of type {b1,..., by, c}, having
length n 4+ 1, with n = [N], and with N —n € (0, 1) being related to c.

Proor. This is something quite technical, which follows from the basic theory of the
basic construction. We refer here to the paper of Pimsner and Popa [69]. u

13e. Exercises

There has been a lot of exciting theory in this chapter, leading us from functional
analysis to concrete combinatorics, and as an exercise on all this, we have:

EXERCISE 13.38. Clarify all the details for the Jones index theorem, stating that

N € {4C082 <%> ’n > 3} U [4, o0

with the obstruction coming from the existence of the representation T Ly C B(H).

This is something that we already discussed in the above, but with a few details
missing. Time to have this understood, along the above lines.



CHAPTER 14

Planar algebras

14a. Planar algebras

We have seen the foundations of subfactor theory, and the main examples of subfactors,
all having integer index. Following Jones’ paper [46], in this chapter we go into the core
of the theory, with the idea in mind of axiomatizing the combinatorics of a given subfactor
Ag C A, via an object similar to the tensor categories for the quantum groups.

So, our starting point will be an arbitrary subfactor Ay C A;, assumed to have finite
index, [A; : Ag] < oo. Let us first review first what can be said about it, by using the
Jones basic construction. We recall from chapter 13 that we have the following result:

THEOREM 14.1. Given an inclusion of 11 factors Ay C Ay, with Jones tower

Ay Cey Ay Ce, Aoy Ce, A3 C ...

the sequence of projections ey, es,es, ... € B(H) produces a representation
TLy C B(H)
of the Temperley-Lieb algebra of index N = [Ay : Ag]. Moreover, we have
TLy CP

where P = (Py) is the graded algebra formed by the commutants P, = Ay N Ag.

PROOF. There are two statements here, both due to Jones [44], that we know from
chapter 13 above, the idea for this, in short, being as follows:

(1) A detailed study of the basic construction, performed in chapter 13, shows that the
rescaled sequence of Jones projections ey, ey, e3,... € B(H) behaves algebrically exactly
as the sequence of standard generators €1, e9,¢3,... € T'Ly. Thus we have an embedding
TLy C B(H), where H is the Hilbert space where our subfactor Ay C A; lives.

(2) Once again by carefully looking at the Jones basic construction, the more precise
conclusion is that the image of the representation T'Ly C B(H) constructed above lives
indeed in the graded algebra P = (Py) formed by the commutants P, = Aj N Ay. U

Quite remarkably, the planar algebra structure of T'Ly, taken in an intuitive sense,
that of composing planar diagrams, extends to a planar algebra structure of P. In order

321



322 14. PLANAR ALGEBRAS

to discuss this key result, let us start with the axioms for planar algebras. Following
Jones’ paper [46], we have the following definition:

DEFINITION 14.2. The planar algebras are defined as follows:

(1) We consider rectangles in the plane, with the sides parallel to the coordinate axes,
and taken up to planar isotopy, and we call such rectangles boxes.

(2) A labeled box is a box with 2k marked points on its boundary, k on its upper side,
and k on its lower side, for some integer k € N.

(3) A tangle is labeled box, containing a number of labelled boxes, with all marked
points, on the big and small boxes, being connected by noncrossing strings.

(4) A planar algebra is a sequence of finite dimensional vector spaces P = (Py),
together with linear maps Py, ® ... ® P, — Py, one for each tangle, such that
the gluing of tangles corresponds to the composition of linear maps.

In this definition we are using rectangles, but everything being up to isotopy, we could
have used instead circles with marked points, as in [46], which is the same thing. Our
choice for using rectangles comes from the main examples that we have in mind, to be
discussed below, where the planar algebra structure is best viewed by using rectangles.

Let us also mention that Definition 14.2 is something quite simplified, based on [46].
As explained in [46], in order for subfactors to produce planar algebras and vice versa,
there are quite a number of supplementary axioms that must be added, and in view of
this, it is perhaps better to start with something stronger than Definition 14.2, as basic
axioms. However, as before with rectangles vs circles, our axiomatic choices here are
mainly motivated by the concrete examples that we have in mind.

As a basic example of a planar algebra, we have the Temperley-Lieb algebra:

THEOREM 14.3. The Temperley-Lieb algebra T Ly, viewed as sequence of finite di-
mensional vector spaces
TLy = (TLn(k))ken

s a planar algebra in the above sense, with the corresponding linear maps associated to
the planar tangles

appearing by putting the various T Ly (k;) diagrams into the small boxes of the given tangle,
which produces a T Ly (k) diagram.

Proor. This is something trivial, which follows from definitions:

(1) Assume indeed that we are given a planar tangle 7 in the sense of Definition 14.2,
consisting of a box having 2k marked points on its boundary, and containing r small
boxes, having respectively 2kq,...,2k, marked points on their boundaries, and then a
total of k + Xk; noncrossing strings, connecting the various 2k + »2k; marked points.
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(2) We want to associate to this planar tangle 7 a linear map as follows:
T, TLy(k) ® ... TLy(k,) — TLn(k)

For this purpose, by linearity, it is enough to construct elements as follows, for any
choice of Temperley-Lieb diagrams o; € T Ly (k;), with i =1,... 7r:

Te(01®...®0,) € TLy(k)

(3) But constructing such an element is obvious, simply by putting the various di-
agrams o; € TLy(k;) into the small boxes the given tangle 7. Indeed, this procedure
produces a certain diagram in T'Ly(k), that we can call Ty (07 ® ... ® 0,), as above.

(4) Finally, we still have to check that everything is well-defined up to planar isotopy,
and that the gluing of tangles corresponds to the composition of linear maps. But both
these checks are trivial, coming from the definition of T'Ly, and we are done. O

As a conclusion, P = T Ly is indeed a planar algebra, and of somewhat “trivial” type,
with the triviality coming from the fact that, in this case, the elements of P are planar
diagrams themselves, and so the planar structure appears trivially. The Temperley-Lieb
planar algebra T'Ly is however an important planar algebra, because it is the “smallest”
one, appearing inside the planar algebra of any subfactor. But more on this later, when
talking about the relation between planar algebras and subfactors.

Moving ahead, here is our second basic example of a planar algebra, due to Bisch-Jones
[20], which is still “trivial” in the above sense, with the elements of the planar algebra
being planar diagrams themselves, but which appears in a more complicated way:

THEOREM 14.4. The Fuss-Catalan algebra FCy ar, which appears by coloring the
Temperley-Lieb diagrams with black/white colors, clockwise, as follows

cCceeocoCceeO .. . . ...... CeeO0

and keeping those diagrams whose strings connect either o—o or e—e, is a planar algebra,
with again the corresponding linear maps associated to the planar tangles

FCN’M(kl) R...RQ FCN,M<kr) — FCNjM(k)

appearing by putting the various FCn (ki) diagrams into the small boxes of the given
tangle, which produces a FCy (k) diagram.

PROOF. The proof here is nearly identical to the proof of Theorem 14.3, with the only
change appearing at the level of the colors. To be more precise:

(1) Forgetting about upper and lower sequences of points, which must be joined by
strings, a Temperley-Lieb diagram can be thought of as being just a collection of strings,
say black strings, which compose in the obvious way, with the rule that the value of the
circle, which is now a black circle, is N. And it is this obvious composition rule that gives
the planar algebra structure, as explained in the proof of Theorem 14.3.
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(2) Similarly, forgetting about sequences of points, a Fuss-Catalan diagram can be
thought of as being a collection of strings, which come now in two colors, black and
white. These Fuss-Catalan diagrams compose in the obvious way, with the rule that the
value of the black circle is IV, and the value of the white circle is M. And it is this obvious
composition rule that gives the planar algebra structure, as before for T'L . Il

The same comments as those for 'Ly apply. On one hand, F'Cy s is by definition
a “trivial” planar algebra, with the triviality coming from the fact that its elements are
planar diagrams themselves. On the other hand, F'Cy 5 is an important planar algebra,
because it can be shown to appear inside the planar algebra of any subfactor A C B,
assuming that an intermediate subfactor A C C' C B is present. But more on this later,
when talking about the relation between planar algebras and subfactors.

Getting back now to generalities, and to Definition 14.2, that of a general planar
algebra, we have so far two illustrations for it, which, while both important, are both
“trivial”, with the planar structure simply coming from the fact that, in both these
illustrations, the elements of the planar algebra are planar diagrams themselves.

In general, the planar algebras are more complicated than this, and we will see some
further examples in a moment. However, the idea is very simple, namely “the elements
of a planar algebra are not necessarily diagrams, but they behave like diagrams”.

Let us begin with the construction of the tensor planar algebra 7Ty, which is the third
most important planar algebra, in our series of examples. This algebra is as follows:

DEFINITION 14.5. The tensor planar algebra Ty is the sequence of vector spaces
P, = My (C)®*
with the multilinear maps associated to the various k-tangles
T Py ®...0 P, — P

being given by the following formula, in multi-index notation,

Tﬂ'(eil ® e ®627) — 2571'(7:1;"'77;7" :])6]
J

with the Kronecker symbols 0, being 1 if the indices fit, and being 0 otherwise.

In other words, we are using here a construction which is very similar to the construc-
tion m — T from easy quantum groups. We put the indices of the basic tensors on the
marked points of the small boxes, in the obvious way, and the coefficients of the output
tensor are then given by Kronecker symbols, exactly as in the easy case.

The fact that we have indeed a planar algebra, in the sense that the gluing of tangles
corresponds to the composition of linear maps, as required by Definition 14.2, is something
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elementary, in the same spirit as the verification of the functoriality properties of the
correspondence m — T}, discussed in chapter 8, and we refer here to Jones [46].

Let us discuss now a second planar algebra of the same type, which is important as
well for various reasons, namely the spin planar algebra Sy. This planar algebra appears
somewhat as a “square root” of the tensor planar algebra 7Ty, and its construction is quite
similar, but by using this time the algebra CV instead of the algebra My (C).

There is one subtlety, however, coming from the fact that the general planar algebra
formalism, from Definition 14.2 above, requires the tensors to have even length. Note
that this was automatic for Ty, where the tensors of My (C) have length 2. In the case
of the spin planar algebra Sy, we want the vector spaces to be:

Pk — ((CN)®k
Thus, we must double the indices of the tensors, in the following way:

DEFINITION 14.6. We write the standard basis of (CN)®* in 2 x k matriz form,

i1 41 Gy g 03 ... ...
€iy.ip — i . .
S o
by duplicating the indices, and then writing them clockwise, starting from top left.

Now with this convention in hand for the tensors, we can formulate the construction
of the spin planar algebra Sy, also from Jones [46], as follows:

DEFINITION 14.7. The spin planar algebra Sy is the sequence of vector spaces
P, = (CM)®*
written as above, with the multilinear maps associated to the various k-tangles
TFZP]ﬂ@...@PkT — P,

being given by the following formula, in multi-index notation,

Telei, @ ... @ €)=Y Oxlin,... ir 1 j)e;
J

with the Kronecker symbols 0, being 1 if the indices fit, and being 0 otherwise.

In other words, we are using exactly the same construction as for the tensor planar
algebra Ty, which was itself very related to the easy quantum group formalism, but with
My (C) replaced by CV, with the indices doubled, as in Definition 14.6. As before with
the tensor planar algebra Ty, the fact that the spin planar algebra Sy is indeed a planar
algebra is something rather trivial, coming from definitions.

Observe however that, unlike our previous planar algebras T'Ly and FCy s, which
were “trivial” planar algebras, their elements being planar diagrams themselves, the planar
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algebras Ty and Sy are not trivial, their elements being not exactly planar diagrams. Let
us also mention that the planar algebras 7y and Sy are important for a number of reasons,
in the context of the fixed point subfactors, to be discussed later on.

Getting back now to the planar algebra structure of 7y and Sy, which is something
quite fundamental, worth being well understood, let us have here some more discussion.
Generally speaking, the planar calculus for tensors is quite simple, and does not really
require diagrams. Indeed, it suffices to imagine that the way various indices appear,
travel around and dissapear is by following some obvious strings connecting them. Here
are some illustrations for this principle, for the spin planar algebra Sy:

EXAMPLE 14.8. Identity, multiplication, inclusion.

The identity 15 is the (k,k)-tangle having vertical strings only. The solutions of
01, (z,y) = 1 being the pairs of the form (z,z), this tangle 1; acts by the identity:

1 (jl e jk) _ (jl e jk)
L/ Y 3 2 T ) 3
The multiplication My, is the (k, k, k)-tangle having 2 input boxes, one on top of the
other, and vertical strings only. It acts in the following way:

TR A A A A N (b
A@(Ql“.M)®<m1”.m9)_@m“”%m(h.”ik

The inclusion [}, is the (k, k + 1)-tangle which looks like 1;, but has one more vertical
string, at right of the input box. Given z, the solutions of 0, (z,y) = 1 are the elements
y obtained from x by adding to the right a vector of the form (}), and so:

Juoe k) _ Juoeee el
%Q“.Q_;Cy“uo

Observe that I is an inclusion of algebras, and that the various I, are compatible
with each other. The union of the algebras Sy (k) is a graded algebra, denoted Sy.

Along the same lines, some other important tangles are as follows:
ExXAMPLE 14.9. Ezpectation, Jones projection, trace.

The expectation Uy is the (k+1, k)-tangle which looks like 1, but has one more string,
connecting the extra 2 input points, both at right of the input box:

T Tk k1) _ o (oo Tk
%(u”.uiﬂﬂ_%wm(h”.u>

Observe that Uy is a bimodule morphism with respect to I.



14A. PLANAR ALGEBRAS 327

The Jones projection Fy is a (0, k+2)-tangle, having no input box. There are k vertical
strings joining the first & upper points to the first £ lower points, counting from left to
right. The remaining upper 2 points are connected by a semicircle, and the remaining
lower 2 points are also connected by a semicircle. We have the following formula:

_ i . Ig 7 g
&m—zcy”%zo
ijl
The elements ¢, = N~ E,(1) are projections, and define a representation of the infinite
Temperley-Lieb algebra of index N inside the inductive limit algebra Sy .

The trace Ty is the (k,0) tangle which “closes the diagram”, by connecting upper
points with lower points with noncrossing strings at right, in the obvious way:

Juoo Tk

This tangle implements a trace on the planar algebra, and the expectations Uy con-
structed above are then the conditional expectations with respect to this trace.

Finally, again along the same lines, we have the following two key tangles:

ExaAMPLE 14.10. Rotation, shift.

The rotation Ry is the (k, k)-tangle which looks like 1;, but the first 2 input points
are connected to the last 2 output points, and the same happens at right:

m ]
Re=| |
(ARRRY

The action of Ry on the standard basis is by rotation of the indices, as follows:
Rk(eil...ik) = Cigis...ixi1
Thus Ry acts by an order k linear automorphism of Sy (k), also called rotation.
As for the shift Sy, this is the (k, k + 2)-tangle which looks like 15, but has two more
vertical strings, at left of the input box. This tangle acts as follows:
S <i1 zk) _lz<l moip ... zk)

Observe that S is an inclusion of algebras, which is different from ;1.

There are many other interesting examples of k-tangles, but in view of our present
purposes, we can actually stop here, due to the following key fact, which basically reduces
everything to the study of the above particular tangles, and that we will use many times
in what follows, for the various planar algebra results that we will prove:
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THEOREM 14.11. The following tangles generate the set of all tangles, via gluing:

(1) Multiplications, inclusions.
(2) Ezpectations, Jones projections.
(3) Rotations or shifts.

PROOF. As a first observation, the tangles in the statement are exactly those in the
above examples, with the identity and trace tangles removed, due to the fact that these
tangles won’t bring anything new. Also, the statement itself consists in fact of 2 state-
ments, depending on whether rotations and shifts are chosen in (3), with this being
something technical, coming from the fact that we will need in what follows both these 2
statements. As for the proof, this is something elementary, obtained by “chopping” the
various planar tangles into small pieces, belonging to the above list. See Jones [46]. O

Finally, in order for things to be complete, we must talk as well about the *-structure.
Once again this is constructed as in the easy quantum group calculus, as follows:

R 1 S £ TR
T Jio e

Summarizing, the sequence of vector spaces Sy(k) = (CV)®* has a planar x-algebra
structure, called spin planar algebra of index N = |X|. See Jones [46].

As a conclusion to all this, we have so far an abstract definition for the planar algebras,
then two very basic examples, namely T'Ly and F'Cy s, where the elements of the planar
algebra are actual diagrams, composing as the diagrams do, by gluing, and then two
examples which are slightly more complicated, namely 7y and Sy, where the planar
algebra elements are tensors, composing according to the usual rules for the tensors.

14b. Higher commutants

In relation now with subfactors, the result, which extends Theorem 14.1, and which
was found by Jones in [46], almost 20 years after [44], is as follows:

THEOREM 14.12. Given a subfactor Ay C Ay, the collection P = (Py) of linear spaces
P, = AynN Ay
has a planar algebra structure, extending the planar algebra structure of T L.

Proor. We know from Theorem 14.1 that we have an inclusion as follows, coming
from the basic construction, and with T'Ly itself being a planar algebra:

TLy CP

Thus, the whole point is that of proving that the planar algebra structure of T Ly,
obtained by composing diagrams, extends into a planar algebra structure of P. But
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this can be done via a long algebraic study, basically focusing on the basic tangles from
Theorem 14.11, the idea here being as follows:

(1) The multiplications and inclusions are the usual multiplications of the algebras
P, = Aj N A, and the canonical inclusions P, C P41 between them.

(2) The expectations and Jones projections are the usual expectations and Jones
projections for the algebras P, = Aj N A, that we know from chapter 13.

(3) As for rotations and shifts, things here are more tricky, the idea being that the
algebras P, = A N Ay have indeed some natural rotation and shift operations.

In short, modulo some work needed for rotations and shifts, we know how the basic
tangles act. Then, in order to make all the tangles act, we can invoke Theorem 14.11,
along with a “bubbling” procedure in order to effectively construct the action, and to
prove its uniqueness. And this “bubbling” procedure, which is something quite routine,
but long and technical, taking about 10-20 pages, is explained in Jones’ paper [46]. O

So long for Jones’ main result in [46]. What has been said above is of course very far
from a proof, and for this we refer of course to Jones’ paper, but at least we have now
an idea on what the result in [46] really says. Regarding the reading of [46], which is a
must-do thing if you want to fully understand subfactors, a few pieces of advice:

(1) Examples, examples, and examples again. The notion of planar algebra is some-
thing extremely general, somehow the idea being that planar algebras are to quantum
groups what quantum groups are to groups, and 0 chances or almost to understand what
Jones is doing in [46], without spending some substantial time on examples.

(2) And I'm saying this with knowledge of the matter, because back in 1999 when
[46] came out, I was postdoc at Berkeley with Jones and Voiculescu, and I saw quite a
few young people severely struggling with [46]. For me things were easy because I was
already familiar with examples coming from groups, and quantum groups.

(3) So, that would be a first way of getting introduced to the subject, via groups and
quantum groups, and benefitting from what we already know from chapters 7-8, this is
what we will do here, work out some examples coming from groups and quantum groups,
as an introduction to Jones’ paper [46], that you can read afterwards.

(4) But this is not the only way. As mentioned above, the subtlety comes from
rotations and shifts, and understanding how these rotations and shifts work, directly in
the subfactor context, in the spirit of what we did in chapter 13, is something that you
can try too. Good references here are the texts of Ocneanu [66], [67].

Long story short, we are now into subtle mathematics, that takes some time to be
understood. Back to work now, as a first illustration for Theorem 14.12, we have:
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THEOREM 14.13. We have the following universality results:

(1) The Temperley-Lieb algebra T'Ly appears inside the planar algebra of any sub-
factor A C B having index N.

(2) The Fuss-Catalan algebra FCy p appears inside the planar algebra of any sub-
factor A C B, in the presence of an intermediate subfactor A C C C B.

PROOF. Here the first assertion is something that we already know, from Theorem
14.1, and the second assertion is something quite standard as well, by carefully working out
the basic construction for A C B, in the presence of an intermediate subfactor A C C' C B.
For details here, we refer to the paper of Bisch and Jones [20]. U

It is possible to prove as well that the tensor planar algebra 7Ty and the spin planar
algebra Sy have similar universality properties, but this time being the biggest possible
instead of the smallest possible, in the framework of some suitable fixed point subfactors.
We will discuss all this in a moment, in the general context of fixed point subfactors.

All the above results raise the question on whether any planar algebra produces a
subfactor. The answer here is yes, but with many subtleties, as follows:

THEOREM 14.14. We have the following results:

(1) Any planar algebra with positivity produces a subfactor.

(2) In particular, we have TL and FC type subfactors.

(3) In the amenable case, and with Ay = R, the correspondence is bijective.
(4) In general, we must take Ay = L(Fy,), and we do not have bijectivity.
(5) The axiomatization of P, in the case Ay = R, is not known.

Proor. All this is quite heavy, mainly coming from the work of Popa in the 90s,
using heavy functional analysis and operator theory [71], [72], [73], completed with other
papers like [40], [46], [74], which are not any simpler either. In fact, understanding all
this, with proofs, is a considerable investment, comparable to that of understanding the
heavy papers of von Neumann and Connes [26], [27], [63], that we are stumbling upon
all the time, in chapters 9-12. So, in the hope that you read that papers of von Neumann
and Connes, in this way, reading Popa will look like a routine task.

As an introduction to all this, following Ocneanu [66], [67], who first came upon such
ideas, in the mid 80s, let us first talk about the finite depth case. The higher relative
commutants P, = Ay N A), form an increasing sequence of algebras, as follows:

PhCP CPC...

The point now is that at each step, we have a copy of the basic construction which
appears, in the sense that Py, consists of a copy of the basic construction for P,_; C P,
colloquially called “old stuff”, and of more things, called “new stuff”. In case there is no
new stuff inside Py, 1, there is no new stuff either inside Py o, Py13,..., and the subfactor
or planar algebra is called of “finite depth”. And there are many examples here, such as
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the Ocneanu subfactors, the general idea being that finite depth means that the underlying
“generalized quantum group”, whatever that beast might be, is finite.

The problem is now, given a planar algebra which has finite depth, how to construct
a subfactor out of it. Due to the finite depth assumption, our data is simply:

PbCP C...CP

That is, our data is just a finite dimensional graded algebra P, and we are here into
usual algebra, be that of quite complicated type. And Ocneanu’s solution [66], [67] was
that of building out of this data, via various algebraic procedures, some further finite
dimensional algebras, then taking inductive limits and closing under the weak topology,
as to end up with a subfactor of type Aqg C Ay, with Ay ~ A; ~ R.

This was for the general idea, in the finite depth case, but in practice, the above-
mentioned “various algebraic procedures” are something quite complicated, involving a
certain technical notion of “commuting square”, which is something specialized, that we
will discuss in chapter 15 below, and with the whole thing, complete theorem coming with
complete proof, being something done by Popa, some time after Ocneanu, in [71].

With this understood, and getting back to our theorem, all the items (1-5) there are
extensions of this construction of Ocneanu and Popa, the idea being as follows:

(1) As already mentioned in the comments after Definition 14.2, our planar algebra
axioms here are something quite simplified, based on [46]. However, by getting back
to Theorem 14.12, and carefully looking at the planar algebras there, appearing from
subfactors, the conclusion is that these subfactor planar algebras satisfy a number of
supplementary “positivity” conditions, basically coming from the positivity of the II;
factor trace. And the point now is that, with these positivity conditions axiomatized, we
reach to something which is equivalent to Popa’s axiomatization of the lattice of higher
relative commutants A} N A; of the finite index subfactors [73], obtained in the 90s via
heavy functional analysis. For the story here, and details, we refer to Jones [46].

(2) We have been a bit quick in the above, and before anything, let us mention that our
4 main examples of planar algebras, namely T'Ly and F'Cy s, and then Ty and Sy too,
do satisfy the positivity requirements needed in (1). Thus, there are subfactors associated
to all of them. In practice now, the existence of the T Ly subfactors, also known as “A.
subfactors”, is something which was known for some time, since some early work of Popa
on the subject. As for the existence of the F'Cy s subfactors, this can be shown by using
the intermediate subfactor picture, A C C C B, by composing two A, subfactors of
suitable indices, A C C' and C' C B. For the story here, we refer to [20], [46].

(3) This is something fairly heavy, as it is always the case with operator algebra results
about hyperfiniteness and amenability, due to Popa [71], [72].
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(4) This is something more fashionable and recent, obtained by further building on

the above-mentioned old constructions of Popa, and we refer here to [74], [40].

(5) This is the big open question in subfactors. The story here goes back to Jones’
original paper [44], which contains at the end the question, due to Connes, of finding
the possible values of the index for the irreducible subfactors of R. This question, which
certainly looks much easier than (5) in the statement, is in fact still open, now 40 years
after its formulation, and with on one having any valuable idea of dealing with it. O

We refer to the original papers of Popa, and then to more recent papers by Jones,
Popa and their collaborators for details on the above, which is quite heavy material.
14c. Fixed points

We discuss now the connection of all the above with the main examples of subfactors.
We recall from chapter 13 that the main examples of subfactors are all of integer index,
and appear as fixed point subfactors, according to the following result:

THEOREM 14.15. Let G be a compact quantum group, and G — Aut(P) be a minimal
action on a 11y factor. Consider a Markov inclusion of finite dimensional algebras

By C By

and let G — Aut(By) be an action which leaves invariant By and which is such that its
restrictions to the centers of By and By are ergodic. We have then a subfactor

(Bo® P)Y C (B, ® P)¢
of index N = [B; : By|, called generalized Wassermann subfactor, whose Jones tower is
(B ®P)® C (By® P)° C (Bs®P)° C ...

where {B;};>1 are the algebras in the Jones tower for By C By, with the canonical actions
of G coming from the action G — Aut(B;), and whose planar algebra is given by:

Py = (ByN By)¢
These subfactors generalize the Jones, Ocneanu, Wassermann and Popa subfactors.

ProOF. This is something that we know well from chapter 13, whose proof basically
comes by generalizing, several times, the results of Wassermann in [92]. O

In view of the above result, what we have to do in relation with such subfactors is to
further interpret the last formula there, that of the planar algebra, namely:

P, = (Byn B)“

To be more precise, we will show here that, under suitable assumptions on the original
inclusion By C By, we can associate a certain combinatorial planar algebra P(By C Bj)



14C. FIXED POINTS 333

to this inclusion, and then the planar algebra associated to the fixed point subfactor itself
appears as a fixed point subalgebra of this planar algebra, as follows:

P =P(ByC B)°

This is something quite technical, and we will do this in two steps. First we will
explain, following Jones’ paper [47], how to associate a planar algebra P(By C B;) to an
inclusion of algebras By C Bj. And then we will explain, following [6] and subsequent
papers, and notably [7], how to prove the above formula P = P(B, C B;)°.

Getting started now, the idea will be that P(By C B;) appears as a joint generalization
of the spin and tensor planar algebras, discussed above, which appear as follows:

Sy=P ((C C (CN)
Tv = P(C C Mn(0))
Thus, our first task will be that of getting back to the Markov inclusions By C By, from
chapter 13, and further discuss the combinatorics of their basic construction, with planar
algebra ideas in mind. As in chapter 13, it is most convenient to denote such inclusions

by A C B, at least at a first stage of their study. Following the book of Goodman, de la
Harpe and Jones [37], which is the standard reference for such things, we first have:

DEFINITION 14.16. Associated to an inclusion A C B of finite dimensional algebras
are the following objects:

(1) The column vector (a;) € N* given by A = &f_, M,,(C).
(2) The column vector (b;) € N given by B = @'_; My, (C).
(3) The inclusion matriz (m;;) € Msx(N), satisfying m‘a = b.

To be more precise here, in what regards the inclusion matrix, each minimal idem-
potent in M, (C) C A splits, when regarded as an element of B, as a sum of minimal
idempotents of B, and m;; € N is the number of such idempotents from M, (C). We have
the following result, bringing traces into picture:

PROPOSITION 14.17. For an inclusion A C B, the following are equivalent:

(1) A C B commutes with the canonical traces.
(2) We have mb = ra, where r = ||b||?/||al|*.
PrOOF. The weight vectors of the canonical traces of A, B are given by:
: :
Ty = 5 T; =
|lal[? SIS

We can plug these values into the following standard compatibility formula:
T; Tj
— = My;s » —

We obtain in this way the condition in the statement. U
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We will need as well the following basic facts, also from [37]:

DEFINITION 14.18. Associated to an inclusion of finite dimensional algebras A C B,
with inclusion matriz m € M. (N), are:

(1) The Bratteli diagram: this is the bipartite graph I' having as vertices the sets
{1,...,s} and {1,...,t}, the number of edges between i,j being m;;.

(2) The basic construction: this is the inclusion B C Ay obtained from A C B by
reflecting the Bratteli diagram.

(3) The Jones tower: this is the tower of algebras A C B C A; C By C ... obtained
by iterating the basic construction.

We know that for a Markov inclusion A C B we have m‘a = b and mb = ra, and so
mm'a = ra, which gives an eigenvector for the square matrix mm' € M(N). When this
latter matrix has positive entries, by Perron-Frobenius we obtain:

|[mm/|| =r

This equality holds in fact without assumptions on m, and we have:

THEOREM 14.19. Let A C B be Markov, with inclusion matriz m € My, (N).
(1) r =dim(B)/dim(A) is an integer.
(2) [[m]| = [[m]| = V/r.

(3) ||...mmtmmt.. .|| = r*/?

, for any product of lenght k.

ProOF. Consider the vectors a, b, as in Definition 14.16. We know from definitions
and from Proposition 14.17 that we have:
b=m'a , mb=ra , r=|l*/|al
(1) If we construct as above the Jones tower for A C B, we have, for any k:
dim A,  dimBy,
On the other hand, we have as well the following well-known formula:

lim (dim Az)Y%* = lim (dim By,)"?* = ||mm!||
k—o0 k—o0

By combining these two formulae we obtain the following formula:

[[mm|| = r
But from r € Q and (mm!)*a = r*a for any k € N, we get r € N, and we are done.
(2) This follows from the above equality ||mm!|| = r, and from the following standard

equalities, for any real rectangular matrix r:

[l [* = [|m|[* = [mm|]
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(3) Let n be the length k word in the statement. First, by applying the norm and by
using the formula ||m|| = ||m!|| = /7, we obtain the following inequality:

In]] < "

For the converse inequality, assume first that k is even. Then n has either a or b as
eigenvector, depending on whether n begins with a m or with a m!, in both cases with
eigenvalue 7%/2, and this gives the desired inequality, namely:

[In]] > "
Assume now that k is odd, and let o € {1,¢} be such that n’ = m°n is alternating.

Since n’ has even length, we already know that we have:

') = 2

On the other hand, we have as well the following estimate:
171 < [Jm°]] - [In]] = V/rl|n]]

But this gives the reverse inequality [|n|| > 7#/2, as desired. O

The point now is that for a Markov inclusion, the basic construction and the Jones
tower have a particularly simple form. Let us first work out the basic construction:

PROPOSITION 14.20. The basic construction for a Markov inclusion i : A C B of
index r € N is the inclusion j : B C Ay obtained as follows:
(1) Ay = M,.(C)® A, as an algebra.
(2) j: B C Ay is given by mb = ra.
(3) ji: A C Ay is given by (mm')a = ra.

Proor. With notations from the above, the weight vector of the algebra A; appearing
from the basic construction is mb = ra, and this gives the result. U

We fix a Markov inclusion i : A C B. We have the following result:

PROPOSITION 14.21. The Jones tower associated to a Markov inclusion i : A C B,
denoted as follows, with alternating letters,

ACBCA CcBC...

s given by the following formulae:
(1) A = M, (C)®*F ® A.
(2) By = M,(C)®* @ B.
(4) B, C Ak+1 18 1dy, X 7.

Proor. This follows from Proposition 14.20, with the remark that if ¢ : A C B is
Markov, then so is its basic construction j : B C A;. O
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Regarding now the relative commutants for this tower, we have here:

PROPOSITION 14.22. The relative commutants for the Jones tower
ACBCA CB C...

associated to a Markov inclusion A C B are given by:
(1) AANAgp = M (C)®F @ (A'N A).
(2 )A’ﬂBs+k— H(C)®* @ (A'N B).
(3) BiNAgx = M, (C)®* @ (B'N A).
(4) B.N Byyr = M,(C)®* @ (B' N B).
PRrOOF. The above assertions are all elementary, as follows:
(1,2) These assertions both follow from Proposition 14.21.
(3) In order to prove the formula in the statement, observe first that we have:
B'NA; = (B'NnB)NA
= (M, (C)® Z(B)) N (M,(C) @ A)
= M, (C)® (B'NA)
But this proves the assertion at s = 0,k = 1, and the general case follows from it.

(4) This is again clear, once again coming from Proposition 14.21. U
In order to further refine all this, let us formulate the following key definition:

DEFINITION 14.23. We say that a Markov inclusion A C B is abelian if [A, B] = 0,
with the commutant being computed inside B.

In other words, we are asking for the commutation relation ab = ba, for any a € A
and b € B. Note that this is the same as asking that B is an A-algebra, A C Z(B). As
basic examples, observe that all inclusions with A = C or with B = C" are abelian. The
point with this notion is that it leads to the following simple statement:

PROPOSITION 14.24. With B, = M,(C)®* ® Z(B), the relative commutants for the
Jones tower A C B C Ay C By C ... of an abelian inclusion are given by:

(1) ALN A = Ag.
(2) AL N Bsyy = By.
(3) BiNAgy = 4k
(4) B, N By = By.
PRroor. This follows from the fact that for an abelian inclusion we have:
Z(A)=A , AnB=B , BnNnA=A4

Thus, we are led to the conclusion in the statement. U
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Getting back now to the fixed point subfactors, from Theorem 14.15, we can improve
the planar algebra computation there, in the abelian case, as follows:

THEOREM 14.25. The commutants for the tower N C M C Ny C M, C ... associated
to an abelian fized point subfactor (A ® P)% C (B ® P)Y are:
(1) NIN Ngyp = AS.
(2) NN Mgy, = BS.
(3) MIN Ny = AS.
(4) M! N M, = BS.
Proor. This follows indeed by combining the planar algebra computation from The-
orem 14.15 with the result about abelian inclusions from Proposition 14.24. U

In order to further advance now, the idea will be that of associating to the original
inclusion By C Bj a certain combinatorial planar algebra P(By C By), as for the planar
algebra associated to the fixed point subfactor itself to appear as follows:

P=P(By C B)°

As already mentioned, the idea will be that P(By C Bj) appears as a joint general-

ization of the spin and tensor planar algebras, which appear as follows:
Sy=P ((C - CN)
Tv = P(C C My(C))

In practice now, we will need for all this the notion of planar algebra of a bipartite
graph, generalizing the algebras Sy, 7y, constructed by Jones in [47]. So, let " be a
bipartite graph, with vertex set I', U I'y. It is useful to think of I' as being the Bratteli
diagram of an inclusion A C B, in the sense of Definition 14.16. Our first task is to define

the graded vector space P. Since the elements of P will be subject to a planar calculus,
it is convenient to introduce them “in boxes”, as follows:

DEFINITION 14.26. Associated to I' is the abstract vector space Py spanned by the
2k-loops based at points of I'y. The basis elements of Py will be denoted

€1 €9 N €L
Tr =
€2k €2k—1 ... Ck41
where ey, ey, ..., eq 1S the sequence of edges of the corresponding 2k-loop.

Consider now the adjacency matrix of I', which is of the following type:
0 m
= (o )
We pick an M-eigenvalue v # 0, and then a y-eigenvector, as follows:

n:T,Uly, —» C—{0}

With this data in hand, we have the following construction, due to Jones [47]:
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DEFINITION 14.27. Associated to any tangle is the multilinear map
T ®...0x,) = 7025(561, e T, T) Hp(em)ilx
T m

where the objects on the right are as follows:

(1) The sum is over the basis of Py, and c is the number of circles of T.
(2) 6 =1 if all strings of T' join pairs of identical edges, and 6 = 0 if not.
(3) The product is over all local mazxima and minima of the strings of T.
(4) e, is the edge of T labelling the string passing through m (when 6 = 1).
(5) u(e) = /nlef)/nle;), where e;,es are the initial and final vertez of e.
(6) The £ sign is + for a local mazimum, and — for a local minimum.

3
4
)

This looks quite similar to the calculus for the tensor and spin planar algebras. Let
us work out the precise formula of the action, for 6 carefully chosen tangles:

(1) Let us look first at the identity 1. This tangle acts by the identity:
(B B (B ke
Fley ... e e ... e
(2) The multiplication tangle M, acts as follows:
fi oo fe hy ... hi\\ hi ... hg
Mk((el c. e ® g1 ... Gk =Ong - Ofian er ... €
(3) Regarding now the inclusion I, the formula here is:
fio oo Tl fi oo feog
Ik(el co. e _zg: €1 ... €x g

(4) The expectation tangle Uy acts with a spin factor, as follows:

foo oo S RN o (i oo Ji
(61 . €r g = dgni(9) er ... e
(5) For the Jones projection Ey, the formula is as follows:
. €1 ... € h h
=> u(g)u(h) <€1 ey g)
egh
(6) As for the shift Jy, its action is given by:

f .. f g h fi ... f
i (ei e:) :zh:(g h ei :)
g

Summarizing, we have here formulae which are quite similar to those for the tensor
and spin planar algebras. We have the following result, from Jones’ paper [47]:

D
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THEOREM 14.28. The graded linear space P = (Py), together with the action of the
planar tangles given above, is a planar algebra.

PRrooOF. This is something which is quite routine, starting from the above study of the
main planar algebra tangles, which can be proved by using Theorem 14.11. Also, let us
mention that all this generalizes the previous constructions of the spin and tensor planar
algebras Sy, Ty, which appear respectively from the Bratteli diagrams of the inclusions
C c CV and C C My(C). For full details on all this, we refer to Jones [47]. O

Let us go back now to the Markov inclusions A C B, as before. We have here the
following result, regarding such inclusions, also from Jones’ paper [47]:

THEOREM 14.29. The planar algebra associated to the graph of A C B, with eigenvalue
v = /1 and eigenvector (i) = a;/vVdim A, n(j) = b;/Vdim B, is as follows:
(1) The graded algebra structure is given by Py, = A’ N A, Popy1 = A’ N By.
(2) The elements ey are the Jones projections for AC BC Ay C By C ...
(3) The expectation and shift are given by the above formulae.

PROOF. As a first observation, 7 is indeed a ~y-eigenvector for the adjacency matrix
of the graph. Indeed, we have the following formulae:

mla=b , mb=ra |, \/?=||b||/||a|!

By using these formulae, we have the following computation:
( 0 m) (a/lla\l) _ (’V?a/lle)
m' 0 )\ b/[[b]] b/|all
va/ ||b||>
! (b/v||al|

- (1)

Since the algebra A was supposed abelian, the Jones tower algebras Ay, By, are simply
the span of the 4k-paths, respectively 4k 4 2-paths on I, starting at points of I',. With
this description in hand, when taking commutants with A we have to just have to restrict
attention from paths to loops, and we obtain the above spaces Po, Poy1. See [47]. O

In the particular case of the inclusions satisfying [A, B] = 0, we have:

PROPOSITION 14.30. The “bipartite graph” planar algebra P(A C B) associated to an
abelian inclusion A C B can be described as follows:

(1) As a graded algebra, this is the Jones tower AC B C A1 C By C ...
(2) The Jones projections and expectations are the usual ones for this tower.
(3) The shifts correspond to the canonical identifications A} N Pryo = Py.
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PRrROOF. The first assertion is a reformulation of Theorem 14.28 in the abelian case,
by using the identifications A’ N Ay = A, and A’ N By, = By, from Proposition 14.24. The
assertion on Jones projections follows as well from Theorem 14.28, and the assertion on
expectations follows from the fact that their composition is the usual trace. Regarding
now the third assertion, let us recall first from Proposition 14.24 that we have indeed
identifications A} N Ay = Ag and A} N Bry1 = Bg. By using the path model for these
algebras, as in the proof of Theorem 14.28, we obtain the result. U

In order to formulate now our main result, regarding the subfactors associated to the
compact quantum groups GG, we will need a few abstract notions. Let us start with:

DEFINITION 14.31. Let Py, P, be two finite dimensional algebras, coming with coac-
tions o : P, — P; @ L>®(QG), and let T : P, — Py be a linear map.
(1) We say that T is G-equivariant if (T ® id)oy = aoT.
(2) We say that T is weakly G-equivariant if T(PF) C P£.

Consider now a planar algebra P = (Py). The annular category over P is the collection
of maps T : P, — P, coming from the “annular” tangles, having at most one input box.
These maps form sets Hom(k, 1), and these sets form a category. We have:

DEFINITION 14.32. A coaction of L>(G) on P is a graded algebra coaction
a:P— P®L>®G)
such that the annular tangles are weakly G-equivariant.

This is something a bit technical, coming out of the known examples that we have.
In fact, as we will show below, the examples are basically those coming from actions of
quantum groups on Markov inclusions A C B, under the assumption [A, B] = 0. For the
moment, at the generality level of Definition 14.31, we have:

PROPOSITION 14.33. If G acts on a planar algebra P, then PC is a planar algebra.

ProOF. The weak equivariance condition tells us that the annular category is con-
tained in the suboperad P’ C P consisting of tangles which leave invariant P%. On the
other hand the multiplicativity of « gives M, € P’, for any k. Now since P is generated
by multiplications and annular tangles, we get P’ = P, and we are done. O

Let us go back now to the abelian inclusions. We have the following key result:

PROPOSITION 14.34. If G acts on an abelian inclusion A C B, the canonical extension
of this coaction to the Jones tower is a coaction of G on the planar algebra P(A C B).

PRrROOF. We know from the above that, as a graded algebra, P = P(A C B) coincides
with the Jones tower for our inclusion, denoted as follows:

ACBCA CByC...
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Thus the coaction in the statement can be regarded as a graded coaction, as follows:
a:P— P®L>*G)

In order to finish, we have to prove that the annular tangles are weakly equivariant,
as in Definition 14.31, and this can be done as follows:

(1) First, since the annular category is generated by Iy, Ex, Uy, Ji, we just have to
prove that these 4 particular tangles are weakly equivariant. Now since I, Fy, U, are
plainly equivariant, by construction of the coaction of G on the Jones tower, it remains
to prove that the shift J; is weakly equivariant.

(2) We know that the image of the fixed point subfactor shift J is formed by the G-
invariant elements of the relative commutant A{NP,o = P,. Now since this commutant is
the image of the planar shift Ji, we have I'm(J;) = Im(J}), and this gives the result. O

With the above result in hand, we can now prove:

PROPOSITION 14.35. Assume that G acts on an abelian inclusion A C B. Then the
graded vector space of fived points P(A C B)Y is a planar subalgebra of P(A C B).

Proor. This follows indeed from Proposition 14.33 and Proposition 14.34. U
We are now in position of stating and proving a main result, from [7]:
THEOREM 14.36. In the abelian case, the planar algebra of the fized point subfactor
(A P)° c (B® P)°
is the fized point algebra P(A C B)Y of the bipartite graph algebra P(A C B).
ProoF. This basically follows from what we have, as follows:

(1) Let P = P(A C B), and let @ be the planar algebra of the fixed point subfactor.
We know that we have an equality of graded algebras ) = P¢. Thus, it remains to prove
that the planar algebra structure on () coming from the fixed point subfactor agrees with
the planar algebra structure of P, coming from Proposition 14.30.

(2) Since P is generated by the annular category A and by the multiplication tangles
My, we just have to check that the annular tangles agree on P, ). Moreover, since A is
generated by I, Ey, Uy, Ji., we just have to check that these tangles agree on P, ().

(3) We know that ) C P is an inclusion of graded algebras, that all the Jones pro-
jections for P are contained in (), and that the conditional expectations agree. Thus the
tangles Iy, Fy, Uy agree on P, (), and the only verification left is that for the shift J.

(4) Now by using either the axioms of Popa in [73], or the construction of Jones in
[47], it is enough to show that the image of the subfactor shift J; coincides with that of
the planar shift J,. But this follows as in the proof of Proposition 14.34. U
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14d. Tannakian results

We discuss here some converses to the above results, which are rather specialized
results, of Tannakian nature. We will first prove that any quantum permutation group
G C S, produces a planar subalgebra of Sy. In order to do so, we first have:

THEOREM 14.37. Given a quantum permutation group G C Sj;, consider the associ-
ated coaction map on C(X), where X = {1,..., N},
@C(X)-)C(X)@C(G) s €j—>Z€j®Uﬂ
J
and then consider the tensor powers of this coaction, which are the following linear maps:

ok - C(Xk) - C(Xk> ® C(G> v Gy 7 Z €jr.gi @ Ujriy - - - Ujpiy
J1-dk
The fized point spaces of these latter coactions are then given by the formula
Py, = Fiz(u®*)
and form a planar subalgebra of the spin planar algebra Sy .
ProoF. This can be done in several steps, as follows:

(1) Since the map @ is a coaction, its tensor powers ® are coactions too, and at the
level of the fixed point algebras we have the following formula, which is standard:

Py, = Fiz(u®*)

(2) In order to prove now the planar algebra assertion, we use the presentation result
for the spin planar algebras established before, involving the multiplications, inclusions,
expectations, Jones projections and rotations.

(3) Consider the rotation Rjy. Rotating, then applying ®*, and rotating backwards by
R,;l is the same as applying ®*, then rotating each k-fold product of coefficients of ®.

(4) Thus the elements obtained by rotating, then applying ®*, or by applying ®*, then
rotating, differ by a sum of Dirac masses tensored with commutators in A = C(G):

O* Ry (z) — (R, ®id)®F () € C(X*) ® [A, A]

(5) Now let [, be the Haar functional of A, and consider the conditional expectation
onto the fixed point algebra P, which is given by the following formula:

o (u0 )

The square of the antipode being the identity, the Haar integration [ 4 1s a trace, so
it vanishes on commutators. Thus R; commutes with ¢y:
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(6) The commutation relation ¢,T" = T'¢; holds in fact for any (I, k)-tangle 7. These
tangles are called annular, and the proof is by verification on generators of the annular
category. In particular we obtain, for any annular tangle 7

o T = Ty

(7) We conclude from this that the annular category is contained in the suboperad
P’ C P of the planar operad consisting of tangles T satisfying the following condition,
where ¢ = (¢ ), and where i(.) is the number of input boxes:

¢T¢®i(T) — T¢®i(T)
On the other hand the multiplicativity of ®* gives M, € P’. Since P is generated by
multiplications and annular tangles, it follows that we have:
P =P

(8) Thus for any tangle T' the corresponding multilinear map between spaces Py(X)
restricts to a multilinear map between spaces P,.. In other words, the action of the planar
operad P restricts to P, and makes it a subalgebra of Sy, as claimed. Il

As a second result now, completing our study, we have:

THEOREM 14.38. Given a subalgebra QQ C Sy, there is a unique quantum group
G C Sy
whose associated planar algebra is Q).

PROOF. The idea is that this will follow by applying Tannakian duality to the annular
category over (). Let n,m be positive integers. To any element T,,,,, € Qn.,m We can
associate a linear map Ly (Thim) @ Po(X) — Pp(X) in the following way:

|

| | | | Tn+m

Lim | Toam | i an ]| = | |] |
!

That is, we consider the planar (n,n 4+ m, m)-tangle having an small input n-box, a
big input n + m-box and an output m-box, with strings as on the picture of the right.
This defines a certain multilinear map, as follows:

P (X)® Ppym(X) — Pn(X)

Now let us put the element 7., in the big input box. We obtain in this way a certain
linear map P, (X) — P,,(X), that we call L,,,. Now let us set:
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These spaces form a Tannakian category, and so by [100] we obtain a Woronowicz
algebra (A, u), such that the following equalities hold, for any m, n:

Hom(u®™, u®") = Qun

We prove that u is a magic unitary. We have Hom(1,u®?) = Qg2 = @, so the unit of
(), must be a fixed vector of ©®?. But u®? acts on the unit of (), as follows:

k k
u®?(1) = %: (z z) ® (wu)y
From u®%(1) = 1 ® 1 ve get that uu' is the identity matrix, and together with the
unitarity of u, this gives u! = v* = v~!. Consider now the Jones projection E; € Q3. The
linear map M = Lo (E4) is the multiplication §; ® §; — 6;;0;, and we have:

(M ® id)u®? <(; ;) ® 1) => (2) O ® gty

k

w(M & id) ((; ;) & 1) _ ZI; (2) 50 ® Syt

Thus ugur; = 0;;uk; for any i, j, k, and we deduce from this that u is a magic unitary.
Now if P is the planar algebra associated to u, we have Hom(1,v*") = P, = Q,, as
desired. As for the uniqueness, this is clear from the Peter-Weyl theory from [99]. O

The above results, following old papers from the early 00s, subsequent to [6], regarding
the subgroups G C Sy, have several generalizations, to the subgroups G C OF and
G C Uy, as well as subfactor versions, going beyond the purely combinatorial level. For
the modern story, we refer here to Tarrago-Wahl [80] and related papers.

14e. Exercises

Things have been quite complicated in this chapter, and as a main exercise on all this,
focusing on topics which were beyond our scope here, we have:

EXERCISE 14.39. Look up the theorem stating that any planar algebra produces a sub-
factor, and write down a brief account of what you learned.

As already mentioned in the above, there are several theorems here, which are all
non-trivial. And there is a big open question too, concerning hyperfiniteness.



CHAPTER 15

Commuting squares

15a. Commuting squares

In this chapter and in the next one we discuss a number of more specialized aspects of
subfactor theory, making the link with several advanced topics, such as quantum groups,
noncommutative geometry, free probability, and more. We will mainly insist on the
connections with quantum groups, and with the material from chapters 7-8.

A first question, to be discussed in the present chapter, is the explicit construction
of subfactors by using some suitable combinatorial data, encoded in a structure called
“commuting square”. Let us start with the following definition:

DEFINITION 15.1. A commuting square in the sense of subfactor theory is a commuting
diagram of finite dimensional algebras with traces, as follows,

COl Cl 1

C’OO C110

having the property that the conditional expectations C1y — Cop and Cp — Chg commute,
and their product is the conditional expectation C11 — Cyyg.

This notion is in fact something that we already talked about, in chapter 14, when
discussing the classification of the finite depth subfactors, following the work of Ocneanu
[66], [67] and Popa [71], [72]. To be more precise, it is possible to prove that any finite
depth subfactor of R appears from a commuting square, and vice versa. And as a well-
known consequence of this, the subfactors of R having index < 4, which are all of finite
depth, can be shown to be classified by ADE diagrams. But more on this later.

Getting back now to Definition 15.1 as it is, something quite simple, not obviously
subfactor related, the idea is that there are many examples of such commuting squares,
always coming from subtle combinatorial data. As an illustration for this principle, we
have for instance commuting squares associated to the complex Hadamard matrices, that
we met in chapter 11, in the maximal abelian subalgebra (MASA) context. In order to
discuss this, let us recall from there that, following Popa [70], we have:

345
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THEOREM 15.2. Up to a conjugation by a unitary, the pairs of orthogonal MASA in
the simplest factor, namely My (C), are as follows,

A=A | B=HAH

with A C My (C) being the diagonal matrices, and with H € My(C) being Hadamard, in
the sense that |H;j| =1 for any i, j, and the rows of H are pairwise orthogonal.

PROOF. Any maximal abelian subalgebra in My (C) being conjugated to A, we can
assume, up to conjugation by a unitary, that we have, with U € Uy:

A=A . B=UAU*

But a straightforward computation, explained in chapter 11, shows that the orthogo-
nality condition reformulates as |U;;| = 1/v/ N, which gives the result. O

As explained in chapter 11, while being something quite trivial, this result remains
a statement which is fundamental, surprising, and very interesting, making the link be-
tween the general theory of von Neumann algebras, usually associated to rather lugubrious
functional analysis computations, and the complex Hadamard matrices, which are a to-
tally opposite beast, belonging to a wild area of linear algebra and combinatorics. As an

illustration here, check the following matrix out, with w = e2™/V:
1 1 1 . 1
1 w w? oo wNT
Fy = 1 w? wt o w2
1 w]\.ffl wz(z.vfl) w(N.fl)2

This matrix, which is obviously a very beautiful one, hope you agree with me, is
called Fourier matrix, and is the most basic example of a complex Hadamard matrix. As
explained in chapter 11, this is the matrix of the Fourier transform over the cyclic group
Zy, and by taking tensor products of such matrices, we obtain the matrices of the Fourier
transforms over arbitrary finite abelian groups G = Zy, X ... X Zn,:

Fo=Fyn ®...®Fy,

But the story does not stop here, with basic discrete Fourier analysis. The complex
Hadamard matrices, which can be thought of as being “generalized Fourier matrices”, can
be far wilder than that. And among others, above everything, we have:

CONJECTURE 15.3 (Hadamard Conjecture). There is a real Hadamard matriz
H e MN(:l:l)
for any N € 4N.
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Here the condition at the end comes from the fact that, assuming N > 3, the orthogo-
nality conditions between the first 3 rows give N € 4N. Observe that the Fourier matrices
solve this conjecture only at values N = 2%, by tensoring Fy € My(=£1) with itself. For
anything else, N = 12,20, 24, 28, 36, 40, 44, 48,52, ..., all sorts of clever constructions are
needed, whose complexity grows with N, and with open questions at N > 666.

And the conjecture is more than 100 years old, seemingly undoable. Which puts us
in a quite delicate situation with our general von Neumann algebra philosophy:

(1) Generally speaking, classical mathematics looks simpler than quantum mathemat-
ics, because you start learning one in high school, and the other one in graduate school.
And exactly the same goes with classical mechanics vs quantum mechanics.

(2) At a more advanced level, however, classical mathematics turns to be something
extremely complicated, wild and unpredictable, with all sorts of notorious no-go areas,
such as the Riemann Hypothesis, the Jacobian Conjecture, and so on.

(3) Also at the more advanced level, quantum mathematics, like von Neumann alge-
bras, while certainly difficult, looks plainly doable. Open problems always end up being
solved, and you can always dismiss the few no-go areas as being “uninteresting”.

(4) And so, we have here evidence that quantum mathematics, while being something
complicated of course, is probably simpler than classical mathematics. Again, things
difficult, but peaceful horizons, with no black holes like the Riemann Hypothesis.

(5) Which agrees with what happens in physics too, where advanced classical mechan-
ics is the hell on Earth, as opposed to quantum mechanics, where the landscape is rather
relaxed, with beautiful results promised to everyone willing to give a serious try.

And so, what to do with these Hadamard matrices, which come via Theorem 15.2
to perturb our philosophy. All of the sudden, our von Neumann algebra theory, or even
foundations, have a hole in them. Job for us to find a way of dealing with these beasts
in a conceptual way, and then either solving Conjecture 15.3, or dismissing it as being
“uninteresting”. In what regards the first task, subfactors come to the rescue, via:

THEOREM 15.4. Given an Hadamard matric H € My(C), the diagram formed by the
associated pair of orthogonal mazimal abelian subalgebras of My (C),

A My(C)
C HAH*

where A C My(C) are the diagonal matrices, is a commuting square.
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PROOF. The expectation Ex : My(C) — A is the operation M — Ma which consists
in keeping the diagonal, and erasing the rest. Consider now the other expectation:

Eyapg-: My(C) - HAH®
It is better to identify this with the following expectation, with U = H/v/N:
Eyau-: My(C) - UAU”
This must be given by a formula of type M — UXAU*, with X satisfying:
<M, UDU* >=<UXAU*,UDU* > |, VDeA
The scalar products being given by < a,b >= tr(ab*), this condition reads:
tr(MUD*U*) =tr(XaD*) , VDeA
Thus X = U*MU, and the formulae of our two expectations are as follows:
EA(M) = Mx
Eyav«(M) = UUMU)AU*
With these formulae in hand, we have the following computation:
(EaByuav-M)i; = 6i(UUMU)AU" )i
= 0 Y Un(UMU) U
k
= 5, L MU,
—~ N

= ;tr(UMU)

= 4;tr(M)

= (EcM);
As for the other composition, the computation here is similar, as follows:

(Bvav-EaM)ij = (U(UMAU)AU");
= Y Un(U*MAU) iU
k

= Z Uzk UllelUlk: Ujk
kl

1 _
= 5 2 UaMuUj
kl

= 5”757"(M)
= (EcM);

Thus, we have indeed a commuting square, as claimed. U
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To summarize our discussion so far, we had a big scare coming from Popa’s Theorem
15.2, but Theorem 15.4, also due to Popa [70], puts our von Neumann algebra theory
back on tracks. We are doing things which are certainly difficult, but somehow “trivial”,
meaning never undoable in the long run, and that feared Hadamard matrices are simply
particular cases of commuting squares. And so, further studying commuting squares will
tell us what’s interesting and what’s not, regarding these matrices, and so on.

Getting back now to Definition 15.1 as it is, there are many other explicit examples
of commuting squares, all coming from subtle combinatorial data, and more on this later.
So, leaving aside now examples, let us explain the connection with subfactors. For this
purpose, consider an arbitrary commuting square, as in Definition 15.1:

C’01 Cl 1

C100

C110

The point is that, under some suitable extra mild assumptions, any such square C'
produces a subfactor of the hyperfinite II; factor R. Indeed, by performing the basic
construction, in finite dimensions, we obtain a whole array, as follows:

Ao Ay A,

) ! )
e Ca—nC B
Cor Ch1 (o E— ~ B,
Coo Cho Clag e > By

To be more precise, by performing the basic construction in both possible directions,
namely to the right and upwards, we obtain a whole array of finite dimensional algebras
with traces, that we can denote (Cjj); >0, as above. Once this done, we can further
consider the von Neumann algebras obtained in the limit, via GNS construction, on each
vertical and horizontal line, and denote them A;, B;, as above.

With this convention, we have the following result, due to Ocneanu [66], [67]:
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THEOREM 15.5. In the context of the above diagram, the limiting von Neumann alge-
bras A;, B; are all isomorphic to the hyperfinite 11, factor R, and:

(1) Ao C Ay is a subfactor, and {A;} is the Jones tower for it.
(2) The corresponding planar algebra is given by Ay N Ax = Cy N Cho.
(3) A similar result holds for the “horizontal” subfactor By C By.

PRroOOF. This is something very standard, with the factoriality of the limiting von
Neumann algebras A;, B; coming as a consequence of the general commutant computation
in (2), which is independent from it, with the hyperfiniteness of the same A;, B, algebras
being clear by definition, and with the idea for the rest being as follows:

(1) This is somewhat clear from definitions, or rather from a quick verification of the
basic construction axioms, as formulated in chapter 13, because the tower of algebras
{A;} appears by definition as the j — oo limit of the towers of algebras {C};}, which are
all Jones towers. Thus the limiting tower {A4;} is also a Jones tower.

(2) This is the non-trivial result, called Ocneanu compactness theorem, and whose
proof is by doing some linear algebra. To be more precise, in one sense the result is clear,
because by definition of the algebras {4;}, we have inclusions as follows:

A6 ﬂAk D C(l)l N Cho

In the other sense things are more tricky, mixing standard linear algebra with some
functional analysis too, and we refer here to Ocneanu’s lecture notes [66], [67].

(3) This follows from (1,2), by transposing the whole diagram. Indeed, given a com-
muting square as in Definition 15.1, its transpose is a commuting square as well:

Cl[)

Oll

C’00

Co1

Thus we can apply (1,2) above to this commuting square, and we obtain in this way
Jones tower and planar algebra results for the “horizontal” subfactor By C Bj. O

In relation with the examples of commuting squares that we have so far, namely those
coming from the Hadamard matrices, from Theorem 15.4, we can upgrade what we have
so far into something more conceptual, due to Jones [46], as follows:
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THEOREM 15.6. Given a complex Hadamard matriz H € My (C), the diagram formed
by the associated pair of orthogonal maximal abelian subalgebras, namely

A My(C)
C HAH*

is a commuting square in the sense of subfactor theory, and the associated planar algebra
P = (Py) is given by the following formula, in terms of H itself,

T € P, < T°G*=G'?T°
where the objects on the right are constructed as follows:
(1) T° =id @ T ®1id.
(2) Gl = 3o HixHjp Hop Hoy,.
(3) G¥ =Gl GED

U108k, J1 Tk iglk—1 1211
PRrROOF. We have several assertions here, the idea being as follows:

(1) The fact that we have indeed a commuting square is something quite elementary,
that we already know, from Theorem 15.4.

(2) The computation of the associated planar algebra, directly in terms of H, is some-
thing which is definitely possible, thanks to the formula in Theorem 15.5 (2).

(3) As for the precise formula of the planar algebra, which emerges by doing the
computation, we will be back to it, with full details, later on.

(4) The point indeed is that we want to first develop some better methods in dealing
with the Hadamard matrices, and leave the computation of P for later. U

Summarizing, we have so far an interesting combinatorial notion, that of a commuting
square, and a method of producing subfactors and planar algebras out of it. We will
further explore all the possibilities that this opens up, in what follows:

(1) In the remainder of this chapter we will keep working on the Hadamard matrix
problem, following [6] and subsequent papers. This might look of course a bit like ma-
nia, focusing just like that on a single class of commuting squares, but we are strongly
motivated by all that has being said after Theorem 15.2 and Conjecture 15.3, with this
being a matter of life and death to us. And don’t worry, we will learn in this way useful
techniques, that will apply to other commuting squares too. And also, following Jones
[45], [46] and others, all this is potentially related to some interesting physics too.

(2) And in chapter 16 below we will go back to general commuting squares, and to
their more traditional usage, for classification problems for small index subfactors.
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15b. Matrix models

Our objective now is to clarify the planar algebra computation for the commuting
squares coming from Hadamard matrices, from Theorem 15.6. Our claim is that all this
is related, and in a beautiful way, to the quantum permutation groups that we met in
chapters 7-8, and at the end of chapter 14 as well. In order to discuss this, and to present
as well some generalizations, we will need some preliminaries on the quantum permutation
groups, and their matrix models. Let us recall from chapter 11 that we have:

DEFINITION 15.7. A matriz model for a Woronowicz algebra A = C(G) is a morphism
of C*-algebras of the following type,

m:C(G) - Mg(C(T))
with T being a compact space, and K > 1 being an integer.

As explained in chapter 11, assuming that 7 is faithful leads to the conclusion that
C(G) must be a type I algebra, and so that G must be coamenable, and with this being
something quite restrictive, excluding for instance all the free quantum groups.

The solution to this problem comes from a weaker notion of faithfulness, called “inner
faithfulness”, which still allows to recover the combinatorics of G from the combinatorics
of the model, but does not potentially exclude any quantum group. The theory here,
briefly explained in chapter 11 too, starts with the following definition:

DEFINITION 15.8. Let 7 : C(G) — Mk (C(T)) be a matriz model.

(1) The Hopf image of m is the smallest quotient Hopf C*-algebra C(G) — C(H)
producing a factorization of type m : C(G) — C(H) — Mg (C(T)).

(2) When the inclusion H C G is an isomorphism, i.e. when there is no non-trivial
factorization as above, we say that w is inner faithful.

As explained in [11], the existence and uniqueness of the Hopf image come by dividing
C(G) by a suitable ideal, although we will come in a moment with an explicit Tannakian
construction as well, also from [11]. As a basic illustration for these notions, we have two
main examples, which are somehow dual to each other, as follows:

(1) In the case where G = Tisa group dual, 7 must come from a group representation
p:I'— C(T,Uk). We conclude that in this case, the minimal factorization constructed
in Definition 15.8 is simply the one obtained by taking the image:

p:F%ACC(T,U}a

Thus 7 is inner faithful when our group satisfies I' C C(7T', Ux). And we can see here
that 7, while not being faithful, clearly reminds all of I'; and so of G =T too.
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(2) As a second illustration, given a compact group G, and elements ¢1,...,gx € G,
we have a representation 7 : C(G) — C¥, given by f — (f(g1),--., f(9x)). The minimal
factorization of 7 is then via C'(H), with H C G being the following subgroup:

H=<g,. . .,9x>

Thus 7 is inner faithful precisely when G = <'g1,..., gk >. Again, we can see here
that 7, while not being faithful, clearly reminds all of G, and so of I' = G too.

Summarizing, our notion of inner faithfulness does the job, reminding the quantum
groups G and I' = G , and not excluding anything on functional analysis grounds. Which
brings us into the question of recapturing the algebraic and analytic properties of G and
' = G out the combinatorics of the model. Regarding algebra, we have here:

THEOREM 15.9. Assuming G C Uy, with fundamental corepresentation u = (u;;), the
Hopf image of m: C(G) — Mg (C(T)) comes from the following Tannakian category,

Cr = Hom(U®* U®h
where U;; = m(u;;), and where the spaces on the right are taken in a formal sense.

ProOF. This is something that we know from chapter 11, but we will recall the proof
here. Since the morphisms increase the intertwining spaces, when defined either in a
representation theory sense, or just formally, we have inclusions as follows:

Hom (u®* u®) ¢ Hom(U®*, U®")

More generally, we have such inclusions when replacing (G, u) with any pair producing
a factorization of w. Thus, by Tannakian duality, the Hopf image must be given by the
fact that the intertwining spaces must be the biggest, subject to the above inclusions. On
the other hand, since u is biunitary, so is U, and it follows that the spaces on the right
form a Tannakian category. Thus, we have a quantum group (H,v) given by:

Hom(v®* v®) = Hom(U®* U®")
By the above discussion, C'(H) follows to be the Hopf image of 7, as claimed. O

In what regards now analysis, the result here is as follows:

THEOREM 15.10. Given an inner faithful model 7 : C(G) — My (C(T)), we have

1
fmmm

where fGT = (pom)*, with p =tr ® fT being the random matriz trace.
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PROOF. Again, this is something that we know from chapter 11. If we denote by fé
the limit in the statement, we must prove that this limit converges, and that we have:

I

It is enough to check this on the coefficients of corepresentations, and if we let v = u®*
be one of the Peter-Weyl corepresentations, we must prove that we have:

(ias [ Jo=(iae [ )0

We know from chapter 7 that the matrix on the right is the orthogonal projection onto
Fiz(v). Regarding now the matrix on the left, this is the orthogonal projection onto the
1-eigenspace of (id ® pm)v. Now observe that, if we set V;; = m(v;;), we have:

(id @ pm)v = (id @ )V

Thus, as in chapter 7, we conclude that the 1-eigenspace that we are interested in
equals Fiz(V'). But, according to Theorem 15.9, we have:

Fix(V) = Fixz(v)

Thus, we have proved that we have |, (/; = [, as desired. O

15¢c. Hadamard models

With this theory in hand, let us go back now to our von Neumann algebra and sub-
factor questions. In relation with the complex Hadamard matrices, the connection with
the quantum permutations is immediate, coming from the following observation:

ProrposiTioN 15.11. If H € My(C) is Hadamard, the rank one projections

H;
Py; = Proy (F)
J

where Hy, ..., Hy € TV are the rows of H, form a magic unitary.

PRrooOF. This is clear, the verification for the rows being as follows:

<@ &> _ oyt B
H;' Hy — Hy H,
- Hy
- X,

= Nojy



15C. HADAMARD MODELS 355

As for the verification for the columns, this is similar, as follows:

H; Hp\ H; Hjy
<EFJ> —~ Hjy Hy
B ;sz
= Ny

Thus, we have indeed a magic unitary, as claimed. O
We are led in this way into the following notion:

DEFINITION 15.12. To any Hadamard matriz H € My(C) we associate the quantum
permutation group G C S} given by the following Hopf image factorization,

C(Sy) - My(C)

~ 7

c(@)

where w(u;;) = Proj(H;/H;), with Hy,...,Hy € TV being the rows of H.

Our claim now is that this construction H — G is something really useful, with the
quantum group G encoding the combinatorics of H. To be more precise, the idea will be
that “H can be thought of as being a kind of Fourier matrix for G”. As an illustration
for this principle, we first have the following result:

THEOREM 15.13. The construction H — G has the following properties:

(1) For a Fourier matrix H = Fg we obtain the group G itself, acting on itself.
(2) For H & {F¢}, the quantum group G is not classical, nor a group dual.
(3) For a tensor product H = H' ® H" we obtain a product, G = G' x G".

PRrooOF. All this material is standard, and elementary, as follows:

(1) Let us first discuss the cyclic group case, H = Fy. Here the rows of H are given

by H; = p', where p = (1,w,w?, ..., w"~1). Thus, we have the following formula:
H; i
H;

It follows that the corresponding rank 1 projections P,; = Proj(H,;/H;) form a cir-
culant matrix, all whose entries commute. Since the entries commute, the corresponding
quantum group must satisfy G C Sy. Now by taking into account the circulant property
of P = (P,;) as well, we are led to the conclusion that we have G' = Zy, as claimed.
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In the general case now, where H = Fy, with G being an arbitrary finite abelian
group, the result can be proved either by extending the above proof, of by decomposing
G =7Zn, X ... X Zy, and using (3) below, whose proof is independent from the rest.

(2) This is something more tricky, needing some general study of the representations
whose Hopf images are commutative, or cocommutative. For details here, along with a
number of supplementary facts on the construction H — G, we refer to [11].

(3) Assume that we have a tensor product H = H' @ H”, and let G,G’,G” be the
associated quantum permutation groups. We have then a diagram as follows:

C(Sh) ® C(Shn) —= C(G') @ C(G") —= Mp/(C) ® Myn(C)

C(Sy) (@) My(C)

Here all the maps are the canonical ones, with those on the left and on the right
coming from N = N'N”. At the level of standard generators, the diagram is as follows:

Py ® Pl

! 1 / 1
Uy & Ugy, Wy ; & wy,

Uiq,jb Wia, jb Pig jb
Now observe that this diagram commutes. We conclude that the representation asso-
ciated to H factorizes indeed through C(G') ® C'(G”), and this gives the result. O

In order to discuss now the relation with the commuting squares and the subfactors,
we can use Theorem 15.9, and we are led to the following result:

THEOREM 15.14. The Tannakian category of the quantum group G C Sy associated
to a complex Hadamard matric H € My (C) is given by
T € Hom(u®" u®) = T°G*? = G'?1°
where the objects on the right are constructed as follows:
(1) T° =id® T ®1id.
(2) Glo = X2, HinHjx Har Hy.
(3) G =Gl GRD

01T, Jk Iglk—1 i211 *
PROOF. According to Theorem 15.9, and with the notations there, we have the fol-
lowing formula for the Tannakian category that we are interested in:

Hom/(u®*, u®) = Hom(U®*, U®")
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The vector space on the right, that we will compute now, consists by definition of the
complex N x N* matrices T satisfying the following relation:

TU®" = U®'T
If we denote this equality by L = R, the left term L is given by:

Ly = (TU®M),

= > _Taly

a
= E TiaUa1J1 s Uakjk
a

As for the right term R, this is given by a similar formula, as follows:
Ry = (U¥'T)y
= ) Uy

b
- E Uilbl e UilblTbj
b

Consider now the vectors &;; = H;/H;. Since these vectors span the ambient Hilbert
space, the equality L = R is equivalent to the following equality:

< Lz‘jqu,frs >=< Rijgpqagrs >

We use now the following well-known formula, expressing a product of rank one pro-
jections Py, ..., P in terms of the corresponding image vectors &y, ..., &:

<P ...Pxy>=<2,& >< & &1 > < &,6 >< &,y >

This gives the following formula for the left term L:

< Lijgpm frs > = Z Ea < Pa1j1 s Pakjkgpqa grs >
a
== ZTia < quagakjk > ... < £a1j17£rs >
a
pag — agag—1 azai — air
_ k+2
- Z Tmep,qu
a

= (T°G"*)ripsjq

— E TmGthk GIkik=1 (201 (s
a
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As for the right term R, this is given by the following formula:

< Rijgpqagrs > = Z < Pilbl cee Pilblgpqagrs > Tbj
b
= Z < &pgs Gty > -+ < &irys &rs > Ty
b

= ) GG GEN G,

pip -1 41 41T
b

_ 1+2 )
- Z Grip,squbJ
b

= (GZHTO)rip,qu
Thus, we obtain the formula in the statement. Il

The point now is that, with £ = 0, we obtain in this way precisely the planar algebra
spaces P, computed by Jones in [46], for the corresponding commuting square, described
in Theorem 15.6. Thus, we are led in this way to the following result:

THEOREM 15.15. Let H € My (C) be a complex Hadamard matriz.
(1) The planar algebra associated to H is given by the formula
Py, = Fiz(u®*)

where G C Sy is the associated quantum permutation group.
(2) The Poincaré series Y., dim(Py)z* equals the Stieltjes transform

6= [ ==

of the law of the main character x =, w;.

Proor. This follows as indicated above, by putting together what we have:

(1) As already mentioned above, this simply follows by comparing Theorem 15.14 with
the subfactor computation in [46], discussed in Theorem 15.6.

(2) This follows from (1) and from the Peter-Weyl theory, with the statement itself
being a nice and concrete application of our main result, (1) above. U

Summarizing, in connection with the commuting square problematics from the be-
ginning of this chapter, the conclusion is that for the simplest such commuting squares,
namely those coming from Hadamard matrices, the combinatorics ultimately comes from
quantum permutation groups. This is something nice, and exploring improvements and
generalizations of this will be our main purpose, in the remainder of this chapter.
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15d. Fixed points

We know that the planar algebra associated to an Hadamard matrix H € My(C)
appears in fact as the planar algebra associated to a certain related quantum permutation
group G C S§;. In view of the various results from chapters 13-14, this suggests that the
subfactor itself associated to H should appear as a fixed point subfactor associated to G.
We will prove here that this is indeed the case. To be more precise, following [6] and
subsequent papers, regarding the subfactor itself, the result here is as follows:

THEOREM 15.16. The subfactor associated to H € My(C) is of the form
AY c (CVN @ A)“
with A = R X @, where G C Sy is the associated quantum permutation group.
Proor. This is something more technical, the idea being that the basic construction

procedure for the commuting squares, explained before Theorem 15.5, can be performed
in an “equivariant setting”, for commuting squares having components as follows:

D®gE=(D®(ExG)°
To be more precise, starting with a commuting square formed by such algebras, we ob-

tain by basic construction a whole array of commuting squares as follows, with {D;}, {E;}
being by definition Jones towers, and with D, Eo, being their inductive limits:

Dy ®¢ Ex D1 ®¢ Ex Dy ®¢ Ex

A ) )
Dy ®G E, D, ®G E, D, ®G Eog s > Do @c Eo
Dy ®¢ Fr Dy ®¢ Fy Dy @q Ey oo > Do @ By
Do ®c B, D, ®¢ E, Dy @ E o - Do, @ Ey

The point now is that this quantum group picture works in fact for any commuting
square having C in the lower left corner. In the Hadamard matrix case, that we are
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interested in here, the corresponding commuting square is as follows:

C®q CcN CcN Ra CcN

C®eC CN®qC
Thus, the subfactor obtained by vertical basic construction appears as follows:
C@GEOO C (CN®GEOO

But this gives the conclusion in the statement, with the II; factor appearing there
being by definition A = F,, x GG, and with the remark that we have F,, ~ R. U

All the above was of course quite brief, but we will discuss now all this with more
details, directly in a more general setting, covering the Hadamard matrix situation. To
be more precise, our claim is that the above fixed point subfactor techniques apply, more
generally, to the commuting squares having C in the lower left corner:

E X

C D

In order to discuss this, let us go back to the fixed point subfactors, from chapter 13.
In what concerns the fixed point factors, we know from there that we have:

THEOREM 15.17. Consider a Woronowicz algebra A = (A, A,S), and denote by A,
the Woronowicz algebra (A,cA,S), where o is the flip. Given coactions

b:B—B®A
mT: P—-P®A,

with B being finite dimensional, the following linear map, while not being multiplicative
in general, is coassociative with respect to the comultiplication oA of A,,

bOT:BRP —-B®P®A,
b@p — m(p)s((id® S)B(D))13

and its fized point space, which is by definition the following linear space,
(B® P)°" = {xéB@P‘(ﬁ@w)x:x@)l}

is then a von Neumann subalgebra of B&® P. Moreover, such algebras can be used in order
to construct the generalized Wassermann subfactors, (By ® P)¢ C (B; @ P)“.
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PRroOOF. This is something that we know from chapter 13, and for details, and com-
ments in relation with the non-multiplicativity of 5 ® 7, we refer to the material there. [J

Let [, : A — C be the Haar functional, let [*(A) be its [*-space and let A C B(12(4))

be the dual algebra. If o : £ — E® A is a coaction of A on a finite von Neumann
algebra F, the crossed product E %, A is the von Neumann subalgebra of F @ B(I*(A))

o~

generated by a(FE) and by 1 ® A. There exists a unique coaction & of A on E %, A such

that (E x4 A)® = a(E), and such that the copy 1 ® A of A is equivariant. With these
conventions, again following [6] and subsequent papers, we have the following result:

PROPOSITION 15.18. Let A be a Woronowicz algebra. If f: D — D ® A is a coaction
on a finite dimensional finite von Neumann algebra and o : E — E® A, 1s a coaction on
a finite von Neumann algebra then we have the equality

(D& (E %0 4,))°% = 55" { B(D)13 - a(E)as }
as linear subspaces of D @ E ® B(I1*(A,)). Moreover, the following diagram

a(E)y;s C (D@ (E x4 A,))o0
U U
C C B(D)13

1s a non-degenerate commuting square of finite von Neumann algebras.

PROOF. By definition of the crossed product F NaA\g, we have the following equalities
between subalgebras of D ® F @ B(I*(A,)):

D®(Ex,A,) = D& (5p {a(E)- (12 A,)})
= p{(D® Ag)i3- a(E)s}

On the other hand, since the coactions on the finite dimensional algebras are auto-
matically non-degenerate, we have as well the following equality:

D® A, =sp{(1®A,)-B(D)}
Thus, we have the following equality of algebras:
D® (ExqA;) =35p"{(1©1® A;) - (D)3 - (E)23}

Let us compute now the restriction of the map 5 ® a to the algebra 1 ®1® A,, to the
algebra B(D);3, and to the algebra «(F)s3. This can be done as follows:

(1) The restriction of 5 ® @ to the algebra 1 ®1® A, is 1 ® 1 ® cA. In particular the
map [ ® & has no fixed points in this algebra 1 ® 1 ® A,.

(2) The algebra a(FE)q3 is by definition fixed by 5 ® a.
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(3) We prove now that the algebra 5(D);3 is also fixed by ® &@. For this purpose, let
{ui;} be an orthonormal basis of [*(A,) consisting of coefficients of irreducible corepre-
sentations of A,. Since we have 3(D) C D ®q4 Ay, for any b € D we can use the notation
B(b) =", b @ uy;. From the coassociativity of 5 we obtain:

uij “ij
Zﬂ(b?j) ® U = bej ® Upj @ Uik,

uty uijk

Thus we have B(bj;,) = >, bj; ® uy; for any u, i, k, and so:
(id® S)B(bE) = (id® S) (Z b ® ujs>
= Z b ® usj

Also, we have a(1 ® u;;) = >, 1 ® ui, ® uy;, and we obtain from this that we have:

(BoOa)(Bb)s) = Z (Z 1®1®@u® ukj) <Z b ®1®1® u:])
utj k s
Z bis @ 1 @ wi, @ upjug;
uijks
By summing over j the last term is replaced by (uu*)gs = dps1. Thus we obtain, as
desired, that our algebra consists indeed of fixed points:

Boa)(Bbhs) = Y Mhelou;ol

= (ué(b)m) ®1

In order to finish now, observe that (1,2,3) above show that (D® (£ Na;{a))ﬂ@&, which
is the fixed point algebra of Sp“{(1®1® A,) - B(D)13 - a(E)23} under the coaction 8 © @,
is equal to sp“{B(D)13- a(FE)23}. This finishes the proof of the first assertion, and proves
as well the non-degeneracy of the diagram in the statement.

Finally, observe that the diagram in the statement is the dual of the square on the
left in the following diagram, where P = FE x, A, and 7 = a:

D c (DgP)°" ¢ DeP
U U U
C c PT C P

Since 7 is dual, the square on the right is a non-degenerate commuting square. We
also know that the rectangle is a non-degenerate commuting square. Thus if we denote by
Ex : D® P — D ® P the conditional expectation onto X, for any X, then for any b € D
we have Epr(b) = Ep(b) = Ec(b), and this proves the commuting square condition. O
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Let us denote now by Alg the category having as objects the finite dimensional C*-
algebras and having as arrows the inclusions of C*-algebras which preserve the canonical
traces. The above result suggests the following abstract definition:

DEFINITION 15.19. Given objects (D, 3) € A — Alg and (E, o) € A, — Alg, we let
DOLE = (D ® (E x4 A,))?9%
be the object in Alg, constructed as in Proposition 15.18 above.

If (D', p") € (D,p)is an arrow in A—Alg and (E', ') C (E, @) is an arrow in fAL,—Alg,
then we have a canonical embedding, as follows:

D'O4FE € DOLE

Now since both D'[J4E’ and DO4E are endowed with their canonical traces, this
inclusion is Markov. Thus, we have constructed a bifunctor, as follows:

DA:A—AngA\J—Alg—)Alg
With this convention, we have the following result:

THEOREM 15.20. For any two arrows Dy C Dy in A— Alg and Ey C Ey in A, — Alyg,

DoUaE, C DiUuEy
U U
DoUsEy C DiUaEy

is a non-degenerate commuting square of finite dimensional von Neumann algebras.
PROOF. This can be proved in several steps, as follows:
Step I. In the simplest case, Dy = Ey = C, this follows from the above.

Step II. We prove now the result in the general Fy = C case. Indeed, let £ = F;, and
consider the following diagram:

E C D()DAE C DIDAE
U U U
C C Dy C D,

By the result of Step I, both the square on the left and the rectangle are non-degenerate
commuting squares. We want to prove that the square on the right is a non-degenerate
commuting square. But the non-degeneracy condition follows from:

D\OuE = sp{E - D1} C sp{Dy04E - Dy}



364 15. COMMUTING SQUARES

Now let x € DoO4E and write x = ) . ba; with b; € Dy and a; € E. Then:
Ep,(x) = Y bEp,(a;)

= ZbiE(C(ai)
= ZbiEDo(ai)

= Ep, (‘T )
But this proves the commuting square condition, and we are done.

Step III. A similar argument shows that the result holds in the case Dy = C.

Step IV. General case. We will use many times the following diagram, in which all
the rectangles and all the squares, except possibly for the square in the statement, are

non-degenerate commuting squares, cf. the conclusions of Steps I, II, III:
E, Cc DOsFE, C DsFE;

U U U
Ey C DyUsEy, C DOxEy
U U U

C cC Dy C D,
The non-degeneracy condition follows from:
D04E;, = sp{E1 - D1} C sp{Dy04E, - D104 E}
Now let x € DoO4E, and write z = ). b;a; with b; € Dy and a; € Ey. Then:

ED1DAEO(:E) = ZbiEDlmAEO(ai)

= D biEgla)

i

= Z biEDOEIAEO (az)

- EDODAEO (ZL’)

But this proves the commuting square condition, and we are done.

g

We show now that the bifunctor (14 behaves well with respect to basic constructions.
If A is a Woronowicz algebra, a sequence of two arrows Dy C Dy C Dy in A — Alg is
called a basic construction if Dy C Dy C D, is a basic construction in Alg and if its Jones
projection e € Dy is a fixed by the coaction Dy — Dy ® A. An infinite sequence of basic

constructions in A — Alg is called a Jones tower in A — Alg. We have:
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PROPOSITION 15.21. If Dy C D1 C Dy C D3 C ... 15 a Jones tower in A — Alg and
EyC FE, C EyC E35C ... s a Jones tower in Ay — Alg then

U U U

DodaE; C DiOaE, C DyldsEy C
U U U

Do E;, C DO E, C DU E; C
U U U

DO Ey € DU Ey C DydsEy C
is a lattice of basic constructions for non-degenerate commuting squares.

Proor. We prove only that the rows are Jones towers, the proof for the columns
being similar. By restricting the attention to a pair of consecutive inclusions, it is enough
to prove that if Dg C D; C D, is a basic construction in A — Alg and E is an object of
A, — Alg then Do FE C D;O4F C D504 FE is a basic construction in Alg.

For this purpose, we will use many times the following diagram, in which all squares
and rectangles are non-degenerate commuting squares:

E C DU E C DO E C DoyuFE
U U U U
C cC DO C D1 C D2

We will use the abstract characterization of the basic construction, stating that N C
M C P is a basic construction, with Jones projection e € P, precisely when:

(1) P=sp{M -e- M}.

(2) [e, N] =0.

(3) exe = En(z)e for any z € M.

(4) tr(xze) = Mr(x) for any x € M, where A is the inverse of the index of N C M.

Let e € Dy be the Jones projection for the basic construction Dy C Dy C Dy. With
N = Dy, M = D; and P = D, the verification of (1-4) is as follows:

(1) This follows from the following computation:

DQDAE = Sp{DQ . E}
= sp{Dy-e-Dy-E}
= sp{D;-e-Di0,FE}

(2) This follows from Dy E = sp{D, - E'}, from [e, E] = 0 and from [e, Dy] = 0.
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(3) Let z € D104 FE, and write x = ), b;a; with b; € Dy and a; € E. Then:

ere = Z eb;a;e
= Z eb;ea;
= Z EDO (bi)eai

= Z ED()(bi)ai@
On the other hand, we have as well the following computation:

Epyoue(r)e = Z Epyn,e(ba;)e
= Z Ep,o,e(bi)aie
= Z EDO (bi)aie

(4) With the above notations, we have that:
Ep,(xe) = Z Ep,(ba;e)

= ZbiEDQ(ai)e
= ZbiE@(ai)e

We also have b; Ec(a;) € Dy for every i, and so:
trp,o.e(re) = trp,(Ep,(xe))

= )\ Z t?"Dl(biEC(ai))

On the other hand, we have as well the following computation:
trp,oae(T) = trp,(Ep,(z))

= Z trp, (biEp, (a;))
— Z trp, (biEc(a;))

Thus, the fourth condition for a basic construction is verified, as desired.
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With standard coaction conventions, from chapter 13, we have:
PROPOSITION 15.22. Given a corepresentation and a representation, as follows,
veM,(C)®A |, 7w:A, = M(C)
consider, via some standard identifications, the associated objects
(Mo(C),1,) € A= Alg ,  (Mi(C), 1) € A, — Alg
and form the corresponding algebra M, (C)O4 M (C). Then there ezists an isomorphism

M,(C) c M, (C)Os1My(CT) C® My(C) c M,(C)® M;(C)
U U ~ @) U
C C M, (C) C C u(M,(C)® C)u*

sending z — 1 ® z for z € My(C) and y — v,(y) for y € M, (C), where u = (id ® m)v.
Proor. Consider the following *-morphism of algebras:
® : M,(C) ® My(C) = M,(C) ® Mi(C) @ B(I*(A,))
r — ad(vi3Trazuls)(z @ 1)

Since both the squares in the statement are non-degenerate commuting squares, all
the assertions are consequences of the following formulae, that we will prove now:

P(1®z)=1ta(2)2s » Pleuly)) = to(¥)s
The second formula follows from the following computation:
(u(y @ Du) = viz(y ® 1 @ L)oyz = (v(y @ 1)v*)1s
For the first formula, what we have to prove is that:
V13T23U 5 (1 ® 2 @ 1)uafasvys = (7(2 @ 1)1 )as
By moving the unitaries to the left and to the right we have to prove that:
T33U13T23t], € (C® My(C) @ C) = M,(C) ® C @ B(I*(H,))

Let us call this unitary U. Since 7 = (7 ® id)V' we have:

U= (id®m ®id)(Vyyv13Va30]5)

The comultiplication of H, is given by A(y) = V*(1 ® y)V. On the other hand since
v* is a corepresentation of H,, we have (id ® A)(v*) = vj,v};. We get that:
VasvizVaz = (VgzupsVas)”
= ((id®A)(w"))"
= (UBUE)*

= V13V12

Thus we have U = v;3, and we are done. O
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We are now ready to formulate our main result, as follows:

THEOREM 15.23. Any commuting square having C in the lower left corner,

E Cc X
U U
C c D
must appear as follows, for a suitable Woronowicz algebra A, with actions on D, E,
E C DU4E
U U
C cC D

and the vertical subfactor associated to it is isomorphic to
RC (D® (R x,, A))»o7
which is a fixed point subfactor, in the sense of chapter 13.

ProoF. This is something quite technical, which basically follows by combining the
above results, and for full details on this, we refer to [6] and related papers. g

Summarizing, all the commuting squares having C in the lower left corner are described
by quantum groups. This is of course something quite special, and we will study more
general commuting squares, not coming from quantum groups, in the next chapter.

15e. Exercises
Things have been quite technical here, and as an exercise on this, we have:

EXERCISE 15.24. Given a commuting square of finite dimensional algebras
Co Cn

Coo Cho
establish, with full details, the Ocneanu compactness formula
A{)ﬂAk: (lnﬂcko
for the associated vertical subfactor Ag C A;.

This is something quite fundamental, that we discussed in the above, but with the
details missing. Time to have this done, by working out the linear algebra.



CHAPTER 16

Spectral measures

16a. Small index

We have seen so far the foundations of Jones’ subfactor theory, along with results
regarding the most basic classes of such subfactors, namely those coming from compact
groups, discrete group duals, and more generally compact quantum groups. These subfac-
tors all have integer index, N € N, and appear as subfactors of the Murray-von Neumann
hyperfinite II; factor R, either by definition, or by theorem, or by conjecture.

This suggests looking into the classification of subfactors of integer index, or into the
classification of the subfactors of R, or into the classification of the subfactors of R having
integer index. These are all good questions, that we will discuss here.

Before starting, however, and in order to have an idea on what we want to do, we
should discuss the following question: should the index N € [1,00) be small, or big? This
is something quite philosophical, and non-trivial, the situation being as follows:

(1) Mathematics and basic common sense suggest that subfactors should fall into
two main classes, “series” and “exceptional”’. From this perspective, the series,
corresponding to uniform values of the index, must be investigated first.

(2) In practice now, passed a few simple cases, such as the FC or TL subfactors,
we cannot hope for the index to take full uniform values. The more reasonable
question here is that of looking at the case where N € N is uniform.

(3) The problem now is that, in the lack of theory here, this basically brings us back
to groups, group duals, and more generally compact quantum groups, whose
combinatorics is notoriously simpler than that of the arbitrary subfactors.

(4) In short, naivity and pure mathematics tell us to investigate the “big index” case
first, but with the remark however that we are missing something, and so that
we must do in parallel some study in the “small index” case too.

All this does not look very clear, and so after this discussion, we are basically still in
the dark. So, should the answer come then from physics, and applications?

Unfortunately, things here are quite complicated too, basically due to our current poor
understanding of quantum mechanics, and of what precisely is to be done, in order to

369
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have things in physics moving. And in fact, things here are in fact split too, a bit in the
same way as above, the situation being basically as follows:

(1) The very small index range, N € [1,4], is subject to the remarkable “quantiza-
tion” result of Jones, stating that we should have N = 4 cos®(Z), and has strong
ties with a number of considerations in conformal field theory.

(2) In what concerns the other end, N >> 0, this is in relation with statistical
mechanics, once again following work of Jones on the subject, and with the index
itself corresponding to physicists’ famous “big N” variable.

In short, no hope for an answer here. At least with our current knowledge of the
subject. Probably most illustrating here is the fact that the main experts, starting with
Jones himself, have always being split, working on both small and big index.

Getting away now from these philosophical difficulties, and back to our present book,
which is rather elementary and mathematical, in this final chapter we will survey the
main structure and classification results available, both in small and big index.

As already mentioned, we will focus on the subfactors of the Murray-von Neumann
hyperfinite I1; factor R, by taking for granted the fact that these subfactors are the most
“important”, and related to physics. With the side remark, however, that this is actually
subject to debate too, with many mathematicians opting for bigger factors like L(F,),
and with some physicists joining them too. But let us not get into this here.

In order to get started now, in order to talk about classification, we need invariants
for our subfactors. Which brings us into a third controversy, namely the choice between
algebraic and analytic invariants. The situation here is as follows:

DEFINITION 16.1. Associated to any finite index subfactor A C B, having planar
algebra P = (Py), are the following invariants:

(1) Its principal graph X, which describes the inclusions Py C Py C Py C ..., with
the reflections coming from basic constructions removed.

(2) Its fusion algebra F, which describes the fusion rules for the various types of
bimodules that can appear, namely A— A, A— B, B— A, B— B.

(3) Its Poincaré series f, which is the generating series of the graded components of
the planar algebra, f(z) =Y, dim(Py)z".

(4) Its spectral measure p, which is the probability measure having as moments the
dimensions of the planar algebra components, [ zFdu(x) = dim(Py).

This definition is of course something a bit informal, and there is certainly some work
to be done, in order to fully define all the above invariants X, F, f, u, and to work out the
precise relation between them. We will be back to this later, but for the moment, let us
keep in mind the fact that associated to a given subfactor A C B are several combinatorial
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invariants, which are not exactly equivalent, but are definitely versions of the same thing,
the “combinatorics of the subfactor”, and which come in algebraic or analytic flavors.

So, what to use? As before, in relation with the previous controversies, the main
experts, starting with Jones himself, have always being split themselves on this question,
working with both algebraic and analytic invariants. Generally speaking, the algebraic
invariants, which are (1) and (2) in the above list, tend to be more popular in small index,
while the analytic invariants, (3) and (4), are definitely more popular in big index.

In order to get started now, let us first discuss the question of classifying the subfactors
of the hyperfinite II; factor R, up to isomorphism, having index N < 4.

This is something quite tricky, and the main idea here will be the fact, coming from
the proof of the Jones index restriction theorem, explained in chapter 13 above, that the
index N € (1,4] must be the squared norm of a certain graph:

N = X]?

Now with this observation in hand, the assumption N < 4 forces X to be one of the
Coxeter-Dynkin graphs of type ADE, and then a lot of work, both of classification and
exclusion, leads to an ADE classification for the subfactors of R having index N < 4.

This was for the idea. More in detail now, let us begin by explaining in detail how
our subfactor invariant here, which will be the principal graph X, is constructed.

Consider first an arbitrary finite index irreducible subfactor Ag C Ay, with associated
planar algebra P, = Aj N A, and let us look at the following system of inclusions:

PhCP CPC...

By taking the Bratelli diagram of this system of inclusions, and then deleting the
reflections coming from basic constructions, which automatically appear at each step,
according to the various results from chapter 13, we obtain a certain graph X, called
principal graph of Ay C A;. The main properties of X can be summarized as follows:

THEOREM 16.2. The principal graph X has the following properties:

(1) The higher relative commutant P, = Aj N Ay is isomorphic to the abstract vector
space spanned by the 2k-loops on X based at the root.

(2) In the amenable case, where Ay = R and when the subfactor is “amenable”, the
index of Ag C A; is given by N = || X||*.

Proor. This is something standard, the idea being as follows:

(1) The statement here, which explains among others the relation between the principal
graph X, and the other subfactor invariants, from Definition 16.1 above, comes from the
definition of the principal graph, as a Bratelli diagram, with the reflections removed.
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(2) This is actually a quite subtle statement, but for our purposes here, we can take
the equality N = ||X||?, which reminds a bit the Kesten amenability condition for dis-
crete groups, as a definition for the amenability of the subfactor. With the remark that
for the Popa diagonal subfactors what we have here is precisely the Kesten amenability
condition for the underlying discrete group I', and that, more generally, for the arbitrary
generalized Popa or Wassermann subfactors, what we have here is precisely the Kesten
type amenability condition for the underlying discrete quantum group I'. U

As a consequence of the above, in relation with classification questions, we have:

THEOREM 16.3. The principal graph of a subfactor having index N < 4 must be one
of the Cozxeter-Dynkin graphs of type ADE.

PROOF. This follows indeed from the formula N = || X|[?> from the above result, and
from the considerations from the proof of the Jones index restriction theorem, explained
in chapter 13 above. For full details on all this, we refer for instance to [37]. g

More in detail now, the usual Coxeter-Dynkin graphs are as follows:

A,—e®—0—0---0—0—0 A, =e—0—0—0---
o
D,=e—0—0---0—0—o0
0—0—0:--0—0—0 0—0—0—0---
AQn:l—o—o—o—o—o A—oo,oo:'—O—O—O“'
o o o
f)n:o—<|)—o---o—(|)—o Doo:°—<|3—0—0"-

_ Here the graphs A,, with n > 2 and D,, with n > 3 have by definition n vertices each,
A,, with n > 1 has 2n vertices, and D,, with n > 4 has n + 1 vertices. Thus, the first
graph in each series is by definition as follows:

@) @)
| | i \/
A2:.—O D3: ® — O A2:. D4:.—O—O
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There are also a number of exceptional Coxeter-Dynkin graphs. First we have:

o
EFg=e—0—0—0—o0
o

E;=e—0—0—0—0—o0 °

Es—e—0—0—0—-0—0—0

Also, we have as well index 4 versions of the above exceptional graphs, as follows:
@)
|
O
i |
Fg=e—0—0—o0—o0
o

EFr=e—0—-—0—0—-—0—0—o0 o

EFs=e—0—-—0—0—-—0—0—0—o0

Getting back now to Theorem 16.3, with this list in hand, the story is not over here,
because we still have to understand which of these graphs can really appear as principal
graphs of subfactors. And, for those graphs which can appear, we must understand the
structure and classification of the subfactors of R, having them as principal graphs.

In short, there is still a lot of work to be done, as a continuation of Theorem 16.3.
The subfactors of index < 4 were intensively studied in the 80s and early 90s, and about
10 years after Jones’ foundational paper [44], a complete classification result was found,
with contributions by many authors. A simplified form of this result is as follows:

THEOREM 16.4. The principal graphs of subfactors of index < 4 are:
(1) Index < 4 graphs: A, Deven, Fe, Es.
(2) Index 4 finite graphs: Ao, D,,, Es, Er, Fx.
(3) Index 4 infinite graphs: Ao, A_co.00s Doo-

PROOF. As already mentioned, this is something quite heavy, with contributions by
many authors, and among the main papers to be read here, let us mention [44], [66],
[67], [T1]. Observe that the graphs D,4q and E; don’t appear in the above list. This is
one of the subtle points of subfactor theory. For a discussion here, see [34]. u
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There are many other things that can be said about the subfactors of index N < 4,
both at the theoretical level, of the finite depth and more generally of the amenable
subfactors, and at the level of the ADE classification, which makes connections with
other ADE classifications. We refer here to [34], [37], [66], [67], [71], [72].

Regarding now the subfactors of index N € (4,5], and also of small index above 5,
these can be classified, but this is a long and complicated story. Let us just record here
the result in index 5, which is something quite easy to formulate, as follows:

THEOREM 16.5. The principal graphs of the irreducible index 5 subfactors are:

(1) As, and a non-extremal perturbation of AD.
(2) The McKay graphs of Zs, Ds, GA1(5), As, Ss.
(3) The twists of the McKay graphs of As, Ss.

PROOF. This is a heavy result, and we refer to [50] for the whole story. The above
formulation is the one from [50], with the subgroup subfactors there replaced by fixed
point subfactors, and with the cyclic groups denoted as usual by Zy. U

As a comment here, the above N = 5 result was much harder to obtain than the
classification in index N = 4, obtained as a consequence of Theorem 16.4. However, at
the level of the explicit construction of such subfactors, things are quite similar at N =4
and N = 5, with the fixed point subfactors associated to quantum permutation groups
G C S}, providing most of the examples. We refer here to [12] and related papers.

In index N = 6 now, the subfactors cannot be classified, at least in general, due
to several uncountable families, coming from groups, group duals, and more generally
compact quantum groups. The exact assumption to be added is not known yet.

Summarizing, the current small index classification problem meets considerable diffi-
culties in index N = 6, and right below. In small index N > 6 the situation is largely
unexplored. We refer here to [56] and the recent literature on the subject.

16b. Spectral measures

Before getting into the case where the index is big, N >> 0, let us comment on one
of the key ingredients for the above classification results, at N < 6. This is the Jones
annular theory of subfactors, which is something very beautiful and useful, regarding the
case where the index is arbitrary, N € [1,00). The main result is as follows:

THEOREM 16.6. The theta series of a subfactor of index N > 4, which is given by
l—gq q
O(q) =q+
@=q g’ ((1+Q)2>

with f =", dim(Py)z* being the Poincaré series, has positive coefficients.
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PRrROOF. This is something quite advanced, the idea being that © is the generating
series of a certain series of multiplicities associated to the subfactor, and more specifically
associated to the canonical inclusion TLy C P. We refer here to Jones’ paper [48]. [

In relation to this, and to some questions from physics as well, coming from conformal
field theory, an interesting question is that of computing the “blowup” of the spectral
measure of the subfactor, via the Jones change of variables, namely:

z =
1+4¢?

This question makes sense in any index, meaning both N € [1,4], where Theorem 16.6

does not apply, and N € (4, 00), where Theorem 16.6 does apply. We will discuss in what
follows both these questions, by starting with the small index one, N € [1,4].

Following [13] and related papers, it is convenient to stay, at least for the beginning,
at a purely elementary level, and associate such series to any rooted bipartite graph. Let
us start with the following definition, which is something straightforward, inspired by the
definition of the Poincaré series of a subfactor, and by Theorem 16.2:

DEFINITION 16.7. The Poincaré series of a rooted bipartite graph X s
£(2) = " loop (2K)
k=0

where loop y (2k) is the number of 2k-loops based at the root.

In the case where X is the principal graph of a subfactor Ay C Ay, this series f is the
Poincaré series of the subfactor, in the usual sense:

fz) = dim(Af N A2
k=0

In general, the Poincaré series should be thought of as being a basic representation
theory invariant of the underlying group-like object. For instance for the Wassermann
type subfactor associated to a compact Lie group G C Uy, the Poincaré series is:

1
f(z):/(;mdg

Regarding now the theta series, this can introduced as a version of the Poincaré series,
via the change of variables z~1/2 = ¢/ + ¢~1/2 as follows:

DEFINITION 16.8. The theta series of a rooted bipartite graph X 1is

l—gq q
GM):Q+1+qf<O+qV)

where f is the Poincaré series.
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The theta series can be written as O(¢) = > a,¢", and it follows from the above
formula, via some simple manipulations, that its coefficients are integers:

a, € 7

In fact, we have the following explicit formula from Jones’ paper [48], relating the
coefficients of ©(q) = >_ a,q" to those of the Poincaré series f(z) = > cx2:

d e 2r (r+k
_ r—k

In the case where X is the principal graph of a subfactor Ay C A; of index N > 4, it
is known from [48] that the numbers a, are certain multiplicities associated to the planar
algebra inclusion T'Ly C P, as explained in Theorem 16.6 and its proof. In particular,
the coefficients of the theta series are in this case positive integers:

a, €N

Before getting into computations, let us discuss as well the measure-theoretic versions
of the above invariants. Once again, we start with an arbitrary rooted bipartite graph X.
We can first introduce a measure p, whose Stieltjes transform is f, as follows:

DEFINITION 16.9. The real measure pu of a rooted bipartite graph X is given by

o= [

1—2xzz

where f is the Poincaré series.

In the case where X is the principal graph of a subfactor Ay C A;, we recover in
this way the spectral measure of the subfactor, as introduced in Definition 16.1, with
the remark however that the existence of such a measure 1 was not discussed there. In
general, and so also in the particular subfactor case, clarifying the things here, the fact
that p as above exists indeed comes from the following simple fact:

PROPOSITION 16.10. The real measure p of a rooted bipartite graph X is given by the
following formula, where L = MM?, with M being the adjacency matrixz of the graph,

p = law(L)
and with the probabilistic computation being with respect to the expectation
A< A>

with < A > being the (x,x)-entry of a matriz A, where * is the root.
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PRroOF. With the conventions in the statement, namely L = M M*, with M being the
adjacency matrix, and with < A > being the (x, x)-entry of a matrix A, we have:

f(z) = ) loopx(2k)2*

[e.9]

T

k=0

- <1—1Lz>

But this shows that we have the formula u = law(L), as desired. 4

In the subfactor case some further interpretations are available as well. For instance in
the case of the fixed point subfactors coming from of a compact group G C Uy, discussed
after Definition 16.7 above, u is the spectral measure of the main character:

= law(x)

In relation now with the theta series, things are more tricky, in order to introduce its
measure-theoretic version. Following [13], let us introduce the following notion:

DEFINITION 16.11. The circular measure € of a rooted bipartite graph X is given by
de(q) = dp((q+q7)%)
where p is the associated real measure.

In other words, the circular measure ¢ is by definition the pullback of the usual real
measure f via the following map, coming from the theory of the theta series in [48]:

RUT — R,

q— (qg+q")?

As we will see, all this best works in index N € [1,4], with the circular measure ¢
being here the best-looking invariant, among all subfactor invariants. In index N > 4
things will turn to be quite complicated, but more on this later.

As a basic example for all this, assume that p is a discrete measure, supported by n
positive numbers x; < ... < z,, with corresponding densities py, ..., pn:

n=> pis,
i=1
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For each i € {1,...,n} the equation (¢ + ¢~')* = x; has four solutions, that we can
denote ¢, q; ", —qi, —qi_l. With this notation, we have:

1 n
e =72 pi (0 + 9,0+ 0g 00
i=1
In general, the basic properties of € can be summarized as follows:

PROPOSITION 16.12. The circular measure has the following properties:
1) € has equal density at q, ¢, —q, —q .

) The odd moments of € are 0.

) The even moments of € are half-integers.

)

)

When X has norm < 2, € is supported by the unit circle.
When X is finite, ¢ is discrete.

PROOF. These results can be deduced from definitions, the idea being that (1-5) are
trivial, and that (6) follows from the formula of p from Proposition 16.10. O

In addition to the above, we have the following key formula, which gives the even
moments of €, and makes the connection with the Jones theta series:

THEOREM 16.13. We have the Stieltjes transform type formula

1
2 [ [ dew) = 1+ T~ )
where the T series of a rooted bipartite graph X is by definition given by

O(g) —¢

7(g) = A0 1
- q

with © being the associated theta series.

PROOF. This follows by applying the change of variables ¢ — (q + ¢~1)? to the fact
that f is the Stieltjes transform of p. Indeed, we obtain in this way:

1 B l1—gq q
[ =m0 = v ()
1+06(q) —q

1+T(g)(1—q)
Thus, we are led to the conclusion in the statement.

g

As a final theoretical result about all these invariants, which is this time something
non-trivial, in the subfactor case, we have the following result, due to Jones [48]:

THEOREM 16.14. In the case where X is the principal graph of an irreducible subfactor
of index > 4, the moments of € are positive numbers.
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ProOOF. This follows indeed from the result in [48] that the coefficients of © are
positive numbers, as explained in Theorem 16.6, via the formula in Theorem 16.13.  [J

Summarizing, we have a whole menagery of subfactor, planar algebra and bipartite
graph invariants, which come in several flavors, namely series and measures, and which
can be linear or circular, and which all appear as versions of the Poincaré series.

Our claim now is that the circular measure ¢ is the “best” invariant. As a first
justification for this claim, let us compute ¢ for the simplest possible graph in the index
range N € [1,4], namely the graph Ay,. We obtain here something nice, as follows:

THEOREM 16.15. The circular measure of the basic index 4 graph, namely

0O—0—0:+++-0—0—0
AQn = ’ ‘

® —0—0—0—0—0

1s the uniform measure on the 2n-roots of unity.

PROOF. Let us identify the vertices of X = Ay, with the group {w*} formed by the
2n-th roots of unity in the complex plane, where w = ¢™/™. The adjacency matrix of X
acts then on the functions f € C'(X) in the following way:

Mf(w*) = f(w*™") + f(w™)
But this shows that we have M = K + K, where K is given by:
K f(w) = f(w™™)

Thus we can use the last assertion in Proposition 16.12, and we get ¢ = law(K’), which
is the uniform measure on the 2n-roots of unity. See [13] for details. O

In order to discuss all this more systematically, and for all the ADE graphs, the idea
will be that of looking at the combinatorics of the roots of unity. Let us introduce:
DEFINITION 16.16. The series of the form
(1—¢")...(A—g™)
(T=gm)...(1=q™)

&y, .. o,ngimy, ..., my) =

with n;, m; € N are called cyclotomic.
It is technically convenient to allow as well 1 + ¢™ factors, to be designated by n*
symbols in the above writing. For instance we have, by definition:
2% :3)=¢(4:2,3)
Also, it is convenient in what follows to use the following notations:

§/: é //: f
1—q '’ 1—q?
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The Poincaré series of the ADE graphs are given by quite complicated formulae.
However, the corresponding 7" series are all cyclotomic, as follows:

THEOREM 16.17. The T series of the ADE graphs are as follows:
(1) For A,—1 we have T =&(n—1:n).
(2) For Dy41 we have T =&(n — 17 : n™).
(3) For As, we have T = £'(n't : n).

(4) For Dy, s we have T = &"(n+ 17 : n).

(5) For Eg we have T = £(8: 3,6™).

(6) For E7 we have T = £(12: 4,9%).

(7) For Es we have T = &(57,97 : 157).

(8) For Eg we have T = £(67 : 3,4).

(9) For E7 we have T'=£(97 : 4,6).

(10) For Es we have T = £(157 : 6,10).

PROOF. These formulae were obtained in [13], by counting loops, then by making the

change of variables z~1/2 = ¢'/24¢~'/2, and factorizing the resulting series. An alternative
proof for these formulae can be obtained by using planar algebra methods. U

Our purpose now will be that of converting the above technical results, regarding the
T series, into some final results, regarding the corresponding circular measures . For this
purpose, we will use the conversion formula in Theorem 16.13.

In order to formulate our results, we will need some more theory. First, we have:

DEFINITION 16.18. A cyclotomic measure is a probability measure € on the unit circle,
having the following properties:
(1) € is supported by the 2n-roots of unity, for some n € N.
(2) € has equal density at q,q~ ", —q, —q~*

It follows from Theorem 16.17 that the circular measures of the finite ADE graphs are
supported by certain roots of unity, hence are cyclotomic. We will be back to this.

At the general level now, let us introduce as well the following notion:

DEFINITION 16.19. The T series of a cyclotomic measure € is given by:
1
14 T(q)(1 -0 =2 [

1 — qu?

Observe that this formula is nothing but the one in Theorem 16.13, written now in
the other sense. In other words, if the cyclotomic measure € happens to be the circular
measure of a rooted bipartite graph, then the T series as defined above coincides with the
T series as defined before. This is useful for explicit computations.

de(u)



16C. MEASURE BLOWUP 381

We are now ready to discuss the circular measures of the various ADE graphs. The
idea is that these measures are all cyclotomic, of level < 3, and can be expressed in terms
of the basic polynomial densities of degree < 6, namely:

a = Re(1 —¢%)
B = Re(1 - q")
7= Re(l—¢°)

To be more precise, we have the following result, with a, 3, being as above, with d,,
being the uniform measure on the 2n-th roots of unity, and with d, = 2d,, — d,, being
the uniform measure on the odd 4n-roots of unity:

THEOREM 16.20. The circular measures of the ADE graphs are given by:

/
Dn+1 — o, .

Er — By + (dy — dy) /2.
Es — o5+ 715 — (ds + ds) /2.
8) En+3 — (dn + dg + d2 — dl)/2

Proo¥r. This follows from the T series formulae in Theorem 16.17, via some routine
manipulations, based on the general conversion formulae given above. U

)
;
) Es — g+ (d12 — dg — dy + d3) /2.
)
)

It is possible to further build along the above lines, with a combinatorial refinement
of the formulae in Theorem 16.20, making appear a certain connection with the Deligne
work on the exceptional series of Lie groups, which is not understood yet.

16c. Measure blowup

All the above, which was quite nice, was about index N € [1,4], where the Jones
annular theory result from [48] does not apply. In higher index now, N € (4,00), where
the Jones result does apply, the precise correct “blowup” manipulation on the spectral
measure is not known yet. The known results here are as follows:

(1) One one hand, there is as a computation for some basic Hadamard subfactors,
with nice blowup, on a certain noncommutative manifold [11].

(2) On the other hand, there are many computations by Evans-Pugh, with quite
technical blowup results, on some suitable real algebraic manifolds [35].

We will discuss in what follows (1), and to be more precise the computation of the
spectral measure, and then the blowup problem, for the subfactors coming from the
deformed Fourier matrices. Let us start with the following definition:
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DEFINITION 16.21. Given two finite abelian groups G, H, we consider the correspond-
ing deformed Fourier matriz, given by the formula

(Fo ®¢ Frr)iagp = Qin(F)ij(Fr)ab

and we factorize the associated representation mg of the algebra C(Sg. ),

C(SEwn) = Mexu(C)

C(Gq)
with C(Gq) being the Hopf image of this representation mq.

Explicitely computing the above quantum permutation group Gg C S, j, as function
of the parameter matrix Q € Mgy (T), will be our main purpose, in what follows. In
order to do so, we first have the following elementary result:

PROPOSITION 16.22. We have a factorization as follows,

C(Sér) ~ Mg (C)

SN

C(H . G)

given on the standard generators by the formulae

UCEZ) = Z Wia,jb 5 V;j = Z Wia,jb

J

independently of b, where W is the magic matriz producing m.

Proor. With K = Fg, L = Fyg and M = |G|, N = |H|, the formula of the magic
matrix W € Mgy (Maxu(C)) associated to H = K ®¢ L is as follows:

1 . Qicde . KikKjl . LacLbd
MN Qidec KilKjk LadLbc
1 Qicde

- . K i1 La—p e
MN QuQ. e

(‘/Via,jb>kc,ld
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Our claim now is that the representation 7 constructed in Definition 16.21 can be
factorized in three steps, up to the factorization in the statement, as follows:

C<S§xH) = MGxH(C)

T T A

C(SH, S) C(SH1. @) C(HL G)

Indeed, the construction of the map on the left is standard. Regarding the second
factorization, this comes from the fact that since the elements V;; depend on ¢ — j, they
satisfy the defining relations for the quotient algebra C'(S}) — C(G). Finally, regarding
the third factorization, observe that W;, ;» depends only on ¢, j and on a —b. By summing

over j we obtain that the elements U LEZ) depend only on a — b, and we are done. U
We have now all needed ingredients for refining Proposition 16.22, as follows:

PROPOSITION 16.23. We have a factorization as follows,

C(Séer) ~ Me(C)

O*(FG,H) X C(G)

where the group on the bottom s given by:

Pen= H*G/ <[c§m i) qun) U] = 1‘ ZC" = Zd” = 0>
PROOF. Assume that we have a representation, as follows:
m:C*(T) x C(G) = M(C)

Let A be a G-stable normal subgroup of I, so that G acts on I'/A, and we can form
the product C*(I'/A) x C(G), and assume that 7 is trivial on A. Then 7 factorizes as:

() x C(G) : M (C)

T~ A

C*(I'/A) x C(G)
With I' = H*“, this gives the result. U
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We have now all the needed ingredients for proving a main result, as follows:

THEOREM 16.24. When @) is generic, the minimal factorization for mg is

O(ngH) ~ MGxH((C)

C*(Ten) x C(G)

where on the bottom
Tgp ~ ZUCI-DUHI=Y o
15 the discrete group constructed above.

Proor. Consider the factorization in Proposition 16.23, which is as follows, where L
denotes the Hopf image of m:

0 : C*(FG,H) X C(G) — L

To be more precise, this morphism produces the following commutative diagram:

C(SEwn) ~ Mexu(C)

L
A
|
Lo
|
|

C*(Ten) x C(G)

The first observation is that the injectivity assumption on C'(G) holds by construction,
and that for f € C(G), the matrix 7(f) is “block scalar”. Now for r € 'y with
(r®1) = 0(1® f) for some f € C(G), we see, using the commutative diagram, that
m(r ® 1) is block scalar. Thus, modulo some standard algebra, we are done. t

Summarizing, we have computed the quantum permutation groups associated to the
Dita deformations of the tensor products of Fourier matrices, in the case where the de-
formation matrix () is generic. For some further computations, in the case where the
deformation matrix @ is no longer generic, we refer to the follow-ups of [11].

Let us compute now the Kesten measure p = law(x), in the case where the deformation
matrix is generic, as before. Our results here will be a combinatorial moment formula, a
geometric interpretation of it, and an asymptotic result. We first have:
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THEOREM 16.25. We have the moment formula

/Xp _ 1 4 i, €G [(le,'dl),(ig,.dg),...,(l’p7.dp)]
|G| . |H| dl, e ,dp c H = [(Zl, dp>, (12, d1>, ey (Zp, dp—l)]
where the sets between square brackets are by definition sets with repetition.

PROOF. According to the various formulae above, the factorization found in Theorem
16.24 is, at the level of standard generators, as follows:
C(Séun) = C'Tan)®C(G)  — Maxu(C)
Uiajb  — \_Ilﬂ S FaccP@vy; — Wi
Thus, the main character of the quantum permutation group that we found in Theorem
16.24 is given by the following formula:

1 .
— E (@)
X = ¢’ Q vy
|H|

iac

= Z C(z) X Vii

Now since the Haar functional of C*(I") x C(H) is the tensor product of the Haar
functionals of C*(I'), C(H ), this gives the following formula, valid for any p > 1:

P

1 .

P 0
[ (Z )

Consider the elements S; = >°_ ¢, With standard notations, we have:

S; = Z(bio — bic, C)

C

Now observe that these elements multiply as follows:

bi10 - bi161 + bi261 - bi2761+62
Sil . Sip = E +bi3701+02 - bi3761+02+63 + .. , C1 + ...+ Cp
Cl--:Cp \+ - - + bip,cl+...+cp_1 - bip,c1+...+cp

In terms of the new indices d, = ¢; + ... + ¢,, this formula becomes:
bilo - bi1d1 + bz’zdl - bizdz
SivooSiy= Y| Abigas = bigay + -+ . d,
didp \ +-e... + bipdpfl — bipdp

Now by integrating, we must have d, = 0 on one hand, and on the other hand:
[(ilﬁ O)a (i27 dl)v Ty (im dpfl)] = [(ilﬁ d1)> (i% d2)7 R (ipa dp)]
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Equivalently, we must have d, = 0 on one hand, and on the other hand:

[(ib dp)? (2.27 d1>> cr (ipu dpfl)] = [(ib dl)a (i27 d2)7 R (ipa dp)]

Thus, by translation invariance with respect to d,, we obtain:

1 21 dl) (ZQ dg) c. (Z d )]
Siy ... S, = dy,...,d, € H ’ AN
/fG,H ' ! |H‘#{1 © ‘ 217 )(227d1)""?(zpadp*1)]

It follows that we have the following moment formula:

N1 (i € G (1, da), (iay o), - (i, dy)]
/fG,H (Z S’) B |H|# {dl,...,dp € Hl= [(i1,d,), (ig,dl),...,@p,dp_l)]}

Now by dividing by |G|, we obtain the formula in the statement.

The formula in Theorem 16.25 can be further interpreted as follows:

THEOREM 16.26. With M = |G|, N = |H| we have the formula

law(y) = (1 _ %) 50 + %law(ﬁl)

where the matriz

A€ C(TYN, My (C))

is given by A(q) = Gram matriz of the rows of q.

PRroOF. According to Theorem 16.25, we have the following formula:

/Xp - Z Z 5[Zld1 ----- Zpdp] [lldp ----- ipdp— 1]

11 dp di...

Qiydy - qu p
~ MN /TMN Z D dq

ip dy...dp Qirdy - - - Dipd p—1
qmdl q'LQdQ qipdp d
= o —=% 1 dq
MN /ﬂ"MN ZZ (Z qZ2d1> (Z q13d2> Z Qildp
1---2p dp

Consider now the Gram matrix in the statement, namely:

A(q)ij =< R;, Rj >
Here Ry, ..., Ry are the rows of the following matrix:

q € TN ~ Myrn(T)
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We have then the following computation:

1
/XP — W TA4N<Ri1’Ri2 >< RigaRi3>---<Rip7Ri1>

1
= —= A(Q)irin A(Q)inis - - - A(Q)i i
MN TMN (q)l (q) 3 (q>p
1
- Tr(A(g)P)d
MN Joary r(A(9)")dg
1

= % [ A

But this gives the formula in the statement, and we are done. U

In general, the moments of the Gram matrix A are given by a quite complicated
formula, and we cannot expect to have a refinement of Theorem 16.26, with A replaced
by a plain, non-matricial random variable, say over a compact abelian group.

However, this kind of simplification does appear at M = 2, and since this phenomenon
is quite interesting, we will explain this now. We first have:

PROPOSITION 16.27. For Fy, ®¢g Fy, with Q) € Mayn(T) generic, we have

G- L)

where the integral on the right is with respect to the uniform measure on TV .

2k

al—l—...+aN da

N

PROOF. In order to prove the result, consider the following quantity, which appeared
in the proof of Theorem 16.26:

b= Y YD Mt

iy dyoody L1y - Qipdp

We can “half-dephase” the matrix ¢ € May n(T) if we want to, as follows:
(1 o1
1= a; ... an

Let us compute now the above quantity ®(¢), in terms of the numbers a;, . ..,ay. Our
claim is that we have the following formula:

D) =2y NP (i)

k>0

2k

S

i

Indeed, the idea is that:
(1) The 2N* contribution will come from i = (1...1) and i = (2...2).
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(2) Then we will have a p(p—1)N*72| 3" a;]* contribution coming from indices of type
.. 1), up to cyclic permutations.

(2..
(3) Then we will have a 2(8) N*=*| 3. a;|* contribution coming from indices of type
—(2...21...12...21...1).

(4) And so on.

In practice now, in order to prove our claim, in order to find the N?=2*| 3" q;
contribution, we have to count the circular configurations consisting of p numbers 1,2,
such that the 1 values are arranged into k non-empty intervals, and the 2 values are
arranged into k£ non-empty intervals as well. Now by looking at the endpoints of these 2k
intervals, we have 2(2’;) choices, and this gives the above formula.

|2k

Now by integrating, this gives the formula in the statement. O
Observe now that the integrals in Proposition 16.27 can be computed as follows:

/ |CL1+...—|—CLN’2deL _ / Z Z Ay - - azkd
TN ajl"'

110k ]1 ]k

= #{lekvjljk [Zla7zk] = Uh"'ajk]}

- (")

k=>r;

We obtain in this way the following “blowup” result, for our measure:

PROPOSITION 16.28. For Fy ®q Fu, with QQ € Mayxn(T) generic, we have

1 1
= (1—N)5o+ﬁ(\11+5—|—\11 £)

where € is the uniform measure on TV, and where the blowup function is:

D

i

U*(a) = N+

ProOF. We use the formula found in Proposition 16.27, along with the following
standard identity, coming from the Taylor formula:

Z(i)x%z (1+:L')p—;—(1—:c)p

k>0

By using this identity, Proposition 16.27 reformulates as follows:

NERE R
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Now by multiplying by NP~!, we obtain the following formula:

p p
/x’“z% <N+Zai>+<N—Zai> da
™ i i

But this gives the formula in the statement, and we are done. U

We can further improve the above result, by reducing the maps U+ appearing there
to a single one, and we are led to the following statement:

THEOREM 16.29. For Fy ®¢g F, with Q) € My n(T) generic, we have

1 1
=(1——)56 —o,
i < N) 0+N €

where € is the uniform measure on Zy x TV, and where the blowup map is:

>
i

Proor. This is clear indeed from Proposition 16.28. U

P(e,a) =N +e

As already mentioned, the above results at M = 2 are something quite special. In the
general case, M € N, it is not clear how to construct a nice blowup of the measure.

Asymptotically, things are however quite simple. Let us go back indeed to the general
case, where M, N € N are both arbitrary. The problem that we would like to solve now
is that of finding the good regime, of the following type, where the measure in Theorem
16.25 converges, after some suitable manipulations:

M=fK) , N=gK) , K- oo

In order to do so, we have to do some combinatorics. Let NC(p) be the set of
noncrossing partitions of {1,...,p}, and for 7 € P(p) we denote by |r| € {1,...,p} the
number of blocks. With these conventions, we have the following result:

ProrosiTIiON 16.30. With M = aK, N = K, K — oo we have:

Cp

Kp—1 i# {w € NC(p)"ﬂ-‘ _ r} oL
r=1

In particular, with o = 3 we have:

PO (QP) (@K P!

p
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PROOF. We use the combinatorial formula in Theorem 16.25. Our claim is that, with

7 = ker(iy,...,14,), the corresponding contribution to ¢, is:
O~ almI=1gr=irl gr=1if 7 € NC(p)
"1 O(KP?) if m¢ NC(p)
As a first observation, the number of choices for a multi-index (41, ...,7,) € X? satis-

fying keri = 7 is:
MM —=1)...(M —|x|+1) ~ M
Thus, we have the following estimate:
Croe MPIN ey, dy € Y| [dula € 8] = [dos]o € 1], W0 € 7
Consider now the following partition:
o =kerd

The contribution of o to the above quantity C is then given by:

A(m,0)N(N —=1)...(N — |o| 4+ 1) ~ A(w, o) N
Here the quantities on the right are as follows:

Afmoy= 4L bnc=|b-1)ne,¥bemveeo
0 otherwise
We use now the standard fact that for 7,0 € P(p) satisfying A(mr,0) = 1 we have:
7| +]of <p+1

In addition, the equality case is well-known to happen when 7,0 € NC(p) are inverse
to each other, via Kreweras complementation. This shows that for 7 ¢ NC(p) we have:

Cr = O(K??)
Also, this shows that for 7 € NC(p) we have:

Cr ~ MImM=1N-1yp-inl-t
alml=1 gp=Iml op=1

Thus, we have obtained the result. U
We denote by D the dilation operation, given by:
D, (law(X)) = law(rX)

With this convention, we have the following result:
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THEOREM 16.31. With M = aK,N = K, K — oo we have:

1 1
= (1 - W) do + WD%K(%[/B)

In particular with o = 8 we have:
1 1
w= (1= o) o+ gl

PROOF. At a = 3, this follows from Proposition 16.30. In general now, we have:

c

P~ 7|1 gp—|n
_P o~ 2' o138
Kr-1

TeENC(p)

36

TeNC(p)
5”/ »
= — d o
— | 2¥dmays()

When a > 3, where dn/3(x) = @a/s(x)dx is continuous, we obtain:

1
o = o [BKePewaorts

1 / » T J
= ——— [ 2Py, — | dx
apk? | "\ BK
But this gives the formula in the statement. When o < 3 the computation is similar,
with a Dirac mass as 0 dissapearing and reappearing, and gives the same result. U

We refer to [11] and related papers for more on the above.

16d. Big index

In big index now, the philosophy is that the index of subfactors N € [1, 00) should be
regarded as being the well-known N variable from physics, which must be big:

N — o

More precisely, the idea is that the constructions involving groups, group duals, or
more generally compact quantum groups, producing subfactors of integer index, N € N,
can be used with “uniform objects” as input, and so produce an asymptotic theory.

The problem however is how to axiomatize the uniformity notion which is needed,
in order to have some control on the resulting planar algebra P = (Fy). The answer
here comes from the notion of easiness, that we already met in chapter 8, and its various
technical extensions, which are in fact not currently unified, or even fully axiomatized.
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The main technical questions here are the classification of the easy quantum groups
on one hand, and the axiomatization of the super-quizzy quantum groups on the other
hand. We also have the question of better understanding the relation between easiness,
subfactors, planar algebras, noncommutative geometry and free probability, and we refer
here to [14], [15], [16], [19], [25], [31], [56], [64], [80], [96].

Summarizing, we have many interesting questions, both in small and big index. As
a common ground here, both these questions happen inside the Murray-von Neumann
factor R, although this is conjectural in big index, related to existence questions for outer
actions and matrix models. Thus, as a good problem to finish with, which is from Jones’
original subfactor paper [44], and is due to Connes, we have the question of axiomatizing
the finite index subfactors of the Murray-von Neumann hyperfinite factor R.

As already mentioned on several occasions, this longstanding question is in need of
some new, brave functional analysis input, in relation with the notion of hyperfiniteness,
which is probably of quite difficult type, beyond what the current experts can do.

16e. Exercises

Congratulations for having read this book, and no exercises here. But, as mentioned
above, some good, difficult questions regarding R are waiting for input from you.
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