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ABSTRACT. This is an introduction to the study of real functions, f : R — R. We first
discuss motivations and examples, ways of representing functions, and with a detailed
look into the basic functions, namely polynomials, and sin, cos, exp, log. Then we discuss
continuity, with the standard results on the subject, and notably with the Weierstrass
approximation theorem. We then discuss derivatives, again with the standard results on
the subject, notably with the Taylor formula and its applications. Finally, we discuss
integrals, with what can be done with Riemann sums, the relation with the derivatives,
and with a look into more advanced functional analysis, and several variables too.



Preface

A function f : R — R is a device which to each real number z € R associates another
real number, f(x) € R. Basic examples of functions include f(z) = 2z, or f(z) = 22

Further examples, which are more complicated, include f(z) = sinz, or f(z) = €”.

As the name indicates, a function functions. That is, once f : R — R is fixed, say
f(x) = 32z% + 1, for having an example, give me any z € R, and even something quite
complicated, like z = 2v/5 — 1, and me, or rather function f, will tell you right away that
f(z) =64 — 21/5. Which is something very satisfying, compared to the variety of things
that can be purchased in stores, or on the internet, which do not necessarily function well.
With our mathematical functions f : R — R we are into reliability, and beauty.

Needless to say, functions f : R — R are something useful too. Typically x € R can
be thought of as being the “input” for your problem, that is, the quantity that you can
make vary, as a scientist or engineer, and f(z) € R is your “output”, that is, the quantity
that you are interested in, and that you want for instance to minimize or maximize, in
the context of your scientific or engineering business. And, the idea is that the abstract
mathematical study of f : R — R will help you, in order to achieve your goals.

Very nice all this, and as a first question that you might have, given f : R — R, what
is the formula of f7 Good point, and in answer, although billions and more of functions
can be constructed by starting with the basic functions that we know well, and composing
them, with a sample example here being f(x) = sin(100x) + 4€**° + tan(e” +7) + 9, well,
bad luck, we won’t obtain in this way all the possible functions f : R — R.

You will have to believe me here, and we will of course even prove this, in this book,
as a theorem, once our knowledge of functions will be ripe. In short, this is how life and
mathematics are, functions f : R — R can be quite wild, and for studying them, there is
no formula allowed, and we will have to deal with them as such, f : R — R.

Fortunately, there is an answer to this difficulty, coming from calculus, as developed by
Newton, Leibnitz and others, a long time ago. Their idea was to say that, when thinking
a bit, geometrically, any function f : R — R must be approximately linear, around
each point z € R. Moreover, when looking at the error term, this must be approximately
quadratic. And so on, and as a conclusion to this, called Taylor formula, any “reasonable”
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4 PREFACE

function f : R — R must appear as some sort of “infinite polynomial”, around each point
x € R. Which is something extremely useful, because with this in hand, you can then go
back to your scientific or engineering problems, such as the minimization or maximization
problems for the output f(x) € R evoked above, and eat them raw.

This book will be here for teaching you this, the theory of functions f : R — R,
developed along the above lines, following Newton and the others. That is, all basic
knowledge, that you should perfectly master, as a scientist or engineer:

— Part I is introductory, with a look into polynomials, and sin, cos, exp, log.
— Part II discusses continuity, and approximation by continuous functions.
— Part III discusses derivatives, the Taylor formula, and basic applications.
— Part IV discusses integration, and with a look into spaces of functions too.

Most of the book will be theoretical, although we will talk about some applications
too, to basic questions from physics. Also, we will include as well all sorts of useful
formulae, for instance regarding all 24 basic trigonometric functions:

sin CcoSs tan sec csC cot
arcsin  arccos arctan arcsec arccsc  arccot
sinh cosh tanh sech csch coth

arcsinh arccosh arctanh arcsech arccsch arccoth

Needless to say, this book will be just an introduction to the subject. For more,
depending on needs and taste, you have my general calculus book [9], doing it all in a
quick and intuitive way, by mixing mathematics and physics, my mesure and integration
book [10], which is more rigorous and mathematical, and my physics book [11].

Many thanks to my cats, and to the other cats in this world. You have no idea how
many functions and theorems must be used, in order to properly catch a mouse, and
watching this daily display of mathematical knowledge has always been inspiring.

Cergy, December 2025

Teo Banica
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Part 1

Functions



Don’t you know, things can change
Things will go your way
If you hold on

For one more day



CHAPTER 1

Real numbers

la. Numbers

Welcome to functions, and mathematical analysis. We will be interested in this book
in the functions f : R — R, with such a function being a device which to each real number
r € R associates another real number, f(z) € R. As a basic example, f(z) = 22

In order to properly talk about functions, we first need to know more about the reals
x € R themselves. So, we will be talking about this, real numbers and their properties,
in this chapter, and leave the functions for later, starting with chapter 2.

Getting started, you surely know about N = {0,1,2,3,...}, with N standing for
“natural”, and about Z = {...,—2,-1,0,1,2,...} too, with Z standing for “zahlen”,
German for numbers. As a continuation of this, that you know too, we have:

DEFINITION 1.1. The rational numbers are the quotients of type r = a/b, with a,b € Z
and b # 0, identified according to the usual rule for quotients, namely:
a c

g = E = ad = bc
These numbers add and multiply according to the usual rules for fractions, namely:
a+c_ad+bc a ¢ ac
b d bd ' b d bd

We denote the set of rational numbers by Q, standing for “quotients”.

As a first observation, we have inclusions of sets as follows, with each integer a € Z
being identified with the corresponding fraction a/1 € Q:

NCZcCQ

Moreover, these inclusions of sets agree with the respective addition and multiplication
operations, so we have in fact inclusions of mathematical structures, as follows:

(N7+7 ) - (Z7+7 ) C (Q7+,')

Observe that, a bit in the same way as N — Z appears as to be able to solve a+x = b,
by setting x = b — a € Z, the passage Z — Q appears as to be able to solve ax = b, by
setting x = b/a € Q. Thus, the constructions N — Z — Q are something very natural,
starting with (N, +,-), and with (Q, +, -) appearing to be the end product.

11



12 1. REAL NUMBERS

As an important addition now to Definition 1.1, we have:

DEFINITION 1.2 (continuation). We can talk about order on Q, given by
% > 2 < ad > bc

provided that both fractions are taken with positive denominators, b,d > 0.

Observe the similarity with the rule for addition. In fact, we have:

a>c<:>a—c>0
b d b d

Time for a first mathematical result, using these notions? Here that result is:

PROPOSITION 1.3. We have the following inequality,
a® + b* > 2ab
valid for any two rational numbers a,b € Q.
ProOOF. We have indeed the following computation, based on Definition 1.1:
(a-b)? = (a—b)a—b)
= a®— ab— ba + b*
= a®+b*—2ab

Now from (a — b)? > 0, coming from Definition 1.2, we get the result.

g

The above result is quite interesting, and its proof suggests looking, more generally,
at quantities of type (a — b)™, who knows what these can teach us. However, this quickly

leads into some sort of nightmare, so we have, as question to be solved:
(a—b)"=(a—0b)(a—0)...(a—b) ="

n terms

In order to discuss this, let us start with the following key result, which is something

very useful, and that we will see in a moment to be related to the above question:

THEOREM 1.4. The number of possibilities of choosing k objects among n objects is

(4)

called binomial number, where n! =1-2-3...(n —2)(n — 1)n, called “factorial n”.

Proor. This is something quite tricky, the idea being as follows:

(1) Imagine a set consisting of n objects. We have then n possibilities for choosing our
1st object, then n — 1 possibilities for choosing our 2nd object, out of the n — 1 objects
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left, and so on up to n—k+ 1 possibilities for choosing our k-th object, out of the n—k+1
objects left. Since the possibilities multiply, the total number of choices is:

N = nn—-1)...(n—k+1)
m—k)(n—k—-1)...2-1

= n(n_l)"'(n_k—i_l)'(n_k)(n—k—l)‘--z'l

nn—1)...2-1
m—k)(n—k—-1)...2-1
n!
(n—k)!
(2) However, thinking a bit, this number N that we computed is in fact the number

of possibilities of choosing k£ ordered objects among n objects. Thus, we must divide
everything by the number M of orderings of the k£ objects that we chose:

(1) =

(3) In order to compute now the missing number M, imagine a set consisting of k
objects. There are k choices for the object to be designated #1, then k — 1 choices for
the object to be designated #2, and so on up to 1 choice for the object to be designated
#k. We conclude that M = k(k —1)...2-1 = k!, so that we have, as claimed:

(Z) - n!/(rzbg!_ - k!(nni k)l

(4) Finally, in order for everything to work fine, with our theorem, we must complement
what was said in the statement with the following convention:

ol=1

Indeed, we obviously have (Z) = 1, and if we want to recover this via our general
formula, we must declare that 0! = 1, as for the following computation to work:

n n! n!
= ——— f— 1
n nl0l nlx1

And with this, our discussion on this subject is now complete. U

As a continuation of Theorem 1.4, solving our previous questions, we have:
THEOREM 1.5. We have the binomial formula

(a+0b)" = i (Z) af o r

k=0

valid for any two numbers a,b € Q.
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PrROOF. We have to compute the following quantity, with n terms in the product:
(a+b)"=(a+b)(a+b)...(a+Db)

When expanding, we obtain a certain sum of products of a, b variables, with each such
product being a quantity of type a*b"*. Thus, we have a formula as follows:

(a+b)" = Z Crakon*
k=0

In order to finish, it remains to compute the coefficients C}. But, according to our
product formula, C is the number of choices for the k needed a variables among the n
available a variables. Thus, according to Theorem 1.4, we have:

()

We are therefore led to the formula in the statement. O

Theorem 1.5 is something quite interesting, so let us doublecheck it with some numer-
ics. At small values of n we obtain the following formulae, which are all correct:

(a+0)° =1
(a+b)=a+b
(a+b)?* =a*+2ab+b?
(a+b)* = a® + 3a’b + 3ab® + b°
(a+b)* = a* + 4a’b + 6a*b* + 4ab® + b*
(a+b)° = a® + 5a*b + 10a°6* + 10a°b* + 5ab® + b°

Now observe that in these formulae, say for memorization purposes, the powers of the
a, b variables are something very simple, that can be recovered right away. What matters
are the coefficients, which are the binomial coefficients (Z), which form a triangle. So, it
is enough to memorize this triangle, and this can be done by using:

THEOREM 1.6. The Pascal triangle, formed by the binomial coefficients (Z),

has the property that each entry is the sum of the two entries above it.
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PROOF. In practice, the theorem states that the following formula holds:

n\ (n-—1 n n—1
k) \k-1 k
There are many ways of proving this formula, all instructive, as follows:

(1) Brute-force computation. We have indeed, as desired:

(Z:D+<é;§ - @jgbﬂwm+méi}Tn!
- @_1ﬁﬁii_1y(nik+%)
(n—1
)

n—1)! n
(k—Dln—k—1)! k(n—k)

_(n
—\k
(2) Algebraic proof. We have the following formula, to start with:
(a+b)" = (a+b)""(a+b)

By using the binomial formula, this formula becomes:

£ (o[£ o

Now let us perform the multiplication on the right. We obtain a certain sum of terms
of type a*b"*, and to be more precise, each such a*b"* term can either come from the
(¢~)) terms a*~'b"* multiplied by a, or from the (", ') terms a*6"~'=* multiplied by b.
Thus, the coefficient of a*6"~* on the right is (}_;) + ("), as desired.

(3) Combinatorics. Let us count k objects among n objects, with one of the n objects
having a hat on top. Obviously, the hat has nothing to do with the count, and we obtain
("). On the other hand, we can say that there are two possibilities. Either the object

k
with hat is counted, and we have (Zj) possibilities here, or the object with hat is not

counted, and we have (";1) possibilities here. Thus (Z) = (Zj) + (”;1), as desired. [

The binomial numbers, as constructed above, are quite fascinating objects, and the
more you know about them, the better your mathematics will be. To start with, here are
some basic formulae for binomial coefficients, that you should definitely memorize:

() -t . ()-seztie=n

As a useful complement to these various particular cases, we have as well:
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DEFINITION 1.7. The central binomial coefficients are the following numbers,

D, - (2n)
n
which numerically are 1,2,6,20, 70,252,924, 3432, 12870, 48620, . . .

Now if you are a number theory nerd, and hope so are you, one of the first things that
you will discover is that these central binomial coefficients factorize as follows:

D, = 1x1, 2x1, 3x2,4x5, 5x14, 6 x 42,
7 x 132, 8 x 429, 9 x 1430, 10 x 4862, ...

Thus, we are led in this way to the following conjecture:
CONJECTURE 1.8. The central binomial coefficients factorize as
D, = (n+1)C,
with Cp, = 1,1,2,5,14,42,132,429, 1430, 4862, . .. being certain integers.

However, this does not look easy to prove, and we will leave it for later. Moving away
now from these difficulties, here is a bright application of our techniques:

THEOREM 1.9. We have the following congruence, for any prime p,

a? = a(p)
called Fermat’s little theorem.

PrOOF. This does not look easy to prove directly, with bare hands, but we can es-
tablish this by recurrence on a € N, using the following computation:

p
P\ &
1P =
@rip = 3 ( k) .
k=0
= a’+1(p)
= a+1(p)
Here we have used the fact that all non-trivial binomial coefficients (’Iz
of p, as shown by a close inspection of these binomial coeffients, given by:

(@ :p(p—n..].d(p—kﬂ)

) are multiples

Thus, we have the result for any a € N, and with the case p = 2 being trivial, we can
assume p > 3, and here by using a — —a we get it for any a € Z, as desired. O
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1b. Real numbers

Getting now to the real numbers, you are certainly familiar with them, but let us
review their definition, because who knows. As a first goal, we would like to construct a
number z = v/2 having the property 22 = 2. But how to do this? Let us start with:

PROPOSITION 1.10. There is no number r € Q. satisfying r*> = 2. In fact, we have

@+={p€Q+p2<2}|_|{q€Q+‘q2>2}

with this being a disjoint union.

PROOF. In what regards the first assertion, assuming that r = a/b with a,b € N prime
to each other satisfies 72 = 2, we have a® = 2b?, so a € 2N. But by using again a? = 2b*
we obtain b € 2N, contradiction. As for the second assertion, this is obvious. U

It looks like we are a bit stuck. We can’t really tell who v/2 is, and the only piece of
information about v/2 that we have comes from the knowledge of the rational numbers
satisfying p? < 2 or ¢®> > 2. To be more precise, the picture that emerges is:

CONCLUSION 1.11. The number /2 is the abstract beast which is:

(1) Bigger than all rationals satisfying p* < 2.
(2) Smaller than all positive rationals satisfying ¢* > 2.

Which does not look very good, but you know what, instead of looking for more clever
solutions to our problem, what about relaxing, and taking Conclusion 1.11 as a definition
for v/2. This leads to the following “lazy” definition for the real numbers:

DEFINITION 1.12. The real numbers x € R are formal cuts in the set of rationals,
Q=A,UB,
with such a cut being by definition subject to the following conditions:
peEA,, qgeB, = p<q , inf B, ¢ B,
These numbers add and multiply by adding and multiplying the corresponding cuts.

This might look quite original, but believe me, there is some genius behind this defi-
nition. As a first observation, we have an inclusion Q C R, obtained by identifying each
rational number r € Q with the obvious cut that it produces, namely:

Arz{pe@pér} , Brz{qu’qN"}

As a second observation, the addition and multiplication of real numbers, obtained
by adding and multiplying the corresponding cuts, in the obvious way, is something very
simple. To be more precise, in what regards the addition, the formula is as follows:

Apsy = Ay + A,
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As for the multiplication, the formula here is similar, namely A,, = A, A,, up to some
mess with positives and negatives, which is quite easy to untangle, and with this being a
good exercise. We can also talk about order between real numbers, as follows:

r<y <= A, CA,

But let us perhaps leave more abstractions for later, and go back to more concrete
things. As a first success of our theory, we can formulate the following result:

PROPOSITION 1.13. The equation x> = 2 has two solutions over the reals, namely:

(1) The positive solution, denoted /2.
(2) And its negative counterpart, —/2.

PROOF. By using x — —z, it is enough to prove that 22 = 2 has exactly one positive
solution v/2. But this is clear, because V2 can only come from the following cut:

AﬁfoI_l{pEQ+p2<2} : Bﬁz{q€Q+q2>2}

Thus, we are led to the conclusion in the statement. U

More generally, the same method works in order to extract the square root /r of any
number r € Q, or even of any number r € R, and we have the following result:

THEOREM 1.14. The solutions of ax® + bx +c = 0 with a,b,c € R are

—b+Vb? — 4dac
2a

provided that b* — 4ac > 0. In the case b*> — 4ac < 0, there are no solutions.

T12 =

PRrROOF. We can write our equation in the following way:

ax? +br+c=0 <= 2+ -24-=
— (x—iri)?—b—z £-0
2a 4a®  a
— (x+i>2 _ b? — 4ac
2a 4a?
— a4 i _ b2 — 4ac
2a 2a
Thus, we are led to the conclusion in the statement. ]

Summarizing, we have a nice abstract definition for the real numbers, that we can
certainly do some mathematics with. As a first general result now, which is something
very useful, and puts us back into real life, and science and engineering, we have:
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THEOREM 1.15. The real numbers x € R can be written in decimal form,
r = :|:(11 e an.blebg ......

with a;,b; € {0,1,...,9}, with the convention ...b999...=...(b+ 1)000...

Proo¥r. This is something non-trivial, even for the rationals z € Q themselves, which
require some work in order to be put in decimal form, the idea being as follows:

(1) First of all, our precise claim is that any € R can be written in the form in the
statement, with the integer +a; ...a, and then each of the digits by, bs, b3, ... providing
the best approximation of z, at that stage of the approximation.

(2) Moreover, we have a second claim as well, namely that any expression of type
T = £ai...a,.b1bbs...... corresponds to a real number x € R, and that with the
convention ...5999...=...(b+1)000..., the correspondence is bijective.

(3) In order to prove now these two assertions, our first claim is that we can restrict
the attention to the case x € [0,1), and with this meaning of course 0 < x < 1, with
respect to the order relation for the reals discussed in the above.

(4) Getting started now, let € R, coming from a cut Q = A, U B,. Since the set
A, NZ consists of integers, and is bounded from above by any element ¢ € B, of your
choice, this set has a maximal element, that we can denote [z]:

[z] = max (A, NZ)
It follows from definitions that [x] has the usual properties of the integer part, namely:
[z] <z <[z]+1

Thus we have x = [z]+y with [z] € Z and y € [0, 1), and getting back now to what we
want to prove, namely (1,2) above, it is clear that it is enough to prove these assertions
for the remainder y € [0, 1). Thus, we have proved (3), and we can assume z € [0, 1).

(5) So, assume z € [0,1). We are first looking for a best approximation from below of
type 0.by, with b; € {0,...,9}, and it is clear that such an approximation exists, simply
by comparing x with the numbers 0.0,0.1,...,0.9. Thus, we have our first digit b;, and
then we can construct the second digit b, as well, by comparing x with the numbers
0.610,0.611,...,0.619. And so on, which finishes the proof of our claim (1).

(6) In order to prove now the remaining claim (2), let us restrict again the attention,
as explained in (4), to the case x € [0,1). First, it is clear that any expression of type
x = 0.b1bobs . . . defines a real number x € [0, 1], simply by declaring that the corresponding
cut Q = A, U B, comes from the following set, and its complement:

A, = U{pEQ}pSO.bl...bn}

n>1
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(7) Thus, we have our correspondence between real numbers as cuts, and real numbers
as decimal expressions, and we are left with the question of investigating the bijectivity
of this correspondence. But here, the only bug that happens is that numbers of type
x=...0999..., which produce reals z € R via (6), do not come from reals z € R via (5).
So, in order to finish our proof, we must investigate such numbers.

(8) So, consider an expression of type ...0999... Going back to the construction in
(6), we are led to the conclusion that we have the following equality:

Apggo... = Bpt1)000...

Thus, at the level of the real numbers defined as cuts, we have:

20999, .= ... (b+1)000...
But this solves our problem, because by identifying ...5999... = ...(b+1)000... the
bijectivity issue of our correspondence is fixed, and we are done. O

The above theorem was of course quite difficult, but this is how things are. Let us
record as well the following result, coming as a useful complement to the above:

THEOREM 1.16. A real number r € R is rational precisely when
r=z£a...anb1...by(c1...¢cp)
that is, when its decimal writing is periodic.

PROOF. In one sense, this follows from the following computation, which shows that
a number as in the statement is indeed rational:

r o= iﬁal...ambl...bn.cl...cpcl...cp...

- 2 bi...b L 1
= W ap...apb1...0p +C1...Cp 1_Op+1()2p+"'

1 cl...C
= +— P
10" (Cll amb1 bn+ 10}7 — 1)

As for the converse, given a rational number r = k/[, we can find its decimal writing by
performing the usual division algorithm, k divided by /. But this algorithm will be surely
periodic, after some time, so the decimal writing of r is indeed periodic, as claimed. [

Here are now some further philosophical results, regarding the passage from rationals
to reals, with (1) being a true theorem, and with (2) being something less rigorous:
THEOREM 1.17. The following happen, in relation with Q — R:

(1) Q is countable, while R is not countable.
(2) The probability for a random x € R to be rational is 0.
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PRrROOF. We have several things to be proved, the idea being as follows:

(1) We can count indeed the positive rationals, with some redundancies, by arranging
them in a table, and snaking our way inside this table, as follows:

1/1=1/2 1/3-=1/4 1/5->1/6
< v 7
2/1 2/2 2/3 2/4 2/5 2/6
v s S 7
3/1 3/2 3/3 3/4 3/5 3/6

<
4/1  4/2 4/3 4/4  4/5 46
e
5/1 5/2 5/3 5/4 5/5 5/6
P

6/1 6/2 6/3 6/4 6/5 6/6

Thus, after eliminating the redundancies, and then adding the negatives, which must
be countable too, say via an alternating +/— scheme, countability of Q proved.

(2) Regarding now the reals, assume by contradiction that [0, 1] is countable, listed as
follows, and with the convention that the writings of type ...999... are avoided:

T = O.a1a2a3 c.
Ty = O.blbgbg, e

T3 = 0.010203 .

Now pick digits o1 # aq, 09 # by, 03 # ¢35 and so on, again with a technical convention
here, that these are different from 9, and define x € R as follows:
Tr = 0.0'10203 N

We have then = € [0,1], and since z is obviously not on the above list, this is a
contradiction. Thus [0, 1] is not countable, and it follows that R is not countable either.

(3) Regarding the probability assertion, in order to avoid some troubles, we will prove
instead that the probability for a real number z € [0,1] to be rational is 0. So, let us
write the rational numbers r € [0, 1] in the form of a sequence ry,r9, 3. .. as follows:

Qﬂ[071] = {7’1,7”2,7’3,...}

Let us also pick a number ¢ > 0. Since the probability of having x = ry is certainly
smaller than ¢/2; then the probability of having z = 7 is certainly smaller than ¢/4, then
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the probability of having x = r3 is certainly smaller than ¢/8 and so on, the probability

for x to be rational satisfies the following inequality:

—2 4 8 2 4 8

Now this being valid for any ¢ > 0, we conclude that we have P = 0, as desired. [

c ¢ ¢ 1 1 1
PL<-4-4-++...=cl=4+=+=-4+...]=c¢c

As our first non-philosophical result now, generalizing Proposition 1.3, we have:

THEOREM 1.18. We have the following inequality, for any aq,...,a, >0,

ap+ ...+ ay
— > ¥Yay...qa,

n
telling us that the arithmetic mean is bigger than the geometric mean.

PRrOOF. This can be done in two steps, as follows:

(1) We know from Proposition 1.3 that this holds at n = 2, coming from:

(Va—vb)?>0 = a+b>2Vab
But with this, we can prove our inequality at n = 4 too, as follows:
at+b+c+d 1(a+b c+d)

4 2 2 2
1
> §(Vab—|—\/cd)

> \/VabVed
= Vabed

Next, we can prove our inequality, in the same way, at n = 8, then at n = 16, and so
on. Thus, as a conclusion, we know how to prove the result at any n = 2°.

(2) In general now, given numbers ay, ..., a, > 0, consider their arithmetic mean:
a;+...+ay,
m=———
n
Now pick s € N such that n < 2%, and let us complete our series aq, . .., a, with 2° —n

copies of m. The arithmetic mean stays the same, and by using (1) we obtain:

28 S S __
m> 3Va...a,m* " = m* >a;...a,m> "

= m">a...a,
== m > {Yay...a,

Thus, we are led to the conclusion in the statement. U
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1lc. Sequences, limits

We already met, on several occasions, infinite sequences or sums, and their limits.
Time now to clarify all this. Let us start with the following definition:

DEFINITION 1.19. We say that a sequence {x,},en C R converges to x € R when:
Ve >0,IN e NNVn > N, |z, —z| <¢
In this case, we write lim,, . x, = x, or simply x, — x.

This might look quite scary, at a first glance, but when thinking a bit, there is nothing
scary about it. Indeed, let us try to understand, how shall we translate x, — x into
mathematical language. And here, things are quite straightforward, as follows:

— The condition x,, — x tells us that “when n is big, x,, is close to x”.

— That is, this tells us that “when n is big enough, x,, gets arbitrarily close to x”.
— But, “n big enough” obviously means n > N, for some N € N.

— And “z,, arbitrarily close to #” means |z, — x| < ¢, for some & > 0.

— Thus, we are naturally led to the above definition, and end of the story.

But all this might sound quite theoretical, yes I know, so time perhaps for some
concrete illustrations. As a basic example for all this, we have:

PROPOSITION 1.20. We have 1/n — 0.

Proor. This is obvious, but let us prove it by using Definition 1.19. We have:

1
— = O‘ <e «— —<e¢
n n
1
— —<n
£
{1}
- <n
£
Thus we can take N = [1/¢] + 1 in Definition 1.19, and we are done. O

There are countless other examples of limits, and more on this in a moment. Going
ahead with more theory, let us complement Definition 1.19 with:

DEFINITION 1.21. We write x,, — co when the following condition is satisfied:
VK >0,dN e N,Vn> N,x, > K

Similarly, we write x,, — —oo when the same happens, with x, < —K at the end.
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Again, this is something very intuitive, coming from the fact that x, — oo can only
mean that x, is arbitrarily big, for n big enough, and we will leave some further thinking
here as an instructive exercise. As a basic illustration now for this, we have:

PROPOSITION 1.22. We have n? — oo.
PROOF. As before, this is obvious, but let us prove it via Definition 1.21. We have:
n’>K <= n>VK
— n> VK]
Thus we can take N = [v/K] + 1 in Definition 1.21, and we are done. O

We can unify and generalize Proposition 1.20 and Proposition 1.22, as follows:

PROPOSITION 1.23. We have the following convergence,

0 (a<0)
n*—=<¢1 (a=0)
oo (a>0)

with n — oo.

Proor. This follows indeed by using the same standard method as in the proof of
Proposition 1.20 and Proposition 1.22, first for a rational, and then for a real as well. [J

Next, we have some general results about limits, summarized as follows:
THEOREM 1.24. The following happen:

(1) The limit lim,, o x,,, if it exists, is unique.

(2) If x,, — z, with x € (—o00,00), then x,, is bounded.

(3) If z, is increasing or descreasing, then it converges.

(4) Assuming x, — x, any subsequence of x,, converges to x.

Proor. All this is elementary, coming from definitions:
(1) Assuming x, — z, z,, — y we have indeed, for any £ > 0, for n big enough:
|z =yl <z —aa| + 20 —y| <2
(2) Assuming x,, — x, we have |z, — z| < 1 for n > N, and so, for any k € N:
|2k <1+ [z +sup (|21, ..., |za-1])

(3) By using x — —=x, it is enough to prove the result for increasing sequences. But
here we can construct the limit z € (—oo, 00] in the following way:

U(—oo,a:n) = (—00, 1)

neN
(4) This is clear indeed from definitions. 0
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Here are as well some general rules for computing limits:

THEOREM 1.25. The following happen, with the conventions co+00 = 00, 0000 = 00,
1/00 =0, and with the conventions that co — oo and oo - 0 are undefined:
) xp, — x implies \x,, — Ax.
) Ty — T, Yo — Yy implies T, + Yy, — T+ Y.
) T, — T, Yo — y implies Ty, — TY.
) T, — x with © # 0 implies 1/x, — 1/x.

(1
(2
(3
(4
ProOOF. All this is again elementary, coming from definitions:
(1) This is something which is obvious from definitions.
(2) This follows indeed from the following estimate:
[Zn 4y — 2 —yl < |20 — 2| + |yn — Y
(3) This follows indeed from the following estimate:
|xnyn - xy| = |(xn - I)yn + m(yn - y)|
< =2l fyal + 1] - Jya — 9l
(4) This is again clear, by estimating 1/x,, — 1/x, in the obvious way. d
As an application of the above rules, we have the following useful result:
THEOREM 1.26. The n — oo limits of quotients of polynomials are given by
apn? +ap PN+ 4ag L anP
n—oo byn? 4 b,_1n?1 4+ ... + by  nooo bynd

with the limit on the right being £o00, 0, a,/b,, depending on the values of p, q.

PROOF. The first assertion comes from the following computation:

a,n? +a, NP+ ... +ag P apyta, n T+ +amn?
= 1 _
n—oo bynd + by_1nd=t 4 ...+ by n—soond by +b_n~t4 ...+ byn?
a,n?
= lim -2
n—00 bqnq
As for the second assertion, this comes from Proposition 1.23. U

Getting back now to theory, some sequences which obviously do not converge, like for
instance z,, = (—1)", have however “2 limits instead of 1”. So let us formulate:

DEFINITION 1.27. Given a sequence {x,}nen C R, we let

liminf z,, € [-o0,00] , limsupz, € [—o0, 0]
n—00 n—00

to be the smallest and biggest limit of a subsequence of (x,).
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Observe that the above quantities are defined indeed for any sequence x,,. For instance,
for z,, = (—1)™ we obtain —1 and 1. Also, for z,, = n we obtain co and oco. And so on.
Of course, and generalizing the x,, = n example, if x,, — x we obtain z and =x.

Going ahead with more theory, here is a key result:

THEOREM 1.28. A sequence x, converges, with finite limit x € R, precisely when
Ve > 0,IN € N\Vm,n > N, |z, —x,| < e
called Cauchy condition.

PROOF. In one sense, this is clear. In the other sense, we can say for instance that
the Cauchy condition forces the decimal writings of our numbers x,, to coincide more and
more, with n — oo, and so we can construct a limit z = lim,,_,, z,,, as desired. O

The above result is quite interesting, and as an application, we have:

THEOREM 1.29. R is the completion of Q, in the sense that it is the space of Cauchy
sequences over Q, identified when the virtual limit is the same, in the sense that:

Tp ~ Yy = Ty —yn| =0
Moreover, R is complete, in the sense that it equals its own completion.
PRrROOF. There are several things going on here, the idea being as follows:

(1) Getting back to Definition 1.1, we know from there what the rational numbers
are. But, as a continuation of that, we can talk about the distance between such rational
numbers, as being given by the formula in the statement, namely:

d(a c)_ a c| lad—bc|
b'd) b dl - |bd
(2) Very good, so let us get now into Cauchy sequences. We say that a sequence of

rational numbers {r,} C Q is Cauchy when the following condition is satisfied:

Ve>0,INeNm,n>N = d(rp,m) <e¢

Here of course € € QQ, because we do not know yet what the real numbers are.

(3) With this notion in hand, the idea will be to define the reals x € R as being the
limits of the Cauchy sequences {r,} C Q. But since these limits are not known yet to
exist to us, precisely because they are real, we must employ a trick. So, let us define
instead the reals x € R as being the Cauchy sequences {r,} C Q themselves.

(4) The question is now, will this work. As a first observation, we have an inclusion
Q C R, obtained by identifying each rational » € Q with the constant sequence r,, = r.
Also, we can sum and multiply our real numbers in the obvious way, namely:

(rn) + (Pn) = (ra + 1) 5 (70)(Pn) = (Tnpn)
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We can also talk about the order between such reals, as follows:
(rn) < (pn) <= IN,n>N = r, <p,

Finally, we can also solve equations of type x? = 2 over our real numbers, say by
using our previous work on the decimal writing, which shows in particular that /2 can
be approximated by rationals r,, € Q, by truncating the decimal writing.

(5) However, there is still a bug with our theory, because there are obviously more
Cauchy sequences of rationals, than real numbers. In order to fix this, let us go back to
the end of step (3) above, and make the following convention:

(Tn> = (pn) — d(rmpn) —0

(6) But, with this convention made, we have our theory. Indeed, the considerations
in (4) apply again, with this change, and we obtain an ordered field R, containing Q.
Moreover, the equivalence with the Dedekind cuts is something which is easy to establish,
and we will leave this as an instructive exercise, and this gives all the results. U

Very nice all this, so have have now two equivalent definitions for the real numbers.
Finally, getting back to the decimal writing, that can be recycled too, with some analysis
know-how, and we have a third possible definition for the real numbers, as follows:

THEOREM 1.30. The real numbers R can be defined as well via the decimal form
T=2a1...0,.0p4107120743 .-« ..
with a; € {0,1,...,9}, with the usual convention for such numbers, namely
..a999...=...(a+1)000...

and with the sum and multiplication coming by writing such numbers as
r ==+ Z ap107F
keZ

and then summing and multiplying, in the obvious way.

PROOF. We can define the reals z € R as being formal sums as follows, with the sum
being over integers k € Z assumed to be greater than a certain integer, k > kq:

r=%Y a107F
kEZ

Now by truncating, we can see that what we have here are certain Cauchy sequences
of rationals, and with a bit more work, we conclude that the R that we constructed is
precisely the R that we constructed in Theorem 1.29. Thus, we get the result. U
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1d. Sums and series

With the above understood, we are now ready to get into some truly interesting
mathematics. Let us start with the following definition:

DEFINITION 1.31. Given numbers xg, x1, 22, ... € R, we write

o9
E Tp, =X
n=0

with © € [—00, 00| when limy_, ZZ:O Ty = .

As before with the sequences, there is some general theory that can be developed for
the series, and more on this in a moment. As a first, basic example, we have:

THEOREM 1.32. We have the “geometric series” formula

o0
ga:”:

n=0

valid for any |x| < 1. For |z| > 1, the series diverges.
PROOF. Our first claim, which comes by multiplying and simplifying, is that:

1_1.k+

J'DMPT

11—z

But this proves the first assertion, because with £ — co we get:

As for the second assertion, this is clear as well from our formula above. O

Less trivial now is the following result, due to Riemann:

THEOREM 1.33. We have the following formula:
LI S S
sttt =

In fact, Y 1/n* converges for a > 1, and diverges for a < 1.

ProoOF. We have to prove several things, the idea being as follows:
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(1) The first assertion comes from the following computation:

I
2734

>

FEEEY (L I
2 " \3 "4 56 7 8) 7

TIURIPIY () NV (!
2" \4 "4 8 8 8 8) 7

i iyly
27272

(0. 9]

(2) Regarding now the second assertion, we have that at @ = 1, and so at any a < 1.
Thus, it remains to prove that at a > 1 the series converges. Let us first discuss the case
a = 2, which will prove the convergence at any a > 2. The trick here is as follows:

UL SR
479716 7 <

1

11
l+-4+2+—+...

3 6 10

11 1 1
24+ -+ —=+—+...

2 6 12 20

(G REREORCOR

2

(3) It remains to prove that the series converges at a € (1,2), and here it is enough
to deal with the case of the exponents a = 1+ 1/p with p € N. We already know how to
do this at p = 1, and the proof at p € N will be based on a similar trick. We have:

o0

1 1 _1
Z ni/p (n+1)/p

n=0

Let us compute, or rather estimate, the generic term of this series. By using the
formula a? — b = (a — b)(a?™* + aP2b+ ... + abP~2 + VP~!), we have:

1 1

nl/v (n+ 1)\

(n+1)V/P —nl/r
nt/p(n + 1)Vp

1
nt/p(n+ 1)VP[(n+ 1)1=1/P 4 ... 4+ nl=1/7]
1
ni/P(n + 1)1/7 . p(n + 1)1-1/»
1
1
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We therefore obtain the following estimate for the Riemann sum:

=1 - 1
Z ni+ip L+ Z (n+ 1)1+1/p

n=0 n=0
/1 1
S 1+pnz%(n1/p_(n+1>l/p)
Thus, we are done with the case a = 1 + 1/p, which finishes the proof. Il

Here is another tricky result, this time about alternating sums:

THEOREM 1.34. We have the following convergence result:
1 1 1

1l—=4+—-—=-=4...
2—|—3 4+ < 0

However, when rearranging terms, we can obtain any x € [—oo, 00| as limit.
PrROOF. Both the assertions follow from Theorem 1.33, as follows:

(1) We have the following computation, using the Riemann criterion at a = 2:

. 1+1 1+1 1+ B 1+1+1+
2 3 4 5 6 7 2 12 30
1 1 1
< ﬁ+§+§+“'
< o0

(2) We have the following formulae, coming from the Riemann criterion at a = 1:

1_‘_14_14_1_{_‘“:1(1—}—1—{—1—|—1+...>:OO
2 4 6 8 2 2 3 4
1_|_1_‘_1_|_1_|_.”>1—|—1—{—1—|—1+...=OO
3 5 7 —2 4 6 8

Thus, both these series diverge. The point now is that, by using this, when rearranging
terms in the alternating series in the statement, we can arrange for the partial sums to
go arbitrarily high, or arbitrarily low, and we can obtain any z € [—o0, o0] as limit. O

Back now to the general case, we first have the following statement:

THEOREM 1.35. The following hold, with the converses of (1) and (2) being wrong,
and with (3) not holding when the assumption x,, > 0 is removed:

(1) If >, =, converges then x,, — 0.

(2) If >, |zn| converges then ), x, converges.
(3) If >, xp converges, x, >0 and x,/y, — 1 then Yy, converges.
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PROOF. This is a mixture of trivial and non-trivial results, as follows:

(1) We know that ) x, converges when S, = ZZ:O x, converges. Thus by Cauchy
we have the following convergence, which gives the result:

Ik:Sk—Skfl—)O

As for the simplest counterexample for the converse, this comes from the following
tricky formula of Riemann, that we know well from Theorem 1.33:

IR
- - — L. =00
23 4

(2) This follows again from the Cauchy criterion, by using:
|$n +Tpp1+ ..+ mn-i—k’ < |$n| + |$n+1| +.. .+ ‘xn+k|

As for the simplest counterexample for the converse, this comes from Theorem 1.34.
Indeed, let us have a look at the formula established there, namely:

1 1 1

l—c+5;—-+... <00
2 3 4
So, definitely convergent series, but when passing to absolute values, the series di-
verges, due to 1 + % + % + 411 + ... =o00. Thus, we have our conterexample.

(3) Again, the main assertion here is clear, coming from, for n big:
(I—¢8)zn <y < (1+e)zy

In what regards now the failure of the result, when the assumption x,, > 0 is removed,
this is something quite tricky, the simplest counterexample being as follows:

To be more precise, we have y,, /x,, — 1, s0 x,,/y, — 1 too, but according to the above-
mentioned results from (1,2), modified a bit, >z, converges, while > v, diverges. O

Summarizing, we have some useful positive results about series, which are however
quite trivial, along with various counterexamples to their possible modifications, which
are non-trivial. Staying positive, here are some more positive results:

THEOREM 1.36. The following happen, and in all cases, the situtation where ¢ =1 is
indeterminate, in the sense that the series can converge or diverge:
(1) If |zps1/2n| — ¢, the series Y, x, converges if ¢ < 1, and diverges if ¢ > 1.
(2) If W — ¢, the series ) x, converges if ¢ <1, and diverges if ¢ > 1.
(3) With ¢ = limsup,,_, m, >, Tn converges if ¢ < 1, and diverges if ¢ > 1.
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PROOF. Again, this is a mixture of trivial and non-trivial results, as follows:

(1) Here the main assertions, regarding the cases ¢ < 1 and ¢ > 1, are both clear by
comparing with the geometric series ) ¢". As for the case ¢ = 1, this is what happens
for the Riemann series > 1/n®, so we can have both convergent and divergent series.

(2) Again, the main assertions, where ¢ < 1 or ¢ > 1, are clear by comparing with the
geometric series ) ¢", and the ¢ = 1 examples come from the Riemann series.

(3) Here the case ¢ < 1 is dealt with as in (2), and the same goes for the examples at
¢ = 1. As for the case ¢ > 1, this is clear too, because here z,, — 0 fails. U

Finally, generalizing the first assertion in Theorem 1.34, we have:
THEOREM 1.37. If z, \, O then > (—1)"x, converges.
PROOF. We have the ) (—1)"z, =), yi, where:

Yk = T2k — T2k+1
But, by drawing for instance the numbers z; on the real line, we see that ¥, are positive

numbers, and that ), y; is the sum of lengths of certain disjoint intervals, included in
the interval [0, zo]. Thus we have ), yx < zo, and this gives the result. O

So long for convergence, and basic analysis over R, in general. We will be back to this,
with some further results, which are more specialized, whenever needed.

le. Exercises
This was a standard introductory analysis chapter, and as exercises, we have:

EXERCISE 1.38. Learn about the central binomial coefficients Dy, = (2:)

EXERCISE 1.39. Learn also about the Catalan numbers C) = ﬁ(%f)

EXERCISE 1.40. When is (Z) divisible by a given prime number p?

EXERCISE 1.41. Write a short essay, about what the real numbers really are.
EXERCISE 1.42. Find and fix the various potential bugs with P(z € Q) = 0.
EXERCISE 1.43. What are the allowed arithmetic operations involving 0,1,00¢
EXERCISE 1.44. Try summing the series ) x™ geometrically, for x rational.
EXERCISE 1.45. Clarify what we said above, regarding rearranging > (—1)"/n.

As bonus exercise, find and solve 100 exercises featuring sequences and series.



CHAPTER 2

Polynomials

2a. Polynomials, roots

Welcome to functions. These are the basic objects of mathematical analysis, with
their definition being something very simple and fundamental, as follows:

DEFINITION 2.1. A real function is a correspondence as follows:
fR=>R | z— f(x)
More generally, we can talk about functions f: X — R, with X C R.

Here the first notion is indeed something very intuitive, with this covering countless
functions that we already know, as for instance the usual power functions:

fR=>R | f(z)=2a"

As for the second notion, this is something more general, which is useful too. As a
basic example here, we have the inverse function, which cannot be defined at x = 0:
1

f:R—{0} >R | f(w):;

Still talking generalities, since we eventually allowed the domain to be an arbitrary
set X C R, why not doing the same for the image. We are led in this way into:

DEFINITION 2.2 (update). More generally, we call real function any correspondence
[ X—=Y | z— f(o)
with X CR and Y C R.

In practice, however, this update will not change much to what we already had, from
Definition 2.1. Indeed, any function f : X — Y with Y C R can be regarded as a function
f X — R in the obvious way, by composing it with the inclusion Y C R, as follows:

f: X—=Y ~ f: X=YCR

However, Definition 2.2 can be something useful, in relation with the notions of injec-
tivity, or surjectivity. Consider for instance the usual square function:

fR=R | f(z)=2"
33
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This function is certainly not injective, but we can make it injective, as follows:
[i0,00) R, f(z) =a?

Which is good, but this latter function is still not surjective. However, we can make
it surjective, by using the framework of Definition 2.2, as follows:

f:]0,00) = [0,00) f(x):xQ

Obviously, this latter trick, in relation with surjectivity, can work for any function, in
obvious way, by setting Y = f(X). Let us record this finding, as follows:

PROPOSITION 2.3. Any function f: X — R can be made into a function
f:X—=Y
which is surjective, simply by setting Y = f(X).
ProoF. This is indeed something clear from definitions, as explained above. Il

With this done, you might perhaps ask at this point, why not pulling now a similar
trick, for injectivity, a bit as we did before for f(x) = 22, by restricting the domain. Well,
the problem is that is not really possible, in a general way, convenient for all functions,
because depending on the exact function f : R — R that we have in mind, restricting the
domain to this or that X C R, as to have f injective, remains something subjective.

Getting now to more concrete mathematics, as a first question, we have:
QUESTION 2.4. How to suitably represent our functions f: R — R?

In answer to this, the graph of a function f : R — R, which is something in 2D, drawn
with the convention y = f(x), is usually the best way to represent the function:

You are certainly familiar with this, drawing such graphs, so let us record here:

ANSWER 2.5. The functions f : R — R are usually well represented by their graphs,
drawn as usual in 2D, with the convention y = f(z).

As an illustration for the power of this method, representing functions by their graphs,
we can invert quite easily the bijective functions, as follows:
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THEOREM 2.6. Given a bijective function f: R — R, its inverse function
fFL:R—>R
is obtained by flipping the graph over the x =y diagonal of the plane.

ProoF. This is something quite clear and intuitive, because by definition of the inverse
function f~!': R — R, this is given by the following formula:
y=fz) <= [y =2
Thus, in practice, drawing the graph of f~!: R — R amounts in taking the graph of
f iR — R and interchanging the coordinates, x <> y, as indicated. O

In what regards now the more general functions, f : X — Y with XY C R, as in
Definition 2.2, pretty much the same can be said here, and we have:

THEOREM 2.7 (update). Given a bijective function f: X — Y, its inverse function
1y - X
1s obtained by flipping the graph over the x =y diagonal of the plane.

Proor. This is indeed a straightforward generalization of Theorem 2.6. O

As a basic application, consider the square function f(z) = z?, regarded as function

f:]0,00) = [0,00). This function is certainly injective, being increasing, and is surjective
too, with the existence of square roots coming from our Dedekind cut approach to R. Thus
the inverse function f~!(z) = \/x can be obtained by flipping the graph, as follows:

We will see in what follows many other applications of the graphs of functions, for
countless other questions that we can have, about them. However, and we should mention
this, the graph of a function is not everything, and more precisely, we have:

WARNING 2.8. The graph is not everything, with for instance the function

f(z) =2z

being best thought of as it comes, elongating all distances by 2.
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With this discussed, and getting back now to more concrete mathematics, let us have
a look at the simplest functions that we know, namely the degree 2 polynomials:

f(z)=az®+bx+c

You certainly know that these are best represented by their graphs, which are parabo-
las. And, in order to draw these, we can use the following formula, from chapter 1:

) b\> b®—dac
ar*+br+c=0 < |(z+—) = ———
2a 4q?

To be more precise, we are led to the following method, for drawing the parabolas:

METHOD 2.9. In order to draw the graph of f(x) = az® + bx + c:

1) We must first compute the discriminant, A = b* — 4ac.

2) Which leads to 4 cases, depending on whether a, A are positive or not.

3) And so to 4 cases, regarding the position and orientation of the parabola.

4) Next, we must compute v = —b/2a, where the symmetry azis is.

5) So, we must first draw (z, f(x)), and then the parabola, according to (3),
(6) With the zeroes (z,0) with z = (—b £ V/A)/2a represented too, when A > 0.

As an illustration for this, let us take f(z) = (z? — 2z —3)/3. Here the roots are —1, 3,
the symmetry axis is at © = 1, and f(1) = —4/3, so the parabola looks as follows:

(
(
(
(
(

Observe that I have in fact not bothered with computing A, in this example. This is
because I have my own tricks for computing the zeroes, as follows:

PROPOSITION 2.10. The roots r,s of a degree 2 equation, written as
2 —ar+b=0
can be computed by using r+ s =a, rs =b.
Proor. This is something very standard, the idea being as follows:

(1) To start with, given an arbitrary equation Az?+ Bx+C = 0, we can always divide
by A, then switch the sign of B, as to reach to the above form, 22 — az + b = 0.
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(2) Next, let us look for the roots r,s. These must satisfy the following equations:
r?—ar+b=0
s?—as+b=0
By making the difference and the sum, these equations are equivalent to:
(r—s)(r+s)—a(r—s)=20
(r+s)>—2rs—a(r+s)+2b=0

But, assuming that the roots are distinct, r # s, the first equation gives r + s = a,
and with this in hand, the second equation becomes rs = b, as desired.

(3) Thus, result proved, modulo a discussion regarding the case r = s. But this case
appears when A = a¢? — 4b vanishes, and with the common root here being r = s = a/2,
and this fits with our equations, which are in this case r + s = a, rs = a?/4. Il

Here is an illustration for this. With the help of the general formula, we find:

8+ 164 —-60 842
2 —8r+15=0 < z = 5 = =3,5

With the above trick, however, the computation is almost instant, as follows:

2 —8r+15=0 < r+s=8, rs=15 <= r,5s=3,5
Which is not bad, hope you agree with me here. Moving on, in order to discuss the
analogue of the above trick for the arbitrary polynomials, let us start with:

PROPOSITION 2.11. For a polynomial P € R[X]| and a number r € R, the following
conditions are equivalent:

(1) P(r)=0.
(2) P(x) = (x —1r)Q, with Q € R[X].
PROOF. The point here is that we can divide the polynomials, a bit as we divide the
integers, with an illustration for the division algorithm being as follows:

P+ 1= (z+2)*+x

P+ 1= (v+2)(2* + %) +
$3+1=(x—|—2)(x2—2x+*)+*
P+ 1= (r+2)(2° — 27 +4) +*
P 4l=(2+2)(z*—22+4) -7

L

Now by dividing P by x —r we are led to a formula as follows, with the quotient being
a certain polynomial @) € R[X], and the remainder being a constant ¢ € R:

P(x)=(x—7r)Q +c

But with this in hand, the equivalence in the statement is clear, by taking x =». U
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Now by applying this iteratively, we are led to the following key result:

THEOREM 2.12. Any polynomial P € R[X] can be written as
Pl)=(zx—r)™ ... (x —1)"Q
with ry,...,r € R being the roots, ny,...,nx € N, and Q € R[X] having no roots.

Proor. This follows indeed by applying Proposition 2.11 iteratively, with the term
[1;(z —r;)™ growing over the time, until it has to stop, due to the fact that the remainder
@ € R[X] becomes a constant, or more generally, a polynomial having no roots. U

As a useful complement now to Theorem 2.12, which generalizes and further clarifies
what we said in Proposition 2.10 and its proof, in degree 2, we have:

THEOREM 2.13. Given a polynomial P € R[X]|, with leading coefficient 1,
P(z)=2"+ ap 12" ' 4+ ...+ a1x +ap
assuming that P has the mazimum of n roots, when counted with multiplicities, so that
Plz)=(zx—r1)...(x —1p)
these roots, taken with multiplicities, satisfy Y. r; = —an—1 and [, 7, = (—1)"ao.

ProoF. This is clear indeed from the formula P(z) = (z—ry) ... (z—r,), by expanding
the product, and identifying the terms of degree n — 1, and of degree 0. U

As an illustration for all this, we can go back now to Proposition 2.10, and we have a
more conceptual proof for the equations found there, coming from:

2 —ax+b=(xr—r)(z—>s)
As a second illustration, consider a degree 3 polynomial, written as follows:
P(z) =% —az® + br — ¢

Assuming that P has its maximum of 3 roots, when counted with multiplicities, these
roots r, s,t are then subject to the following formulae, which determine them:

r+s+t=a
rs+rt+st==»5
rst =c
Next, as yet another basic thing about roots, that you should know too, we have:
THEOREM 2.14. Given a polynomial P € Z[X], with leading coefficient 1,
P(x)=a2"+a, 12" '+ ...+ a1w +ap
any integer root r € Z must satisfy r|ao.

PROOF. This is clear indeed from P(r) = r" + a,_1"" ' + ... + ayr + ap, because
assuming P(r) = 0, this reads r(r" ™' 4+ a,_17""? + ...+ a;) = —ag, which gives r|ap. O
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Getting back now to more concrete things, we know how to deal with degree 2. In
degree 3 things get more complicated, and as a first observation, we have:

FacT 2.15. Any degree 3 polynomial, say taken with leading coefficient 1,
P=2a+azx’ +bx+c
must have at least one root, on the grounds that P must travel as follows:
P(—00) = —0 ~ P(c0) = o0

Moreover, the same argument should apply to any P € R[X] of odd degree.

However, while intuitive, this is something non-trivial to prove. So, we will prove this
in the next section, and then we will get back to polynomials, and their roots.

2b. Continuity basics

In order to say now a number of non-trivial general things about functions, and in
particular about polynomials, let us introduce the following key notion:

DEFINITION 2.16. A function f: R — R, or more generally f : X — R, with X C R
being a subset, is called continuous when, for any x,,x € X:

T, > = f(x,) — f(z)

Also, we say that f : X — R is continuous at a given point v € X when the above
condition s satisfied, for that point x.

Regarding the basic examples of continuous functions, there are many of them, and
we will discuss them in a moment, once we will have some basic tools, in order to prove
that this or that function is continuous or not, without much pain. As a matter, however,
of having a first illustration for Definition 2.16, let us record the following fact:

PROPOSITION 2.17. The basic power functions, namely
fla) =a*
with k € N, are all continuous.
PROOF. According to Definition 2.16, we want to prove that we have:
S i
Which looks quite clear, but you might want a rigorous proof for this. In answer:

(1) A first method is by using the results from chapter 1 regarding the sequences. To
be more precise, we know from there that the following formula holds:

lim z,y, = lim x, lim y,
n—oo n—o0 n—o0
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But with z,, = y,, this leads to the following formula:

2
lim 22 = (hm xn)
n—oo n—oo

Obviously, we can iterate this method, and so for any k£ € N, we have:

k
lim 2% = (hm xn)
n—o0 n—o0

But now, assuming x,, — x as above, this formula gives, as desired:

k k

lim z, ==

n—oo
(2) Thus, result proved, but let us try as well a second method, which is less conceptual,
but is instructive too. Our idea here will be to use no idea at all. Obviously, in order to
solve our question, we must estimate quantities of type (z + t)k — ¥, with ¢ small. But
we can do this with the binomial formula, which gives, for |¢| < 1:

k
k
(x+t)F —2F = ()xksts
s=1 s
k —S S
< 3 ()t
s=1
k
k —S8
< WY (D)t
s=1
< JH(1 + [

Now assume x,, — x. We can then write x,, = x 4+ t,,, and by choosing our n >> 0 as
to have |t,,| < 1, we can use the above estimate, which gives:

= 2% < [ta](1 + J2]*)
Now since we have ¢, — 0, we obtain from this ¥ — 2%, as desired. Il
Still in relation with Definition 2.16, let us record as well a counterexample:

PROPOSITION 2.18. The basic inverse function, namely

15 continuous everywhere, except at 0. That 1s, no matter how you pick o € R and set

f(0) =«

the function will be not continuous at 0.
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PROOF. There are several things going on here, the idea being as follows:

(1) Let us begin with the positive statement, saying that f is continuous at any x # 0.
In order to prove this, the situation is a bit similar to what we had in Proposition 2.17.
Indeed, we can use the following formula for sequences, that we know from chapter 1:
.1 1
lim — = ———
n=00 Tp lim,, o0 Ty,
Alternatively, and once again a bit similarly to what we did for Proposition 2.17, we
have the 1-neuron proof, based on the following estimate, valid for |¢| < |z|/2:
1 I t t
v x+t] |z(r+t) x2/2
(2) Regarding the second assertion, non-continuity at 0, assume by contradiction that
by setting f(0) = «, our function f becomes continuous at 0. But this means:

<

1
r, >0 — — >«
Tn,

Now with z,, > 0 we obtain o > 0, and with x,, < 0 we obtain a < 0. Thus, we have
our contradiction, so our assumption that f is continuous was wrong, as desired. U

Getting back now to the general theory, and to Definition 2.16 as stated, many things
can be said. To start with, there are many other equivalent formulations of the notion of
continuity, with a well-known, useful, and much feared one, being as follows:

THEOREM 2.19. A function f: X — R is continuous when
Vee X,Ve>0,30>0,|z—y|<d = |f(x)— fly)] <e
holds.

PROOF. Let us prove this, with no fear. According to Definition 2.16, in order for our
function f to be continuous, the following must happen, for any =z € X:

Now when reminding what convergence of a sequence exactly means, for both the
convergences x, — x and f(z,) — f(x), we are led to the conclusion in the statement. O

Nexrt, we have the following useful theoretical result regarding continuity:

THEOREM 2.20. If f, g are continuous, then so are:

(1) f+g.
(2) fg

(3) f/g-
(4) foy.
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PROOF. Before anything, we should mention that the claim is that (1-4) hold indeed,
provided that at the level of domains and ranges, the statement makes sense. For instance
in (1,2,3) we are talking about functions having the same domain, and with g(x) # 0 for
the needs of (3), and there is a similar discussion regarding (4).

(1) The claim here is that if both f, g are continuous at a point z, then so is the sum
f + g. But this is clear from the similar result for sequences, namely:
lim (z, + y,) = lim z, + lim y,
n—oo n—oo n—oo
(2) Again, the statement here is similar, and the result follows from:

lim z,y, = lim x, lim y,
n—oo n—0o0 n—o0

(3) Here the claim is that if both f, g are continuous at x, with g(x) # 0, then f/g is
continuous at x. In order to prove this, observe that by continuity, g(z) # 0 shows that
g(y) # 0 for |x — y| small enough. Thus we can assume g # 0, and with this assumption
made, the result follows from the similar result for sequences, namely:

Ty, lim, o1y

(4) Here the claim is that if g is continuous at z, and f is continuous at g(z), then
f o g is continuous at x. But this is clear, coming from:

T, — v =  g(z,) = g(z)
= [(9(zn)) = fg(z))

Alternatively, let us prove this as well by using that scary ¢, § condition from Theorem
2.19. So, let us pick an arbitrary € > 0. We want in the end to have something of type
|f(g(x)) = f(g9(y))] < e, so we must first use that ¢, condition for the function f. So, let
us start in this way. Since f is continuous at g(x), we can find ¢ > 0 such that:

9(x) — 2] <0 = |f(g9(x)) — f(z)| <e
On the other hand, since g is continuous at x, we can find v > 0 such that:
[z —yl <v = lg(z) —g(y)| <o
Now by combining the above two inequalities, with z = ¢g(y), we obtain:

[z —yl <v = [f(9(x)) — flg(y))| <e
Thus, the composition f o g is continuous at x, as desired. O

As a first consequence of the above result, of interest to us, we have:
THEOREM 2.21. Any polynomial P € R[X], regarded as function
P:R—-R , z— P(x)

18 continuous, over its whole domain.
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ProoF. This follows from Theorem 2.20, and from the extra fact, which is something
trivial, and that I forgot to mention there, that if a function f is continuous, and A € R is
a scalar, then the function \f is continuous too. Indeed, since any polynomial P € R[X]
can be obtained by starting with the function  — =, which is continuous, and making
sums, products, and multiplication by scalars, P must be continuous, as stated. Il

All this sounds very good, and with polynomials being continuous, we can apply now
to them our continuous function technology. This being said, thinking well, what exact
continuous function technology? Honestly, we have nothing so far here.

So, we must develop this technology. Let us start with the main result, as follows:

THEOREM 2.22 (Intermediate value property). Given a continuous function
fila,b] - R
its image is a closed bounded interval, Im(f) = [c,d].

PROOF. It is convenient to make the convention that all intervals are by definition
closed and bounded, and with [a, b] denoting the numbers comprised between a, b, regard-
less on whether a < b, or a > b. With this convention, the proof goes as follows:

(1) Let us first prove that f takes its intermediate values, in the sense that any
u € [f(a), f(b)] belongs to Im(f). In order to do so, observe that we have:

ol c | rw (50)| vl (452) )

Thus u € [f(a), f(b)] must belong to one of the intervals on the right. Now by repeating
this procedure, indefinitely, we are led to a certain decreasing sequence of closed intervals
I;,, with the size of these intervals halving at each step, such that:

we f(L) , Vk

Now consider the limiting point x of the intervals that we found, given by:
()1 = {z}
k

And with this, we are done. Indeed, by continuity of our function f at this point x,
from the above condition, u € f(I}) for any k, we obtain that we have, as desired:

flx) =wu
(2) Next, we can apply what found to the restriction f": [a/,b'] — R of our function

to any interval [a/,0'] C [a,b], and with a bit of thinking here, that we will leave as an
exercise, this shows that the image of our function is indeed an interval, as stated. O

In practice now, Theorem 2.22 as stated is something quite compact, and in view of
applications, the various findings there are best recalled as follows:
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THEOREM 2.23. The following happen for a continuous function f : [a,b] — R:

(1) f takes all intermediate values between f(a), f(b).
(2) f has a minimum and mazimum on [a,b).
(3) If f(a), f(b) have different signs, f(x) =0 has a solution.

Proor. All these statements follow indeed from Theorem 2.22. O

And with this, good news, we have now, eventually, a rigorous proof for Fact 2.15.
Let us record this, along with a little bit more, as a theorem, coming as a useful analytic
complement to what we already know, of algebraic nature, about polynomials:

THEOREM 2.24. Any polynomial P € R[X]| of odd degree has a root. In particular, an
arbitrary degree 3 polynomial must decompose as

P(r) = (r —r)Q(z)
with r € R and with Q) being of degree 2, having 0 or 2 roots.

PROOF. Here the first assertion comes from Theorem 2.23 (3), because if P has odd
degree, taken with leading coefficient ¢ > 0, it must travel as follows:

P(—00) = —0 ~ P(c0) = 00

As for the second assertion, this is something self-explanatory, coming from this, and
from our previous theory of factorization, and from what we know in degree 2. O

So long for our basic discussion of the intermediate value property. Far more things
can be said, along these lines, and we will be back to this, on a more systematic basis, in
Part II of this book. In the meantime, what we have in the above will do.

As for the polynomials of degree 3, what we have in Theorem 2.24 is certainly very
useful, but there are far more things that can be said, on top of this. More later.

2c. Rational functions

Getting back now to the continuity basics, when thinking a bit, the various operations
from Theorem 2.20 allow us to say more about polynomials, as follows:

THEOREM 2.25. The quotients of real polynomials, called rational functions

P
Q
are continuous on their domain. To be more precise, with (P,Q) = 1, the function
P
fiR-P; =R |, 22— (z)
Q(x)

with Py C R being the set of zeroes Q), also called poles of f, is continuous.
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Proor. This follows indeed from Theorem 2.20, and more specifically, from the find-
ings (1,2,3) there, and with the above convention (P,Q) = 1 being there for having the
set of poles Py C R as small as possible. And with the extra comment that, in what
regards the term “pole”, this does not come from the Poles who invented this, but rather
from the fact that, when drawing the graph of f, we are faced with some sort of tent,
which is suspended by infinite poles, which lie, guess where, at the poles of f. O

The rational functions are something quite interesting, worth some more discussion.
As a first observation, these are stable by all the operations in Theorem 2.20:

THEOREM 2.26. The rational functions add, multiply and divide according to
P R_PS+QR P R_PR P R_PS
Q S RQS 7 QS QS T QS QR
and they are stable as well by composition, according to the computation
P . R P(R/S) P'/S™  P'S"
Q S QR/S) Qfs Qsm
with m,n being the degrees of P, Q, and with P', Q" being certain polynomials.

ProOF. This is something self-explanatory, with the first three operations being sim-
ilar to those for the usual numeric fractions, and with the composition computation being
self-explanatory too, modulo some thinking, that we will leave as an exercise. U

As an interesting philosophical conclusion of all this, we have:

CONCLUSION 2.27. With the rational functions being stable by all operations in The-
orem 2.20, these are basically the only continuous functions that we have, so far.

And is this good or not? I would say, good for pure mathematics, we classified all
our objects, and can be proud about our classification, but bad for physics and science,
because the functions that appear in the real life are, most likely, not rational.

So, let us fix this. Coming as a continuation of our general theorems, we have:

THEOREM 2.28. A continuous surjective function f is injective, and so invertible,
precisely when it is monotone, and in this case, the inverse function f=* must be monotone
and continuous too. Moreover, this statement holds both locally, and globally.

PROOF. The first assertion follows from Theorem 2.22, and the fact that f~! is mono-
tone is clear. Regarding now the continuity of f~!, we want to prove that we have:

v = = [ (w) = ()
But with z, = f(y,) and z = f(y), this condition becomes:

fm) = fly) = =y
And this latter condition being true since f is monotone, we are done. U
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As an application of this, providing a way out from our impasse, we have:

PROPOSITION 2.29. The following happen:

(1) Given n € 2N+ 1, we can extract /x, for any x € R.
(2) Given n € N, we can extract /x, for any x € [0, 00).

PROOF. These results come indeed from Theorem 2.28, applied to the power function
f(z) = 2", regarded as function f : R — R for n odd, and as function f : [0, 00) — [0, c0)
for n even, which is indeed continuous and surjective, as required. Il

More generally now, we have the following result, regarding the power functions:

THEOREM 2.30. The function x* is defined and continuous on (0,00), for any a € R.
Moreover, when trying to extend it to R, we have 4 cases, as follows,
(1) For a € Qugq, a > 0, the maximal domain is R.
(2) For a € Quaa, a <0, the mazimal domain is R — {0}.
(3) Fora € R—Q ora € Qeen, a > 0, the mazimal domain is [0, 00).
(4) Fora € R —Q or a € Qepen, a < 0, the mazimal domain is (0, 00).

where Qoqq is the set of rationals r = p/q with q odd, and Qepen, = Q — Qoua-

PRrROOF. This basically comes from Proposition 2.29, by continuity, as follows:

(1) Assume a = p/q, with p,q € N, p # 0 and ¢ odd. Given a number z € R, we can
construct the power x® in the following way, by using Proposition 2.29:

q

I‘a = xp

Then, it is straightforward to prove that x® is indeed continuous on R.

(2) In the case a = —p/q, with p,q € N and ¢ odd, the same discussion applies, with
the only change coming from the fact that ® cannot be applied to x = 0.

(3) Assume first @ € Qepen, @ > 0. This means a = p/q with p,q € N, p # 0 and ¢
even, and as before in (1), we can set 2% = /a? for x > 0, by using Proposition 2.29. It is
then straightforward to prove that z® is indeed continuous on [0, 00), and not extendable
either to the negatives. Thus, we are done with the case a € Qcpen, @ > 0, and the case
left, namely a € R — Q, a > 0, follows as well by continuity.

(4) In the cases a € Qepen, a < 0 and a € R — Q, a < 0, the same discussion applies,
with the only change coming from the fact that z* cannot be applied to z = 0. U

Let us record as well a result about the function a”, as follows:

THEOREM 2.31. The function a® is as follows:

(1) For a > 0, this function is defined and continuous on R.
(2) For a =0, this function is defined and continuous on (0, 00).
(3) For a < 0, the domain of this function contains no interval.
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PROOF. This is a sort of reformulation of Theorem 2.30, by exchanging the variables,
x <> a. To be more precise, the situation is as follows:

(1) We know from Theorem 2.30 that things fine with z* for x > 0, no matter what
a € R is. But this means that things fine with a” for a > 0, no matter what = € R is.

(2) This is something trivial, and we have of course 07 = 0, for any = > 0. As for the
powers 0” with z < 0, these are impossible to define, for obvious reasons.

(3) Given a < 0, we know from Theorem 2.30 that we cannot define a® for x € Qepen-
But since Qepen is dense in R, this gives the result. O

Summarizing, our scare is gone, with Conclusion 2.27 being now obsolete, the point
being that, as basic examples of functions, we have the rational functions, their local
inverses, and various combinations of these. Which is quite broad, and good to know.

Back now to the rational functions, f = P/Q, we know from Theorem 2.25 that it is
best to assume that the polynomials P, @ are prime to each other, (P, Q) = 1, as for the
zeroes of () to be exactly the poles of f. We can further build on this, as follows:

PROPOSITION 2.32. Any rational function can be written as

P(z)
xT) =
f(@) (x —r)™ .. (z— )™ Q(x)
with ry,...,rx € R being the poles, P(r;) # 0, and Q having no roots.

ProoF. This is indeed something self-explanatory, by using first the above-mentioned
convention (P, Q) = 1, and then factorizing the denominator, using Theorem 2.12. O

In order to exploit the above writing, we will need a standard fact, as follows:
PROPOSITION 2.33. Given two polynomials which are prime to each other,
(R,Q) =1
we can always find two polynomials A, B such that AQ + BR = 1.

Proor. This is something very standard, exactly as the similar result for numbers,
that you surely know. So, consider the following r polynomials, with r = deg R:

Q,zQ,2%Q, ..., 2" 'Q

These polynomials are then, modulo scalars, the various remainders modulo R, so we
conclude that, again modulo R and modulo scalars, we have the following equality:

{Q,2Q,2°Q,...,.2" QY = {1,z,2% ..., 2"}

In particular AQ = 1(R) modulo scalars, for some A = ¥, which means AQ+ BR = 1
modulo scalars, for some A, B, and by dividing by the scalar, AQ+BR = 1, as desired. [J
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Now observe that the formula AQ + BR = 1 found above can be written as:
1 A B
— =4 =
RQ R Q
Thus, we can apply this trick in the context of Proposition 2.32, and we obtain:

THEOREM 2.34. Any rational function can be written as

Ay () Ap(z) | B(x)
T) = ——t— ..+ +
M= T e T ew
with r1,...,r, € R being the poles, and with Q) having no roots.

Proor. This follows indeed by writing our function as in Proposition 2.32, and then
applying Proposition 2.34, in its fraction form mentioned above, to the various components
of the denominator. Thus, we are led to the conclusion in the statement. Il

As a continuation of this, we will see soon, in chapter 3, that the last term B /(@) actually
dissapears when passing to the complex numbers. Thus, we are left with computing the
various A(x)/(xz — r)" terms, and here, we can use the following key result:

THEOREM 2.35. We have the generalized binomial formula
= /m
1+2)" = z*
(e =3 ()

with the generalized binomial coefficients being given by

(TZ) _m(m — 1)..}{.!(m— k+1)

valid for any exponent m € Z, and any |x| < 1.
ProoOF. This is something quite tricky, the idea being as follows:

(1) For exponents m € N, this is something that we know well from chapter 1, and
which is valid for any € R, coming from the usual binomial formula.

(2) For the exponent m = —1 this is something that we know from chapter 1 too,
coming from the following formula, valid for any |z| < 1:
1
=l—z+2>—2°+...
1+
Indeed, this is exactly our generalized binomial formula at m = —1, because:

<—k1) _ (—1)(—213!...(—@ —
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(3) Let us discuss now the general case m € —N. With m = —n, and n € N, the
generalized binomial coefficients are given by the following formula:

(—n) C(=m)(=n—1)...(-n—k+1)

k k!
B cnn+1)...(n+k—1)
_ (_1)k(n+k—1)!
(n— 1)!k!
+k—1
— (=1)F("
(Y
Thus, our generalized binomial formula at m = —n, with n € N, reads:
1 > n+k—1
— -1 k k
(14 1) kzzo( )< n—1 )t

(4) In order to prove this formula, it is convenient to write it with —¢ instead of ¢, in
order to get rid of signs. The formula to be proved becomes:

We prove this by recurrence on n. At n = 1 this formula definitely holds, as explained
in (2) above. So, assume that the formula holds at n € N. We have then:

1 1 1

(IT—t)t — 1—¢t (1—¢t)m
i - (n +1— )
— = n—1
i i (n +1— 1)
= = n—1
On the other hand, the formula that we want to prove is as follows:

= ()

s=0

Thus, in order to finish, we must prove the following formula:

(- ()
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(5) In order to prove this latter formula, we proceed by recurrence on s € N. At s =0
the formula is trivial, 1 = 1. So, assume that the formula holds at s € N. In order to
prove the formula at s + 1, we are in need of the following formula:

(n—i—S) <n+s> (n—irs—l—l)

_.I_ =

n n—1 n

But this is the Pascal formula, that we know from chapter 1, and we are done. Il

In relation now with the rational functions, we have the following result:

THEOREM 2.36. We have the following formula, for |x| <r,

1 1l (ntk-1 <§>k
(r—x)”_r”kzo n—1 r

which computes the rational functions of type f(x) = >, Ai(z)/(r; — x)™.

PrOOF. This comes indeed from the formula in Theorem 2.35, or rather from the
more digest, equivalent formula found in (4) in its proof, by setting ¢t = z/r there. O

Quite interestingly, the formula in Theorem 2.35 holds in fact at any m € R, but this
is something non-trivial, whose proof will have to wait until Part III below. As for the
rational functions, what we have in Theorem 2.34 and Theorem 2.36 certainly provides
the key to their study, save for the disappearance of the B/Q factor over the complex
numbers, which is something that we will explain soon, in chapter 3. More later.

2d. Complex numbers

Back now to the basics, degree 2 polynomials, what to do when the discriminant is
negative? In order to solve 22 = —1, we must trick, in the following way:

DEFINITION 2.37. The complex numbers are variables of the form
r=a+1ib
with a,b € R, which add in the obvious way, and multiply according to the following rule:
i* = —1
Each real number can be regarded as a complexr number, a = a+1 - 0.

In other words, we consider variables as above, without bothering for the moment
with their precise meaning. Now consider two such complex numbers:

r=a+1 , y=c+1id
The formula for the sum is then the obvious one, as follows:

r4+y=(a+c)+i(b+d)
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As for the formula of the product, by using the rule i> = —1, we obtain:

ry = (a+1ib)(c+id)
= ac+iad + ibc + i*bd
= ac+tad + ibc — bd
= (ac—bd) +i(ad + bc)

The advantage of using the complex numbers comes from the fact that the equation
2% = 1 has now a solution, x = i. In fact, this equation has two solutions, namely:

T =1
This is of course very good news. More generally, we have the following result:

THEOREM 2.38. The complex solutions of ax® + bx + ¢ = 0 with a,b,c € R are

—b+ Vb2 — 4dac
2a

with the square root of negative real numbers being defined as
vV —m = £iy/m

and with the square root of positive real numbers being the usual one.

T12 =

ProoF. We can write our equation, as usual, in the following way:

b\? B»2—4
a+brte=0 = [(2+-—] =— 2
4a?

2a
b Vb% — 4dac
= r+—=F—
2a 2a
Thus, we are led to the conclusion in the statement. [l

We will see later that any degree 2 complex equation has solutions as well, and that
more generally, any polynomial equation, real or complex, has solutions. Moving ahead
now, we can represent the complex numbers in the plane, in the following way:

PROPOSITION 2.39. The complex numbers, written as usual
x=a-+1b

can be represented in the plane, according to the following identification:

(i)

With this convention, the sum of complex numbers is the usual sum of vectors.
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PRrROOF. Consider indeed two arbitrary complex numbers:
r=a+1 , y=c+1id

Their sum is then by definition the following complex number:
r+y=(a+c)+i(b+d)

Now let us represent x,y in the plane, as in the statement:

a c
() =)
In this picture, their sum is given by the following formula:
a-+c
S (b + d)
But this is indeed the vector corresponding to x + y, so we are done. O

Here we have assumed that you are a bit familiar with vector calculus. If not, no
problem, the idea is simply that vectors add by forming a parallelogram, as follows:

b+d o Y
d .y//
b / .
o/
c a a+tc

Observe that in our geometric picture from Proposition 2.39, the real numbers corre-
spond to the numbers on the Ox axis. As for the purely imaginary numbers, these lie on
the Oy axis. As an illustration for this, we have the following basic picture:

As a last general topic regarding the complex numbers, let us discuss conjugation.
This is something quite tricky, complex number specific, as follows:
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DEFINITION 2.40. The complex conjugate of x = a + ib is the following number,
T =a—1b
obtained by making a reflection with respect to the Ox azis.

As before with other such operations on complex numbers, a quick picture says it all.
Here is the picture, with the numbers x, z, —x, —% being all represented:

Observe that the conjugate of a real number z € R is the number itself, z = z. In
fact, the equation x = ¥ characterizes the real numbers, among the complex numbers. At
the level of non-trivial examples now, we have the following formula:

1= —i
There are many things that can be said about the conjugation of the complex numbers,
and here is a summary of basic such things that can be said:

THEOREM 2.41. The conjugation operation x — T has the following properties:

(1) x =z precisely when x is real.

(2) x = —T precisely when x is purely imaginary.

(3) zz = |z|?, with |z| = Va? + b* for x = a + ib.

(4) We have the formula Ty = zy, for any x,y € C.

5) The solutions of ax® + bx + ¢ = 0 with a,b,c € R are conjugate.

(
PROOF. These results are all elementary, the idea being as follows:
(1) This is something that we already know, coming from definitions.
(2) This is something clear too, because with x = a + ib our equation © = —Z reads

a+1b = —a+ b, and so a = 0, which amounts in saying that x is purely imaginary.
(3) This is a key formula, which can be proved as follows, with x = a + ib:
xz = (a+1ib)(a—1b)
= a*+ 1

= |af*
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(4) This is something quite magic, which can be proved as follows:
(a +ib)(c+id) = (ac—bd)+i(ad+ bec)
= (ac—bd) —i(ad + bc)
(a —ib)(c —id)
(5) This comes from the formula of the solutions, that we know from Theorem 2.38,

but we can deduce this as well directly, without computations. Indeed, by using our
assumption that the coefficients are real, a, b, c € R, we have:

ar’+br+c=0 = ar?+br+c=0
= ar’+br+c=0
= a’+br+c=0
Thus, we are led to the conclusion in the statement. Il

Now back to polynomials, as already mentioned before, any degree 2 complex equation
has solutions over the complex numbers. In order to discuss this, let us start with:

THEOREM 2.42. Any complex number x = a + ib has two square roots, given by

\/E_i\/a+\/a2+b2ii\/—a+\/a2+b2
N 2 2

with the signs being identical when b > 0, and opposite when b < 0.
Proor. This is something quite routine, the idea being as follows:
(1) With & = a + ib as in the statement, and \/z = ¢ + id, our equation is:
(c+id)* =a+ib
In terms of the real and imaginary parts, we have two equations, as follows:
E—d*=a , 2cd=0b

(2) Let us first compute the number v = ¢?. The equation for it is as follows:

62
u — @ = Qa
Thus, the number u = ¢? satisfies the following degree 2 equation:
b2

2
— ——:0
u au 1

But this latter equation has a unique positive solution, given by:

a+va?+ b2
2
Thus, we are led to the formula of ¢ = ++/u in the statement.
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(3) Similarly, let us compute now v = d?. The equation for it is as follows:
@ — UV =aQ
Thus, the number v = d? satisfies the following degree 2 equation:
b2
2
R
VT4 av 1

But this latter equation has a unique positive solution, given by:

—a+ va*+b?

v = 5
Thus, we are led to the formula of d = ++/v in the statement, and this gives the result,
with the last assertion regarding signs being clear, coming from 2cd = b. U

With this being said, I don’t know about you, but personally, for better sleeping at
night, I would rather prefer to have this doublechecked. So, given two numbers a,b € R,
consider the following numbers ¢, d € R, with the sign on the right being that of b:

. a+va*+b? al_j:\/—a—l—\/az—l—b2
VT 0T 2

We have then (¢ + id)? = (¢* — d*) + 2icd, whose real part is given by:

a++Va?+b  —a+Va®+0b?
2 2

A —d> =

+

SHNGRES
N2

As for the imaginary part, this can be computed as follows:

j:2\/(1—1—\/a2—i-b2 —a +va? + b?
2

2cd =

—a2 4 a2+ b2
_ iz\/ —w A+
4
= /o]
= b
Thus we have indeed (¢ + id)? = a + ib, as desired. Good to know.

2

Now by getting back to the degree 2 equations, we can formulate a new result regarding
them, dealing with the general case, of complex coefficients, as follows:
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THEOREM 2.43. The complex solutions of ax? 4+ bx + ¢ = 0 with a,b,c € C are

—b £ Vb — dac
2a
with the square root of b — 4ac = p + iq being extracted as above, namely

. Ip+/P2+ @ | [ —p P+
m:ip 5 qi@\/p 2p q

with the signs being identical when q > 0, and opposite when q < 0.

T12 =

Proor. This follows indeed from our old degree 2 computation, from the proof of
Theorem 2.38, with the square roots being extracted as in Theorem 2.42. Il

As a conclusion to all this, we have learned many interesting things about general
functions, and polynomials in particular, and with the degree 2 case fully understood.
We will be back to polynomials on numerous occasions, in what follows, and notably in
chapter 3 below, with a proof for the key fact that any polynomial equation, of arbitrary
degree N € N, has exactly N complex solutions, counted with multiplicities.

2e. Exercises
Welcome to functions, and to exercises about them. Here are some:
EXERCISE 2.44. Imagine various mechanical devices, for representing functions.
EXERCISE 2.45. What is the best device representing the position of the Sun?
EXERCISE 2.46. Rewrite the continuity basics by using the €,0 definition.
EXERCISE 2.47. Prove, with bare hands, that the rational functions are continuous.
EXERCISE 2.48. Learn about totally discontinuous functions, and other such beasts.
EXERCISE 2.49. What happens when representing the complex plane C upside down?
EXERCISE 2.50. What about representing R from right to left? Or doing both?
EXERCISE 2.51. Practice a bit with extracting complex square roots.

As bonus exercise, explore a bit more the degree 3 polynomials.



CHAPTER 3

Sin and cos

3a. Angles, triangles

We have seen that we can have some theory going for the polynomials P € R[X], and
for various related functions, such as the n-th roots f(z) = {/x, appearing as inverses of
the monomials g(z) = 2™, or the rational functions h(x) = P(x)/Q(z). Far more things
remain to be said here, and more later, but as a more pressing issue, that we would like
to discuss now, we have: how to escape from the polynomial function galaxy?

In answer, via geometry, with our plan for what comes next being as follows:

PLAN 3.1. We can escape from polynomaials in two possible ways,

(1) Via angles, triangles and plane geometry, leading us into sin and cos,
(2) Via analysis, with exp and log, but with this being in fact geometry too,

and we will discuss these two methods in this chapter, and in the next chapter.

So, this will be our plan for the remainder of the present Part I, talking about angles,
triangles and sin, cos in this chapter, and then about exp,log, which belong in fact to
plane geometry too, thanks to the Euler formula e = cost + isint, in chapter 4.

Getting started now, plane geometry is something very old, with the main results due
to the ancient Greeks, found via triangles drawn on sand. We first have:

THEOREM 3.2. Given a triangle ABC, the following happen:

e angle bisectors cross, at a point called incenter.
1) Th gle bisect t mt called 1 t
e medians cross, at a point called barycenter.
2) Th di t nt called barycent
(3) The perpendicular bisectors cross, at a point called circumcenter.
4) The altitudes cross, at a point called orthocenter.
p

PROOF. Let us first draw our triangle, with this being always the first thing to be
done in geometry, draw a picture, and then thinking and computations afterwards:

A

57
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(1) Come with a small circle, inside ABC, and then inflate it, as to touch all 3 edges.
The center of the circle will be then at equal distance from all 3 edges, so it will lie on all
3 angle bisectors. Thus, we have constructed the incenter, as required.

(2) This requires different techniques. Let us call A, B,C € C the coordinates of
A, B,C, and consider the average P = (A + B + C')/3. We have then:
3 3 2

Thus P lies on the median emanating from A, and a similar argument shows that P
lies as well on the medians emanating from B, C'. Thus, we have our barycenter.

(3) We can use here the same method as for (1). Indeed, come with a big circle,
containing ABC', and then deflate it, as for it to pass through A, B, C'. The center of the
circle will be then at equal distance from all 3 vertices, so it will lie on all 3 perpendicular
bisectors. Thus, we have constructed the circumcenter, as required.

(4) This is tricky. Draw a parallel to BC' at A, and similarly, parallels to AB and AC
at C' and B. We get in this way a bigger triangle, upside-down, A’B’C’. But then, the
circumcenter of A’B'C’, knows to exist from (3), will be the orthocenter of ABC"

Thus, we are led to the conclusions in the statement. Il

Getting now to what we wanted to do, angles, we certainly have them, coming in
triplets, inside any triangle, and with the name “triangle” witnessing for this. But, how
to measure these beasts? In the lack of anything obvious and bright, let us formulate:

DEFINITION 3.3. We can talk about the numeric value of angles, as follows:

(1) The right angle has value 90°.

(2) We can double angles, in the obvious way.

(3) Thus, the half right angle has value 45°, and the flat angle has value 180°.
(4) We can also triple, quadruple and so on, again in the obvious way.

(5) Thus, we can talk about arbitrary rational multiples of 90°.

(6) And, with a bit of analysis helping, we can in fact measure any angle.
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So, this will be our starting definition for the numeric values of the angles. Of course,
all this might seem a bit improvized, for instance with that 90° figure coming from as-
tronomy, namely 3 times the lunar month, but do not worry, we will come back later to
this, with a better, more advanced definition for the numeric values of the angles.

Getting back to work now, theorems and proofs, in relation with the above, here is a
key result, which will be our main tool for the study of the angles:

THEOREM 3.4. In an arbitrary triangle
A

B C
the sum of all three angles is 180°.

PRroOF. This does not seem obvious to prove, with bare hands, but as usual, in such
situations, some tricky parallels can come to the rescue. Let us prolong indeed the segment
BC a bit, on the C side, and then draw a parallel at C, to the line AB, as follows:

But now, we can see that the three angles around €', summing up to the flat angle
180°, are in fact the 3 angles of our triangle. Thus, theorem proved, just like that. U

As a basic consequence of the above result, making us familiar with 60°, we have:

PROPOSITION 3.5. In an equilateral triangle, having all sides equal,
A

B C

all angles equal 60°.
PRroOF. This is clear indeed from the fact that the sum is 180°. O

Coming next, we can enlarge our list of familiar angles to 30°,60°,90°, as follows:
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PROPOSITION 3.6. In a right triangle having small angles 30°,60°,

we have AB = AC/2.
Proor. This is clear by drawing an equilateral triangle, as follows:
A \

.

B .

Thus, we are led to the conclusion in the statement. U
As a key theorem now, dealing with the right triangles, we have:
THEOREM 3.7 (Pythagoras). In a right triangle ABC,

A

we have AB? + BC? = AC?.

ProOOF. This comes indeed from the following magic configuration, consisting of two
squares, and four triangles which are identical to ABC, as indicated:

©) ©) @)

op oc o

Indeed, we can compute the area S of the outer square in two ways, as follows:
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(1) First, since the side of this square is AB + BC, we obtain:
S = (AB+ BC)?
= AB’+ BC*+2x AB x BC

(2) On the other hand, the outer square is made of the smaller square, having side
AC, and of four identical right triangles, having sizes AB, BC'. Thus:

S = ACQ+4XM

= AC®+2x AB x BC
Thus, we are led to the conclusion in the statement. U
The Pythagoras theorem has many applications. As a first consequence, we have:
THEOREM 3.8. The distance from a point x = (a,b) € R? to the origin is:
lall = Va5 82
Equivalently, the distance from x = a +ib € C to the origin is |z| = v/a® + b2,

ProoF. This is indeed something self-explanatory, coming from:

B oo oy
0= a
Thus, we are led to both the conclusions in the statement. O

As another basic application of the Pythagoras theorem, we have:

PROPOSITION 3.9. The 45° — 45° and 30° — 60° right triangles are as follows,
A A

1 V3
up to a rescaling of the sides.
PROOF. These results come indeed from 1+ 1 = 2, and from 1 + 3 = 4. Il

As yet another basic application of the Pythagoras theorem, we have:
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THEOREM 3.10. A triangle having sides 3,4,5 is a right triangle:
A

B C

4
Thus, for drawing right angles, you only need a loop, with 12 knots on it.

PROOF. This comes indeed from 9 + 16 = 25. As for the second assertion, and how
can that be used in practice, we will leave this as an engineering exercise. O

Still speaking engineering, having 12 knots equally spaced on a loop is certainly possi-
ble, and reliable for most tasks, but if we want to improve our tool, it would be desirable
to have more knots on our loop. And here, with a bit of patience, we are led to:

PROPOSITION 3.11. A triangle having sides 5,12,13 is a right triangle:

B C

12
Thus, for properly drawing right angles, you need a loop, with 30 knots on it.

PROOF. Here the first assertion comes from the following equality, and with the com-
ment that this is the simplest possible one, passed 9 + 16 = 25:

25 + 144 = 169

As for the second assertion, we will leave this again as an engineering exercise. U

Along the same lines, at a more advanced level, we have the following result:

THEOREM 3.12. The Pythagoras equation, namely

a? +b* =
can be fully solved over the integers, the solutions being
a=dm*—n?) , b=2dmn , c=dm*+n?

with (m,n) =1, up to exchanging a,b.

Proor. This is something quite standard, due to Euclid, that we will actually not
really need in what follows. In other words, exercise for you, and enjoy. And as bonus
exercise, related to this, try constructing a new right angle device, with 90 knots. U
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3b. Sine and cosine

Good news, now that we know about angles and triangles, and about Pythagoras’
theorem too, we can start talking about trigonometry. Let us begin with:

DEFINITION 3.13. Given a right triangle ABC,

C
t
A B
we define the sine and cosine of the angle at A, denoted t, by the following formulae:
sint = B—C cost = A—B
AC 7 AC

We call the sine and cosine basic trigonometric functions.

As a first observation, the sine and cosine do not depend on the choice of the given
right triangle ABC' having an angle ¢t at A, with this coming according to:

c
/

C/

A B— B

In particular, we can take AC' = 1 in Definition 3.13, and with this convention, the
defining picture for sin, cos becomes something very simple, as follows:

sint

A B

cost

Observe also that we have changed the orientation of our right triangles, with our new
convention coming from certain geometric considerations, which will appear later.

Question now, what to do with sin and cos? Well, some mathematics I guess, and
here are a few basic results regarding them, coming from what we know:
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THEOREM 3.14. The sine and cosine have the following properties:

) cos : [0,90°] — [0, 1] is bijective, and decreasing.
) sin(90° — t) = cost.

) cos(90° — t) = sint.

) sin(45° + ) = cos(45° —t).

) cos(45° + t) = sin(45° — ).

) Pythagoras: sin®t + cos®t = 1.

PROOF. Here (1-4) are all clear from definitions, (5-6) follow from (3-4), and finally
(7) comes from Pythagoras, applied to our previous AC' = 1 right triangle. U

Let us record as well some numerics, coming from things that we know well, about
various special right triangles, from the previous section, as follows:
1 V3

, sin4b5°=— , sin60°=— , sin90° =1

sin0° =0 , sin30° =
2 2

2
V3 1
— , cosdb’ = —
2 V2
Before getting further with the study of sin and cos, as a question that you might
have, what are these good for? In answer, many things, starting with:

1
cos0°=1 , cos30° = cos 60° = 5 o cos 90° =0

THEOREM 3.15 (Law of sines). The area of an arbitrary triangle, as follows,

N

is given by the following formula, making appear the sine,
AB x AC x sint
2
with the convention sint = sin(180° — t) for obtuse angles, t > 90°.

area(ABC) =

PROOF. In order to prove this, we can draw an altitude of our triangle, as follows:
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Now with this altitude drawn, we have the following computation:

basis X height

area(ABC) = 5
_ ABxCD
- —5
_ AB x AC xsint
- 2
Thus, theorem proved, and this working for any ¢ € [0°, 180°], as stated. U

Regarding now the cosine, things here are a bit more technical, and we have the
following result, which is equally useful, generalizing the Pythagoras theorem:

THEOREM 3.16 (Law of cosines). Given an arbitrary triangle, as follows,

N

the length of the side which is away from the vertex A is given by the formula
BC? = AB?* + AC? —2AB - AC - cost

with the convention cost = — cos(180° — t) for obtuse angles, t > 90°.

PROOF. Let us draw indeed an altitude of our triangle, as follows:

We have then the following computation, coming from Pythagoras, applied twice:
BC* = CD?*+ BD?
= OD?*+ (AB - AD)?
= CD*+ AB*+ AD* —2AB - AD
= AB*+ AC? —2AB-AD
= AB?>+ AC? —2AB - AC - cost

As for the computation for obtuse triangles, t > 90°, this is nearly identical, but with
AB — AD replaced by AB + AD, leading to cost = — cos(180° — t), as stated. O
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Staying with the cosine, as a basic application of Theorem 3.16, we have:

THEOREM 3.17. Given an arbitrary parallelogram ABCD,

its sides and diagonals are related by the following formula, called parallelogram law,
AB? + BC? + CD? + DA* = AC? + BD?
and this can be used, in the obvious way, in order to compute the triangle medians.
PROOF. There are several things going on here, the idea being as follows:

(1) In the case of a rectangle the parallelogram law is Pythagoras’ theorem, and this
suggests using the natural generalization of Pythagoras’ theorem, which is the law of
cosines from Theorem 3.16. Indeed, with O being the middle point of the parallelogram,
and with s, being the angles there of the triangles OAB and OBC, we have:

AB? = 0A%?+0OB? —20A-0B - cos s
BC? = OB? + 0C? —20B -0C - cost

But OA = OC, and coss = —cost, due to s +t = 180°, so by summing we get the
following formula, which is exactly the parallelogram law, divided by 2:

AB? + BC? = 20A” +20B?
(2) Regarding now the medians, consider a triangle ABC', with a median drawn:

A

B M C
By completing to a parallelogram, and using the parallelogram law, we obtain:
2AB? +2AC? = 4AM? + BC?
Thus, we are led to the following formula, for the length of the median:
2AB? +2AC? — BC?
AN — \/ +2AC? - BC

4
As for the other two medians of ABC, their formulae are similar. O
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Still in relation with triangles, time now for the sine to strike back, with:
THEOREM 3.18. Given an arbitrary triangle ABC, we have:
[BC' — AC — AB| ~ [sin A — sin B — sin (]
That is, the lenghts of the sides are proportional to the sines of the opposite angles.
PROOF. Let us draw indeed an altitude of our triangle, as follows:

4

B D C
We have then the following computation, for the ratio AB/AC":
AB AD/sinB _ sinC
AC  AD/sinC  sinB
As for AB/BC and AC/BC, these are given by similar formulae, again involving
quotients of corresponding sines, and this leads to the conclusion in the statement. U

On the same topic, side lengths, we have in fact the following more precise result:

THEOREM 3.19. The lengths of sides of an arbitrary triangle ABC' are given by

A
2R Sir/ N
B C

2Rsin A

with R being the radius of the circumscribed circle.

PROOF. In order to prove this, let us draw a perpendicular bisector, as follows:

We have then 3 isosceles triangles appearing, say with angles «, 8, at the point O,
satisfying o + 5+~ = 360°. The other angles of these isosceles triangles, those coming in




68 3. SIN AND COS

pairs, being 90° — «/2,90° — 3/2,90° — /2, we conclude, by looking at what happens at
each of the vertices of our triangle ABC', that we have the following formulae:

a=2A |, p=2B , y=2C
But with this we can compute the triangle edges. Indeed, we have:
BC =2BD = 2BOsin () = 2Rsin A
Similarly, we have AB = 2Rsin C and AC' = 2R sin B, as claimed. O

With this discussed, what about the cosine? The competition with the sine was fierce,
with sine apparently winning. But the cosine can deliver a fatal blow, as follows:

THEOREM 3.20 (True law of cosines). The scalar products of vectors,

T1 n
< S > =z,
TN YN ‘

can be computed according to the following formula,
<,y >= ||| - [[y]] - cost
with t € [0°,180°] being the angle between the two vectors.

Proor. This is something a bit off-topic, at this point of this book, just a matter of
telling the full story with sin, cos. So, exercise for you, to learn more about this. U

Summarizing, sine dead? Well, never underestimate the sine, and we have:

THEOREM 3.21 (Atomic law of sines). The vector products in 3 dimensions,

T1 Y1 ToYs — T3Y2
To | X | Y2 | = | T3Y1 — T1Y3
T3 Y3 T1Y2 — T2l

can be computed according to the right-hand rule and the following formula,
[z < yl| = ||| - [ly[| - sint
with t € [0°,180°] being the angle between the two vectors.

Proor. This is something even more specialized than the previous result, although
immensely useful in physics, and again exercise for you, to learn more about this. U

Well, as a conclusion to this, you might ask, how wins? In answer, depends on what
type of physics you are doing. If you are into very concrete things, in 3D, you will need
vector products, and sines. However, in arbitrary /N dimensions, including the N = oo
needed for quantum mechanics, the scalar products and the cosines rule.
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3c. Pi, trigonometry

Let us get now into a more advanced study of the angles. For this purpose, we must
first talk about circles, and the number 7. And here, we have the following result:

THEOREM 3.22. The following two definitions of m are equivalent:

(1) The length of the unit circle is L = 2.
(2) The area of the unit disk is A = .

PROOF. In order to prove this theorem let us cut the unit disk as a pizza, into N
slices, and forgetting about gastronomy, leave aside the rounded parts:

JAVAN
VAV

The area to be eaten can be then computed as follows, where H is the height of the
slices, S is the length of their sides, and P = NS is the total length of the sides:

HS HP 1xL
2 2 72
Thus, with N — oo we obtain that we have A = L/2, as desired. U

A=N x

In what regards now the precise value of 7, the above picture at N = 6 shows that we
have 7 > 3, but not by much. The precise figure is as follows:

m = 3.14139 . ..

Getting now to what we wanted to do, in relation with the angles, we have:

THEOREM 3.23. We can measure angles by putting them in the middle of a circle of
radius 1, and assigning to them the corresponding arc lengths:

A

Equivalently, we can use twice the area of the disk slice, which equals the arc length. In
this way, the multiples of 90° get converted into corresponding multiples of m/2.
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PrROOF. We have two things to be proved here, as follows:

(1) First is the fact that our measuring method is indeed good, in the sense that
doubling the angles will double their values, tripling the angles will triple their values,
and so on. But this is something which is plainly obvious, so done with this.

(2) And then, there is the claim that we have the following formula, with on the left
the area of the disk slice ABC, and on the right the arc length BC"

2 x area(ABC) = BC

But this is something which is clear for isosceles triangles having altitude 1, and then
our disk slice can be approximated by unions of such isosceles triangles, as follows:

A

O O
N s

\ /

Thus, we conclude that our area formula holds indeed, as desired. U

As a first question now that you might have, is doing the above, namely replacing our
beloved 90° from astronomy by that crazy /2 number, a good thing? In answer, our new
convention shines when it comes to trigonometry. We first have:

THEOREM 3.24. The sine and cosine of any t € R can be computed according to
/ .
( / t \t
¢
K cost /

~_

with the convention that inverted segments count as negatives.

PROOF. We have 4 cases to be discussed, which are as as follows:
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(1) In the simplest case, namely ¢ € [0, 7/2], the sine and cosine are indeed computed
according to the following picture, which is the one in the statement:

P
sint

0 Q

cost

(2) In the case of obtuse angles, ¢ € [1/2, 7], the picture becomes as follows:

P
sint

Q o)

—cost

(3) In the next case, namely t € [, 37/2], the picture becomes as follows:

t t
@)

—cost

Q

—sint

P

(4) As for the last case, namely ¢ € [37/2, 27|, here our picture is as follows:

t t
O cost Q

—sint

P

Thus, we are led to the conclusions in the statement. U
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Before getting into some further study of sin, cos, it is convenient to welcome to our
trigonometric family the tangent function. So, consider a basic right triangle:

C

A B

We can define then the tangent of the angle at A by the following formula:
BC  sint
~ AB  cost

This tangent function, which is something useful too, and more on this later, naturally
fits into the circular picture from Theorem 3.24, in the following way:

THEOREM 3.25 (addendum). The tangent can be added as well to the picture,

/\O/O

1 tant
sint | t

t

cost
with the convention that this takes the signs 4+, —, 4+, —, over the four quadrants.

ProOF. This is indeed self-explanatory, and with the comment that there is no simple
way of fixing the sign convention, so in a word, better not mess with the tangent. U

Let us draw as well some graphs. Regarding the sine, the graph is as follows:
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For the cosine the graph is similar, translated by —7n/2, as follows:

A
N 7N -
......... B P _377r v 0 i = B 0 R %ﬂ o DT

As for the graph of the tangent, this is as follows, repeated to the left and right:

As a main result now regarding the trigonometric functions, coming from our new
convention for the numeric angles, which is something crucial for analysis, we have:

THEOREM 3.26. We have the following estimates, for small angles
sint <t <tant
coming from our new convention for numeric angles.

PROOF. Many things can be said here, the idea being as follows:

(1) The general idea is that the estimates are both clear from our circle picture for
the angles, and trigonometric functions. Indeed, the picture for the sine is:

Y

sint
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Now by using the standard fact that the shortest distance between a point and a line
is achieved by constructing the orthogonal projection on that line, we conclude that for
any angle ¢ € [0, 7/2] we have indeed the following estimate, as claimed:

sint <t

(2) Equivalently, and a bit more rigorously, we can draw the dotted segment above,
having length 2sin(¢/2), and with Pythagoras on the left, followed by shortest distance
between two points being achieved by that dotted segment on the right, we obtain:

sint < 2sin(t/2) <t

(3) As yet another proof, we can compare the area of the above isosceles triangle with
the area of the disk slice, which gives right away the following estimate, as desired:

- <3
(4) Regarding now the tangent, again for ¢ € [0, 7/2], the picture is as follows:

Y

tant

sint t
<

t

*
1

But here we can argue that the arc t and segment tant are related by a projection
from *, which lands orthogonally on the arc, and obliquely on the segment, and since
orthogonal projections notoriously provide the best view, we obtain, as claimed:

t <tant

(5) Equivalently, and more rigorously, by comparing areas we get, as desired:

t tant
<
2= 2
(6) Thus, done. Finally, one remaining question concerns the exact range of the above
estimates, and we will leave the discussion here as an interesting exercise. O

In fact, by using our circle technology, we are led to the following result:

THEOREM 3.27. The following happen, for small angles, again coming from our new
convention for numeric angles, and best justifying this convention:
(1) sint ~t.
(2) cost ~1—t%/2.
(3) tant ~ t.
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PRroOOF. This can be indeed established as follows:

(1) This is clear indeed on the circle, by arguing like in the previous proof, and we will
leave the various details here as an instructive exercise. Equivalently, this follows from
sint <t < tant, by using tant = sint/ cost ~ sint, coming from cost ~ 1.

(2) This comes from (1), and from Pythagoras. Indeed, knowing sint ~ ¢, when
looking for a quantity cos¢ making the Pythagoras formula sin? ¢ + cos? t = 1 hold, we are
led, via some quick thinking, to the formula cost ~ 1 — ¢?/2, according to:

2\ 2 4
t2+(1—t—) SO

(3) This is again clear on the circle, or simply follows from (1,2), by dividing. O
Still at the level of the basics, in relation now with continuity issues, we have:
THEOREM 3.28. The sines and cosines of sums are given by
sin(s +t) =sinscost + cosssint
cos(s +t) = cosscost —sinssint
and using this, the estimates in Theorem 3.27 can be transported at any s € R.
PRroOF. This is something very standard, the idea being as follows:

(1) Consider the following picture, consisting of a length 1 line segment, with angles
s,t drawn on each side, and with the lengths being computed, as indicated:

O
1/coss
sins/ cos s
O O
1
sint/ cost
1/ cost
@)

Now let us compute the area of the big triangle, or rather the double of that area. We
can do this in two ways, either directly, with a formula involving sin(s + ¢), or by using
the two small triangles, involving functions of s,¢. We obtain in this way:

1 1 sin s sint

. -sin(s +1t) = -1+
coss cost ( ) CcOS S cost

-1

But this gives the formula for sin(s + t) from the statement.
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(2) By using sin(s + t) we can deduce the formula for cos(s + t), as follows:

(T
cos(s+t) = sm<§—s—t>

s
_ sin[(E- —t }
() oo
= sin (g - s> cos(—t) + cos (g - s) sin(—t)
= cosscost —sinssint

(3) Observe also that by dividing the formulae in (1,2), we obtain as well:

sin scost + cosssint B tan s + tant

tan(s +1) = - . =
( ) cosscost —sinssint 1 —tanstant

(4) Finally, in what regards the last assertion, this is something self-explanatory, and
we will leave some exploration here as an exercise. We will be back to this in Part II. [J

Let us point out now that the formulae in Theorem 3.28 are something quite powerful,
which can be useful for many other purposes. For instance, with s =t we obtain:

THEOREM 3.29. The sines and cosines of the doubles of angles are given by
sin(2t) = 2sint cost
cos(2t) = 2cos’t — 1
and in practice, these formulae can be used as well for passing from t to t/2.
PROOF. The formula for sin is clear, and for cos we have 3 useful formulae, namely:
cos(2t) = cos’t —sin®t
= 2cos’t—1
= 1-2sin’t

As for the last assertion, using the above formulae for cos, we have:

t 1+ cost t 1 — cost
cos <2> \/ 5 , sin <2) 1/ 5

And we will leave some exploration here, applications of this, as an exercise. For
instance, try computing sin, cos, tan for all multiples of 7/8, then 7 /16, then 7/32. O

3d. Polar coordinates

Back to the complex numbers, we have since chapter 2 a quite good understanding
of their addition. In order to understand now the multiplication operation, we must do
something more complicated, namely using polar coordinates. Let us start with:
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DEFINITION 3.30. The complex numbers x = a+1b can be written in polar coordinates,
x =r(cost + isint)
with the connecting formulae being as follows,
a=rcost , b=rsint

and in the other sense being as follows,

b
r=va2+0 , tant= -
a

and with r,t being called modulus, and argument.

There is a clear relation here with the vector notation from chapter 2, because r is the
length of the vector, and ¢ is the angle made by the vector with the Oz axis. To be more
precise, the picture for what is going on in Definition 3.30 is as follows:

a

The point now is that in polar coordinates, the multiplication formula for the complex
numbers, which was so far something quite opaque, takes a very simple form:

THEOREM 3.31. Two complex numbers written in polar coordinates,
r=r(coss+isins) , y=p(cost+isint)
multiply according to the following formula:
xy = rp(cos(s +t) + isin(s + t))
In other words, the modult multiply, and the arguments sum up.

PROOF. We can assume indeed that we have r = p = 1, by dividing everything by
these numbers. Now with this assumption made, we have the following computation:

ry = (coss+isins)(cost+ isint)
= (cosscost —sinssint) + i(cosssint + sin s cost)
= cos(s+1t)+isin(s+1t)

Thus, we are led to the conclusion in the statement. U
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The above result, which is based on some non-trivial trigonometry, is quite powerful.
As a basic application of it, we can now compute powers, as follows:

THEOREM 3.32. The powers of a complex number, written in polar form,
x =r(cost +isint)
are given by the following formula, valid for any exponent k € N:
2% = r¥(cos kt + i sin kt)
Moreover, this formula holds in fact for any k € Z, and even for any k € Q.
PROOF. Given a complex number z, written in polar form as above, and an exponent

k € N, we have indeed the following computation, with k£ terms everywhere:

= r(cost +isint)...r(cost + isint)
r(Jcos(t + ... 4+t) +isin(t + ...+ 1))
= r¥(cos kt 4 isin kt)

Thus, we are done with the case k € N. Regarding now the generalization to the case
k € Z, it is enough here to do the verification for k = —1, where the formula is:

vt = r~Y(cos(—t) + isin(—t))

1

But this number 7 is indeed the inverse of z, as shown by:

zr~! = r(cost+isint)-r ' (cos(—t) + isin(—t))
— CoS(t — t) +1 sin(t — t)
= cos0+isin0
= 1

Finally, regarding the generalization to the case k € Q, it is enough to do the verifi-
cation for exponents of type k = 1/n, with n € N. The claim here is that:

t t
=t/ [cos (—) + 7sin (—)}
n n

In order to prove this, let us compute the n-th power of this number. We can use the
power formula for the exponent n € N, that we already established, and we obtain:

(= (e [cos (n%) +isin (n%ﬂ
— p(cost+isint)

= T

Thus, we have indeed a n-th root of z, and our proof is now complete. U
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We kept the best for the end. As a last topic regarding the complex numbers, which
is something really beautiful, we have the roots of unity, which are as follows:

THEOREM 3.33. The equation ¥ =1 has N complex solutions, namely

2 2
{wk’k=0,1,...,N—1} . w=cos (NW) +isin (WW)

which are called roots of unity of order N.

Proor. This follows from the general multiplication formula for complex numbers
from Theorem 3.31. Indeed, with z = r(cost + isint) our equation ¥ = 1 reads:

r™(cos Nt + isin Nt) = 1
Thus r = 1, and ¢ € [0,27) must be a multiple of 27/N as stated. O

The roots of unity are very useful variables, and have many interesting properties. As
a first application, we can now solve the ambiguity questions related to the extraction of
N-th roots, coming from Theorem 3.32, the statement here being as follows:

THEOREM 3.34. Any x = r(cost +isint) has N roots of order N, namely

- o () ()

multiplied by the N roots of unity of order N.

PrROOF. We must solve the equation 2" = z, over the complex numbers. Since the
number y in the statement clearly satisfies 4V = x, our equation is equivalent to:

N =y

We conclude from this that the solutions z appear by multiplying y by the solutions
of tV = 1, which are the N-th roots of unity, as claimed. O

Finally, as a main application of the complex numbers, and therefore of trigonometry
too, as previously announced in chapter 2, we have the following key result:

THEOREM 3.35. Any polynomial P € C[X] decomposes as
P=c¢X—-r)...(X —rn)
with ¢ € C and with r,...,ry € C.
ProorF. This is something quite tricky, the idea being as follows:

(1) To start with, the problem is that of proving that our polynomial has at least one
root, because afterwards we can proceed by recurrence, in the obvious way.
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(2) We prove this fact, that P has at least one root, by contradiction. So, assume that
P has no roots, and pick a number z € C where |P| attains its minimum:

|P(2)] = min|P(z)[ >0

(3) Since Q(t) = P(z +t) — P(z) is a polynomial which vanishes at ¢ = 0, this
polynomial must be of the form ct* + higher terms, with ¢ # 0, and with & > 1 being an
integer. We obtain from this that, with ¢ € C small, we have the following estimate:

P(z+1t) ~ P(2) + ct
Now let us write ¢t = rw, with > 0 small, and with |w| = 1. Our estimate becomes:
P(z +rw) ~ P(2) + cr*uw”

(4) But, recall that we assumed P(z) # 0. We can therefore choose w with |w| = 1
such that cw” points in the opposite direction to that of P(z), and we obtain:

|P(z 4+ rw)| ~ |P(z)—|—c7“kwk|
= |P(2)|(1 = c[r")

(5) Now by choosing r > 0 small enough, as for the error in the first estimate to be
small, and overcame by the negative quantity —|c|[r*, we obtain from this:

|P(z 4+ rw)| < |P(2)]

(6) But this contradicts our definition of z € C, as a point where |P| attains its
minimum. Thus P has a root, and by recurrence it has N roots, as stated. U

3e. Exercises
All good old geometry in this chapter, and as exercises on this, we have:
EXERCISE 3.36. What is the barycenter of a triangle, with edges equally weighted?
EXERCISE 3.37. Learn about the Ceva theorem, and further centers of a triangle.
EXERCISE 3.38. Learn also about the Euler line, and the nine-point circle.
EXERCISE 3.39. Further meditate on the practical need for the sine and cosine.
EXERCISE 3.40. Work out trigonometric formulae for the triples of angles.
EXERCISE 3.41. Learn about the Chebycheff polynomials, of first and second kind.
EXERCISE 3.42. Improve our basic estimates for the basic trigonometric functions.
EXERCISE 3.43. Learn more about the roots of unity, and their various properties.

As bonus exercise, use what we learned here, in order to find estimates for 7.



CHAPTER 4

Exp and log

4a. The number e

Time now to get into some truly advanced things, namely exp and log. These are
quite basic functions in mathematics and science, but in order to introduce them, we will
have to work a bit. The idea will be that the exponential will be expz = e*, and the
logarithm log x will be its inverse, but the whole point lies in understanding what is the
best number e € R that we can use, for good results, and this is something non-trivial.

So, be patient, things here will be non-trivial, and we will have to establish some
technical results first, with no obvious goal. But, as analysts, we are supposed to enjoy
everything analysis, so take what comes next like this, analysts enjoying analysis.

Let us start with the following remarkable result, which is something having is own
interest, namely computing a quite natural 1°° type limit, which is non-trivial:
THEOREM 4.1. We have the following convergence
1 n
1+-) —e
n
where e = 2.71828 ... is a certain number.

ProoOF. This is something quite tricky, as follows:

(1) Our first claim is that the following sequence is increasing:

(1)
T, =14+ —
n

In order to prove this claim, we can use the arithmetic-geometric inequality, applied
to the number 1, and to n copies of the number 1 + 1/n. Indeed, this gives:

X5 (043) ]y T 1
R (D

=1

In practice, by rearranging a bit, this gives the following inequality:

1 ( 1>n/(n+1)
> (14—
n+1 n

81

1+
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Now by raising to the power n 4+ 1 we obtain, as desired:

1 n+1 1 n
(i) = ()
n+1 n
(2) Normally we are left with proving that z, is bounded from above, but this is
non-trivial, and we have to use a trick. Consider the following sequence:

1 n+1
(o0
n

We will prove that this sequence y,, is decreasing, and together with the fact that we
have x,,/y, — 1, this will give the result. So, this will be our plan.

(3) In order to prove now that y, is decreasing, we use, a bit as before:

1+2?:1(1_%) n41 - 1
n+1 z " 1.H<1__>

! n
=1

In practice, this gives the following inequality:

1 1\ ™/ (+D)
LI <1 - _>
n+1 n
Now by raising to the power n 4+ 1 we obtain from this:

1 n+1 1 n
I )
n+1 n

The point now is that we have the following inversion formulae:

R A n ‘4_n+1_1+1
n+1 n-+1 on n
1\ ! —1\! 1

(1-0) -() -
n n n—1

a - n—1
Thus by inverting the inequality that we found, we obtain, as desired:

1 n+1 1 n
(15) = ()
n n—1
(4) But with this, we can now finish. Indeed, the sequence x, is increasing, the
sequence vy, is decreasing, and we have z,, < y,, as well as:

. 1
LI R |
T n

Thus, both sequences x,, vy, converge to a certain number e, as desired.
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(5) Finally, regarding the numerics for our limiting number e, we know from the above
that we have z,, < e <y, for any n € N, which reads:

1 n 1 n+1
<1—|——> <e< (1—|——)
n n
Thus e € [2,3], and with a bit of patience, or a computer, we obtain e = 2.71828. ..
We will actually come back to this question in a moment, with better methods. Il
More generally now, we have the following result, featuring a variable xz € R:
THEOREM 4.2. We have the following formula,
(1 + E) — e
n
valid for any r € R.

PROOF. We know from Theorem 4.1 that the result holds at = 1, and this because
the number e was by definition given by the following formula:

(+3)
1+-) —e
n
Observe that by taking inverses, we have as well the result at z = —1, namely:
(1-5) -
l——) — -
n e

In general now, when € R is arbitrary, the best is to proceed as follows:

oz (002

Thus, we are led to the conclusion in the statement. U

Summarizing, we know what the number e, and what the associated exponential
function e” are. However, the story is not over here. As a complement to Theorem 4.1,
we have indeed the following result, which is something quite far-reaching:

THEOREM 4.3. We have the following formula,
|
e=D 7%
k=0
which can stand as an alternative definition for e.
PRroOF. This can be done in several steps, as follows:

(1) In practice, we want to prove that we have the following equality:

\" &1
lim (1+=) =Y =
i (10) =25
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(2) For this purpose, the first observation is that we have the following estimate:

=1 =1
2 < Z E < 2k—1 =
k=0 k=0

Thus, the series Y -, % converges indeed, towards a limit in (2, 3).

(3) In order to prove now that this limit is e, observe that we have:

() =20

n

nn—1)...nm—k+1 1
S ( ) k( )

k=0

"1
<y o

k=0

Thus, with n — 0o, we get that the limit of the series Y - 4 belongs to [e, 3).

(4) For the reverse inequality, we use the following computation:
1 \" (n—=1)...(n—k+1) 1
i (1 + g) = Z i Z o

1 nn-1) n—k 1
an—n(n—l)...(n—k—i—l)

nkk!

IN

n* —(n —k)*
Z nkk!

k=2

(5) In order to estimate the above expression that we found, we can use the following
trivial inequality, valid for any number z € (0, 1):

l-a"=(1-2)l+a+2*+...+2") < (1-a)k
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Indeed, we can use this with z = 1 — k/n, and we obtain in this way:

k! n - k!

k=0 k=2
L lG K
T on — 1!
n<(k—1)
1l Kk 1
 oni=k—-1 (k-2)
1~ 2
= 5 ok—2
k=2
4
< J—
n
Now since with n — oo this quantity goes to 0, we obtain that the limit of the series
Y reo % is the same as the limit of the sequence (1 + %)n, namely e, as desired. O

As a fourth and final result in our series, generalizing Theorem 4.3, we have:

THEOREM 4.4. We have the following formula,
T C :Bk
C T LW
k=0
valid for any x € R.

Proor. To start with, the above series converges at any x € R, with this being best
seen as an application of our general convergence criteria from chapter 1, coming from:

$k+1 l’k T

G+ B k+l

Alternatively, this comes directly from z*/k! < 2% for k >> 0. Regarding now the
fact that the sum is indeed e*, we have two possible proofs here, as follows:

—0

(1) As a first idea, which is straightforward, we can adapt the proof of Theorem 4.3,
by inserting a variable x there. Indeed, in view of Theorem 4.2, we want to prove that:

Lk
. T\ T
tm (14 0) =2

As a first observation, exactly as before in the case x = 1, we have:

B
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As for the reverse inequality, again by following the proof at x = 1, we have:

— a* TA™ nl_(l_g)k k
S0 s S
k=0 k=2
I~ 2
< Ll
k=2

Thus, done with |z| < 2, because with n — oo we get 0 on the right. As for the
general case, x € R, here we must fine-tune a bit our estimates, say exercise for you.

(2) We have as well a second proof, which is a bit more conceptual, and that we will
explain now in detail. Consider the function in the statement, namely:

.k

k=0

By using the binomial formula, we have the following computation:

faty = U

= f@)f(y)

As a first observation, this shows that f is continuous. Indeed, at x = 0 we have:

) ) 0 2«/.k—l
H%f(t)%:f%(l“;F) =1

But from this, we get f(x +1t) = f(x)f(t) — f(x) with ¢ — 0, at any x. Thus, as a
conclusion, our function f is continuous, and satisfies the following conditions:

flet+y) =fl@)fly) , f(1)=e

But with this, we can finish. Indeed, by iterating, we have f(nz) = f(x)" for any
n € N. Then, by extracting roots, we have f(rx) = f(z)" for any r € Q. Thus f(r) =¢€"
for any r € Q, and by continuity we obtain f(x) = e* for any = € R, as desired. O

Quite interesting all the above, so let us summarize our findings, as follows:
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CONCLUSION 4.5. We have a number e = 2.71828 ... given by
_ 1\" 1
e=tim (1+3) =35
k=0
with the corresponding power function being given by the following formulae,

T\" = ¥
T __ 1 - — —
= Jim (14 0) =25
k=0
and with all equivalences coming from the basic theory of sequences and series.

Which sounds quite complete, but as a matter of making sure that we have not for-
gotten anything, time to ask the cats. These days I have two of them constantly roaming
around the house, and with Vladimir, who’s good at analysis, being currently gone for a
hunt, I will have to ask Nicolas, who’s more into algebra. And Nicolas answers:

NicoLAs 4.6. The exponential is the only function mapping O — 1, and equalling its
own derivative. And e = exp(1).

Well, beware I guess of algebraic felines, who can destroy your analytic work in a
matter of seconds. This being said, Nicolas makes reference to the notion of derivative,
that is scheduled only for Part III in this book. In the meantime, let us record however
a number of useful facts, coming as a soft version of what Nicolas is saying:

Fact 4.7. The number e = 2.71828 . .. is the unique one having the property
el ~ 1+t
fort >~ 0. Geometrically, this means that the slope of €* at x = 0 must be 1.

To be more precise here, ¢’ ~ 1+t comes by truncating e’ = >, t*/k!, and the converse
is easily seen to hold too, and more on this in a moment, when talking logarithms. As
for the last assertion, this is precisely what e’ ~ 1 + ¢ tells us, and with the remark here
that, more generally, e ~ e*(1 4 t) tells us that the slope of €* at any x € R must be
e’ itself, in agreement with Nicolas 4.6. And more about this later, in Part III.

Observe the similarity with the formula sint ~ ¢ from chapter 3. In fact, we have:

PRINCIPLE 4.8. Hard mathematics gets axiomatized by functions around 0:
(1) sint ~t tells us what the angles t are.
(2) €' ~ 1+t tells us what the number e is.

Moving on, many other things can be said about e, and we will be back to this on a
regular basis, in what follows. As a last basic result about e, let us record:
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THEOREM 4.9. The number e is numerically given by
e =2.7182818284 ...
and is irrational, e ¢ Q.
ProOF. The above assertions are related, both about approximating e, as follows:

(1) Regarding the numerics, the series defining e converges very fast, when compared
to the limit, so if you are in a hurry, that series is for you. We have:

=11 1 1
- —+—(1
¢ kz;i<;!+zv1(+N+1+(N+1)(N+2)+ >
< N_11+1 gty

k!~ NI N+1 (N+41)2

N—-1

2|~

+

1+ — =
! ! N
k=0
i N N'
Thus, the error term in the approximation is really tiny, the estimate being:
N N
1 1 1
2t m
k=0 k=0
(2) Now by using this, you can easily compute the decimals of e. Actually, you can’t

call yourself mathematician, or scientist, if you haven’t done this by hand, just for the
fun, but just in case, here is how the approximation goes, for small values of V:

N=2 — 25<e<?2.75

| =

N=3 = 2666...<e<2722...
N=4 = 2.70833... <e<2.71875...
N =5 = 2.71666... <e < 2.71833...
N=6 — 2.71805... <e < 2.71828...
N=7T= 271825... <e < 2.71828...

Thus, first 4 decimals computed, e = 2.7182. .., and [ would leave the continuation to
you. Wlth the remark that, when carefully lookmg at the above, the estimate on the right
works much better than the one on the left, so before getting into more serious numerics,
try to find a better lower estimate for e, that can help you in your work.
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(3) Getting now to irrationality, a look at e = 2.7182818284 . .. might suggest that the
81,82,84 ... values might eventually, after some internal fight, decide for a winner, and
so that e might be rational. However, this is wrong, and e is in fact irrational.

(4) So, let us prove now this, that e is irrational. Following Fourier, we will do this
by contradiction. So, assume e = m/n, and let us look at the following number:

k=0

As a first observation, x is an integer, as shown by the following computation:

m "1
k=0
= m(n—1)!—Zn(n—1)...(n—k—|—1)

k=0
€ Z

(5) On the other hand x > 0, and we have as well the following estimate:

_l’_
n+l (n+1)(n+2)
1 1

it e
1

n

Thus z € (0,1), which contradicts our previous finding x € Z, as desired. Il

Finally, let us mention that there is even worse, with e being transcendental, that is,
not being root of any polynomial P € Q[X]. By the way, the same can be said about T,
which is irrational and trascendental too. More on this, hopefully, later in this book.

4b. Euler formula

Now that we know about the number e = 2.7182..., we would like to use the well-
known formula x = re' for the complex numbers, as everyone does. However, proving
this formula is no easy task, normally requiring the use of derivatives, that we will learn
only in Part III of this book, and we will be punching here a bit above our weight.
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Guess I will have to ask again the cats. And with Nicolas being now gone to a seminar
(didn’t even know that cats have seminars), and Vladimir being back from his hunt,
exactly when the other left, and no surprise here, these two fellows don’t quite like each
other, T will discuss with Vladimir all this. And here is what he says:

VLADIMIR 4.10. Mathematics is the part of physics where experiments are cheap.

Humm, this sounds to my inner philosopher a bit extreme, but after all, isn’t this
damn true, and efficient. After all, mathematics is just a collection of right and wrong
statements, as by the way any other science is, and our job as mathematicians is that of
distinguishing between what is right and what is wrong. With all methods allowed.

So, getting now to x = re’, as a cheap experiment here, that I just performed, and
that you can reproduce too, anytime, we can look up what scientists say about this, on
the internet. And with 100% of people agreeing on this, we have our theorem. And with
the remark that our social science proof for it, based on 100% agreement, looks far more
reliable than our usual formal math proofs, which can, after all, contain mistakes.

This being said, I am pretty much sure that you would like to know more about
x = re', before starting using it, like everyone does. So, we first have:

THEOREM 4.11. We can exponentiate the complex numbers, according to
o©  _k
ey
k!
k=0
and the function x — € is continuous, and satisfies e*TY = e*eY.

PRrROOF. There are several things going on here, the idea being as follows:

(1) To start with, we are now dealing with complex functions, so we must first argue
that our basic knowledge of analysis, namely convergence, sequences, series and continuity,
extends to this setting. But this is something which is pretty much obvious, because
everything in real analysis comes from the distance function on the reals, namely:

d(x,y) = |z —y|

To be more precise, it is this distance function which allows us to tell what is small,
what is big, and so on, and so to talk about convergence, and anything else analysis.

(2) Now the point is that in the complex setting we have a distance function too,
nemely d(x,y) = |z — y|, with |.| being this time the modulus of complex numbers.
Moreover, as we know well from Pythagoras, this is something very intuitive, namely the
usual distance in the plane. And by using this, we can surely talk about convergence, and
all our basic results regarding sequences, series and continuity extend to this setting.
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(3) We will be talking more in detail about this in chapter 5, and in the meantime,
just trust me. Or don’t trust me, and have a quick look at what we did in chapter 1, and

the first part of chapter 2, in order to prove

me wrong, that would be even better.

(4) With this discussed, and getting now to what the statement says, we must first
prove that the series converges. But this comes from the following computation:

]

IN

(5) Regarding the formula e*t¥ = e”e?| this follows as in the real case, as follows:

o0

D

k=0

o

ety

o

61‘

eY

(6) Next, the continuity of z — €* comes

e — 1]

k

2.2

k=0 s=0
k

2.2

k=0 s=0

(z +y)*

k!

)7

Y
—5)!

xsyk—s
k!

sl(k

at © = 0 from the following computation:

o

tk




92 4. EXP AND LOG

(7) As for the continuity of x — e” in general, this can be deduced as follows:

lime®™" = lime”¢’
t—0 t—0
= e“lime
t—0
= e'-1
= 61‘
Thus, we are led to the conclusions in the statement. Il

As a consequence of the multiplicativity formula e*™¥ = e”e¥, we have:

PROPOSITION 4.12. The exponential of complex numbers is given by
es+it — eseit

with e* being a usual real exponential, and with e, in need to be computed.

PROOF. This is indeed something self-explanatory, coming from e**t¥ = e%e¥, and with
the somewhat non-standard notation = = s + it being something useful for later. O

Now let us get to the remaining problem, computation of ¢ with ¢ € R. Here are a
few elementary observations, regarding the operation t — e®:

PROPOSITION 4.13. Fort € R the number e® belongs to the unit circle,

et eT
and the operation t — €' is subject to the following formulae,
Gt — gisgit G0 — 1 (eit)7l = it

telling us t — e is a group morphism R — T.

PROOF. There are several things going on here, the idea being as follows:

(1) To start with, we have the following formula, valid for any x € C:

= ZOO zk ZOO ko
e = —_— = —_— = ew
k! k!
k=0 k=0

We have as well the following computation, again valid for any x € C:

et =" =e"=1 = (") =e"

(2) But with these two formulae in hand, we can prove the first assertion. Indeed, the
first formula, applied with x = it, with t € R, gives the following equality:
e = eit
As for the second formula above, again applied with x = it, this gives:

(eit)fl — efit
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We conclude that the complex number z = e has the following property:
27 l=z%
But this is exactly the equation of the unit circle T, as desired.

(3) Regarding now the various formulae in the statement, for the operation ¢ — €%,
these are all trivial, coming from the multiplicativity formula e**¥ = e%¢Y.

(4) As for the final conclusion, this is something quite intuitive, telling us that ¢ — e
transforms the additive structure of R into the multiplicative structure of T. (|

What is next? Well, we will have to improvise a bit, and we are led in this way to the
following fundamental result of Euler, regarding the complex exponential:

THEOREM 4.14. We have the following formula,
e = cost+isint
valid for any t € R.
PROOF. Here is an intuitive proof for this, that will do I hope, and for the formal
proof, this will have to wait until chapter 9 below, when discussing derivatives:

(1) We know from Proposition 4.13 that the operation ¢ — € is a group morphism
R — T. But in view of this, barring any pathologies, this operation can only appear by
“wrapping”. That is, we must have a formula as follows, for a certain o € R:

e = cos(at) + isin(at)

(2) In order now to find the parameter o € R, let us look at what happens around
t = 0. As a first observation, at ¢ = 0 precisely, our formula is as follows, true:

e’ = cos0 +isin0

The point now is that, around ¢ = 0, we have the following elementary estimate,
simply obtained by truncating the series defining the exponential:
et~ 1 4t

On the other hand, according to our basic trigonometry estimates for sin and cos from
chapter 3, we have as well the following estimate, again around ¢ = 0:

cos(at) + isin(at) ~ 1+ iat
(3) Thus, we must have o« = 1, which gives the Euler formula. With the comment,

reiterated, that we will back to this later, in chapter 9, with a fully rigorous proof.

(4) Finally, let us mention that it is possible to prove, with a bit of patience, that the
pathologies evoked in (1) cannot appear, that is, that our continuous group morphism
R — T must appear indeed via wrapping. And we will leave this, turning what we have
into a full, rigorous proof of the Euler formula, as an instructive exercise. O
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As a main application now of the Euler formula, we have:

THEOREM 4.15. The complex numbers x = a + ib can be written exponentially,
r=re
with the connecting formulae being
a=rcost , b=rsint

and in the other sense being
b
r=+va®+0 , tant=-—
a

and with r,t being called modulus, and argument.

Proo¥r. This is a reformulation of our previous polar writing notions, by using the
formula e = cost + isint from Theorem 4.14, and multiplying everything by 7. O

With this in hand, we can go back now to the basics, namely the addition and multi-
plication of the complex numbers. We have here the following result:

THEOREM 4.16. In polar coordinates, the complex numbers multiply as
re’ . peit = rp i+t
with the arguments s,t being taken modulo 2.

Proor. This is something that we already know, from chapter 3, reformulated by
using the notations from Theorem 4.15. Observe that this follows as well directly, from
the fact that we have e*e?¥ = e**¥, that we know from Theorem 4.11. Il

As a basic application now of Theorem 4.16, we have the following result:

THEOREM 4.17. We have the following operations on the complex numbers, written

in polar form, as above:
(1) Inversion: (re')=t =r=le™i.
(2) Square roots: \/ret = +£1/relt/?.
(3) Powers: (re')® = roete.

(4) Conjugation: re®t = re~,

PRroOF. This is something that we already know, from chapter 3, but we can discuss
now all this, from a more conceptual viewpoint, the idea being as follows:

(1) We have indeed the following computation, using Theorem 4.16:
(ret)(rle®) = ppol. it
= 1-1
=1
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(2) Once again by using Theorem 4.16, we have:
(£+/reit/2)? = (r)2eit/2H/D) = peit
(3) Given an arbitrary number a € R, we can define, as stated:
(reit)s = pacita
And, due to Theorem 4.16, this operation x — x® is indeed the correct one.

(4) This comes from the fact, that we know from chapter 2, that the conjugation
operation x — ¥ keeps the modulus, and switches the sign of the argument. U

Let us rewrite as well the theory of roots of unity, in this way. We have here:

THEOREM 4.18. The equation z =1 has N complex solutions, namely
{wk’k =0,1,...,N — 1} . ow =N
which are called roots of unity of order N.

Proor. This follows from the general multiplication formula for complex numbers
from Theorem 4.16. Indeed, with 2 = re® our equation reads:

7,,Neth -1

Thus r = 1, and ¢ € [0,27) must be a multiple of 27/N as stated. O

As an illustration here, the roots of unity of small order, along with some of their
basic properties, which are very useful for computations, are as follows:

N = 1. Here the unique root of unity is 1.

N = 2. Here we have two roots of unity, namely 1 and —1.

N = 3. Here we have 1, then w = *™/3, and then w? = w = *™/3.

N = 4. Here the roots of unity, read as usual counterclockwise, are 1,7, —1, —1.
N = 5. Here, with w = e?™/°, the roots of unity are 1, w, w?, w3, w?.

N = 6. Here a useful writing is {#1, w, +w?}, with w = /3,

N = 7. Here, with w = e*™/7, the roots of unity are 1, w, w?, w3, w?*, w?®, wb.

N = 8. Here the roots of unity, read as usual counterclockwise, are the numbers
1w, i, iw, —1, —w, —i, —iw, with w = e™/*, which is also given by w = (1 +)/v/2.

The roots of unity are very useful variables, and have many interesting properties. We
will use them on a regular basis, in what follows, for all sorts of questions.
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4c. The logarithm

Getting back now to the real numbers, but this will be temporary, do not worry, we
can talk about the logarithm function, which appears as follows:

THEOREM 4.19. The exponential function, as constructed before,
exp:R = (0,00) , x—e€"
is invertible, with its inverse being the logarithm function, denoted as follows:
log: (0,00) =R , log=exp !

This logarithm function is continuous, increasing, and bijective.

Proor. This follows indeed from our general inversion machinery for functions from
chapter 2. Let us record as well some pictures. The exponential looks as follows:

exp

1
/

As for the logarithm function, obtained by flipping the above graph of the exponential
around the main diagonal of the plane, x = y, this looks as follows:

1

Observe the asymptotes of the above graphs, related to each other, coming from
exp(—o0) = 0 and log0 = —oo. Also, the slopes of both graphs at the points designated
“1” in the above are 7 /4, with this coming from e’ ~ 1 + ¢. More on this later. O

In practice, the logarithm is a very useful function, and more on this later. In the
meantime, how to compute it? And here, we have the following collection of results:
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THEOREM 4.20. The logarithm can be computed via the equivalent formulae
8" =1 | log(e”) =z
and in practice, we have the following useful rules:

(1) log(zy) = logz + logy.
(2) log(1/y) = —logy.

(3) log(z/y) =logx —logy.
(4) log(z") = plogz.

PRrROOF. The first two formulae come from the fact that the inverse of a function f
can be defined either via f(f~1(z)) = z, or via f~1(f(z)) = z. As for the rest:

(1) This comes indeed from the following computation:

6log(my) = qy = elogzelogy _ elogm—l—logy

(2) This comes from (1), by setting z = 1/y, and using log 1 = 0.
(3) This comes also from (1), by replacing y — 1/y, and using (2).
(4) This formula, generalizing (1) with = y, and also (2), comes as follows:
(OBE) _ 4p _ (clogeyp _ cploge
Thus, we are led to the conclusions in the statement. Il
In what regards now the applications of log, these usually come as follows:

THEOREM 4.21. We can talk about logarithms in any basis b > 1, according to

with these generalized logarithms solving the following equivalent questions,
per” =g log,(b°) ==
and with b = e, 2,10 being good for hard science, computer science, and social science.
PrROOF. We have several assertions here, the idea being as follows:

(1) Given b > 1 the power function [z — b*] : R — (0, 00) is invertible, and we can call
log, x : (0,00) — R is inverse, defined by the two equivalent formulae in the statement,
exactly as before in Theorems 4.19 and 4.20, dealing with the case b = e.

(2) Next, the good news is that we do not need to compute all these logarithms, and
this thanks to the following computation, which gives log, x = log x/logb, as stated:

blog:r/logb _ (elogb)logz/logb _ elog:c -
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(3) Finally, the last assertion is something subjective. Regarding computers, every-
thing there is binary, 2" numbers rule, and the interest in log, comes from:

log,(2") =n

Pretty much the same can be said about social science, where 10" numbers, such as
millions, billions and trillions rule, and the interest in log,, comes from:

log;(10") = n

And exercise for you to exploit this technology, and make some money, say with some
graphs and advertisements using suitable logarithmic scales, known only to you.

(3) As for log, = log and hard science, more on this later, on several occasions. In the
meantime, let us record the following useful formula, related to Fact 4.7:

bt =etlosb ~ 1+ tlogh
Indeed, this tells us that e ~ 1 + ¢ uniquely determines e, as said in Fact 4.7. O
Time now for some tough mathematics? Here is a main result about log:

THEOREM 4.22. We have the following formula, valid for |x| < 1:

o

l’k
log(1+2) = > (—1)H1 2

k=1

Moreover, this holds as well at x = 1, with the formula here being:

S~ —1)k+1
log2 = Z %
k=1

As for remaining cases, |x| > 1 and x = —1, here the series diverges.

PRrROOF. We have several things going on here, the idea being as follows:

(1) To start with, the series in the statement converges at |z| < 1, due to:

IR k41 .
—=r-—— =
k+1 k k
The series converges as well at x = 1, say as an alternating series. At x = —1 however

we obtain the Riemann divergent sum. As for the case |x| > 1, here the series grossly
diverges, in the sense that its terms do not go to 0, as required by convergence.

(2) Getting now to the proof, we have a dillema here, coming from the following two
equivalent formulae, that we can both use for our computations:

log z

e =x | log(e") ==
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(3) Let us try the first method. We have the following computation:

(S0 - S ($apa
k n! k

k=1 n=0 =
o0 o ki1+...+kn
_ § :l (_1)k1+...+kn+nx
n! _ k?l c. kn

- z;(_x)z; al Z_kl...kn
s= n= 1+...+kn=s

We would like to prove that this equals 1 + z, but the computation of the coefficients
on the right looks like a non-trivial business, so we should better stop here.

(4) With the second method, we have the following computation:

k
ST - S (1)
k=1 k=1 r=1
o0 1 o0 r1+... 47k
_ k1
N Z( 1 k Z r! ooy
k=1 1y, Tp=1
o 0 (_1)k+1 1
= Zx Z 2 Y
s=1 k=1 r1+..4+rr=s

We would like to prove that this equals z, and although the coefficients on the right
look better than those before, finishing does look easy, and we will stop here too.

(5) So, what to do? Third method I guess, by proving that our series has the main
required abstract property of log(1 + ), without reference to exp, namely:

log((1 + z)(141%)) = log(1 + x) + log(1 + %)

So, let us get into this. We have the following computation, to start with:

k—i—l k k
— (T) (z + zy)"y*
r=0

(_1)T+S+l r+s r r, s
e A

r+s

@ty ay)t
k

k=1

Mg
g Mg

r4+s>1
(6) The contribution of r = 0 to this sum is the following quantity:

Co= Y (-1

s>1
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(7) As for the contribution coming from r > 1, this is the following quantity, with the
computation using the inversion formula for (1 + y)", that we know from chapter 2:

C, = Z<_1)T+1xr(1+y)rz%(r—:s)ys

r>1 5>0
_ Z(_l)rﬂx’"(l +y)" Z (—1)® (r +5— 1)3/3
= r =T + s r—1
_ Z<_1)r+1xr(1+y)r 1
= r (1 +y)
= Syt
r>1 r
(8) Summarizing, we have proved the desired formula, namely:
e ko> ro s
;(_1)1@“ (z + y/.:_ zy)" ;(_1>r+1377 i ;(_1)5+1%

(9) But with this, we can now finish, a bit as we did before for exp, in the proof of
Theorem 4.4. To be more precise, and taking a shortcut here, we can argue that by (8)
our candidate series for log(1 + x) must be a certain shifted logarithm, log,(1 + z). But
with the slope at x = 0 being the correct one, this shifted logarithm must be the usual
one, log(1 + z), and we are therefore led to the conclusion in the statement. U

As an interesting observation now about the logarithm, we have:
OBSERVATION 4.23. We can successfully deal with x¥ with x > 0 by using:
¥ = evlogz
However, this fails at x < 0, with for instance (—1)* = 1 being beyond its reach.

And the problem is, how to fix this? In answer, by using complex numbers, because
by setting for instance log(—1) = 7, we have the following successful computation:

(_1)2 — e?log(—l) — 627ri -1
We will be back to such questions in the next chapter, when discussing more on detail
the complex functions, and in particular, the complex extensions of the logarithm.
4d. Poisson laws

Getting back now to the basics, I don’t know about you, but personally, for some
peace of mind, I would like to have as well a combinatorial interpretation of e. In order
to reach to this, let us start with the following definition, which is very standard:
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DEFINITION 4.24. A permutation of {1,..., N} is a bijection, as follows:
o:{1l,...,N} = {1,...,N}
The set of such permutations is denoted Sy .

Many things can be said about permutations, in particular with the basic fact that
there are N! of them. Indeed, in order to construct a permutation o € Sy, we have:

— N choices for the value of o(V).
— (N — 1) choices for the value of o(N —1).
— (N — 2) choices for the value of o(N — 2).

— and so on, up to 1 choice for the value of o(1).

Thus, we have indeed N! choices, as claimed. Observe also that the set Sy formed by
the permutations is a group, being obviously stable by composition, and by inversion.

With this discussed, we have the following remarkable result, which is a bit of group

theory flavor, making appear the number e, in a nice combinatorial way:

THEOREM 4.25. The probability for a random permutation o € Sy to be a derange-
ment, that is, to have no fixed points, is given by the following formula:

1 1 1 N 1
Thus we have the following asymptotic formula, in the N — oo limit,
1
P~-
e

with e = 2.7182 ... being the usual constant from analysis.

PrOOF. This is something very classical, and beautiful too, which is best viewed by
using the inclusion-exclusion principle. Consider indeed the following sets:

Sk — {0 c SN‘a(k:) — k:}

The set of permutations having no fixed points, called derangements, is then:

wos)
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Now the inclusion-exclusion principle tells us that we have:

(Us)

= ISl =D IS+ ISk NSkl =+ (DY D) Sy N NS

| Xn| =

k k<l k1<..<kn
= NI—N(N-1)!+ (];[)(N—Q)! —...+(—1)N<%)(N—N)!
- é(—l)r(f )=
S

Thus, the probability that we are interested in, for a random permutation ¢ € Sy to
have no fixed points, is given by the following formula:
N

XN (T
P= N! Zo r!
Now since on the right we have the expansion of 1/e, this gives the result. U

The above is nice, but we can do even better. Let us introduce, indeed:

DEFINITION 4.26. The Poisson law of parameter 1 is the following measure,
1 Ok
e k!

keN

p1 =

and the Poisson law of parameter t > 0 is the following measure,

with the letter “p” standing for Poisson.

Generally speaking, these measures appear a bit everywhere, in discrete probability
contexts, the reasons for this coming from the Poisson Limit Theorem (PLT). However,
this is something quite advanced, and for our purposes here, what we have in Definition
4.26 will do. Observe that our laws have indeed mass 1, as they should, due to:

t tk
e :ZE

Getting back now to what we wanted to do, generalize Theorem 4.25, we have:
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THEOREM 4.27. The number of fixed points of permutations, x : Sy — N given by

(o) = #{z = {1,...,N}‘a(z’) - z}

follows the Poisson law py, in the N — oo limit. More generally, the variable

wilo) = # {i € {1, [N} oli) = i}
with t € (0,1] follows the Poisson law py, in the N — oo limit.
PrRoOOF. We have two assertions here, the idea being as follows:

(1) In what regards the first assertion, dealing with the case ¢ = 1, we must prove here
the following formula, for any » € N, in the N — oo limit:

1
Plx=r)= -

We already know, from Theorem 4.25, that this formula holds at » = 0. In the general
case now, we have to count the permutations ¢ € Sy having exactly r points. Now
since having such a permutation amounts in choosing r points among 1,..., N, and then
permuting the N — r points left, without fixed points allowed, we have:

4 {a c SN‘X@) - r} - (]TV)# {a € Sn_,

M@I%

= T'(NLLT)'# {UESN—r X(U):O}
Mo )

By dividing everything by N!, we obtain from this the following formula:
#{O’GSN‘X(O'):T} 1 #{UGSN,T

M@I@
N1 BT (N —7)!

Now by using the computation at r = 0, that we already have, from Theorem 4.25, it
follows that with N — oo we have the following estimate:

P(x=r)~—=-Plx=0)~—-

1 1 1
rl e

ﬁ .

Thus, we obtain as limiting measure the Poisson law of parameter 1, as stated.
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(2) In the general case now, where t € (0, 1] is arbitrary, we can use the same method.
Indeed, as before at ¢t = 1, we obtain by inclusion-exclusion that we have:

[tN]
1

P(x; =0) = ﬁZ(—w > s n...nSyl
" r=0

k1<...<kr<[tN]

_ % sz(_l)r <[tiv]) (N —r)!

[tV]
(—1)" NN — )
= 2 " NI([EN] — )]

r=0

Now with N — oo, we obtain from this the following estimate:

S
P(x: =0) :ZT-trze_t
r=0
More generally, by counting the permutations ¢ € Sy having exactly r fixed points
among 1,...,[tN], as in the proof of (2), we obtain:
t']"
P(Xt = T) = rlet

Thus, we obtain in the limit a Poisson law of parameter ¢, as stated.

0

Many other things can be said, as a continuation of the above, both of algebraic and
analytic nature. We will be back to this on several occassions, in what follows.

4e. Exercises

This was our first tricky analysis chapter, and as exercises on this, we have:

EXERCISE 4.28.
EXERCISE 4.29.
EXERCISE 4.30.
EXERCISE 4.31.
EXERCISE 4.32.
EXERCISE 4.33.
EXERCISE 4.34.

EXERCISE 4.35.

Rewrite the above theory, by starting with e =, 1/k!.
Reuwrite then the theory, by starting with e* =", 2" /k!.
Rewrite then again the theory, by starting with et ~ 1 + t.
Then do the same, starting this time with e*** ~ e"(1 +t).

Learn about formal derivatives, and exp’ = exp, exp(0) = 1.

Learn about analytic derivatives, and exp’ = exp, exp(0) = 1.

Can you rewrite the theory starting from e = cost +isint?

What about rewriting the theory, with log coming first?

As bonus exercise, get a cat or two, their advice might be useful, for such questions.



Part 11

Continuity



Here we are
To celebrate a party
In this hot summer night
While the moon is shining bright



CHAPTER 5

Continuity, revised

5a. Continuity, jumps

We have seen so far that there is life in mathematical analysis, with very little con-
tinuity involved, the derivatives barely appearing, and the integrals not present at all.
This is of course not surprising, because modern analysis as we know it, crucially based
on continuity, derivatives and integrals, remains something recent. And there was a long
story preceding it, story whose essentials we more or less presented in Part I.

Well, time now to get into modern analysis, with a more detailed discussion of conti-
nuity, over the next 100 pages, then a discussion of derivatives, over 100 more pages, and
then a discussion of integration, over 100 more pages. This will be our plan.

Getting started, with continuity and related topics, let us make a brief survey of what
we know, from Part I. The starting definition, coming in 2 flavors, was as follows:
DEFINITION 5.1. A function f: X — R, with X C R, is continuous at v € X when:
T, > v = f(x,) — f(z)
Equivalently, the following epsilon-delta condition must be satisfied:
Ve>030>0, |zr—yl<d = |f(x)— fly)| <e
We say that f is continuous when it is continuous at all points x € X.

And we refer to chapter 2 for a discussion here. As a main result now regarding
continuity, we have the intermediate value theorem, also from chapter 2, as follows:

THEOREM 5.2. Given a continuous function defined on a closed bounded interval
f:la,b] > R
its image must be a closed bounded interval, f(la,b]) = f([c,d]).
Proor. This is something discussed in chapter 2, the idea being as follows:

(1) Given u € [f(a), f(b)], we can solve f(x) = u by dividing [a, b] into half, selecting
the half whose image contains u, then again dividing in half, and so on, with the limiting
point x of these decreasing intervals satisfying, by continuity, f(z) = u, as desired.

107
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(2) Thus our function f takes its intermediate values, and with a bit more work, we
are led to the conclusion in the statement. We will actually present a second proof of this
result, more conceptual, using modern topology methods, later in this chapter. Il

Finally, regarding the examples of continuous functions, there are many of them,
coming from our work from chapters 2—4, with the summary here being as follows:

THEOREM 5.3. The following functions are continuous:

(
(2) f/g too, on its domain, meaning outside the zeroes of g.

(3) The polynomials P € R[X], viewed as functions P : R — R.

(4) The rational functions, f = P/Q with P,Q € R[X], outside their poles.
(5) The inverses f~1:Y — X of bijective continuous functions f: X — Y.
(6) The power functions x® and a®, over their suitable respective domains.

(7) The basic trigonometric functions, namely sin, cos and exp, log.
(8) The tangent function tan too, over its domain, R — (w/2 + 7Z).

PRrROOF. Good result that we have here, based on a lot of work, as follows:

1) This is something from chapter 2, coming from definitions.

2) This is again from chapter 2, again coming from definitions.

3) This comes by applying the operations in (1) to the function f(x) = x.

6) This was something more tricky, basically coming from our definition of R.

(
(
(
(4) This comes by combining (2) and (3), that is, when using all operations.
(
(
(

)
)
)
5) This comes from Theorem 5.2, and with the remark that f must be monotone.
)
)

7) This is something that we discussed in great detail, in chapters 3 and 4.
(8) This is something that we know too, coming via (2) from tan = sin / cos. O

What is next? Many things, and as a first task, inspired by the rational functions,
and by the tangent function too, let us get away from continuity, and have a quick look
at discontinuity. In relation with this, here is something that we can do, in general:

PROPOSITION 5.4. Given a function f : X — R and a point x € X, consider
| = lim f(y)
Yy—x
with this limit being computed over points y # x. Then:

(1) f is continuous at x precisely when f(x) = 1.
(2) If I exists and f(x) # 1, we can reset f(x) =1, and f becomes continuous at x.
(3) If I does not exist, f(x) cannot be reset, as for f to become continuous at x.

Proor. This is indeed something self-explanatory, coming from Definition 5.1. U
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As a continuation of this, again motivated by rational functions and the tangent, we
would like to talk about jumps of discontinuous functions. However, things here are a bit
tricky, because given f : X — R we would like to talk about both jumps at points z € X
where f is discontinous, and with these being defined or not, and at points x ¢ X where
jumps can still appear, under certain circumstances, say as for f = tan at x = 7 /2.

In view of this, it is convenient to use the following method, which allows us to get
rid to some of the problems, related to the precise geometry of the domain X C R:
METHOD 5.5. Given f: X — R with X C R, we can regard it as function
f:R—=R
simply by setting f(x) =0, at any x ¢ X.

Obviously, this is something quite theoretical, but in order to develop the abstract
theory of jumps, without much troubles, this method is what we need. Let us start with
a remake of Proposition 5.4 in this setting, that of the functions f: R — R:

THEOREM 5.6. Given a function f:R — R and a point x € R, consider
) =1 , =li
fla-)=lim fy) fles)=lm f(y)

with these limits being computed over strictly monotone sequences. Then:

(1) f is continuous at x precisely when f(x) = f(zx_) = f(zy).
(2) If f(z_) = f(xy) =1, we can reset f(x) =1, and f becomes continuous at x.
(3) Otherwise, f(x) cannot be reset, as for f to become continuous at x.

Proor. This is indeed something self-explanatory, remake of Proposition 5.4. U

We are now ready to talk about jumps of functions, as follows:

DEFINITION 5.7. Given a function f: R — R and a point x € R, set

f(x—)zll}i/rr;f(w , f(m)zi{g (y)

provided that these two limits exist indeed. We call then the quantity
Jr(x) = flzs) — f(z-)
which does not depend on f(x), the jump of f at the point x € R.

As a first observation that you might have, this does not really cover the main examples
that we have in mind, namely the rational functions, and tan, which jump by +oo, when
they do. Good point, and in answer, let us complement the above definition with:



110 5. CONTINUITY, REVISED

DEFINITION 5.8 (addendum). We agree to allow infinite limits in the above,
fla-), f(xy) € [-o0,00]
leading to the jumps taking the following values, finite, infinite and formal,
Ji(z) € [~o0, 0] U {0F}
with the rules oo — oo = 07 and (—o0) — (—o0) = 07, for their computation.

Which sounds quite good, with this we can definitely talk about the jumps of all func-
tions that we have in mind. Before that, however, a few theoretical remarks. Generally
speaking, in analysis, we have the following formula, never to be forgotten:

0o — 0o = undefined

To be more precise, this is a theorem, coming from the following computations, which
show not only that co — oo is undefined, but that we can say really nothing, about it:

n—n-—s00 , n—n*—=—-o00 , (n+c)—n-—c

And the same goes for (—oo) — (—o0). In our situation, however, jumps of functions,
things are a bit different, because think for instance at f(z) = 1/z% at z = 0, wouldn’t
you like to say that the jump there is co — oo = 0. Similarly, regarding f(z) = —1/2?% at
x = 0, wouldn’t you like to say that the jump there is (—o0) — (—o0) = 0.

Thus, we are led to the above conventions. At the level of examples, we have:

THEOREM 5.9. The following happen, under our present conventions:
(1) The sign function sgn : R — {—1,0,1} jumps at 0 by J = 2.
(2) The function 1/x™ with n even jumps at 0 by J = 07.
(3) The function 1/x™ with n odd jumps at 0 by J = oco.
(4) The rational functions jump by J = 0% or J = +oo, when they do.
(5) The tangent tan : R — {Zm + 7/2} — R jumps by J = —o0, at x = km + 7/2.

Proor. To start with, as mentioned, all this is to be taken under our various conven-
tions, namely those in Method 5.5, and in Definition 5.8. As for the proof:

(1) This is indeed something trivial, the computation here being as follows:
Jp(0) = lim f(y) — lim f(y)
= lim1 — lim(-1)
YN0 y/0
= 1 ()
= 2
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(2) This is again trivial, because for the function f(x) = 1/2%* we have:
.1 .1
HO) = T
= 00— 00

= 0F

(3) Again, this is trivial, because for the function f(x) = 1/2?**! we have:

. 1 . 1
Jr(0) = ;1{1% . y% Y2+

00 — (—00)

00

(4) Consider indeed a rational function f, at one of its poles r € R. As explained
in chapter 2, this means that we have a formula as follows, with n > 1 being a certain
exponent, and with P, @ € R[X] being polynomials satisfying P(r) # 0, Q(r) # 0:

P(z)

(e =) Q)
Now when computing the various limits x — r, the formula is as follows:

lim f(x) = Po) !

T Q(T’) T ([E — 7")"

fx) =

Thus, we are led to the situations in (2,3), and with the answer being as follows:
neven, P(r)/Q(r) >0 = J=0"
neven, P(r)/Q(r) <0 = J=0"
nodd, P(r)/Q(r) >0 = J=o0
nodd, P(r)/Q(r) <0 = J=—0o0

(5) This is again something trivial, because for f(z) = tanz we have:

Jp(m/2) = yl\i‘}g}2 tany — ylfir;}2 tany
= —00— 00
—00

As for the jump at an arbitrary = = k7 + /2, this is also —oo, by periodicity. O

Summarizing, we have examples. At the level of the general theory now, we have:
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THEOREM 5.10. Assuming that a function f: X — R does not jump at x € X,
Jf(x) =0
we can modify our function by forgetting the old value f(x), and setting

f(@) = fle) = flzy)

and we obtain in this way a function which is continuous at x.

ProoOF. This is indeed something self-explanatory, remake of our previous Theorem
5.6, by using the notion of jump, as axiomatized in Definition 5.7. By the way, observe
that we can formally do the same when the jump is 0%, with the obvious convention for
the continuity of the functions taking infinite values, f: X — [—00, 00]. O

The above result is quite interesting, and can be applied to the various points where f
is discontinuous, provided that these points are isolated from each other. In the case where
f needs a “fix” on a more substantial set of points, such as a whole interval (a,b) C R,
things are more complicated, requiring advanced technology, such as analytic continuation
of the complex functions. More on such questions, hopefully, later in this book.

Finally, as a question that you might have, we surely saw in Theorem 5.9 that the
sign function has jump J = 2 at zero, but this remains a special example, and in what
regards the usual functions that we know, the jump always seems to be as follows:

J €{0,0",07, —00, 00}

And good question this is, because in order to have a non-trivial jump J € R—{0}, your
function f must come from some kind of catastrophic phenomenon, breaking symmetry,
and the laws of math and physics, such as a thermonuclear explosion.

In short, I do not have a good answer to your question, and in the lack of the cats
around, who know one or two things about jumps, spontaneous symmetry breaking and
so on, here is however some sort of modest mathematical answer to this:

FACT 5.11. Non-trivial jumps appear for instance by horizontally compressing tan™?,

which in the limit leads to w/2 times the sign function, having jump J = 7 at zero.
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And more on such things later, in chapter 6, when talking about limits of continuous
functions. Finally, along the same lines, let us mention too, as further examples:

(1) The slope of f(x) = |z| is the sign function, having jump J = 2 at zero. And if
you find the function |z| to be something quite unnatural, and not fitting with the rest,
I can still argue that f(z) = Va2, composition of basic continuous functions.

(2) Given a discrete probability measure p = ). ¢;0,,, such as the Poisson laws that
we met in chapter 4, and a variable following it, ¢ ~ pu, the function f(x) = P(p < z)
makes its way from f(—o0) =0 to f(oco) = 1, increasingly, by jumping at each x;.

However, these latter examples remain a bit borderline, due to various reasons, and
the main example remains the one in Fact 5.11. We will be back to this, in chapter 6.

5b. Topology methods

Changing topics, we would like to explain now an alternative formulation of the notion
of continuity, which is something quite abstract, but useful and powerful, and worth
learning. Let us start with the following definition, which is probably new to you:

DEFINITION 5.12. The open and closed sets are defined as follows:

(1) Open means that there is a small interval around each point.
(2) Closed means that our set is closed under taking limits.

As basic illustrations for this, the open intervals are open, and the closed intervals are
closed, as you would expect, as shown by the following result:

PROPOSITION 5.13. The following happen:

(1) The open intervals (a,b) are open.
(2) The closed intervals |a,b] are closed.

ProoFr. This is something fairly easy, as follows:

(1) Consider indeed an open interval (a,b), and a point inside, z € (a,b). We have
then an inclusion as follows, which does the job, as in Definition 5.12 (1):

a+x x+Db
ZL‘G( 5 g )C(a,b)

Observe that our proof works as well for a,b = o0, with the following rules:

r—00=—-00 , T+00=0

(2) Consider now a closed interval [a, b], and a sequence inside {z,} C [a,b]. Assuming
that this sequence converges, x,, — x, we have:

r,>a —= rv>a , r,<b=—= x<b
Thus we obtain = € [a, b], as required by Definition 5.12 (2). d
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Further basic examples of open and closed sets, or rather results which are easy to
establish, producing further examples of open and closed sets, are as follows:

THEOREM 5.14. The following happen:

(1) Union of open sets is open.

(2) Intersection of closed sets is closed.

(3) Finite intersection of open sets is open.
(4) Finite union of closed sets is closed.

PRroOF. This is something elementary, the idea being as follows:

(1) Consider indeed a point, belonging to a union of open sets:
T € U Oz

We have then x € O; for some ¢, which tells us that we have a certain interval
x € (a,b) C O;. But this gives, as desired, an inclusion as follows:

€ (a,0) cO; | O

(2) Consider now a converging sequence, inside an intersection of closed sets:
{z.} (G
i

Since we have {z,} C C; for any i, we deduce that the limit of our sequence x =
lim,, , x, belongs to all the sets C;. Thus we obtain, as desired:

lim z, € ﬂC’i

n—oo

(3) This is something more subtle, which requires a bit more work. Consider indeed
a point, belonging to a finite intersection of open sets:

ZL‘EﬂOl

We have then x € O; for any ¢, which tells us that we have a certain interval z €
(ai, b;) C O;. Now let us consider the following intersection:

(a’7 b) = ﬂ(a’iv bz)
Observe that, since the intersection is finite, we obtain indeed an open interval (a, b)
as above, with the precise formulae of the bounds a, b being as follows:

a =maxa; , b=minb;
(2 (2
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But with this, we are done, because we obtain an inclusion as follows:

z € (a,0) = [ (s, b;) C moi

)

(4) Consider a converging sequence, inside a finite union of closed sets:
{z.} c |G
i

Since the union is finite, we can find a set C; which contains infinitely many terms of
our sequence x,. That is, we can find a set C; containing a subsequence of z,:

{.Ink} c G
But since C; was assumed to be closed, this shows that we have:
lim z, = lim z,, € C;
n—00 k—o00

With this done, we can add to the right all the other closed sets, and we get:
lim z, € U C;

n—oo

Thus, we are led to the conclusions in the statement. Il

As an important comment, (3,4) above do not hold when removing the finiteness
assumption. Indeed, in what regards (3), the simplest counterexample here is:

1 1
_— Z) =10
N(-22)-o
As for (4), here the simplest counterexample is as follows:

1
U {0, 1—5} =10,1)
neN
We will be back in a moment to all this, with a precise characterization of all the open

and closed sets. In the meantime, let us develop some general theory. In order to get
truly started, with our study, we first have the following theoretical result:

THEOREM 5.15. A set O C R is open precisely when its complement C' C R is closed,
and vice versa.

PROOF. It is enough to prove the first assertion, since the “vice versa” part will follow
from it, by taking complements. But this can be done as follows:

“ =" Assume that O C R is open, and let C = R — O. In order to prove that C' is
closed, assume that {z,}n,en C C converges to x € R. We must prove that € C, and
we will do this by contradiction. So, assume x ¢ C. Thus z € O, and since O is open we
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can find a small interval (z —¢e,x +¢) C O. But since x,, — x this shows that z,, € O for
n big enough, which contradicts z,, € C' for all n, and we are done.

“«—=" Assume that C' C R is open, and let O = R — C. In order to prove that O is
open, let x € O, and consider the intervals (z —1/n,z+1/n), with n € N. If one of these
intervals lies in O, we are done. Otherwise, this would mean that for any n € N we have
at least one point z,, € (x — 1/n,x + 1/n) satisfying x,, ¢ O, and so z, € C. But since C
is closed and z,, — x, we get = € C, and so x ¢ O, contradiction, and we are done. Il

As a basic illustration for the above result, a disjoint union of two infinite open intervals
is open, due to the fact that its complement is closed:

(—00,a) U (b,o0) =R — [a, b

As another basic illustration, a disjoint union of two infinite closed intervals is open,
due to the fact that its complement is open:

(_007 CL] U [b7 OO) =R - (a7 b)
Getting now to functions, we have the following key result about them:

THEOREM 5.16. A function is continuous precisely when f~1(O) is open, for any O
open. Equivalently, f~*(C) must be closed, for any C closed.
ProoF. This is something coming from definitions, the idea being as follows:
(1) The first assertion follows from the €, definition of continuity, namely:
Vee X,Ve>0,30>0,|z—y|<d = |f(x)— fly)| <e

Indeed, if a function f satisfies this condition, it is then clear that if a set O is open,
then the set f~1(O) is open too. Moreover, the converse clearly holds too.

(2) As for the second assertion, this can be proved directly, by using the f(x,) — f(z)
definition of continuity, or can be deduced from what we already know about the open
sets, by taking complements. Indeed, assuming that f is continuous, we have:

C =closed = (C°=open
= f71(C°) = open
= f1(C) = closed
As for the converse, this is again clear from (1), by taking complements. O

As a test for the above criterion, let us reprove the fact, that we know well from
chapter 2, that if f, g are continuous, so is f o g. But this is clear, coming from:

(fog)™(0) =g~ (f71(0))
In short, not bad, because our proof using open sets is as simple as the simplest proof,
namely the one using f(z,) — f(z), and is simpler than the other proof that we know,
namely the one with €,0. Let us record this as a philosophical conclusion, as follows:
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CONCLUSION 5.17. The open and closed sets are no joke, because with them, we can
see right away that a composition of continuous functions is continuous.

Summarizing, our open and closed set technology is quite interesting, worth develop-
ing. As a question now that we still have to solve, we would like to know what the open
and closed sets really are. And fortunately, this question can be answered, as follows:

THEOREM 5.18. The open and closed sets are as follows:

(1) The open sets are the disjoint unions of open intervals.
(2) The closed sets are the complements of these unions.
Proor. We have two assertions to be proved, the idea being as follows:

(1) We know that the open intervals are those of type (a,b) with a < b, with the values
a,b = too allowed, and by Theorem 5.14 a union of such intervals is open.

(2) Conversely, given O C R open, we can cover each point z € O with an open
interval I, C O, and we have O = U, I, so O is a union of open intervals.

(3) In order to finish the proof of the first assertion, it remains to prove that the union
O = U,I, in (2) can be taken to be disjoint. For this purpose, our first observation is
that, by approximating points z € O by rationals y € Q N O, we can make our union to
be countable. But once our union is countable, we can start merging intervals, whenever
they meet, and we are left in the end with a countable, disjoint union, as desired.

(4) Finally, the second assertion comes from Theorem 5.15. O

Moving towards more concrete things, and applications, let us formulate the following
key definition, which is actually one of the most important definitions in analysis:

DEFINITION 5.19. The compact and connected sets are defined as follows:

(1) A subset K C R is called compact when any open cover of it, K C U,O,, with
all O, C R being open sets, has a finite subcover.

(2) A subset E C R is called connected when it cannot be broken into two parts, in
the sense that we cannot have E C AU B, with A, B # () open.

As basic examples for (1), the closed bounded intervals [a, b] are compact, and so are
the finite unions of such intervals, as shown by the following result:

THEOREM 5.20. The closed bounded intervals on the real line,
[a,b] , —co<a<b<oo
are compact, and so are the finite unions of such intervals.
Proor. This is something very standard, the idea being as follows:

(1) We proceed by contradiction. So, assume that [a, b] has no finite subcover, and let
us cut this interval in half. Then one of the halves must have no finite subcover either,
and we can repeat the procedure, by cutting this smaller interval in half. And so on.
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(2) But this leads to a contradiction, because the limiting point = € [a,b] that we
obtain in this way, as the intersection of these smaller and smaller intervals, must be
covered by something, and so one of these small intervals leading to it must be covered
too, contradiction. Thus, we have proved that our cover has a finite subcover. Il

Getting now to connected sets, the basic examples here are the various types of inter-
vals, as follows, with the endpoints being allowed to be finite, or not:

(a,b) , (a,b] , J[a,b) , la,b]

Thinking a bit at what we have above, as examples for both the compact and the
connected sets, it looks impossible to come up with more examples. In fact, we have:

THEOREM 5.21. The compact and connected sets are as follows:

(1) The compact sets are those which are closed and bounded.
(2) The connected sets are the various types of intervals.

Proor. This is something quite intuitive, the idea being as follows:

(1) Compact implies closed, because assuming the contrary, given {x,} C K converg-
ing to = ¢ K, we have the following open cover, having no finite subcover:

1 171°¢
K C - =, —
U {x - T+ n]
(2) Similarly, compact implies bounded, and this due to the following open cover:

K C U(—n,n)

neN

(3) As for the converse, stating that closed and bounded implies compact, assume that
we have a bounded set, K C [a, b], which is closed, and consider an open cover of it:

KCUOw

By adding to this cover the open set K¢, we obtain an open cover as follows:

[a,b] C (U ox> UK®

Now by Theorem 5.20, this cover must have a finite subcover, and by removing from
this latter cover the set K¢, we obtain in this way a finite cover of K, as desired.

(4) Finally, regarding the second assertion, this is something quite obvious, because
E C R being connected means a,b € E = [a,b] C F, and this gives the result. O

Now with this discussed, let us go back to the continuous functions. We have here the
following result, extending what we already know, from Theorem 5.16:
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THEOREM 5.22. Assuming that f is continuous:
(1) If O is open, then f~1(O) is open.
(2) If C is closed, then f~(C) is closed.
(3) If K is compact, then f(K) is compact.
(4) If E is connected, then f(F) is connected.

ProOF. This is something elementary, the idea being as follows:
(1,2) These are things from Theorem 5.16, included here for convenience.

(3) Given an open cover f(K) C U,O, we have K C U,f~1(0,), open cover too, and
if K C U,f1(0,) is a finite subcover of this, then f(K) C U,0,, as desired.

(4) This is clear too, because assuming f(F) C AU B with A, B # () open, we have
EcC f~Y(A)U f~YB) with f~'(A), f~%(B) # 0 open, contradiction. O

Very nice all the above, good mathematical learning that was, but you might perhaps
ask at this point, what can all this be good for. In answer, we have:

THEOREM 5.23 (Intermediate value property). Given a continuous function
fila,b] >R
its image is a closed bounded interval, Im(f) = [c,d], and this for trivial reasons.

ProoOF. This is something that we certainly know, since chapter 2, but the point is
that, with our present technology, everything is trivial. Indeed, the result says that:

X = compact, connected —> f(X) = compact, connected

But this follows from Theorem 5.22 (3) and (4), which themselves were in fact trivial
results, so based on this, we can now declare the whole thing trivial. Good. U

There are of course many other applications of our technology. More later.

5c. Uniform continuity

Getting back now to the basics, and going ahead with some more theory, some func-
tions are “obviously” continuous, with a basic result here being as follows:

THEOREM 5.24. If a function f : X — R has the Lipschitz property
|f(z) = fy)] < K|z —y|

for some K > 0, then it is continuous.

PRrROOF. This is clear from our ¢, definition of continuity, namely:
Vee X,Ve>0,30>0,|z—y|<d = |f(x)— fly)] <e
Indeed, by setting § = ¢/K, this continuity condition is trivially satisfied. U
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There are many interesting examples of Lipschitz functions, both concrete and ab-
stract. In what regards the usual functions, the situation is as follows:

THEOREM 5.25. The following functions are Lipschitz, on any compact interval [a, b]
belonging to their domain, with their best constants K there being as indicated:
(1) z, with K = 1.
2 with K = 2max(|al, [b]).

x
P(x), polynomial.

7, with K = max(1/a?,1/b?%).

", with K = n - max(1/[a|"™, 1/|b]"11).
P(z)/Q(x), rational function.

sinz, with K <1, computable.

cosz, with K <1, computable.

tanz, with K computable

(11) expz, with K = e

(12) logx, with K = l/a.

As for the infinite intervals, here the best constants K € [0, 00], with K < oo corresponding
to Lipschitz, and K = oo corresponding to non-Lipschitz, can be computed too.

ProoF. This might sound a bit crazy, because we perfectly know that proving that a
function is continuous is not an easy business, and what we say above, with that Lipschitz
constants computed, is obviously sharper than what we usually do. In answer, I have my
own tricks for computing Lipschitz constants, coming from the following formula:

K = sup [f'(z)]
z€[a,b]

To be more precise, here f’(x) stands for the slope, or derivative, at f at the point
x, which is something that can be systematically computed, and the above formula is
something quite intuitive, because the Lipschitz quotient (f(z) — f(y))/(z — y) from
Definition 5.24 should normally correspond to such a slope, at a certain z € [z, y]:

[@) = 1@ _
== 1)

So, these are my tricks, and more on this later, in Part III. In the meantime, here is
the proof of the result, with some computations left as exercises, and with my apologies
in advance if some of these exercises are in fact a bit too difficult, sorry for this:

(1) The function f(z) = x is certainly Lipschitz everywhere, with constant K = 1.
(2) In what regards now f(z) = x?, we have here the following equivalence:

2 —y’| < Klo —y| <= |o+y[ <K
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Thus f(z) = 22 is Lipschitz on any interval [a, b], with constant as follows:
K = 2max(|al,|b])
Observe also that this shows that 22 is not Lipschitz on unbounded intervals.
(3) For f(z) = o™ with n € N arbitrary, this follows in a similar way, by using:
"y = (z—y) (@ 2"y 4y iy
As an exercise for you, however, try proving this for any f(x) = 2™ with n > 0.

(4) For polynomials the Lipschitz property on compact intervals comes from (3), by
linearity, but in what regards the explicit computation of K, this is something quite tricky.
Exercise for you to explore a bit all this, say for polynomials of small degree.

(5) In what regards the function f(z) = 27!, we have here the following equivalence:
1 1

roy
Thus x~! is Lipschitz on any interval [a,b] C R — {0}, with constant as follows:

K = max(1/a* 1/b%)

1
< Klx — < > —
< Klz -y |lzy| > %

(6) For f(z) = 27" with n € N we can use the same trick as in (3), namely:

1 1 B y"fl + y”fzx +...+ yx”*Q + gt

xn yn xnyn

As an exercise for you, however, try proving this for any f(x) = 2™ with n < 0.

(7) For rational functions the Lipschitz property on compact intervals comes from
(4,6) but in what regards the explicit computation of K, this is certainly quite tricky.
Exercise for you to explore a bit all this, say for f = P/Q with P,(Q of small degree.

(8) In order to deal now with the sine, we can use the following estimate:
|sin(z +t) —sin(x —t)| = |sinzcost+ coszsint — sinx cost + cos x sin t|
= 2|cosxsint|
< 2t|cos x|
We conclude that the sine is indeed Lipschitz, with constant as follows:

K < sup |cosz|
z€[a,b]

And then, by arguing that we have sint ~ ¢ for ¢ small, we have in fact equality.
(9) Regarding the cosine, we can get the result from that for the sine, by using:

cosx = sin(z + 7/2)
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Alternatively, we can do a direct computation, as for the sine, as follows:
| cos(x +t) — cos(z —t)| = 2|sinzsint| < 2t|sin x|
We conclude that the cosine is indeed Lipschitz, with constant as follows:

K < sup |sinz|
z€[a,b]

And then, by arguing that we have sint ~ ¢ for ¢ small, we have in fact equality.
(10) For the tangent on [a,b] C [—m/2,7/2], we can use the following estimate:

sin(z — y)
COS T COS Y

< _lz=yl
~ |cosz cosy|

|tanz — tany| =

We conclude that the tangent is indeed Lipschitz, with constant as follows:

K < sup 5
z€[a,b] COS® T

And then, by arguing that sin(x — y) ~ x — y for z — y small, we have in fact equality.
(11) For exp we have the following estimate, with ¢ > 0, coming from e™* > 1 — ¢
" —e"t=e"(1—e") <e't

Thus we have the Lipschitz property with K < e°, and by arguing that e™* > 1 —¢
becomes et ~ 1 — t for t small, we have in fact K = e’, as claimed.

(12) For log we have the following estimate, with ¢ > 0, coming from log(1 + y) < y:

t t

log(x +t) — logx = log (1 + —) < -

x x

Thus we have the Lipschitz property with K < 1/a, and by arguing that log(1+y) <y
becomes log(1 + y) ~ y for y small, we have in fact K = 1/a, as claimed. U

Moving on, the story is not over with the Lipschitz property, which is stronger than
continuity, because we have as well a third property, in between, as follows:

THEOREM 5.26. Consider the following properties, regarding f : X — R with X C R:
(1) f has the following property, with K > 0, which is the Lipschitz property:
(@) = F)] < Ko — g
(2) f is uniformly continuous, in the sense that the following happens:
Ve>0,30>0,lx—y| <d = |f(x)— fly)| <e
(3) f is continuous in the usual sense, namely:
Vee X,Ve>0,30 >0,|z—y|<d = |f(z)— f(y)| <e

We have then (1) = (2) = (3). Also, the converse implications do not hold.
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Proor. This is something quite self-explanatory, and that we partly know:
(1) = (2) This is clear, coming by talking § = ¢/ K.
(2) = (3) This is something which is plainly trivial.

(3) =& (2) The simplest counterexample here is f(x) = z?. Indeed, this function is
continuous, and its uniform continuity property, applied with € = 1, would lead to the
existence of 9 > 0 such that the following happens, which is wrong:

lz—y|<d = |22 -y <1
(2) == (1) The simplest counterexample here is f(z) = y/z. Indeed, observe first
that we have the following estimate, valid for any x > y > 0:

(Ve =vy)’ < (Ve - vy (Ve + vy =a—y
Thus our function is indeed uniformly continuous, and this because we have:
-yl <e® = |Vr—\y|<e
In what regards now the Lipschitz property, observe that we have:
Vi Vi _ 1
-y VTV

Now since this can be arbitrarily big, when z,y are small, Lipschitz fails indeed. [

The interest in the notion of uniform continuity, which remains something a bit ab-
stract, comes from the following remarkable result, due to Heine and Cantor:

THEOREM 5.27. Any continuous function defined on a compact set
f: X—=R
is automatically uniformly continuous.
Proor. This is something quite standard, the idea being as follows:

(1) Given € > 0, for any = € X we know that we have a §, > 0 such that:

€

2

So, consider the following open intervals, centered at the various points x € X:

Oy Oy
I=(o—-=2 =
o= (o= F ot F)

These intervals then obviously cover X, in the sense that we have:

Xc|JIL

zeX

lz =yl <0 = |f(x) = fly)| <
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(2) But, we know that X is compact. So, consider a finite subcover of this cover:
X clJr,
i

With this done, consider as well the following number, which is strictly positive:

§ = min —
i 2
Now assume |x — y| < 4, and pick i such that x € [,,. By the triangle inequality we
have |z; — y| < d,,, which shows that we have y € I, as well. But by applying now f,

this gives as desired |f(z) — f(y)| < €, again via the triangle inequality. O

The Heine-Cantor theorem is something quite useful, in practice. More later.

5d. Complex functions

We would like to end this chapter with a quick discussion of the complex functions,
see how the above technology can be extended to them. Normally this is the business
of complex analysis, which is something more advanced, coming after real analysis, but
in practice, we have seen in chapter 4 that our real variables x € R tend to evolve into
complex variables, x € C, and this notably due to the Euler formula, namely:

e = cost +isint
In short, there is no advanced real analysis without complex analysis, at least a lit-
tle bit, so our problem mentioned above makes sense, namely see how our technology,
developed throughout this chapter, can be adapted to the complex functions.
We will be quite quick. In order to do some complex analysis, let us start with:
DEFINITION 5.28. The distance in the complex plane is the usual distance, namely:
d(z,y) = |z —y|
With this, we can talk about convergence, by saying that x, — x when d(z,,z) — 0.

Observe that in real coordinates, the distance formula is quite complicated, namely:
d(a+ib,c+id) = |(a+ib)— (c+id)]
= |(a—c)+i(b—d)]
- V- + -2

However, for most computations, we will not need this, and we can get away with
various tricks regarding complex numbers. Talking complex functions now, we have:
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DEFINITION 5.29. A function f: X — C, with X C C, is continuous at v € X when:
Equivalently, the following epsilon-delta condition must be satisfied:
Ve>036>0, |zr—yl<d = |f(x)— fly)| <e
We say that f is continuous when it is continuous at all points v € X.

Observe that, since x,, — z in the complex sense means that (a,,b,) — (a,b) in the
usual, real plane sense, a function f : C — C is continuous precisely when it is continuous
when regarded as real function, f : R*> — R?. Which is something good to know.

Moving on, in what regards the continuity basics, we have:

THEOREM 5.30. The following complex functions are continuous:

(1) Nf, f+g,fg, fog, provided that f,g are continuous.

(2) f/g too, on its domain, meaning outside the zeroes of g.

(3) The polynomials P € C[X], viewed as functions P : C — C.

(4) The rational functions, f = P/Q with P,Q € C[X], outside their poles.
(5) The complex exponential function, exp : C — C.

PRrROOF. Here (1-4) are things that we know well for the real functions, and the complex
extension is straightforward. As for (5), we know this from chapter 4. O

Let us point out now the fact that, contrary to what the above might suggest, every-
thing does not always extend trivally from real to complex. For instance, we have:

PROPOSITION 5.31. We have the following formula, valid for any |z| < 1,

1 2
—=14+zx+2°+...
1—2z
but, for x € C — R, the geometric meaning of this formula is quite unclear.

PRrROOF. Here the formula in the statement holds indeed, by multiplying and cancelling
terms, and with the convergence being justified by the following estimate:

00 00 00 1
S| <>l =Yl =
n=0 n=0 n=0 1- ’SL’|

As for the last assertion, this is something quite informal, the idea being as follows:

(1) To start with, for the simplest possible value of our parameter, x = 1/2, our
formula is clear, by cutting the interval [0, 2] into half, and so on:

IREEEE R
Sttty =
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(2) More generally, for € (—1,1) the meaning of the formula in the statement is
something quite clear and intuitive, geometrically speaking, using a similar argument.

(3) However, when z is complex, and not real, we are led into a kind of mysterious
spiral there, and the only case where the formula is “obvious”, geometrically speaking, is
that when z = rw, with r € [0,1), and with w being a root of unity.

(4) To be more precise here, assuming w’ = 1, we have the following formula:
(147w + ...+ V1wV
(rN 4+ Nty 4 2NN

+
4 (T2N+T2N+1w...+7‘3N_1wN_1)
+

1+7rw+r?w? + ...

(5) Thus, by grouping the terms with the same argument, our infinite sum is:

T+rw+r*w? +... = 1+rV+72 4 .0)
+ (r N 2N
_l’_
G (PN N NS N

(6) But the sums of each ray can be computed with the real formula for geometric
series, that we know and understand well, and with an extra bit of algebra, we get:
N-1, N—1
r T w

1—rN

1 rw
1—7’N+1—TN
1 1— (rw)¥
1—7N  1—rw
1
1—rw

1+rw+rw+... =

4+ ...+

(7) Summarizing, as claimed above, the geometric series formula can be understood,
in a purely geometric way, for variables of type x = rw, with r € [0, 1), and with w being
a root of unity. In general, however, this formula tells us that the numbers on a certain
infinite spiral sum up to a certain number, which remains something quite mysterious. [J

Getting now to less mysterious mathematics, we have the quite straightforward ques-
tion of understanding what our topological methods become, in the complex setting. We
will be quite brief here. Let us start with the following basic definition:

DEFINITION 5.32. The open, closed, compact, connected sets in C are as follows:

(1) Open means that there is a small disk around each point.
(2) Closed means that our set is closed under taking limits.

(3) Compact means that any open cover has a finite subcover.
(4) Connected means that it cannot be broken into two parts.
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In what regards the open and closed sets, the basic theory is exactly as in the real
case, save for the results involving intervals, with the summary here being as follows:

THEOREM 5.33. A subset O C C is open precisely when its complement C' C C is
closed, and vice versa. Also, the following happen:

(1

(2
(3
(4

) Union of open sets is open.

) Intersection of closed sets is closed.

) Finite intersection of open sets is open.
) Finite union of closed sets is closed.

Also, the open sets O C C are ezactly the unions of open disks, or open rectangles if you
prefer, but these unions can no longer be taken disjoint.

PROOF. Here everything is very standard, exactly as in the real case, with the only
subtletly being the one at the end. Indeed, you cannot decompose an open disk as a
disjoint union of open rectangles, or vice versa, and the problem comes from this. U

Regarding now the compact and connected sets, again the theory is quite similar to
the one in the real case, with some twists regarding the connectedness, as follows:

THEOREM 5.34. The compact and connected sets in C are as follows:

(1) The compact sets are those which are closed and bounded.
(2) We have convex = path connected = connected.

PROOF. Here (1) is something very standard, exactly as in the real case, by replacing
the intervals there by cubes, in the obvious way. As for (2), which is something self-
explanatory, this is what can be said, as generalities, about the connected sets in C. And
exercise for you to learn more about this, and about the shape of connected sets £ C C,
in general. Many interesting things, for instance regarding holes, can be said here. U

In what regards now the complex functions, we have the following result:

THEOREM 5.35. Assuming that a function f : C — C is continuous,
(1) If O is open, then f~1(O) is open.
(2) If C is closed, then f~'(C) is closed.
(3) If K is compact, then f(K) is compact.
(4) If E is connected, then f(F) is connected.
and with (3,4) standing as an intermediate value theorem, for the complez functions.

PRrOOF. This comes again as a straightforward extension of our previous results re-
garding the real functions, and with the converses of (1,2) being of course true too. O

Very nice all this, so the theory from the real case basically extends well. Getting now
to more concrete things, remember the following challenge, from chapter 4:

(_1)2 — eZlOg(fl) -1
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So, can we do this, with a suitable definition for the complex logarithm function? For
this purpose, let us first study some more the complex exponential function exp, that we
would like to invert, over a suitable domain. By using e*™¥ = e%e¥ we obtain e* # 0 for
any x € C, so the complex exponential function is as follows:

exp: C — C— {0}

Now since we have e*t% = e%e™ for z,y € R, with e* being surjective onto (0, c0),
and with €% being surjective onto the unit circle T, we deduce that exp : C — C — {0} is
surjective. Also, again by using e*™% = e%e”, we deduce that we have:

' =6 <= v —ye22ml
With these ingredients in hand, we can now talk about log, as follows:

THEOREM 5.36. Given an horizontal strip in the complex plane, having width 27,
S = {x + 1y
exp : S — C — {0} is bijective, so we can define log as being the inverse of this map,
log=exp ':C—{0} =S
and with this, we have indeed (—1)% = €21°6(=1) =1, as desired.

Proor. This is indeed something self-explanatory, based on the above. Let us also
mention that in practice, the best is to choose for instance a = 0, or a = —m, as to have
the whole real line included in our strip, R C .S. In this case on R, we recover the usual
logarithm, while on R_ we obtain complex values, as for instance log(—1) = 7 in the
case a = 0, or log(—1) = —mi in the case a = —7, coming from ™ = —1. O

reRye [a,a+27r)}

Quite exciting all this. More complex analysis, later in this book.

5e. Exercises

For understanding continuity, nothing better than computing Lipschitz constants:
EXERCISE 5.37. Compute the Lipschitz constant for x™, n € N.

EXERCISE 5.38. Compute the Lipschitz constant for x™", n € N.

EXERCISE 5.39. Compute the Lipschitz constant for xP, p € R.

EXERCISE 5.40. Compute Lipschitz constants for polynomials of small degree.
EXERCISE 5.41. Ezplore the Lipschitz constants, for the rational functions.
EXERCISE 5.42. Clarify what we said, about the Lipschitz constants for sinx, cosz.
EXERCISE 5.43. Clarify what we said, about the Lipschitz constant for tanx.
EXERCISE 5.44. Compute other Lipschitz constants, for functions of your choice.

As bonus exercise, explore a bit more the complex logarithm constructed above.



CHAPTER 6

Sequences, limits

6a. Fixed points

We discuss in this chapter a number of more specialized questions, in relation with
continuity. Let us start with something very basic, and useful in practice, namely:

THEOREM 6.1. Given a continuous function f : X — X, with X C R, if we set
To=T , Tpy1 = f(xn>
depending on a given x € X, assuming x, — z we have f(z) = z.

ProOF. This comes from the following computation, using the continuity of f:

flz) = f(lim xn>

n—oo

n—00

= lim z,
n—oo
= z
Thus, we are led to the conclusion in the statement. U

In practice, the above result is a bit too general, for being applied as such, and we
have the following version of it, which is its truly useful version:

THEOREM 6.2. Given a continuous function f : [a,b] — |a,b] satisfying
fy)<sy Wy
the following sequence, depending on a given x € X, is monotone and converges,
ro=2 , Tnp1 = f(zn)
and with x, — z we have f(z) = z. The same happens when assuming f(y) >y, Vy.
Proor. This is indeed something self-explanatory, based on Theorem 6.1:
(1) Assuming f(y) <y, Yy, the sequence {z,} decreases, which gives the result.
(2) Assuming f(y) >y, Yy, the sequence {z,} increases, which gives the result. [

As a basic application of this method, to the extraction of square roots, we have:

129
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THEOREM 6.3. We can extract the square root of a > 0 by iterating the function

r+a/x
)= 21
with this being known as the Babylonian method for extracting square roots.

ProoF. This is indeed self-explanatory, based on the above, and on:

r+a/z
2
In practice, however, many things can be said here, as follows:

=1 & a/r=1 <= =+

(1) We can assume a > 1 for simplifying, based on the following formula, for a < 1:
1
a =
\/_ \/F
(2) Now let us try to find a suitable interval [c,d]| such that f([c,d]) C [c,d], as for

Theorem 6.1, and hopefully Theorem 6.2 too, to properly apply. Since we are looking for
the square root of a > 1, satisfying 1 < y/a < a, a reasonable candidate here is:

[e,d] =1, a]

And, good luck, this works indeed, due to the following two estimates:

x>0 = $+2a/$2\/x-a/x:1

r+a/z < a+a/l .

2 - 2

(3) Next, let us examine if the conditions f(y) <y or f(y) > y from Theorem 6.2 are
satisfied. And here, this is not exactly the case, the graph of f being as follows:

r€[la] =
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To be more precise, the graph of f passes indeed through the 3 points which are
indicated, and in what regards the monotony properties, these come from:

r+ajz
2
(4) So, what to do? In what regards [1,+/a], better forget about it, due to:

v €L, Va = f(z) € [Va,a]

As for the other interval, namely [\/a, a], things just fine here, due to:

v € [Va,a] = f(z) € [Va,q]

(5) As a conclusion to this, Theorem 6.2 applies as such on [/a, a]. However, since it
might look a bit unnatural to use [\/a, a] for our computations, with y/a being precisely
the number to be computed, the best is to declare the following:

>r = a/r>1 <= v<+Va

“The iteration in Theorem 6.2 applies on [1,a], after the first step.”

(6) With this discussed, let us work out now some numerics, say for a = 2. As a first
observation, when trying to compute /2 with bare hands, that is, with computing the
decimals one by one, by hand, the algorithm is not very inviting, as follows:

142 <2<152 — V2=14...

1412 <2 <1422 — V2 =141...
14142 < 2 < 14152 = V2 =1.414...
1.41422 < 2 < 1.4143%2 — V2 =1.4142. ..

(7) In order to comment on what happens, with our method, let us first go back to
the general case, a > 1, and see how the error term evolves. So, let us write:

r=+a+c

The error here is ¢ > 0, and when applying f, the error evolves according to:
Va+c+ e

fay = Y
_ Yate Vo Ve
2 2 Va+c
Va+e va c
- 2 +7(1_\/5—|—c>

(- )

Thus, the convergence is exponential, which is nice, and in what regards the numerics
at a = 2, and their comparison with the old method in (6), good exercise for you. U
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Observe that Theorem 6.3 used a trick, namely converting our a — y/a problem into
a fixed point problem, that we can solve using Theorem 6.2. Many other such tricks are
possible, for instance with the computation of zeroes being possible via:

METHOD 6.4. We can compute zeroes of functions by using
f2)=0 < f(x)+z=2x
and iterating p(x) = f(x) + x, over suitable intervals.

Obviously, this is something quite vast. We will leave some exploration here, for
various interesting functions, say polynomials of small degree, as an exercise.

At a more advanced level now, we have seen in the proof of Theorem 6.3 that upgrading
our methods, from Theorem 6.1 to Theorem 6.2, takes some skill, in order to find the
correct intervals [a, b] where Theorem 6.2 applies, which can be something non-trivial.

For certain abstract questions, such things are not really possible, and as an alternative
to Theorem 6.2, we have the following useful result, again based on Theorem 6.1:

THEOREM 6.5. A continuous function f: X — X, with X closed, satisfying

[f(z) = f(y)] < K|z —y]
with K < 1, has a unique fixed point z € X, appearing by iterating. Also, we have

n

S lf(@)

[/ (x) = 2| <

valid for any x € X, regarding the convergence f™(z) — 2.
PRrooOF. This is something standard, due to Banach, the idea being as follows:

(1) To start with, observe the similarity with the Lipschitz considerations from chapter
5. In fact, a function as in the statement is called a contraction, and being a contraction
means to be Lipschitz, with Lipschitz constant K < 1. And more on this in a moment,
when discussing examples and illustrations for the present result.

(2) Getting now to the proof of the result, in what regards the uniqueness of the fixed
point, our assumption K < 1 shows that we have:

r#y = [f(x) - f(y)] < |z -y

But this condition prevents the existence of two fixed points, as desired.
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(3) Regarding now the existence part, pick x = xy € X, and set x, = f™(z). In order
to prove that the sequence {z,} C X is Cauchy, observe first that we have:

|Tpni1 — zn| < Kz, — 20|

S K2|xn—1 - C5'77,—2|

Kn|$1 — I0|

IN

(4) Now by using the triangle inequality, we obtain from this, for n > m:

n

[Tp — x| < Z ) — 5]

j=m+1
n—m-—1
S K™ Z Kj|IL'1—I0|
7=0
Km
< = K|361 — Zo|

(5) Thus the sequence {z,} C X is Cauchy, and since our space X C R was assumed
to be closed, the limit of this Cauchy sequence must belong to it:

T, > 2€X
But with this in hand, Theorem 6.1 applies, and shows that we have f(z) = z.

(6) Finally, in what regards the estimate at the end, in the statement, let us go back
to the main estimate obtained before, which was as follows, for any n > m:

m
|20 = 2| < 7= |71 — ol
But this gives, with m — oo, the estimate in the statement, as desired. U

Regarding now the applications of these above result, there are many of these, and
with the Lipschitz constants computed in chapter 5 being of great help here. We will not
get into this in detail, but as a matter of having an illustration for this, let us record:

THEOREM 6.6. The Babylonian function for extracting the square root of a > 1,

T+a/x
has the following properties:

(1) For a < 3 it is a contraction on [1,a], with constant K = (a —1)/2.
(2) For a > 3 it is a contraction on [\/a,a/3], with constant K = (9/a —1)/2.
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Proor. This is something quite interesting, with a = 3 producing indeed a mysterious
dichotomy, as above. In what regards the proof, however, since all this is not essential to
us, we will go quite quick. So, here is how the quick proof goes:

(1) Let us first redraw the graph of f(x) = (z + a/x)/2. This was as follows:

(2) Getting now to the computation of the Lipschitz constant, it is pretty much clear
that |(f(z) — f(y))/(x — y)| will be maximized at left, for z,y ~ 1. So, let us do the
computation there. We have the following estimate, valid for any ¢ > 0:

I+a _ l+t+a/(1+t)
fA) = fA+1) R N
t t

a
a—1t—
CEr)

at+at—t—t>—a

1+t
a—1—1

14+t

a 1)
it
2

Now since the last estimate becomes an equality with ¢ — 0, we conclude that the
Lipschitz constant, when computed at left, as explained above, is given by:

S

Q N~ N~

N

—_ =

<

a—1
2

K =
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(3) Of course this is not the end of the story, because all this was based on our graph
drawn above, and for being 100% sure that we are not making mistakes here, we still have
to compute the Lipschitz constant on the whole [1,a]. But the computations here are not
too difficult, similar to the above one, say exercise for you, and we obtain indeed:

a—1
2
(4) With this done, let us see if we have a contraction or not. We have:

K —

a—1
2
Thus, done with the first assertion in the statement, dealing with the case a < 3.

<l <<= a<3

(5) Getting now to the case a > 3, in view of the above, we certainly must get rid of
a certain interval of type [1, ], in order to have a contraction. And here, a natural choice
is that of getting rid of the interval [1,+/a]. Thus, our problem is now on [\/a, a].

(6) Moreover, since a > 3 implies \/a < a/3, it does not make much sense to look for
Va inside [a/3,a]. So, let us get rid of this latter interval too, leading to [/a, a/3].

(7) With these modifications done, the problem is that of computing the Lipschitz
constant of f on the interval [\/a,a/3]. But here we can argue, a bit as in (2) before,
that |(f(z) — f(y))/(x — y)| will be maximized at right, for x,y ~ a/3. So, let us do the
computation there. We have the following estimate, valid for any ¢ > 0:

fla/3) — fla/3 - 1) (5+am) — G —t+5)
t 2t

= (a2
2 a — 3t

1 3a—9t+at—3t>—3a
2t a— 3t
1 a—3t—9

a— 3t

2
1 9
- (1=
2 ( a— Bt)
1 9
< =-(1-==
:(-3)
Now since the last estimate becomes an equality with ¢ — 0, we conclude that the
Lipschitz constant, when computed at right, as explained above, is given by:

K:l(l_g)
2 a

But then, as before in (3), this is indeed the Lipschitz constant, on [\/a,a/3].
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(8) Now let us see if we have a contraction. And here, some magic strikes, with a
remarkable equivalence, which was not expected or really needed, as follows:

1
—<1—9)<1 <—— a>3
2 a

Thus, proof finished, and as a bonus, we have learned something interesting about the
number a = 3, that we can use later, say, for various alchemy purposes.

(9) Finally, for the story to be complete, we have left some exercises in the above,
in relation with the full and formal computation of Lipschitz constants, that you are
encouraged to solve. But then, as a second exercise, on the same topic, do not hesitate
to come back to this after reading Part III, with the formula f'(z) = (1 — a/z?)/2, that
you will learn there, in hand, and work out an even simpler proof, for all this. O

Getting back now generalities, from Theorems 6.1, 6.2 and 6.5, many other things can
be said, as a continuation of that material, regarding the mechanics of the convergence
xn, — z. In fact, all this, theory of fixed points and applications, rather belongs to
advanced mechanics, and exercise of course for you, to learn a bit about all this.

6b. Uniform convergence

Switching topics, but still in relation with convergence in the context of the real
functions, we would like to extend now the material from chapter 1 regarding the numeric
sequences and series, to the case of sequences and series of functions.

To start with, with our study, we can talk about the convergence of sequences of
functions, f, — f, in a quite straightforward way, as follows:

DEFINITION 6.7. We say that f,, converges pointwise to f, and write f, — f, if
falz) = f(2)
for any x. Equivalently, Yx,¥e > 0,dN € N,¥n > N, |f.(z) — f(x)| < e.

The question is now, assuming that f,, are continuous, does it follow that f is contin-
uous? I am pretty much sure that you think that the answer is yes, based on:

hin f(y) = lim lim f,(y)

Y—T N—00

= lim lim f,(y)

n—00 Yy—
= 25 fao)
= [(z)
However, this proof is wrong, because we know well from chapter 1 that we cannot

intervert limits, with this being a common beginner mistake. In fact, the result itself is
wrong in general, as shown by the following counterexample:
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PROPOSITION 6.8. The pointwise limit of the functions f, : [0,1] — R given by

fu(x) = 2™, which are obviously continuous, is given by

1
lima:”:{o RN

n—00 1, x=1

which is obviously discontinuous.

ProoF. This is indeed something self-explanatory, coming from definitions. O

Of course, you might say that allowing x = 1 in the above might be a bit unnatural,
for whatever reasons, but there is an answer to this too. We can do worse, as follows:

THEOREM 6.9. The basic step function, namely the sign function

-1 , <0
sgn(z) =<0 , =0
1 , x>0

can be approzimated by suitable rescalings of arctan(x) = tan=!(x).

ProOOF. The arctangent, obtained by flipping the graph of tan, looks as follows:

Thus arctan(x) looks a bit like sgn(x), so to say, but one problem comes from the fact
that its image is [—7/2,7/2], instead of the desired [—1,1]. So, let us set:

flx) = % arctan(z)

Now with this done, we must stretch the variable x, as to get our function closer and
closer to sgn(x). This can be done in several ways, a standard one being as follows:

2
gn(x) = — arctan(nx)
T

So, let us see if this works. We have the following computation, for x > 0:
2 2

lim g,(r) = — arctan(oco) = — - T

s T 2

n—o0
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Similarly, we have the following computation, this time for x < 0:

2 2 7r
lim g () — arc an(—oo) — {3

Finally, for z = 0 the limit is that of the constant 0 sequence, as follows:

n—oo

2
lim g,(0)=—=-0=0
7r

We conclude from this that we have the following pointwise convergence:

-1 , <0
lim g,(z) =40 , &=0
n—oo

1 , x>0

In other words, we have proved that we have the following approximation:
2
lim — arctan(nz) = sgn(z)
n—oo T

Thus, we are led to the conclusion in the statement. Il

So, this is the situation with pointwise convergence, and not very good all this, hope
you agree with me. In fact, even worse, we have truly scary things, as follows:

FAcT 6.10. There are examples of pointwise convergence of functions

Jn—f

with each f, being continuous, and with f totally discontinuous.

To be more precise, this is something a bit more technical, that we will not really need
in what follows, and we will leave some exploration here as an exercise. The idea is that
of using suitable linear combinations of functions like in Theorem 6.9, or in Proposition
6.8, shifted as for the discontinuities to appear at various points x € R.

Time to draw some conclusions? I would say, based on the above, the following:
CONCLUSION 6.11. Qur above notion of convergence of functions is wrong.

And in the hope that we agree on this, I mean a definition bringing only troubles, and
zero theorems, is something that we can safely label as wrong. Or at least this is how
things in science go, where your job, following Newton, Maxwell, Einstein and the others,
is to constantly fix previous definitions, equations, models and theories, all wrong.

In practice now, what to do? We would like to have in our bag of theorems something
saying that f, — f with f,, continuous implies f continuous. And fortunately, this can
be done indeed, with a suitable refinement of the notion of convergence, as follows:
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DEFINITION 6.12. We say that f, converges uniformly to f, and write f, —, f, if:
Ve > 0,dN € N,Vn > N, |fu(x) — f(z)| <e,Vz
That is, the same condition as for f, — f must be satisfied, but with the Vx at the end.

And it is this “Vx at the end” which makes the difference, and will make our theory
work. As a first observation, when comparing with Definition 6.7, we have:

PROPOSITION 6.13. Uniform convergence implies pointwise convergence,
fo=uf = fo— f
but the converse is not true, in general.
Proor. This is something quite obvious, the idea being as follows:

(1) The first assertion is plainly clear from definitions. Indeed, let us compare with
the definition of the pointwise convergence, which was as follows:

Ve, Ve > 0,IN € N\Vn > N, |fu(z) — f(z)| < e
Now since the Vx gets moved to the right, we formally get the result, right away.

(2) As for the second assertion, the simplest counterexamples here are the functions
fn :10,1] = R given by f,(z) = 2", that we met before in Proposition 6.8. Indeed, the
uniform convergence of these functions on [0, 1) would mean the following:

Ve > 0,IN € N,Vn > N, 2" <&,V € ]0,1)

But this is obviously wrong, because no matter how big NV is, we have:

limz™ =1
r—1
Thus, we can find z € [0, 1) such that ¥ > ¢, so we have our counterexample. U

In practice now, in order to best understand the uniform convergence, we have:

PROPOSITION 6.14. The uniform convergence f, —, [ means that the (—¢,€) strip
drawn along the graph of f, which looks as follows,

must contain the graphs of all functions f,, with n >> 0.
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Proor. This is again something coming from definitions. Indeed, the uniform con-
vergence condition in Definition 6.12 can be written as follows:

Ve >0,IN e NVn > N | f(z) —e < folz) < f(x)+e ,Vz
But this leads precisely to the conclusion in the statement. U

With this discussed, let us state now our main theorem regarding the uniform conver-
gence, which solves the problems that we were having before, as follows:

THEOREM 6.15. Assuming that f, are continuous, and that

Jo = f

then f is continuous. That is, uniform limit of continuous functions is continuous.

Proor. This is something quite fundamental, the idea being as follows:

(1) To start with, philosophically speaking, and as previously advertised, it is the “Vz
at the end” in Definition 6.12 that will make all this work.

(2) Indeed, let us try to prove that the limit f is continuous at some point x. For this
purpose, we pick a number ¢ > 0. Since f,, —, f, we can find N € N such that:
€
N = FEI<S L ¥
(3) On the other hand, since fy is continuous at x, we can find § > 0 such that:
3
3
(4) But with this, we are done. Indeed, for |z — y| < § we have:

[f(@) = F)l < 1f(@) = In(@)] + [n(e) = In@)] + [ (y) = Fv)]

lz -yl <6 = [fn(z) = fn(y)] <

< € n € N €
-3 3 3
= ¢

Thus, the limit function f is continuous at x, and we are done. O

In view of this, the notion of uniform convergence in Definition 6.12 is something quite
interesting, worth some more study. As a next result about it, we have:

THEOREM 6.16. The following happen, regarding the uniform limits:

(L) fo —=u Sy gn —u g tmply fro+ gn —u [ +9.
(2) fo = fy Gn —u g iMPlY frgn —u [9.

(3) fo = fo f#0 imply 1/ fr —u 1/ f.

(4) fn —u f, g continuous imply f, o9 —, fog.
(5) fo —u f, g continuous imply go f, =, go f.

Proor. All this is routine, exactly as for the results for numeric sequences from
chapter 1, with no difficulties or tricks involved, say exercise for you. U
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There is some abstract mathematics to be done as well. Let us start with:
PROPOSITION 6.17. The uniform convergence condition f, —, [ is equivalent to
sup |fu(z) = f(2)] —nosee O
and with the sup and the limit being, as usual, not to be interverted.

PROOF. There are several things going on here, the idea being as follows:

(1) To start with, what we say above is clear from definitions, and is even more clear
by using the “strip” interpretation of uniform convergence, from Proposition 6.14.

(2) As for the last assertion, this is our usual word of warning, regarding such things,
but out of curiosity, let us see what happens there. Our condition reads:

lim sup [f,,(z) — f(z)| =0
Now when doing the bad thing, interverting the sup and the limit, we obtain:
sup lim | f, (z) — f(z)[ =0

(3) So, what does this latter condition mean? Since a supremum of positive numbers
vanishes precisely when all the positive numbers vanish, this is equivalent to:

lim |f,(z) = f(z)| =0 , Va

n—oo
But, what we have here is the old notion of convergence, the pointwise one. U
As a continuation of this, the following question naturally appears:

QUESTION 6.18. Can we reach to a better understanding of f, —. f, by saying that
d(fna f) = sup ‘fn(x) - f(x)’
zeX

is some sort of geometric distance, which must go to zero?

And good question this is. In answer, the spaces of functions f : X — R being infinite
dimensional, unless X C R is finite, let us first formulate the following definition:

DEFINITION 6.19. A norm on a real vector space V', which can be finite dimensional
or not, is an application ||.|| : V' — [0, 00) having the following properties:
(1) ||z]| =0 <= x=0.
(2) [[Az]l = [A] - [|=]], VA € R.
B3) [l +yll < [lll + [lyll-
As basic examples, we have V' = R, with ||z|| = |z|, the usual absolute value of real

numbers, or V = C, with ||z|| = |z|, the usual absolute value of complex numbers. More
examples in a moment, but before that let us record, as a key result about this:
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PROPOSITION 6.20. Any normed vector space is a metric space, in the sense that
d:VxV —=10,00) , dz,y)=]|lz—1yl
has the following properties:
(1) d(z,y) >0 if x #y, and d(x,z) = 0.

(2) d(z,y) = d(y, ).
(3) d(z,y) < d(z,z) +d(y, 2).

PRrOOF. Here (1) and (2) are both clear, and (3) comes from:
|z —yll = [l(x = 2) + (z =yl < |z = 2| + ||z =yl
Thus, we are led to the conclusion in the statement. U

Getting now to the examples of normed vector spaces, there are many of them, both
finite and infinite dimensional. In finite dimensions, we have the following result:

THEOREM 6.21. The following are normed vector spaces:

(1) RN, with ||z||2 = v/>_; 2% being the usual vector length.

(2) RY again, with ||z||; = >, |zi], or with ||z||w = max; |z;|.

(3) More generally, RN with ||z||, = />, |zi|P, for any p € [1, cc].
PROOF. This is something very standard, the idea being as follows:

(1) The first two norm axioms are clear, and in order to check the third one, the best
is to note that we have ||z|| = /< z,z >, with < z,y >= )", ;5. Thus, we have:

e +yll < 2l + 1yl =l +yll < l2]* + [yl + 2[ll] - 1yl
= 2|+l +2 <2y >< |2l + [lyl* + 2/2l] - 1yl
= <y ><|zf||lyl|

But this latter inequality, called Cauchy-Schwarz inequality, which is something very
useful, when doing analysis, can be established by considering the following function:

F@&) = llz + ty|[* = 2] |* + 2t <@,y > +£[Jy|?

Indeed, this function being a degree 2 polynomial in ¢, that we know to be positive,
its discriminant must be negative, A < 0. But the discriminant is:

A =4 <ay>" —dz|[lyl*
Thus we have Cauchy-Schwarz, and then the third norm axiom, as explained above.
(2) The fact that ||.||; and ||.||s are indeed norms is clear from definitions.

(3) This is something more technical, that we will not need in what follows next, and
that we included only for making it clear that ||.||1, ||.||2, ||-||cc are of the same nature,
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namely particular cases of ||.||,, with p € [1, 00|, with the case p = oo coming from:

plglOlO YzlP + ..+ |ey|P = max(|z4], . .., |zn])
And more on this later, in Part IV, when systematically discussing such things. [

The above Theorem 6.21 was level 1, in normed vector spaces. At level 2, we have:

THEOREM 6.22. When endowing R with the would-be norms

||z[| = E |z [l ——1/5 7, |7lle = sup |z
. . (]
7 3

the corresponding subspaces [*,1%,1%° of vectors of norm < oo are normed vector spaces.

PRrROOF. This follows exactly as Theorem 6.21, with of course some care for conver-
gence, as indicated in the statement, because what we have been doing there perfectly
works at N = oo too. And with the remark that we can talk, more generally, about the
spaces [P with p € [1, 00], in the same way. And more on this later, in Part IV. U

Getting now to level 3, we have here a unification of Theorems 6.21 and 6.22:
THEOREM 6.23. Given a set X, finite or not, consider the space of functions on it:
F(X):{f:X—>R}

Then, when endowing this space with the would-be norms

I =D 1@ A= D> f@)? . [flle = sup|f(z)]
zeX zeX zEX

the subspaces I1(X),1%(X),1°°(X) of functions of norm < oo are normed vector spaces.

ProoOF. This is a unification of Theorems 6.21 and 6.22, coming from the fact that
the vectors in RY | with N € NU{oc}, are the functions f : X — R, with |X| = N. Also,
we can talk about LP(X) too, with p € [1, 0], and more on this later, in Part IV. O

The above is quite nice, with L>°(X') and its norm |[|.||o, making the link with Question
6.18. So, getting now to level 4 in functional analysis, let us formulate here:

THEOREM 6.24. Given X C R, the space of continuous bounded functions on it,
Co(X) = {f : X = R continuous, bounded}
s a normed vector space, with the usual sup norm of functions, given by:

[/ lloe = sup [ f ()]
zeX

The convergence in Cy(X) is then the uniform convergence f, —, f, and Cy(X) is com-
plete. Also, when X is compact, we have Cy(X) = C(X), usual continuous functions.
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PRrROOF. We have several things going on there, the idea being as follows:

(1) To start with, we had a nice theory developing for p = 1, 2, 0o, and more generally
for p € [1,00]. Unfortunately we will have to ditch now all exponents p < oo, because
the correct extension of Theorem 6.23 to the subsets X C R involves replacing the sums
there by integrals, that we will only learn in Part IV. But we will be back to this.

(2) Focusing now on p = oo, consider, as in Theorem 6.23, the following space:

=(X) = {f: X > R |Ifll < o0}
This is then a normed space, with norm ||.||o, and by Proposition 6.17, we have:
fo=u [ = lfa = fIl =0
(3) Getting now to the continuous functions, we have an inclusion as follows:
Cy(X) CI7(X)
Thus the convergence in C,(X) is the uniform convergence f,, —.,, f, as stated.

(4) Next, we know from Theorem 6.15 that a uniform limit of continuous functions is
continuous. Since it is also clear, say by using Proposition 6.14, that a uniform limit of
bounded functions is bounded, we conclude that Cy(X) iscomplete, as stated.

(5) Finally, when X C R is compact any continuous function on it f : X — R is
automatically bounded, so we have in this case C,(X) = C(X), as stated. 0

Still with me, I hope, after this excursion in functional analysis. As a conclusion, The-
orem 6.24 is all you need to know about uniform convergence, encapsulating everything
that we said before, on the subject. And as a second conclusion, Theorem 6.24 is just the
tip of the iceberg, of functional analysis at level 4, and the continuation remains to be
discussed later, in Part IV, once we will know how to integrate functions. More later.

6¢c. Welerstrass theorem

Getting now to more concrete things, we have the following fundamental finding, due
to Weierstrass, regarding the approximation of functions by polynomials:

FACT 6.25 (Weierstrass). Any continuous function on a closed interval
f:la,b] > R
can be uniformly approximated by polynomials.

In order to prove this, we will need some knowledge in probability. We already talked
about Poisson laws in chapter 4, and we will need here in fact something simpler than
that, namely the basic theory of the Bernoulli and binomial laws. Let us start with:
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DEFINITION 6.26. The Bernoulli law of parameter x € [0,1] is the law
Pz = (1 — LE)50 + 56(51
appearing when flipping a biased coin, P(heads) = x, P(tails) = 1 — x.

To be more precise, when flipping a biased coin as above, and betting heads, your
winning law is p,. Next, let us flip the biased coin several times in a row. This leads to:

THEOREM 6.27. When flipping a x-biased coin n times in a row, the law is
Pxn = i " l’k(]_ — x)”_k(Sk
k
k=0
called binomial law of parameters x € [0,1] and n € N.
Proor. This is something very standard, the idea being as follows:
(1) Observe first that at n = 1 we have indeed the Bernoulli law p,.

(2) In general, we can argue that when flipping the coin n times in a row, and betting
heads, the probability of winning k times, among our n attempts, is given by:

P(k wins) = <Z> P(heads)" P(tails)" ™" = (Z) 2F (1 — )k

Thus, we are led to the formula of p,, in the statement.

(3) Alternatively, and being a bit more formal, since our n coin tosses are independent,
and independence corresponds to convolution, at the level of laws, we have:

Pan = Py
— [(1_33)50“51}*”

- Xn: (Z) 2*(1 — 2)" g,

k=0
(4) Finally, let us mention that there is a relation here with the Poisson laws from
chapter 4 too, coming from the Poisson limit theorem, which states that:

" + *1
n—00 n n

And exercise of course for you, to learn more about all this. O
Getting now to the study of the binomial laws, we have here:

THEOREM 6.28. The binomial law p,, has the following properties:

(1) The mean is E = nx.
(2) The variance is V = nz(l — x).
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PRrROOF. In what regards the mean, the computation is as follows:

E

_ é;k(Z)x%1—xyhk

n!

= ;(k—l)!(n—k)!xk(l o)t

a n—1)! 1 e
B mgw—(m(n)_k)!xk (—ay™
= an(nzl)xt(l—x)”_t_l

With the same trick, we can compute the difference of the first two moments:

My — My

n

> (K —k)

k=2

(Z) F(1— )t

(1 — )"

n

n!
Z (k—2)!(n —k)!

k=2

2 - n—2)! k—2 n—k
= n(n—1)z ;(k —(2)!(n)— k)!x (1—x)
= n(n—1)2? Z_: (n ; 2) (1 — )"t

=0
nn —Da*(x +1—x)"?

n(n —1)z?

We conclude that the second moment is given by the following formula:

As for the variance

Thus, we are led to

My =n(n — 1)z* +nz = nz((n — 1)z + 1)

V = M, — M?, this is given by the following formula:

V=nz((n—1)z+1)— (nz)* = nz(l — z)

the conclusions in the statement.

We can now prove the Weierstrass approximation theorem, as follows:
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THEOREM 6.29 (Weierstrass). Any continuous function on a closed interval
f:la,b] > R
can be uniformly approximated by polynomials.

Proor. This is something very classical, with a well-known, constructive proof being
by using an approximation by suitable Bernstein polynomials, as follows:

(1) We can assume by linearity [a, b] = [0, 1]. Consider the following polynomials:

bin() = (Z) (1 — )k

Then, given a continuous function f : [0,1] — R, consider the following polynomials:
= k
Fulr) =327 () brat)
k=0

Our claim is that we have f,, —, f, uniform convergence on [0, 1].

(2) In order to prove this, observe that the polynomials by, encode the densities of the
binomial laws p,,. Thus, we have the following formulae, with the first one corresponding
to the fact that p,, is indeed a probability measure, and with the second and third
formulae coming from our mean and variance computations from Theorem 6.28:

D bpn(z) =1

Z%bkn(a:) =z

k=0

S| FREREEY

n
k=0

(3) In order to estimate now the error |f, — f|, we can use the uniform continuity
property of f. So, pick € > 0, and then § > 0 such that the following happens:

2 —yl<d = |f(x) - fly)l<e
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(4) We have then the following estimate, using this, and with M = sup | f|:

)= 5@ = [ 1 () tle) = 3 @l

< (%) - |

_ ‘Z| f(%)— @) bkn<x>+’z| f(%)—f(fv) b ()
z—El<s z—2|>5

< e+ M Z bin ()

(5) In order to deal with the sum on the right, we will need some standard estimates.
Let us first recall the Markov inequality, which is something trivial, as follows:

E
P(lel 2 b) < 22
By using this with ¢ = (¢ — F)?, with E = E(x), we obtain the Chebycheff inequality:
E(v—-FE)?) _V
P(lo—El>a) < ———— =5

(6) The point now is that this latter inequality applies to the last sum in (4), with
being a variable following the binomial law p,,, rescaled to [0, 1], and gives:

D> bpa(z) < kﬁ;w <x—§)2bkn(:c)

52 z(1—x)
n

572
dn
(7) Now by putting everything together, we obtain the following estimate:

)~ f) <=+

Thus we have indeed |f,, — f| — 0, uniform convergence, as desired. O

<

6d. Power series

We would like to end this chapter on the convergence of functions with a discussion
of the series of functions. It is convenient here to upgrade right away from real functions
to complex functions, where far more things can be said. We first have:
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THEOREM 6.30. Each power series f(z) =) c,a" has a radius of convergence
R €0, 0]
which is such that f converges for |x| < R, and diverges for |xz| > R. We have:

1
R=— , C=limsup {/|c,|
(7 n—oo

Also, in the case |x| = R the function f can either converge, or diverge.

PrROOF. We have several things going on here, the idea being as follows:

(1) To start with, the result follows from the Cauchy criterion for series, from chapter
1, which says that a series >, converges if ¢ < 1, and diverges if ¢ > 1, where:

¢ = limsup {/|z,|

n—o0

Indeed, given f(x) = > c,2" as in the statement, with x, = |c,2"| we obtain that
the convergence radius R € [0, 0o] exists, and is given by the above formula R = 1/C.

(2) As a comment here, we also know from chapter 1 the d’Alembert convergence
criterion for series, in terms of |z,41/x,|. In the present context, this gives the following
alternative formula for the convergence radius, provided that the limit exists indeed:

1 .
R=—= , C=lim

(7 n—00

Cn+1
Cn

(3) Finally, for the examples at the end, when |z| = R, the simplest here is to use
f(x) = >, a"/n, for which R = 1. Indeed, at z = 1 we obtain the standard Riemann
sum, which diverges, and at x = —1 we have an alternating series, which converges. [J

At the level of examples of power series, the simplest ones are the geometric series,
that we discussed in chapter 5. In relation with these, let us record as well:

THEOREM 6.31. The complex rational functions can be written as follows,

flz) = Zﬂ

(r; —x)m

with A; € C[X], and r; € C being the poles. Also, we have the following formula,

1 1l (ntk-1 <§>k
(r—a:)"_r” n—1 r
k=0

valid for |z| < r, which computes these rational functions, in practice.

PRrooF. This is indeed something that we know since chapter 2, in the real case, save
for an extra factor B(x)/Q(z), with @ being a real polynomial having no roots, which
dissapears in the complex case, and the proof in the complex case is similar. U
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At a more advanced level, we can talk about sin, cos, exp,log. Let us start with:

THEOREM 6.32. We can exponentiate the complex numbers, according to
© _k
ey
k!
k=0
and the function x — € is continuous, and satisfies e*TY = e*eY.

PRrOOF. This is something that we know from chapter 4, with the convergence coming
from R = oo obtained via Theorem 6.30, or simply from |e?| < el*l| then with e**¥ = eV
coming from a direct computation, and with the continuity coming from this. U

Regarding now the sine and cosine, we have about them the following key result:

THEOREM 6.33. The sine and cosine are given by the following formulae,
> 2+ 0 l

sing = Z(—l)lm , cosT = Z(—l)lw

1=0 1=0
which can stand as a definition for sin and cos, on the whole C.
PROOF. This is something quite tricky, based on the Euler formula e = cosz +isinz

that we discussed in chapter 4, and with the comment that the formal proof of this Euler
formula, using derivatives, is still to come, in chapter 9. In the meantime:

(1) We have the following formula, for any = € C, coming from Theorem 6.32:

D P
k=0
B (ix)k (ix)k
=2 X
k=21 k=21+1
> 2 % 2+1
— -1 lx_+' -1 it
IZ;( ) @D Zl;( O

(2) Now when the variable is real, z € R, by comparing with the Euler formula
e = cosx + ¢ sinx, we are led to the formulae for sin and cos in the statement.

(3) Next, since all series involved above have radius of convergence R = oo, we can
formally declare that sin and cos are given by the formulae in the statement, for any
x € C. And with this, the Euler formula e'* = cosx + i sin z holds now for any x € C.

(4) Now let us see what we get for = = iy with y € R. The sine is given by:
0o )2l+1 0 21+1

s\ (Zy . Y iy e¥Y —e Y
sin(iy) —;(—1)lm —zg CF =i—
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As for the cosine, this is given by a quite similar formula, as follows:

[e.e]

. TCOR S
cos(iy) = Z(—l) W = Z 20! 2

=0 =0

(5) Which might sound a bit strange, and as a matter of making sure that we made
no mistake here, let us doublecheck with Euler. But this works indeed, as follows:
Y1 ey Y _ ey iy
cos(iy) + isin(iy) = e el R R
2 2
(6) And we will end our study here. More on such things in chapter 7, and then of
course in chapter 9, with our formal proof of the Euler formula coming at that time. [J

Finally, regarding the logarithm, the result here is as follows:
THEOREM 6.34. Given an horizontal strip in the complex plane, having width 27,
S = {x—i—iy‘x eR,ye [a,a+27r)}
exp : S — C — {0} is bijective, so we can define log as being the inverse of this map,
log=exp ':C—{0} =S
and with this, by suitably choosing S, we have the formula
log(1 + ) i k“x

k=1

valid for any |z| <1, and at x =1 too.

PROOF. The first assertion is something that we know from chapter 5, and the proof
of the second assertion is identical to the proof from the real case, from chapter 4. To be
more precise, observe first that we have the following formula:

Z(—l)kﬂ—(x u y,: W Z - Z (i) (x+xy)y* "

=1

_1)T+S+1 r+s r r, s
D L

T S
r4+s>1 +

The contribution of » = 0 to this sum is then the following quantity:

Co= Y (-1 e

s>1
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As for the contribution coming from r > 1, this is the following quantity, with the
computation using the inversion formula for (1 + y)", from Theorem 6.31:

D SR Dl (M T

r>1 s>0

_ Z(—l)’"“xr(l—i_y)r 1

xT’
_ Z(_1>r+1_
r>1 r

Thus, we have proved the following formula, regarding the series in the statement:

- Ery+ey)’ o e ey eV
Z(_DkﬂT _ Z(_1> +17 + Z(_l) +1?
k=1 r=1 s=1

We conclude that our candidate series for log(1+xz) must be a certain shifted logarithm,
log,(1 4+ x). But with the slope at x = 0 being the correct one, this shifted logarithm
must be the usual one, log(1 + x), and we are led to the conclusion in the statement. O

6e. Exercises
This was a key analysis chapter, and as exercises on this, we have:
EXERCISE 6.35. Have some fun with numerics, for the Babylonian method for \/a.
EXERCISE 6.36. Ezperiment with roots of degree 3 polynomials, found via iteration.
EXERCISE 6.37. Learn more about fixed points, iterations, mechanics and dynamics.
EXERCISE 6.38. Find examples of pointwise limits which are totally discontinuous.
EXERCISE 6.39. Learn various generalizations of the Cauchy-Schwarz inequality.
EXERCISE 6.40. Learn about the Arzela-Ascoli theorem, and its consequences.
EXERCISE 6.41. Learn more about the Bernoulli, binomial and Poisson laws.
EXERCISE 6.42. Ezperiment a bit with approrximation by Bernstein polynomials.

As bonus exercise, as usual, learn more complex analysis, related to the above.



CHAPTER 7

Special functions

7a. Fractionary powers

According to our general philosophy, since the beginning of this book, and which is
actually the philosophy of mathematics itself, as it was historically developed, over the
time, the various explicit functions that we can think of fall in two classes:

(1) First we have the usual power functions 2", and their versions, such as the poly-
nomials P, or the rational functions P/Q. These count as “basic functions”.

(2) And then we have more complicated things, like sin, cos, exp, log, and versions of
them, such as sin(ix) or cos(ix). These count as “special functions”.

Our goal, in this chapter and in the next one, will be to fine-tune our knowledge of
explicit functions, along these lines, first with a discussion of the special functions, in this
chapter, and then with a discussion of the basic functions, in the next chapter.

As a first comment, you might think that I got it wrong with my plan, why not
discussing the basic functions first. In answer, here is a general principle:

PRrRINCIPLE 7.1. The simpler your mathematical objects, the more is known about them.
That s, at the advanced level, beware of the theory of simple things.

Getting started now, with special functions as planned, we would first like to talk
about arbitrary powers, P with p € R. These are actually a bit in-between basic and
special, but in regards with their advanced theory, which needs exp and log, they rather
count as special. Here is something remarkable that can be said, about them:

THEOREM 7.2. We have the generalized binomial formula

(1+@P=§i<zyﬁ

k=0
with the generalized binomial coefficients being given by
p\ _rlp=1...(p=k+1)
k k!
valid for any exponent p € R, and any |z| < 1.

153
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Proor. This is something quite tricky, that we already met before at p € Z, that we
will explore in this section at p € Z/2, and whose proof in general, for p € R, will be
eventually relegated to chapter 9. The idea with all this is as follows:

(1) To start with, at p = n € N the generalized binomial coefficients are the usual
binomial coefficients at k < n, and vanish at k = n + 1 and higher. Thus, we recover the
usual binomial formula, valid for any x € R, and even x € C, namely:

(1+z)" = i (Z)xk

k=0

(2) Next, as already explained in chapter 2, at p = —1 the formula in the statement
is the usual formula for the geometric series, valid at || < 1, namely:

=1l—ao+a?—2>+...

1+=x

(3) More generally, again as explained in chapter 2, at p = —n with n € N the formula
in the statement takes the following form, and holds indeed, for any |z| < 1:

- ()

k=0

(4) This was for what we already knew. Getting now into the unknown, case p € R, as
a first observation, assuming p ¢ N, the radius of convergence is indeed R = 1, as shown
by the following computation, using the d’Alembert criterion from chapter 6:

(1)) - =gt s

(5) So, the problem is, can we prove now the formula in the statement, at any p € R,
and any |z| < 17 In answer, the first thought goes to using the following formula:

(1+2)” = exp(plog(l+ z))

Indeed, we know the series of exp and log, and this can potentially lead to a proof.
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(6) So, let us see if this works. Using the series of exp and log, we have:

(I+z)’ = exp (p (—1)'“*1?)

k
00 e\ "
" k+1T
— L )
SAISEINEY
(_1)k1+...+kn+n$

o

E
Il
—

o0

-5

Mg

P Koy Ky,
% . % (_ )n .
B Ve D D v
5= n= 1+t kp=s

(7) But this gets us into some bad souvenirs, from chapter 4, where we tried precisely
to compute this series, at p = 1, in order to establish the formula for log(1 + x), at that
time, and eventually decided to go instead for a more clever method. So, not very good
all this, and we will stop here too, again wishing for a more clever method.

(8) And the problem is that, contrary to what was going on in chapter 4 with the
series of log(1+ z), where we had 3 possible methods to be tried, and one succeeded, here
things are much more rigid, and there does not seem to be any clever alternative method,
on the horizon. So, we will stop for good here, and come back to this later, in chapter 9,
after learning derivatives, which are the good tool for investigating such things. U

Quite interesting the above discussion, we are learning new things, but in practice we
have absolutely nothing, compared to what we already knew from chapter 2. So, as a
challenging question, is there any way out of this mud, with the tools that we have?

In answer, here is a more modest question, which is something quite interesting by
itself, related to the square roots, which are ubiquitous, that we can try to solve:

QUESTION 7.3. What are the formulae of the square roots, and their inverses,

1
Vi+z=7 |
vi+zx

and do these confirm the generalized binomial formula, at p =1/2,—1/2¢

=7

And good question this is. In answer now, browsing through what we did in this book,
in relation with square roots, we have nothing at this level of sharpness. So, modesty,
and instead of attacking the problem directly, it is probably wiser to cheat a bit, and see
first what the generalized binomial formula says, at p = +1/2. And here we have:
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PROPOSITION 7.4. The generalized binomial coefficients at p = +1/2 are

1/2 —1\" ~1/2 —1\"
(1)-=2(F) e (0)-(F) »
with Dy, = (Qkk) being the central binomial coefficients, and Cy = L(2]"’)

k+1\Ek

PROOF. At p = 1/2, the generalized binomial coefficients are as follows:

(U? C1/2(=1/2)...(3/2— k)

k k!
. 1-3-5...(2k—3)
_ k—1
= =D ok !
(2k — 2)!

= ()

261 (k — 1)12%!

~1\"*
- (T) G

As for the case p = —1/2, here the binomial coefficients are as follows:
—1/2\  —1/2(=3/2)...(1/2 — k)
k a k!
1-3:5...(2k—1)
_ k
= =D 2k
e (2R
= Y g
—1\*
= |— )| D
(7) »
Thus, we are led to the conclusions in the statement. U

The above result is quite interesting, making the link with an old conjecture, that
we made back in chapter 1, stating that the central binomial coefficients factorize as
Dy = (k + 1)Cf, with Cy being certain integers. So, time now to prove that conjecture:

2k

THEOREM 7.5. The Catalan numbers Cy = — (k

1
(1) The length 2k loops on N, based at 0.
(2) The noncrossing pairings of 1,...,2k.
(3) The noncrossing partitions of 1,... k.
(4) The length 2k Dyck paths in the plane.

Proor. All this is standard combinatorics, the idea being as follows:

) count:

(1) To start with, in what regards the various objects involved, the length 2k loops
on N are the length 2k loops on N that we know, and the same goes for the noncrossing
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pairings of 1,...,2k, and for the noncrossing partitions of 1,...,k, the idea here being
that you must be able to draw the pairing or partition in a noncrossing way.

(2) As for the length 2k Dyck paths in the plane, these are by definition the paths
from (0,0) to (k, k), marching North-East over the integer lattice Z*> C R?, by staying
inside the square [0, k] x [0, k], and staying as well under the diagonal of this square.

(3) As an illustration for this, here are the 5 possible Dyck paths at n = 3:

o O O O O O O O O O O O O O O O o O O O
o O O é O O ©O é o O O—CI) o O O CI) o O O—é
o O O é o O O—é o O (I) (0] O O—O—(I) O O—é O
O—O—O—(ID O—O—(IJ O O—O—(I) (0] O—é o O O—(ID o O

(4) Thus, we have definitions for all objects involved, and in each case, if you start
counting them, you always end up with the same sequence of numbers, namely:

1,2,5, 14,42, 132, 429, 1430, 4862, 16796, 58786, . . .

(5) In order to prove now that (1-4) produce indeed the same numbers, many things
can be said. The idea is that, leaving aside mathematical brevity, and more specifically
abstract reasonings of type a = b,b = ¢ = a = ¢, what we have to do, in order to fully
understand what is going on, is to etablish (3) = 6 equalities, via bijective proofs.

(6) But this can be done, indeed. As an example here, the noncrossing pairings of
1,...,2k from (2) are in bijection with the noncrossing partitions of 1, ...,k from (3), via
fattening the pairings and shrinking the partitions. We will leave the details here as an
instructive exercise, and exercise as well, to add (1) and (4) to the picture.

(7) However, as a matter of having our claim formally proved, here is a less elegant
argument, which is however quick, and does the job. The point is that, in each of the
cases (1-4) under consideration, the numbers C}, that we get are easily seen to satisfy:

Now the initial data being the same, namely C; = 1 and C = 2, in each of the cases
(1-4) under consideration, we get indeed the same numbers, as desired.

(8) What is next? In view of what we already have, it remains to pick one of the
objects (1-4), skilfully do the count, and conclude that we have indeed:

1 (2k
Ok_k:+1(k)

(9) The most convenient is to count the Dyck paths. For this purpose, we can use a
trick. Indeed, if we ignore the assumption that our path must stay under the diagonal of
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the square, we have (Zkk) such paths. And among these, we have the “good” ones, those
that we want to count, and then the “bad” ones, those that we want to ignore.

(10) So, let us count the bad paths, those crossing the diagonal of the square, and
reaching the higher diagonal next to it, the one joining (0,1) and (k, k + 1). In order to
count these, the trick is to “flip” their bad part over that higher diagonal, as follows:

o
|

o o o o o o
I
o o o o o

(11) Now observe that, as it is obvious on the above picture, due to the flipping, the
flipped bad path will no longer end in (k, k), but rather in (k — 1,k + 1). Moreover, more
is true, in the sense that, by thinking a bit, we see that the flipped bad paths are precisely
those ending in (kK — 1,k + 1). Thus, we can count these flipped bad paths, and so the
bad paths, and so the good paths too, and so good news, we are done.

(12) To finish now, by putting everything together, we have:
o — 2k 2k \ (2K k(2K 1 2k
"\ k k—1) \k) k+1\k) Kk+1\k
Thus, we are led to the various conclusions in the statement. Il

We can go back now to the generalized binomial formula, and we have:

THEOREM 7.6. The generalized binomial formula at p = 1/2,—1/2 reads

o 1 o
1—4t=1-2Y Cptr |, —— =Y Ditr

with Cy, = ﬁ(zkk) and Dy, = (2:), and these formulae hold indeed, for |t| < 1/4.
Proor. This is quite standard, based on what we have, as follows:

(1) To start with, the formulae in Proposition 7.4 suggest to make the change of
variables x = —4t in the generalized binomial formula, and with this change made, that
binomial formula at p = 1/2, —1/2 corresponds precisely to the formulae above.
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(2) In order to prove our two formulae, we must establish the following identities:

2 2
(o.9] oo 1
k _ k _
(o) - (Soe) -2,
k=1 k=0

(3) But the first formula is equivalent to the following identity for the Catalan numbers,
that we know well to hold, as explained in the proof of Theorem 7.5:

Z CrCr = Cria

k+l=n

(4) As for the second formula, by using the standard series for 1/(1 — 4¢), this is
equivalent to the following formula, involving the central binomial coefficients:

Z DD, = 4™
k+l=n

(5) Now instead of doing again some combinatorics, this time for the numbers Dy,
which is certainly possible, and with this being a good exercise for you, let us pull an
analysis trick. With ¢t — ¢ — ¢ and € ~ 0, our first formula becomes:

VI—4t+4e = 1—220k,1(t—5)k

12

1—22@1 — kthle)

= 1—4t+2¢ Z Dy "1
k=1

(6) On the other hand, again with £ ~ 0, we have the following estimate:
4e 2
V1I—4t+4e+V/1 -4t J1—4t

We conclude from this that we have the following formula, as desired:

V1I—dt+4e —V1—4t =

\/1_7 Z Dy
Summarizing, both formulae in the statement proved, one way or another. U

Good work that we did. Along the same lines, it is possible to prove that the gen-
eralized binomial formula holds at any p € Z/2, and we will leave this as an instructive
exercise. Also, we will be back to all this in Part III, after learning about derivatives, and
about the related notion of Taylor series too, with a general study, at p € R.
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7b. The arcsine family

Switching topics, we know that the bulk of special functions comes from trigonometry,
with our collection so far of trigonometric functions consisting of sin, cos, tan, and then
exp, log, whose trigonometric nature comes from the Euler formula e = cost + isint,
and finally hybrid beasts like sin(iz), cos(iz). So, time to talk about all this.

To start with, we have some work to do in relation with basic trigonometry, as devel-
oped in chapter 3. So, consider a basic right triangle, with an angle ¢, as follows:

C

A B

We know from chapter 3 that we have the following formulae:

BC ,_AB ., _BC
ac 0 T a0 0 MM'T B

However, there are still 3 fractions left, in need of a name, so let us formulate the
following definition, completing what we already have, regarding sin, cos, tan:

sint =

DEFINITION 7.7. We can talk about the secant, cosecant and cotangent, as being

; AC ; AC ot BC
sect = — csct = — cott = —
AB 7’ BC AB
in the context of a right triangle, as above, or equivalently, as being
1 1
sect =—— , c¢sct=— , cott=
cost sint tant

in terms of the standard trigonometric functions sin, cos, tan.

In practice, the secant, cosecant and cotangent can be understood as well geometri-
cally, by using right triangles ABC' as above, with a suitable side chosen to be 1:

1 cott
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In relation with this, we have as well the following catch-all picture, featuring a circle
too, and justifying the use of the words “secant” and “cosecant” in the above:
csct o

: 1 . tant
: sint | t
t
cost
T )

~_ | ~

| t
cott

But you might probably wonder, what is the usefulness of our new trigonometric
functions, sec, csc, cot. In answer, here is a first interesting result, involving csc:

THEOREM 7.8. The lengths of altitudes in an arbitrary triangle ABC' satisfy
[AD — BE — CF| ~ [esc A —csc B — csc C
and in fact we have the following formulae for these altitude lengths,
AD =dcscA , BE=6dcsceB , CF=dcscC

with 6 = S/R, where S is the area, and R is the radius of the circumscribed circle.

Proor. Consider a triangle ABC', with two altitudes drawn, as follows:

P

We have then the following computation for the ratio AD/BE, which along with

similar formulae for AD/CF and BE/CF leads to the first assertion:

AD  ABsinB  cscA
BE ABsinA  cscB

As for the second assertion, recall from chapter 3 that the lengths of sides are:

BC =2RsinA , AC=2RsinB , AB=2RsinC
But this gives the formulae in the statement, via S = side x height/2. O
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Let us draw now the graphs of our new trigonometric functions. We first have:

PROPOSITION 7.9. The graph of sec : R — (Zm + 7/2) — R is as follows,

A
N
_%ﬂ. ...... - — T () ceverne B T o 3777 ........... -

with this pattern being repeated indefinitely, to the left and to the right.

PROOF. This comes indeed from sec = 1/ cos, by applying x — 1/z to the graph of
cos that we found in chapter 3, which was as follows:

A
N 7N -
,,,,,,,,, DT e =BT T e — 0 I NS £ SO ¥ S

Thus, we obtain the graph in the statement, with flattened curves at the multiples of
7, and with asymptotes at the multiples of 7 plus /2. O

Regarding the cosecant, the graph here is quite similar, as follows:

ProproSITION 7.10. The graph of csc : R — Zm — R is as follows,

A
N N S
_%W B —Z () s T 3?7r ........... -

with this pattern being repeated indefinitely, to the left and to the right.
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PROOF. This comes indeed from csc = 1/sin, by applying z — 1/x to the graph of
sin that we found in chapter 3, which was as follows:

,,,,,,,,, B P _377r v 0 i = B 0 R 377r o DT
\ /_51 \ /
Equivalently, we can get this from Proposition 7.9, via cscz = sec(z — 7/2). O

Finally, regarding the cotangent, the graph here is as follows:
PRroPOSITION 7.11. The graph of cot : R — Zm — R is as follows,

with this pattern being repeated indefinitely, to the left and to the right.

PROOF. This comes indeed from cot = 1/tan, by applying x — 1/ to the graph of
tan that we found in chapter 3, which was as follows:

Y

0

e}
B}
|

In practice, the x — 1/x procedure amounts in symmetrizing the graph, and then
translating it by /2, and we will leave some thinking here as an exercise. U
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Good work that we did, and the story is not over with this, because we have:

THEOREM 7.12. We can talk about the inverse trigonometric functions,

) arccos : [—1,1] — [0, 7].

) arctan : R — (—m/2,7/2).

) arcsec : R — (=1,1) — (0,7) — {n/2}.

) arcesc : R — (=1,1) — (—n/2,7/2) — {0}.

(6) arccot : R — (0, ).

whose graphs can be obtained by flipping those of sin, cos, tan, sec, csc, cot.

Proor. This is something self-explanatory, the idea being as follows:

(1) Consider the function sin : [—7/2,7/2] — [—1, 1], which is bijective. Its inverse
function arcsin : [—1,1] — [—7/2,7/2], obtained by flipping the graph, is as follows:

(2) Consider the function cos : [0, 7] — [—1, 1], which is bijective. Its inverse function
arccos : [—1,1] — [0, 7], obtained by flipping the graph, is then as follows:

e}

N\
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(3) Consider the function tan : (—7n/2,7/2) — R, which is bijective. Its inverse
function arctan : R — (—m/2,7/2), obtained by flipping the graph, is as follows:

(4) Consider the function sec : (0,7) — {w/2} — R — (—1,1), which is bijective. Its
inverse function arcsec : R — (—=1,1) — (0,7) — {n/2} is then as follows:

(5) Consider the function csc : (—7/2,7/2) — {0} — R — (=1, 1), which is bijective.
Its inverse function arccsc : R — (—1,1) — (—7/2,7/2) — {0} is then as follows:
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(6) Consider the function cot : (0,7) — R, which is bijective. Its inverse function
arccot : R — (0, ), obtained by flipping the graph, is as follows:

\

Thus, we are led to the conclusions in the statement. U

Many other things can be said about the inverse trigonometric functions, notably with
all sorts of basic formulae for them, coming from the formulae that we know well for the
usual trigonometric functions. We will leave some exploration here as an exercise.

7c. Further trigonometry

Back now to the basics, sin, cos, tan, we have seen in chapter 3 that some interesting
mathematics appears in relation with the sums of angles. This suggests, as a continuation,
summing 3 or more angles, and we will explore this here. To start with, we have:

THEOREM 7.13. The sines of sums of 3 angles are given by the formula
sin(z +y+2) = sinxcosycosz+ cosxsiny cosz
+cosxcosysinz —sinxsinysin z
the cosines of sums of 3 angles are given by the formula
cos(r+y+2z) = COSTCOSYCOSz — cosxsinysinz
—sinx cos y sin z — sin x sin y cos 2
and we have a formula for the tangent too, namely

tanx + tany + tan z — tanx tany tan z
tan(z +y +2) = Y Y

1 —tanztany — tanx tan z — tany tan z

provided of course that the denominator is nonzero.
ProoF. We use the addition formulae from chapter 3, namely:
sin(x + y) = sinx cos y + cos wsiny

cos(x +y) = cosxcosy — sinxsiny
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In what regards the sine, the computation is as follows:
sin(z +y + 2)
= sinzcos(y + z) + cos rsin(y + z)
= sinz(cosycos z — sinysin z) + cos xz(siny cos z + cos y sin 2)
= sinx cosy cos z + cosx sin gy cos z + cos T cosy sin z — sin x sin y sin 2
In what regards the cosine, the computation here is similar, as follows:
cos(x +y + 2)
= coszcos(y+ z) —sinzsin(y + z)
= cosx(cosycosz — sinysin z) — sin x(sin y cos z + cos y sin 2)
= COSX COSYCOSZz — COSTsinysin z — sin T cosy sin z — sin  sin y cos z

Regarding now the tangent, this follows by taking the quotient, or by using:

tan x 4+ tan
tan(z +y) = Y
1 —tanxtany
Thus, we are led to the conclusions in the statement. U

As a consequence of the above result, obtained with z = y = 2z = ¢, we have:

THEOREM 7.14. The sines and cosines of sums of triples of angles are given by
sin(3t) = 3sint — 4sin®¢
cos(3t) = 4cos®t — 3cost
and we have a formula for the tangent too, namely
3tant — tan®t
1 —3tan?t
provided of course that the denominator is nonzero.

tan(3t) =

Proor. With z = y = z =t in the sine formula from Theorem 7.13, we obtain:
sin(3t) = 3sintcos®t —sin®t
= 3sint(l —sin’t) —sin®t
= 3sint —4sin’t
Similarly, with x = y = z = t in the cosine formula from Theorem 7.13, we obtain:
cos(3t) = cos’t — 3costsin®t
= cos’t —3cost(l — cos’t)
= 4cos®t — 3cost

Finally, with x = y = 2z =t in the tangent formula from Theorem 7.13 we obtain the
formula for the tangent in the statement, without any further manipulation. O
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Getting now to potential numeric applications, let us record here:

PROPOSITION 7.15. The quantities a = sin 10°, b = cos 10°, ¢ = tan 10° satisfy

30— da® = = : 4b3—3b:£ , de—cd 1
2 2 1-3c2 /3
and we have similar equations, for the other multiples of 10°.
PRroOOF. By taking ¢ = 10° in the formulae from Theorem 7.14, we obtain:
sin(30°) = 3a — 4a®

cos(30°) = 4b® — 3b

3c—c3
t °© = —_—
an(30°) 302
Thus, we are led indeed to the formulae in the statement. O

Moving on, let us see now what happens for a sum of 4 angles. In view of Theorem
7.13, we do not really want to deal with the sine and cosine, where the formulae will be
most likely quite complicated, so we will focus on the tangent instead. We have:

THEOREM 7.16. The tangents of sums of 4 angles are given by

tanx + tany + tan z + tant — tanx tan y tan 2
—tanztanytant — tanx tan ztant — tany tan z tant

tan(zx +y+2+1) =
( Y ) (1—tana:tany—tanxtanz—tanxtant—tanytanz)

—tanytant — tanztant + tanx tany tan z tant

provided of course that the denominator is nonzero.

PrROOF. We have indeed the following computation:

tan(z +y + z + 1)
tan(z + y) + tan(z +t)
1 —tan(z + y) tan(z + t)

tan x+tany tan z4tant
l—tanztany l—tanztant

1 __ tanzttany . tanzttant
l-tanxtany 1—tanztant

tanz + tany + tanz + tant — tanx tan y tan z
—tanzrtanytant — tanx tan z tant — tany tan z tant

1 —tanztany — tanxtanz — tanx tant — tan y tan z
—tanytant — tan ztant 4 tanz tany tan z tant

Thus, we are led to the formula in the statement. U

And the problem is now, is what we found in Theorem 7.16 good news, or not? You
would probably say no way, but in answer, here is something quite nice:
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THEOREM 7.17. The tangents of sums of angles are given by

a+b

1—ab

a+ b+ c—abc
1—ab—ac—bc
a+b+c+d— abc— abd — acd — bed
1 —ab—ac— ad — bc — bd — cd + abed

tan(z +y) =

tan(z +y + 2) =

tan(z +y+2+1t) =

where a = tanx, b =tany, ¢ = tan z, d = tant, ..., with on top odd symmetric functions
of a,b,c,d, ..., and on the bottom even symmetric functions of a,b,c,d,. ..

PROOF. Here the formulae in the statement are those from chapter 3 and from The-
orems 7.13 and 7.16, and the conclusion at the end is something quite self-explanatory.
We will leave some thinking and further exploration here as an interesting exercise. [J

Switching topics now, and back to sin, cos, we have seen in the above that for small
k € N we have formulae as follows, with Py, Q) being certain polynomials:

cos(kt) = Py(cost) , sin((k+ 1)t) = Qr(cost)sint
To be more precise, in what regards the cosine, we have the following formulae:
cos(2t) = 2cos’t — 1

cos(3t) = 4cos®t — 3cost

As for the sine, the formulae here, coming from what we know, are as follows:
sin(2t) = 2costsint
sin(3t) = (4cos®t — 1)sint

To be more precise, in what regards the formula of sin(3t), we have indeed:
sin(3t) = 3sint —4sin®t
= (3 —4sin’t)sint
= (3—4+4cos’t)sint
= (4cos’t —1)sint

In order to see now if our conjecture regarding Py, Qs is true, let us compute as well
the sine and cosine of 4¢. We have here the following result, confirming our conjecture:
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PROPOSITION 7.18. We have the following formulae,
cos(4t) = 8cos*t — 8cos?t + 1
sin(4t) = (8cos®t — 4 cost)sint
confirming our conjectures cos(kt) = Py(cost) and sin((k + 1)t) = Q(cost) sint.
PROOF. Regarding the cosine, we have the following computation:
cos(4t) = 2cos*(2t) — 1
= 2(2cos’t—1)*—1
= 2(4cost —4cos’t+1)—1
= 8cos’t —8cos?t+1
Regarding the sine, we have the following computation:
sin(4t) = 2sin(2t) cos(2t)
— 4sintcost(2cos’t — 1)
= (8cos®t —4cost)sint
Thus, we are led to the conclusions in the statement.

In general now, we can proceed by recurrence, and we obtain:

THEOREM 7.19. The cosines and sines of multiplied angles are given by
cos(kt) = Py(cost) , sin((k+ 1)t) = Qg(cost)sint
with Py, Qr being certain polynomials with integer coefficients, given by
P (2) = Pu(@)z — Q1 (2)(1 — 22)
Qr(2) = Qr—1(z)x + Pi(x)
called Chebycheff polynomials of the first and second kind.
PRroOF. This is indeed something very standard, the idea being as follows:
(1) We use our basic formulae for the sums, which are as follows:
cos(z +y) = coszcosy — sinxsiny
sin(z + y) = sinx cosy + cos xsiny
We conclude that we have the following formulae, valid for any k € N:
cos((k + 1)t) = cos(kt) cost — sin(kt) sint
sin((k + 1)t) = sin(kt) cost + cos(kt) sin ¢
Now by recurrence, these formulae take the following form:
cos((k + 1)t) = Py(cost) cost — Qx_1(cost)sin® ¢t
sin((k + 1)t) = Qg_1(cost)sintcost + Py(cost)sint
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We can write these latter formulae in a more convenient way, as follows:
cos((k + 1)t) = Pp(cost)cost — Qp_1(cost)(1 — cos*t)
sin((k + 1)t) = (Qg—1(cost) cost + Py(cost))sint
Thus, we have the formulae in the statement, with Py, Q) being as follows:
Pipi(z) = Py(r)z — Qpa(z)(1 — 2?)
Qr(x) = Qp—_1(x)z + Py(x)
Observe in particular that both P, Q)x much have integer coefficients.

(2) Let us do as well some numerics, as a matter of doublechecking what we found.
As input for our computations, we have the following initial values:

PO =1 y P1 =T , QO =1
At the first step of our recurrence we obtain the following formulae:
Py=22" — (1—2*) =227 -1

O1=xz+x=2x
At the second step of our recurrence we obtain the following formulae:

Py = (22° — 1) — (22 — 22°) = 42° — 32
Qo =22" 4+ (227 — 1) = 42 — 1
At the third step of our recurrence we obtain the following formulae:
Py = (42* — 32%) — (422 — 1)(1 — 2?) = 82* — 82* + 1
Qs = (42° — 2) + (42® — 32) = 82° — 4o
And, good news, this agrees with what we found in Proposition 7.18, and before. [
For future reference, let us record now the above numerics, along with some more:
THEOREM 7.20. The Chebycheff polynomials of the first kind are
1, z, 222—1, 42° -3z, 8z*—8z2+1, 162°—202°+ 5z,
and the Chebycheff polynomials of the second kind are
1, 2z, 42°—1, 8% —4x, 162" —122°+1, 322° —322° + 6z,
and this list can be indefinitely enlarged, by recurrence, when needed.

ProoOF. Here the formulae of Py, P, P, P3, Py, and @y, Q1, Q2,3 are those found
above, and those of P5 and (4, Q5 can be found similarly, by recurrence. O

Many other things can be said, as a continuation of this. We will be back to the
Chebycheff polynomials on several occasions, in what follows, with more about them.
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7d. Hyperbolic functions

Ready for some physics? We would like to talk now about the hyperbolic functions,
which appear for instance in Einstein’s relativity theory. Let us start with:

Fact 7.21 (Einstein principles). The following happen:

(1) Light travels in vacuum at a finite speed, ¢ < co.
(2) This speed c is the same for all inertial observers.
(3) In non-vacuum, the light speed is lower, v < c.
(4) Nothing can travel faster than light, v # c.

The point now is that, obviously, something is wrong here. Indeed, assuming for
instance that we have a train, running in vacuum at speed v > 0, and someone on board
lights a flashlight * towards the locomotive, then an observer o on the ground will see the
light traveling at speed ¢ + v > ¢, which is a contradiction:

—0—+ o—' '—o—0—0—0-

T e
Equivalently, with the same train running, in vacuum at speed v > 0, if the observer
on the ground lights a flashlight * towards the back of the train, then viewed from the
train, that light will travel at speed ¢+ v > ¢, which is a contradiction again:

< - ——=—=0 —_—
ctv v

—0— O— —0—0—0—0—

B —
C

Summarizing, Fact 7.21 implies ¢ + v = ¢, so contradicts classical mechanics, which
therefore needs a fix. By dividing all speeds by ¢, as to have ¢ = 1, and by restricting the
attention to the 1D case, to start with, we are led to the following puzzle:

PuzziLe 7.22. How to define speed addition on the space of 1D speeds, which is
I=1[-1,1]

with our ¢ =1 convention, as to have 1 + ¢ =1, as required by physics?
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In view of our geometric knowledge so far, a natural idea here would be that of
wrapping [—1, 1] into a circle, and then stereographically projecting on R. Indeed, we can
then “import” to [—, 1, 1] the usual addition on R, via the inverse of this map. So, let us
see where all this leads us. First, the formula of our map is as follows:

THEOREM 7.23. The map wrapping [—1,1] into the unit circle, and then stereograph-
cally projecting on R is given by the formula

¢(u) = tan (%)

with the convention that our wrapping is the most straightforward one, making correspond
+1 — 7, with negatives on the left, and positives on the right.

PrROOF. Regarding the wrapping, as indicated, this is given by:

, s
u—et tzwu—§

Indeed, this correspondence wraps [—1, 1] as above, the basic instances of our corre-
spondence being as follows, and with everything being fine modulo 27:

1 1
1= . = —0

1—>7T
2 72 ’ 2 72 ’ 2

Regarding now the stereographic projection, the picture here is as follows:

Thus, by Thales, the formula of the stereographic projection is as follows:

cost 1 —sint cost
T 1 1 —sint
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Now if we compose our wrapping operation above with the stereographic projection,
what we get is, via the above Thales formula, and some trigonometry:

cost
r = —
1 —sint
B cos (7Tu — g)
~ 1—sin (7ru — g)
B cos (% - 7ru)
"~ 1+4sin (g — 7ru)
_ sin(7u)
~ 1+ cos(mu)
_ 2sin (%) cos (%)
B 2 cos? (”—2“)
U
= tan (—)
2
Thus, we are led to the conclusion in the statement. U

The above result is very nice, but when it comes to physics, things do not work, for

instance because of the wrong slope of the function ¢(u) = tan (%) at the origin, which

makes our summing on [—1, 1] not compatible with the Galileo addition, at low speeds.

So, what to do? Obviously, trash Theorem 7.23, and start all over again. Getting
back now to Puzzle 7.22, this has in fact a simpler solution, based this time on algebra,
and which in addition is the good, physically correct solution, as follows:

THEOREM 7.24. If we sum the speeds according to the Finstein formula

u—+v
1+ wuv

U+ V=

then the Galileo formula still holds, approximately, at low speeds
UFV>=2Uu+v
and if we have uw =1 or v =1, the resulting sum is u+,v = 1.

Proor. All this is self-explanatory, and clear from definitions, and with the Einstein
formula of u +. v itself being just an obvious solution to Puzzle 7.22, provided that,
importantly, we know 0 geometry, and rely on very basic algebra only. U

So, very nice, problem solved, at least in 1D. But, shall we give up with geometry,
and the stereographic projection? Certainly not, let us try to recycle that material. In
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order to do this, let us recall that the usual trigonometric functions are given by:

eia: _ e—im eim + e—ix eix _ e—i;t
sing = —— , cosr=——— , tanr=-———"——
2i 2 (e 4 e~i)
The point now is that, mathematically speaking, the above functions have some nat-
ural “hyperbolic” or “imaginary” analogues, constructed as follows:
, er —e” e’ +e” er —e "
simhr=——— , coshz=—— , tanhz=—-——+—
2 2 et +e "

But the function on the right, tanh, starts reminding the formula of Einstein addition,
from Theorem 7.24. So, we have our idea, and we are led to the following result:

THEOREM 7.25. The FEinstein speed summation in 1D is given by
tanh z +, tanh y = tanh(z + y)
with tanh : [—oo, 00] — [—1, 1] being the hyperbolic tangent function.

Proor. This follows by putting together our various formulae above, but it is perhaps
better, for clarity, to prove this directly. Our claim is that we have:

tanhx + tanhy
tanh =
anh(z +9) 1+ tanh z tanh y

But this can be checked via direct computation, from the definitions, as follows:

tanh x 4+ tanh y er—e  e¥—eY er —e ™ e¥—eY
~ e I s
1+ tanh z tanh y et +e T eY+eV et +e T e¥4eY
(e = e)(eV + e7¥) + (¢ + )¢V — V)
(e +e %) (e¥ +eVY) + (e* — e @) (e¥ + e7V)
2(ez+y _ efzfy)
2(ex+y + e—x—y)
= tanh(z +y)

Thus, we are led to the conclusion in the statement. U

Very nice all this, hope you agree. As a conclusion, passing from the Riemann stere-
ographic projection sum to the Einstein summation basically amounts in replacing:

tan — tanh
Let us formulate as well this finding more philosophically, as follows:

CONCLUSION 7.26. The FEinstein speed summation in 1D is the imaginary analogue
of the summation on [—1, 1] obtained via the Riemann stereographic projection.
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As a continuation of this, many other things can be said about relativity, with the next
obvious challenge being that of understanding what happens to the Einstein summation
formula when passing to 3D. And here, the summation formula is as follows, making
appear the vector products x that we already talked about, in chapter 3:

N 1 oa u X (u X o)
Utev=——""—""—"—"/|u+v
I+ <wu,v> 1+ /1 — [[u]]?

This being said, let us be reasonable. As mathematicians, we definitely have good
reasons for adopting sinh, cosh, tanh, as trigonometric functions. But then we can talk
about secondary and inverse functions too, in the obvious way, which leads us to:

CONCLUSION 7.27 (mathematics). There are in fact 24 trigonometric functions,

sin coS tan sec csC cot
arcsin  arccos arctan  arcsec arccsc — arccot
sinh cosh tanh sech csch coth

arcsinh arccosh arctanh arcsech arcesch arccoth

with the hyperbolic ones being useful in relativity, and perhaps in other physics too.

We will be back to these hyperbolic functions, on several occasions. In the meantime,
as a good exercise, you can draw the graphs of the 6 + 6 above hyperbolic functions.

7e. Exercises
This was a special chapter, on special functions, and as exercises here, we have:
EXERCISE 7.28. Do the missing combinatorics for the Catalan numbers Cy.
EXERCISE 7.29. Do as well the combinatorics for the central binomials D,.
EXERCISE 7.30. Prove the generalized binomial formula at any p € Z/2.
EXERCISE 7.31. Meditate at the domains of inverse trigonometric functions.
EXERCISE 7.32. Learn more about Chebycheff polynomials, and related topics.
EXERCISE 7.33. Study in detail sinh, cosh, tanh, and draw their graphs.
EXERCISE 7.34. Study as well sech, csch, coth, and draw their graphs.
EXERCISE 7.35. Discuss arcsinh, arccosh, arctanh, arcsech, arccsch, arccoth.

As bonus exercise, and no surprise here, learn some systematic relativity theory.



CHAPTER 8
Polynomials, again

8a. Multiple roots

Time to end the present first half of this book, which was introductory to functions, be-
fore getting into more specialized and modern theory, involving derivatives and integrals,
and we will talk here about the most basic functions of them all, the polynomials.

We already know a bit about the polynomials P € R[X] from chapter 2. However,
remember from chapter 3 that any such polynomial can be regarded as a complex poly-
nomial, P € C[X], and with this being a great thing, because any complex polynomial
P € C[X] has a full collection of deg P roots, when counted with multiplicities.

So, it is about complex polynomials P € C[X] that we will talk about, here. Let
us start with a quick remake of the general theory from chapter 2, which was mostly of
algebraic nature, in the complex case. At the beginning of everything, we have:

PROPOSITION 8.1. For a polynomial P € C[X]| and a number r € C, the following
conditions are equivalent:

(1) P(r)=0.
(2) P(z) = (z — r)Q, with Q € C[X].
PROOF. The point here is that we can divide the polynomials, a bit as we divide the
integers, with an illustration for the division algorithm being as follows:

2+ 1= (+2)*+x

2P+ 1= (v+2)(2* + %) +
$3+1:(I+2)(x2—2x+*)+*
P+ 1= (r+2)(2° — 27 +4) +*
P 4l=(2+2)(z*—22+4) -7

Now by dividing P by x —r we are led to a formula as follows, with the quotient being
a certain polynomial @) € C[X], and the remainder being a constant ¢ € C:

Pz)=(z—7r)Q+c¢

But with this in hand, the equivalence in the statement is clear, by taking x =r. U

P

Next, we have the following key result, called fundamental theorem of algebra:

177
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THEOREM 8.2. Any polynomial P € C[X]| can be written as
Pz)=clx—r)™ ... (x—rK)™
with r1, ..., € R being the roots, ny,...,n € N, and c € C.
Proor. This is something quite tricky, coming in two steps, as follows:

(1) To start with, we can apply Proposition 8.1 iteratively, and we obtain a certain
factor [[,(z — r;)™ which grows over the time, until it has to stop, due to the fact that
the remainder ) € C[X] has no roots. Thus, we have a decomposition as follows:

Plx)=(z—r)™...(x — )" Q(x)
(2) On the other hand, as explained in chapter 3, some basic complex analysis shows

that any polynomial having degree > 1 must have a root. Thus the above remainder
@ € C[X] must be a polynomial of degree zero, Q(x) = ¢ € C, as desired. O

Let us record as well the following result, useful for dealing with the roots:
THEOREM 8.3. Given a polynomial P € C[X], with leading coefficient 1,
P(x)=a2"+a, 12" ' 4+ ... +a1x +ag
constder its n roots ri,...,r,, counted with multiplicities, so that we have:
Px)=(x—r1)...(x —1y)
These roots satisfy then the formulae ), r; = —an,—1 and [[,7; = (—1)"ao.

PROOF. This is clear indeed from the formula P(z) = (z—r1) ... (z—r,), by expanding
the product, and identifying the terms of degree n — 1, and of degree 0. U

Finally, we have our beloved result regarding degree 2 polynomials, as follows:

THEOREM 8.4. The solutions of ax?® + bx + ¢ = 0 with a,b,c € C are
—b =+ /b% — 4ac

2a
with the square root of complex numbers being defined as Vreit = Vet

T12 =

PrROOF. We can indeed write our equation in the following way:
b\> b —dac
2
axr” +oxr +c (3:—|—2a> 12
b Vb2 — dac
= r+—=+—
2a 2a

Thus, we are led to the conclusion in the statement. Il

What is next? Many things, presumably in relation with the extension of Theorem
8.4 to higher degree, and here is an interesting question, that we can try to solve:
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QUESTION 8.5. What is the analogue of A = b? — 4ac in higher degree? Also, what is
the analogue of the condition A = 0, in higher degree?

In answer, you would probably say go with the first question, what is A, and then
A = 0 will come for free. However, with the first question being quite difficult, and you
can have some fun here with degree 3 polynomials, in order to understand what I am
talking about, we will go instead with the second question, reformulated as follows:

QUESTION 8.6 (update). Given P € C|[X], can we decide, via some algebraic trick, if
P has or not double roots, without actually computing the roots?

Which does not look trivial at all, but the point is that some magic happens here, no
one really understands why, and we have the following surprising answer, to this:

ANSWER 8.7. Yes, algebraic tricks allow us to decide if P € C[X] has multiple roots.
And even more, in certain cases, to explicitly compute these multiple roots.

And it is the second assertion in the above which is the crazy thing, because computing
roots of high degree polynomials is reputed to be a hopeless business. Amazing.
Getting to work now, what can be the algebraic tricks mentioned above? And here,

as a further twist to the plot, these algebraic tricks actually come from analysis:

PRINCIPLE 8.8. Given a polynomial P € R[X], a multiple root r € R, corresponding
to a formula of type P(z) = (x — r)*Q(x), can be identified on the graph of P,

LS

due to the fact that this graph must be tangent to Ox at this point r € R, as indicated.
Moreover, the same formally happens for complex polynomials, P € C[X].

So, getting back to analysis. In order to decide now what is tangent to Ox and what
is not, the simplest is to compute the slope of the graph. And here, for the simplest
polynomials, P(z) = x™, this is easily done using the binomial formula, which gives:

(x+t)" ~ 2™ +na" 't
Summarizing, problem solved for P(x) = x™, whose slope at a given x € R is the quan-

tity P'(x) = nz""!. But now, with this in hand, we can forget this analysis intermezzo,
and start doing the algebra, in an independent and rigorous way, as follows:
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THEOREM 8.9. We can formally differentiate the polynomials, according to
(") = na™t
and to the following linearity rules, allowing to pass to linear combinations:
(P+Q) =P +Q , (AP)=\F
This differentiation operation satisfies the following rules,
(PQ) =PQ+PQ , (Po@Q)=PQQ
called Leibnitz rule for products, and chain derivative rule.

Proor. This is indeed something standard, the idea being as follows:

(1) To start with, we can certainly differentiate the polynomials according to the recipe
in the statement, with the precise general formula being as follows:
P=a,z"+a, 12" '+ ... 4+ a1z + ao
— P =na2"'+n-1Da, 12" +.. . +a

(2) In what regards the Leibnitz rule, by linearity we can assume that we are dealing
with monomials, P = 2™ and () = 2™. But here, the Leibnitz rule comes from:

mY = (m A+ n)gm !
= ma™ 2" + nama" !
= (@"Ya" 42"y
(3) Regarding now the chain rule, again by linearity we can assume that we have
P =2 and @ = 2". And here, the result comes via the following computation:

(x

= mnx

— mwmnfn . nxnfl

(xmn)/ mn—1

m—l) 1

[(max ox"| - na"”
= [@") ea"]- (a")
(4) Finally, and we insist here, in case you might already know a bit above derivatives,
in general, all the above is just pure algebra, and of quite trivial type. Of course there

is an analytic interpretation of all this, that we will discuss later, in chapter 9. For our
purposes here, in the present chapter 8, we will not need that analytic interpretation. [J

As an application now of our derivatives, as introduced above, we have:

THEOREM 8.10. Given a polynomial P € C[X], the following happen:

(1) Any multiple root of P must be a root of P’.
(2) In fact, the multiple roots of P are the common roots of P, P'.
(3) If P(r) = 0 with multiplicity k, then P'(r) = 0 with multiplicity k — 1.
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Proor. This is something quite magic, the idea being as follows:

(1) We have indeed the following computation, based on the general differentiation
rules from Theorem 8.9, and more specifially, on the Leibnitz rule there:

(z=*Q = [@—1TQ+(x—r)Q

= 2x—1)Q+ (v —r)*Q

= (z—1)2Q+ (-
Here we have used the following formula, which is something trivial:

(@ = )% =2(x —7)
But with P = (x — 7)2Q, this leads to the conclusion in the statement.
(2) We know this in one sense from (1). In the other sense, assume that:
P(r)y=P'(r)=0
Now let us divide P by (x — )% This must give a formula as follows:
P=(x—7r)?Q+c(x—r)

By using now the computation in (1), we can see that P'(r) = 0 amounts in saying
that (c(z — r))’ vanishes at 7, so that ¢ = 0. Thus, P = (z — r)?Q, as desired.

(3) We have indeed the following computation, generalizing the one in (1):
[z =m*Q) = [ —r)MQ+ (@'Y
= k= rIQ+ (o — )
= (=" kQ+(z—7)Q)
Here we have used the following formula, coming from the chain rule:
(& = )" = k(z — )"
Thus, with P = (z — r)*Q, we are led to the conclusion in the statement. O

The above result is something quite amazing, raising the possibility of deciding if P
has multiple roots, without computing the roots in question. Indeed, for this purpose:

— To start with, we must compute P’, with this being something quickly done.

— Then we must successively perform the division algorithm for P, P’, a bit like for
the usual integers, as to compute the greatest common divisor:

D= (P, P

— And then, getting now to conclusions, if this common divisor D has degree > 1, this
means that our original polynomial P must have a double root.

Let us summarize this remarkable finding, which answers our original Question 8.6,
majestically, along with a bit more, in the following way:
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THEOREM 8.11. Given a polynomial P € C[X], compute P', and perform the division
algorithm for P, P’, as to get to the greatest common divisor D = (P, P').

(1) P has multiple roots precisely when deg D > 1.
(2) In fact, the multiple roots of P are precisely the roots of D.
(3) Moreover, via P — D, all root multiplicities get lowered by 1.

PRroOF. This follows indeed as indicated above. To be more precise, assume that P
factorizes as follows, with r; being its multiple roots, with multiplicities n; > 2:

Pl)=(zx—r)™ ... (v —1)"Q
According to Theorem 8.10, the polynomial P’ is then of the following form:
P(z)=(z—r)" .. (x—r)™ 'R
Thus, the common divisor D = (P, P’) is given by the following formula:
D(x) = (x —r)™ . (x— )t
But this leads to the various conclusions in the statement. U

Summarizing, Question 8.6 solved. In relation now with our last claim from Answer
8.7, which is perhaps even more amazing, let us record as well:

THEOREM 8.12 (continuation). In the above context, with D = (P, P’) computed,
assuming that we can factorize D, which is something that we can do when

(1) D has degree 1 ot 2, as we know well.

(2) D has degree 3 or 4, as we will soon discover.

(3) D has multiple roots, and by recursion we can factorize it.

(4) D has various other special features, allowing us to factorize it.

our method computes in practice all the multiple roots of P.

PRrooF. This is something self-explanatory, based on Theorem 8.11, and coming with
the warning that in (2), things are in fact a bit more complicated, as we will soon discover,
and coming as well with the comment that, in relation with (3), there are more things
that can be said, and we will leave the continuation there as an interesting exercise. [J

8b. The discriminant

Moving on, we would like to understand now what the analogue of the discriminant
A = b?> — 4ac is. But this is something quite tricky, because we would like to have
A = 0 precisely when (P, P') # 1, which leads us into the question of deciding, given two
polynomials P, € C[X], if these polynomials have a common root, (P, Q) # 1, or not.

Fortunately this latter question has a nice answer. We will need:
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THEOREM 8.13. Given a monic polynomial P € C[X], factorized as
P=(X—-a)...(X —ag)
the following happen:

(1) The coefficients of P are symmetric functions in ai, ..., a.
(2) The symmetric functions in aq, ..., ax are polynomials in the coefficients of P.

Proor. This is something very standard, the idea being as follows:

(1) By expanding our polynomial, we have the following formula:

k
P= (_1)1“ Z ail...aiT-Xk_r
=0

T ’il<-..<ir

Thus the coefficients of P are, up to some signs, the following functions:

fr: Z gy oo Gy,

11 <. <y
But these are indeed symmetric functions in ay, ..., ag, as claimed.
(2) Conversely now, let us look at the symmetric functions in the roots aq, ..., a.

These appear as linear combinations of the basic symmetric functions, given by:
S, =Y a
i

Moreover, when allowing polynomials instead of linear combinations, we need in fact
only the first k£ such sums, namely Si,...,S;. That is, the symmetric functions F in our
variables ai, ..., a, with integer coefficients, appear as follows:

f:Z[Sl,,Sk]

(3) The point now is that, alternatively, the symmetric functions in our variables
ai,...,a, appear as well as linear combinations of the functions f, that we found in (1),
and that when allowing polynomials instead of linear combinations, we need in fact only
the first k functions, namely fi,..., fx. That is, we have as well:

F=Zf1,..., fx]
But this gives the result, because we can pass from {S,} to {f,}, and vice versa.

(4) This was for the idea, and in practice now up to you to clarify all the details. In
fact, we will also need in what follows the extension of all this to the case where P is no
longer assumed to be monic, and with this being, again, a good exercise for you. U

Getting back now to our original question, namely that of deciding whether two poly-
nomials P, Q) € C[X]| have a common root or not, this has the following nice answer:
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THEOREM 8.14. Given two polynomials P, Q) € C[X], written as
P=cX—-a)..(X—ar) , Q=dX—=0b)...(X =)
the following quantity, which is called resultant of P, @),

R(P,Q) = cd" [ [(a:i — b))

1s a certain polynomial in the coefficients of P,(Q), with integer coefficients, and we have
R(P,Q) = 0 precisely when P,Q have a common root.

Proor. This is something quite tricky, the idea being as follows:

(1) Given two polynomials P, € C[X], we can certainly construct the quantity
R(P,Q) in the statement, with the role of the normalization factor c/d* to become clear
later on, and then we have R(P, Q) = 0 precisely when P, () have a common root:

R(P,Q) =0 <= Hi,j,ai = bj

(2) As bad news, however, this quantity R(P,Q), defined in this way, is a priori not
very useful in practice, because it depends on the roots a;,b; of our polynomials P, (),
that we cannot compute in general. However, and here comes our point, as we will prove
below, it turns out that R(P, Q) is in fact a polynomial in the coefficients of P, Q, with
integer coefficients, and this is where the power of R(P, () comes from.

(3) You might perhaps say, nice, but why not doing things the other way around,
that is, formulating our theorem with the explicit formula of R(P, @), in terms of the
coefficients of P, (), and then proving that we have R(P, Q) = 0, via roots and everything.
Good point, but this is not exactly obvious, the formula of R(P, () in terms of the
coefficients of P, () being something quite complicated. In short, trust me, let us prove
our theorem as stated, and for alternative formulae of R(P, @), we will see later.

(4) Getting started now, let us expand the formula of R(P, @), by making all the mul-
tiplications there, abstractly, in our head. Everything being symmetric in aq, ..., ax, we
obtain in this way certain symmetric functions in these variables, which will be therefore
certain polynomials in the coefficients of P. Moreover, due to our normalization factor ¢,
these polynomials in the coefficients of P will have integer coefficients.

(5) With this done, let us look now what happens with respect to the remaining
variables by, ..., b;, which are the roots of (). Once again what we have here are certain
symmetric functions in these variables by, ..., b;, and these symmetric functions must be
certain polynomials in the coefficients of ). Moreover, due to our normalization factor
d*, these polynomials in the coefficients of Q will have integer coefficients.

(6) Thus, we are led to the conclusion in the statement, that R(P, Q) is a polynomial
in the coefficients of P,(Q, with integer coefficients, and with the remark that the c/d*
factor is there for these latter coefficients to be indeed integers, instead of rationals. [J
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As an illustration, consider a polynomial of degree 2, and one of degree 1:
P=a’4+br+c , Q=dr+e
In order to compute the resultant, let us factorize our polynomials:
P=a(z—p)xr—q) , Q@=dx—r)
The resultant can be then computed as follows, by using the method above:
R(P,Q) = ad*(p—r7)(qg—r)

= ad’(pq — (p+q)r +1%)

= cd® + bd*r + ad*r?

= cd® — bde + aé?
Finally, observe that R(P,) = 0 corresponds indeed to the fact that P, @ have a

common root. Indeed, the root of @ is r = —e/d, and we have:
ae?  be R(P,Q)
P(T‘):?—E—Fcz —d2

In higher degree the computations are more complicated. To the rescue comes the
following result of Sylvester, based on advanced technology, namely determinants:

THEOREM 8.15. The resultant of two polynomials, written as
P=pX'+.. +pX+p , Q=aX'+. .. +aX +q
appears as the determinant of an associated matriz, as follows,

Pk qi

R(P, Q) = |Po P Qo q

Po do
with the matrixz having size k + 1, and having 0 coefficients at the blank spaces.

PrOOF. We have not talked yet about linear algebra and determinants in this book,
which correspond to functions of several variables, which are scheduled for later, so here
is the proof, for what this is worth, assuming some familiarity with this material:

(1) Consider the vector space Ci[X] formed by the polynomials of degree < k:
C[X] = {P e C[X]) deg P < k}

This is a vector space of dimension k, having as basis the monomials 1, X, ..., X*~1.
Now given polynomials P, Q) as in the statement, consider the following linear map:

CD(CZ[X] XC}C[X]—)(C]{JFI[X] s (A,B)—)AP—FBQ
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(2) Our first claim is that with respect to the standard bases for all the vector spaces
involved, namely those consisting of the monomials 1, X, X?, ..., the matrix of ® is the
matrix in the statement. But this is something which is clear from definitions.

(3) Our second claim is that det ® = 0 happens precisely when P, @ have a common
root. Indeed, our polynomials P, () having a common root means that we can find A, B
such that AP 4+ BQ = 0, and so that (A, B) € ker ®, which reads det & = 0.

(4) Finally, our claim is that we have det® = R(P, (). But this follows from the
uniqueness of the resultant, up to a scalar, and with this uniqueness property being
elementary to establish, along the lines of the proofs of Theorems 8.13 and 8.14. U

As an illustration for this, consider our favorite polynomials, namely:
P=ar’+br+c , Q=dr+e
According to the above result, the resultant should be then, as it should:

a d
R(P,Q)=1|b e d|=ae*— bde+ cd®
c e

We can go back now to our original question regarding discriminants, and we have:

THEOREM 8.16. Given a polynomial P € C|X]|, written as
P(X)=aX™ +bXV "t peXN2 4

its discriminant, defined as being the following quantity,
N

A(P) = —(_12(2) R(P,P')

is a polynomial in the coefficients of P, with integer coefficients, and A(P) = 0 happens
precisely when P has a double root.

ProOF. The fact that the discriminant A(P) is a polynomial in the coefficients of
P, with integer coefficients, comes from Theorem 8.14, coupled with the fact that the
division by the leading coefficient a is indeed possible, under Z, as being shown by:

a Na

R(P,P") = |z a y Na

z )
Also, the fact that we have A(P) = 0 precisely when P has a double root is clear from

Theorem 8.14. Finally, let us mention that the sign (—1)(];) is there for various reasons,
including the compatibility with the formula A(P) = b* — 4ac in degree 2. O



8B. THE DISCRIMINANT 187

As an illustration, let us see what happens in degree 2. Here we have:
P=aX?+bX+c , P =2aX+Db
Thus, the resultant is given by the following formula:
R(P,P") = ab®—b(2a)b+ c(2a)?
= da’c — ab?
—a(b® — 4ac)
It follows that the discriminant of our polynomial is, as it should:
A(P) = b* — dac
Alternatively, we can use the formula in Theorem 8.15, and we obtain:

1@ 2a
AP)= = —|b b 2a
ale b

= 0%+ 2(b* — 2ac)
= b* — dac
At the theoretical level now, we have the following result, which is not trivial:

THEOREM 8.17. The discriminant of a polynomial P is given by the formula
A(P) = a7 ] (ri = ;)
i<j
where a s the leading coefficient, and ry,...,ry are the roots.
ProoF. This is something quite tricky, the idea being as follows:

(1) The first thought goes to the formula in Theorem 8.14, so let us see what that
formula teaches us, in the case ) = P’. Let us write P, P" as follows:

P=a(x—mr))...(x —rN)
P'=Na(x —p1)...(x — py_1)
According to Theorem 8.14, the resultant of P, P’ is then given by:
R(P,P") = ™ }(Na)" H(Tz‘ —pj)
j
And bad news, this is not exactly what we wished for, namely the formula in the
statement. That is, we are on the good way, but certainly have to work some more.



188 8. POLYNOMIALS, AGAIN

(2) Obviously, we must get rid of the roots py, ..., py_1 of the polynomial P’. In order
to do this, let us rewrite the formula that we found in (1) in the following way:

R(P,P) = NNg*N-! H (H(n —pj)>
P'(r;)
; Na

= V! H P'(r;)

(3) In order to compute now P’, and more specifically the values P'(r;) that we are
interested in, we can use the Leibnitz rule. So, consider our polynomial:

P(z)=a(x —r)...(x —ry)

The Leibnitz rule for derivatives tells us that (fg) = f'g + f¢’, but then also that
(fgh) = f'gh+ fg’h + fgh', and so on. Thus, for our polynomial, we obtain:

P’(x):aZ(:L’—rl)...(az—ri)...(x—rN)

missing

NNCLQN_l

Now when applying this formula to one of the roots r;, we obtain:
P'(riy=a(ri—mr1)...(ri — 1) ... (r; —n)
H"—/
missing
By making now the product over all indices ¢, this gives the following formula:
1P =a"]](ri =7
i i#]
(4) Time now to put everything together. By taking the formula in (2), making the
normalizations in Theorem 8.16, and then using the formula found in (3), we obtain:

APy = ()] P
o | (CE®

1#]
— 2N—2 H(Tz . ,r,j>2
i<j
Thus, we are led to the conclusion in the statement. U

As applications now, the formula in Theorem 8.17 is quite useful for the real poly-
nomials P € R[X] in small degree, because it allows to say when the roots are real, or
complex, or at least have some partial information about this. For instance, we have:
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THEOREM 8.18. Consider a polynomial with real coefficients, P € R[X], assumed for
simplicity to have nonzero discriminant, A # 0.
(1) In degree 2, the roots are real when A > 0, and complex when A < 0.
(2) In degree 3, all roots are real precisely when A > 0.
Proor. This is very standard, the idea being as follows:

(1) The first assertion is something that we certainly know well, since ages, formally
coming from Theorem 8.4, but let us see how this comes via the formula in Theorem 8.17.
In degree N = 2, this formula looks as follows, with 71,7y being the roots:

A(P) = a*(ry — ry)?

Thus A > 0 amounts in saying that we have (r; — r3)* > 0. Now since ry, 7, are con-
jugate, and with this being something trivial, meaning no need here for the computations
in Theorem 8.4, we conclude that A > 0 means that r{,r, are real, as stated.

(2) In degree N = 3 now, we know from analysis that P has at least one real root,
and the problem is whether the remaining 2 roots are real, or complex conjugate. For
this purpose, we can use the formula in Theorem 8.17, which in degree 3 reads:

A(P) = a*(ry — r2)*(r1 — 1r3)%(ry — 13)?

We can see that in the case 11,79, 73 € R, we have A(P) > 0. Conversely now, assume
that r; = r is the real root, coming from analysis, and that the other roots are ro = 2
and r3 = z, with z being a complex number, which is not real. We have then:

A(P) = a*(r —2)*(r — 2)*(z — 2)?
= a*lr — 2|}(2iIm(z))?
= —da'|r — z|*Im(z)?
< 0

Thus, we are led to the conclusion in the statement. Il

In degree 4 a similar result is available. More on this, later in this chapter.

8c. Degree 3 equations

Let us work out now in detail what happens in degree 3, with the explicit computation
of the discriminant, in terms of the coefficients. Here the result is as follows:

THEOREM 8.19. The discriminant of a degree 3 polynomial,
P=aX’+bX’+cX +d
is given by A(P) = b*c* — 4ac® — 4b3d — 27a*d* + 18abcd.
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Proor. We have two methods available, based on Theorem 8.14 and Theorem 8.15,
and both being instructive, we will try them both. The computations are as follows:

(1) Let us first go the pedestrian way, based on the definition of the resultant, from
Theorem 8.14. Consider two polynomials, of degree 3 and degree 2, written as follows:

P=aX?>+bX*’+cX +d

Q=eX’+fX+g=e(X—35)(X—1)

The resultant of these two polynomials is then given by:

R(P,Q) = a’¢*(p—s)(p—1t)(g—s)(qg—1t)(r—s)(r —1t)
= a’-e(p—s)p—t)-elg—s)qg—1t)-e(r—s)(r—1)
= a’Q(p)Q(9)Q(r)
= d*(ep” + fp+9)(eq® + fq+g)(er’ + fr+g)

By expanding, we obtain the following formula for this resultant:

R(P,Q)

— = e+ LW+ e + pd’r?)

9P’ + p°r® + ¢r?) + e f2(pPqr + pg’r + par?)
efg(p’q +pg® + p*r +pr® + ¢r + q@r?) + fPpgr
eg> (P> + ¢* + 1) + fg9(pg + pr + qr)

+ fiP(p+qg+r)+4°

+ o+ o+

Note in passing that we have 27 terms on the right, as we should, and with this kind
of check being mandatory, when doing such computations. Next, we have:

b c d
pragtr=—— ., pgtprtqr=— ., pgr=-—-
a a a

By using these formulae, we can produce some more, as follows:

b 2c
PPHC+rt=pt+atr) = 2pg+pr+ar) = — - —

bc  3d
Pa+pq + P+ + @+ = (p+ g+ r)(pg +pr+ar) = 3pgr = ——5 + —

2bd
PP+ ¢ = (g pr+ar)’ = gr(p+a+r) = 5 - —
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By plugging now this data into the formula of R(P,Q), we obtain:

2 a? a?

d 2 2bd bd
R(P,Q) = a2€3-——a262f'c_2+a2629(c—_i)+a2ef2._
a a

o2 b
+ aZeg? (_2 _ _C> —{—a2f2g-f —a2f 2t atg
a a a a
Thus, we have the following formula for the resultant:

R(P,Q) = d%¢® —cde*f + c*e*g — 2bde*g + bdef? — beefg + 3adefg
adf? + b*eg® — 2aceg® + acf*q — abfg* + a’g*

Getting back now to our discriminant problem, with Q = P’, which corresponds to
e = 3a, f =2b, g = ¢, we obtain the following formula:

R(P,P) = 27a*d* — 18a®bcd + 9a*c® — 18a*bed + 12ab>d — 6ab*c® 4 18a*bed
8ab’d + 3ab’c? — 6a%c® + 4ab’c® — 2ab*c? + a*c?

By simplifying terms, and dividing by a, we obtain the following formula:
—A(P) = 27a*d* — 18abed + dac® + 4b*d — b*c?

But this gives the formula in the statement, namely:
A(P) = b*c® — 4ac® — 4b*d — 27a*d* + 18abed

(2) Let us see as well how the computation goes, by using Theorem 8.15, which is our
most advanced tool, so far. Consider a polynomial of degree 3, and its derivative:

P=aX’>+bX*’+cX +d

P =3aX?+2bX + ¢
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By using now Theorem 8.15 and computing the determinant, we obtain:

a 3a
b a 2b 3a
R(P,P) = |c b ¢ 2b 3a
d c c 2b
d c
a
b a —-b 3a
= |lc b —2¢c 2b 3a
d ¢ —=3d ¢ 2b
d c
a —b 3a
~ b —2c 2b 3a
- ¢c =3d ¢ 2b
d c
—b 3a a —b 3a
= —ad|—2c 2b 3a|+ac|b —2c¢ 2b
-3d ¢ 2b c —3d c

= —ad(—4b® — 27a*d + 12abc + 3abc)

+ac(—2ac® — 2b*c — 9abd + 6ac® + b*c + 6abd)
= a(4b’d + 27a*d* — 15abed + 4ac® — b*c® — 3abed)
= a(4b’d + 27a*d* — 18abed + 4ac® — b*c?)

Now according to Theorem 8.16, the discriminant of our polynomial is given by:

/
AP~ _REP)
a
= —4b%d — 27a*d* 4 18abcd — 4ac® + b*c?
= b’ —dac® — 4b*d — 27a*d* + 18abed
Thus, we have again obtained the formula in the statement. U

Still talking degree 3 equations, let us try now to solve such an equation P = 0, with
P =aX?+bX?+cX +d as above. By linear transformations we can assume a = 1,b = 0,
and then it is convenient to write ¢ = 3p, d = 2¢q. Thus, our equation becomes:

234 3pr+2¢=0

Regarding such equations, many things can be said, and to start with, we have the
following famous result, dealing with real roots, due to Cardano:
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THEOREM 8.20. For a normalized degree 3 equation, namely
22+ 3pr+2¢=0
the discriminant is A = —108(p3 + ¢°). Assuming p,q € R and A < 0, the number

xzf/—qﬂt p3+q2+€/—q—\/p3+q2

is a real solution of our equation.

PROOF. The formula of A is clear from definitions, and with 108 = 4 x 27. Now with
r as in the statement, by using (a + b)® = a® + b® + 3ab(a + b), we have:

3
2’ = (f/—q+ p3+q2+§’/—q—\/p3+q2>

= —2q+3{’/—q+\/p3+q2-f/—q—\/p3+q2-x
—2¢+3V¢*—p*—¢*x

= —2q— 3pz

Thus, we are led to the conclusion in the statement. Il

Regarding the other roots, we know from Theorem 8.18 that these are both real when
A < 0, and complex conjugate when A < 0. Thus, in the context of Theorem 8.20, the
other two roots are complex conjugate, the formula for them being as follows:

PROPOSITION 8.21. For a normalized degree 3 equation, namely
23+ 3pr+2¢ =0
with p,q € R and discriminant A = —108(p® + ¢*) negative, A < 0, the numbers
z=w§’/—q+ p3+q2+w2<’/—q— VPP A+ ¢
2=w2€/—q+\/p3+q2+w{’/—q— VPP + ¢

are the complex conjugate solutions of our equation.

with w = /3

PROOF. As before, by using (a + b)® = a® + b® + 3ab(a + b), we have:
3
2 = (wf/—q+ P+ ¢ +w2€/—q— V3 +q2>

= —2q+3\3/—q+\/p3+q2-\3/—q—\/p3+q2-z
—2q+3V¢*—p*—¢*- 2

= —2q— 3pz

Thus, we are led to the conclusion in the statement. U
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As a conclusion, we have the following statement, unifying the above:
THEOREM 8.22. For a normalized degree 3 equation, namely
23+ 3pr+2¢ =0
the discriminant is A = —108(p> + ¢*). Assuming p,q € R and A < 0, the numbers

xzw\s/—qu p3+q2+w2<’/—q—\/p3+q2

2mi/3 6471'1'/3
)

with w =1,e are the solutions of our equation.

Proor. This follows indeed from Theorem 8.20 and Proposition 8.21. Alternatively,
we can redo the computation in their proof, which was nearly identical anyway, in the
present setting, with x being given by the above formula, by using w? = 1. Il

As a comment here, the above formula holds in the case A > 0 too, and also when
the coefficients are complex numbers, p, ¢ € C. However, these extensions are quite often
not very useful, because when it comes to extract the above square and cubic roots, for
complex numbers, you can end up with the initial question, the one you started with.

8d. Degree 4 equations

In higher degree things become quite complicated. In degree 4, to start with, we first
have the following result, dealing with the discriminant and its applications:

THEOREM 8.23. The discriminant of P = ax* + bx® + cx? + dx + e is given by the
following formula:

A = 256a%e® — 192abde* — 128a%c?e? + 144a’cd’e — 27ad"
+144ab*ce* — 6ab’d*e — 80abc’de + 18abed® + 16ac’e
—4ac®d® — 27b*e® + 18b%cde — 4bPd® — 4b*cPe + b7 d®
In the case A < 0 we have 2 real roots and 2 complex conjugate roots, and in the case

A > 0 the roots are either all real or all complex.

PROOF. The formula of A follows from the definition of the discriminant, from The-
orem 8.16, with the resultant computed via Theorem 8.15, as follows:

a 4a
b a 3b 4da
c b a 2c 3b 4a
A=-|d ¢ b d 2c¢c 3b 4a
Ale d ¢ d 2c¢ 3b
e d d 2c
e d

As for the last assertion, the study here is routine, a bit as in degree 3. U
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In practice, as in degree 3, we can do first some manipulations on our polynomials, as
to have them in simpler form, and we have the following version of Theorem 8.23:

PROPOSITION 8.24. The discriminant of P = x* + ca® + dx + e, normalized degree 4
polynomial, is given by the following formula:

A = 16¢e — 43d% — 128c%€? + 144cd?e — 27d* + 256¢>

As before, if A < 0 we have 2 real roots and 2 complex conjugate roots, and if A > 0 the
roots are either all real or all complex.

PRrooOF. This is a consequence of Theorem 8.23, with a = 1,b = 0, but we can deduce
this as well directly. Indeed, the formula of A follows, quite easily, from:

1 4
1 4

1 ¢ 1 2¢ 4
A=—-|d c d 2c 4

e c d 2c
e d d 2c
e d

As for the last assertion, this is something that we know, from Theorem 8.23. U

We still have some work to do. Indeed, looking back at what we did in degree 3, the
passage there from Theorem 8.19 to Theorem 8.20 was made of two operations, namely
“depressing” the equation, that is, getting rid of the next-to-highest term, and then
rescaling the coefficients, as for the formula of A to become as simple as possible.

In our present setting now, degree 4, with the depressing done as above, in Proposition
8.24, it remains to rescale the coefficients, as for the formula of A to become as simple as
possible. And here, a bit of formula hunting, in relation with 2,3 powers, leads to:

THEOREM 8.25. The discriminant of a normalized degree 4 polynomaial, written as
P = 2" 4 6pa? + 4qx + 3r
1s given by the following formula:
A =256 x 27 x (9p4r — %% — 6p*r® + 6pgr — ¢* + r3)

In the case A < 0 we have 2 real roots and 2 complex conjugate roots, and in the case
A > 0 the roots are either all real or all complex.
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Proor. This follows from Proposition 8.24, with ¢ = 6p,d = 4q,e = 3r, but we can
deduce this as well directly. Indeed, the formula of A follows, quite easily, from:

1 4
1 4
6p 1 12p 4
A =l|4q 6p 4q 12p 4
3r 4q ©6p 4q 12p
3r 4q 4qg 12p
3r 4q
As for the last assertion, this is something that we know from Theorem 8.23. U

Time now to get to the real thing, solving the equation. We have here:
THEOREM 8.26. The roots of a normalized degree 4 equation, written as
xt 4+ 6pa® +4qr +3r =0
are as follows, with y satisfying the equation (y* — 3r)(y — 3p) = 2¢>,

3p + 3p 4
Yy —op Yy —op % — Op
1 4q
To=—7=|—VY—3p— /-y —3p+ ————=
2 \/§< Yy —op \/y p 2y—6p>
1 4q
= — =3+ -y =3

1 4q
$4_E<m—\/—y—3p——m>

and with y being computable via the Cardano formula.

T =

Sl

Proor. This is something quite tricky, the idea being as follows:
(1) To start with, let us write our equation in the following form:
zt = —6pa? — 4qx — 3r

The idea will be that of adding a suitable common term, to both sides, as to make
square on both sides, as to eventually end with a sort of double quadratic equation. For
this purpose, our claim is that what we need is a number y satisfying:

(y*> — 3r)(y — 3p) = 2¢°
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Indeed, assuming that we have this number y, our equation becomes:
(@2 +y)? = 2t 22y +o?
= —6px? —dqx — 3r + 22y +1?
(2y — 6p)a® — dqx +y* — 3r
2q°
y —3p

(Voo )
= y—6p-x—
2y —6p

(2) Which looks very good, leading us to the following degree 2 equations:

= (2y —6p)a® — 4qz +

2
oy + 2y—6p~x———2yq_6p—0

2
2ty — 2y—6p~x+——2yq_6pzo

Now let us write these two degree 2 equations in standard form, as follows:

2
22+ /2y —6p -z + y——q =0
2y — 6p

2
xz—\/2y—6p-x+(y+—ﬁ> =0

(3) Regarding the first equation, the solutions there are as follows:

1 8q
= — | —\/2uy — —y — R —

1 8q
= | =20 —6p— | =2y — S —
T2 2( V2y —6p \/ y —6p+ 2y_6p>

As for the second equation, the solutions there are as follows:

1 8q
== 2 — O —6p — ———t
T3 2( Y 6p+\/ y —6p 2y—6p)

1 8q
= [ /20—6p— |20 —6p — ————
4 2( y —6p \/ y —6p 2y—6p>

(4) Now by cutting a v/2 factor from everything, this gives the formulae in the state-
ment. As for the last claim, regarding the nature of y, this comes from Cardano. O

We still have to compute the number y appearing in the above via Cardano, and the
result here, adding to what we already have in Theorem 8.26, is as follows:
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THEOREM 8.27 (continuation). The value of y in the previous theorem is
a
Yy = t+ P + ;
where the number t is given by the formula
t=vb+ Vb —ad
with a = p?> +r and b = 2p* — 3pr + ¢*.

PROOF. The legend has it that this is what comes from Cardano, but depressing and
normalizing and solving (y? — 3r)(y — 3p) = 2¢* makes it for too many operations, so the
most pragmatic is to simply check this equation. With y as above, we have:

2 2

Yy —3r = t2+2pt+(p2+2a)+%+j—2—3r
2pa  a?
= t2+2pt+(3p2—r)+%+t—2

With this in hand, we have the following computation:

2 2
(y* —3r)(y — 3p) = <t2+2pt+(3p2—r)+%+?—2> (t—2p—|—%>

= 3+ (a —4p® + 3p* — r)t + (2pa — 6p* + 2pr + 2pa)
1 3
+(3p*a — ra — 4p*a + a*)- + @

t
3 2 2 2 1 a
= t°+(a—p°—r)t+2p2a—3p°+r)+ala—p —7“);+t—3
a3
= £+ 2p(—p° +3r) + =
Now by using the formula of ¢ in the statement, this gives:
3
(1 —3r)(y—3p) = b+ VB —a® —4p* 4 6pr + ——
b++Vb*—ad
= b+ VB2 —ad —4p* +6pr+b— Vb2 —a?
= 2b— 4p* + 6pr
= 2(2p° = 3pr +¢°) — 4p” + 6pr
Thus, we are led to the conclusion in the statement. Il

In degree 5 and more, things become complicated, and the conceptual explanations
for what happens here come from the Galois theory of field extensions:



8D. DEGREE 4 EQUATIONS 199

THEOREM 8.28. Unlike in degree N < 4, there is no formula for the roots of polyno-
maals of degree N =5 and higher, with the reason for this, coming from Galois theory,
being that Ss is not solvable. The simplest numeric example is P = X° — X — 1.

ProoFr. This is something quite tricky, normally requiring some good knowledge in
abstract algebra, but here is the idea with all this, for what this is worth:

(1) The first assertion, for generic polynomials, is due to Abel-Ruffini, but Galois
theory helps in better understanding this, and comes with a number of bonus points too,
namely the possibility of formulating a finer result, with Abel-Ruffini’s original “generic”,
which was something algebraic, being now replaced by an analytic “generic”, and also
with the possibility of dealing with concrete polynomials, such as:

P=X"-X-1

(2) Regarding now the details of the Galois proof of the Abel-Ruffini theorem, assume
that the roots of a polynomial P € F[X] can be computed by using iterated roots, a bit
as for the degree 2 equation, or for the degree 3 and 4 equations, via Cardano. Then,
algebrically speaking, this gives rise to a tower of fields as folows, with Fy = F', and each
F, ;1 being obtained from F; by adding a root, F;; = F;(z;), with " € F:

FhCFC...CFg

(3) In order for Galois theory to apply well to this situation, we must make all the
extensions normal, which amounts in replacing each F;; = F;(x;) by its extension K;(z;),
with K; extending F; by adding a n;-th root of unity. Thus, with this replacement, we
can assume that the tower in (2) in normal, meaning that all Galois groups are cyclic.

(4) Now by Galois theory, at the level of the corresponding Galois groups we obtain a
tower of groups as follows as follows, which is a resolution of the last group Gy, the Galois
group of P, in the sense of group theory, in the sense that all quotients are cyclic:

GicGyC...Cc Gy

As a conclusion, Galois theory tells us that if the roots of a polynomial P € F[X] can
be computed by using iterated roots, then its Galois group G = G}, must be solvable.

(5) In the generic case, the conclusion is that Galois theory tells us that, in order for
all polynomials of degree 5 to be solvable, via square roots, the group S5, which appears
there as Galois group, must be solvable, in the sense of group theory. But this is wrong,
because the alternating subgroup As C S5 is simple, and therefore not solvable.

(6) Finally, regarding the polynomial P = X®— X — 1, some elementary computations
here, based on arithmetic over [y, F3, and involving various cycles of length 2, 3,5, show
that its Galois group is S5. Thus, we have our counterexample.

(7) To be more precise, our polynomial factorizes over Fy as follows:
XX -1=(X+X+ )X+ X*+1)
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We deduce from this the existence of an element 70 € G C S5, with 7 € S5 being a
transposition, and with ¢ € S5 being a 3-cycle, disjoint from it. Thus, we have:

r=(r0)*€q

(8) On the other hand since P = X® — X — 1 is irreducible over F5, we have as well
available a certain 5-cycle p € G. Now since < 7,p >= S5, we conclude that the Galois
group of P is full, G = S5, and by (4) and (5) we have our counterexample.

(9) Finally, as mentioned in (1), all this shows as well that a random polynomial of
degree 5 or higher is not solvable by square roots, and with this being an elementary
consequence of the main result from (5), via some standard analysis arguments. 4

So long for Galois theory and its main applications, quickly explained. Exercise of
course for you, to read more about this, and about polynomials in general.

8e. Exercises
This was a rather advanced chapter, and as exercises on this, we have:
EXERCISE 8.29. Clarify what has been said above, about symmetric functions.
EXERCISE 8.30. Clarify as well all the details in relation with the resultant.
EXERCISE 8.31. Learn other formulations of the Cardano formula in degree 3.
EXERCISE 8.32. Ezperiment with Cardano, in relation with trigonometry questions.
EXERCISE 8.33. Learn the other formulations of the Cardano formula in degree 4.
EXERCISE 8.34. Learn more about field extensions, algebra, and Galois theory.
EXERCISE 8.35. Work out all the Galois theory details for P = X% — X — 1.
EXERCISE 8.36. Learn also about the applications of Galois theory to finite fields.

As bonus exercise, start reading some algebraic geometry. All good polynomials.



Part 111

Derivatives



Put me up, put me down
Put my feet back on the ground
Put me up, take my heart
And make me happy



CHAPTER 9

Derivatives, rules

9a. Derivatives

Welcome to analysis I guess, after the long introduction to functions we have been
through, which was mostly of algebraic nature. In this second part of this book we intend
to explain the basics of the modern theory of functions, based on two key operations,
namely differentiation and integration. And with this being something quite recent, due
to Newton, Leibnitz and others, going back no more than a few centuries ago.

The basic idea of modern analysis is very simple, coming from the following question:
QUESTION 9.1. When f : R — R is continuous at x € R, we have, fort ~0:
flz+1t) ~ f(z)
How to improve this formula, into something of type f(x +1t) ~ f(z) +¢e(t)?

To be more precise, as we know well since chapter 2, the condition f(z +t) ~ f(z)
with ¢ ~ 0 means precisely that f is continuous at z. And we would like to improve this
estimate, into f(x +t) ~ f(x) + e(t), with £(¢) being a certain simple function of .

In answer, let us draw a picture. With z fixed, we can see appearing some geometry,
with a right triangle, a line [, and an angle «, all depending on t, as follows:

203



204 9. DERIVATIVES, RULES

But this provides us with an answer to our question. Indeed, trigonometry inside the
small right triangle tells us that we have the following formula:

flz+1) - f(z)
t
Now the point is that we can write this latter formula in the following way:
flx+t)= f(x)+tana -t

But with ¢ — 0 the line [ will become the tangent at (x, f(z)) to the graph of f, and
so tan a will become the slope of this tangent, depending only on z. Thus, we have:

tana =

ANSWER 9.2. The basic estimate f(x +1t) ~ f(z) can be improved into
flx+t)~ f(xr)+tana - t
with tan « being the slope of the tangent at (z, f(x)) to the graph of f.

Which is very nice, but in practice, things can be a bit more complicated than this. For
instance for the modulus function f(x) = |x|, which is certainly continuous, the tangent
at x = 0 does obviously not exist, and so our method above will not apply.

Summarizing, our method will work for certain functions, and will not work for some
other. And with this being not surprising, philosophically, because f(z +1t) ~ f(x) being
plainly equivalent to the continuity at x, any improvement of this estimate, by whatever
means, should normally require f to be continuous in some stronger sense.

Nevermind. In any case, we have a valuable solution to our initial question, and in
view of the above discussion, we must proceed carefully, as follows:

DEFINITION 9.3. A function f: R — R s called differentiable at x when

o)t T = £ (@)

t—0 t
called derivative of f at that point x, exists.

Observe that, geometrically, f being differentiable at © means precisely that the graph
of f admits a tangent at (z, (f(x)), and with f’(z) being the slope of this tangent. How-
ever, and here comes the point, the power of Definition 9.3 comes precisely from the fact
that it is something very simple, making no reference to this, graphs and geometry.

As another remark, in order for f to be differentiable at x, that is to say, in order for
the above limit to converge, the numerator must go to 0, as the denominator ¢ does:

fim (/@ +) = £(2)] = 0

Thus, f must be continuous at x. However, the converse is not true, the basic coun-
terexample here being f(z) = |z| at x = 0. Let us summarize these findings as follows:
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PRrROPOSITION 9.4. If f is differentiable at x, then f must be continuous at x. However,
the converse is not true, a basic counterexample being the modulus function

fz) = |z
at the point x = 0.

PRrROOF. The first assertion is something that we already know, from the above. As
for the second assertion, regarding f(x) = |z|, this is something quite clear on the picture
of f, but let us prove this mathematically, based on Definition 9.3. We have:

lim [0+ —[0] = lim =0 _ 1
N0 t N0
On the other hand, we have as well the following computation:
0+t — —t—
t /0 t t, 0 t
Thus, the limit in Definition 9.3 does not converge, as desired. U

Generally speaking, the last assertion in Proposition 9.4 should not bother us much,
because most of the basic continuous functions are differentiable, and we will see examples
in a moment, with these basically covering all the functions that we know.

Before that, however, let us recall why we are here, namely improving the basic esti-
mate f(z +t) ~ f(x). We can now do this, using the derivative, as follows:

THEOREM 9.5. Assuming that f is differentiable at x, we have:
fle+t) = flx) + f'(2)t
In other words, f is, approrimately, locally affine at x.
PROOF. Assume indeed that f is differentiable at x, and let us set, as before:

o)t T = 1)

t—0 t

By multiplying by ¢, we obtain that we have, once again in the t — 0 limit:
fla+1t) = fla) = f(2)t
Thus, we are led to the conclusion in the statement. Il

The above result has many practical applications, to all branches of mathematics,
physics and other sciences, and many theoretical consequences too. We will explore all
this later, after getting more familiar with the derivatives, and their computation.

As a first computation, the derivatives of the power functions are as follows:
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THEOREM 9.6. We have the differentiation formula
(a?) = pa?~!
valid for any exponent p € R.
PrROOF. We can do this in three steps, as follows:

(1) In the case p € N we can use the binomial formula, which gives, as desired:

(@+tP = i(i)xﬁ’%k

k=0
= 2P 4paP 4 4P
~ P 4 paPt
(2) Let us discuss now the general case p € Q. We write p = m/n, with m € Z and
n € N. In order to do the computation, we use the following formula:

a® —b" = (a—b)(a" + a2+ ...+
We set in this formula a = (z +¢)™/™ and b = 2™/™. We obtain, as desired:
(x+t)™ —a™
(JZ + t)m(n—l)/n 4+ ...+ xm(n—1)/n

(x +t)™ — 2™
nxmn—1)/n

12

ma™ 1t
m(n—1)/n

12

. xm—l—m—i—m/n 1

_ m/n—1 ¢

- X

SI3=]3E

(3) In the general case now, where p € R is real, we can use a similar argument.
Indeed, given any integer n € N, we have the following computation:

(x + )P — aP
(z + )P0 4+ . 4 gp(n—1)
(x + )P — P
np(m—1)

(x + )P —2P =

Now observe that we have the following estimate, with [.] being the integer part:
(z + t)[im] < (x4t < (x+ t)[P”]—H

By using the binomial formula on both sides, for the integer exponents [pn] and [pn]+1
there, we deduce that with n >> 0 we have the following estimate:

(z + )P ~ 2™ + pnaP™ 't
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Thus, we can finish our computation started above as follows:

pnaP 1t _
({L‘—f-t)p—l‘pﬁmszp lt
But this gives (zP)" = pzP~!, which finishes the proof. O

As a comment now, answering a question that you might have, Theorem 9.6 is of
course valid at x > 0, and this due to difficulties, and even impossibility in general, of
talking about x” for z < 0. In relation with this, let us make the following conventions:

CONVENTIONS 9.7. When talking derivatives f'(z), we agree on the following:

(1) f needs only to be defined on a small interval around x, and this because f'(x) is
something local, only depending on f on that small interval around x.

(2) When talking about the derivative of an abstract function f : X — R, with
X C R, we will therefore assume, by definition, that X C R is open.

(3) With an exception, however, for the functions f : [a,b] — R, where the right/left
derivatives at a,b can be defined in an obvious way, as the right/left limits.

Summarizing, a bit technical all this, and with this book being something quite modest,
namely introduction to calculus, as opposed to professional treatise on calculus, we will
not hesitate from time to time to be a bit sloppy with all this, if this can be of help, that
is, if this can simplify the presentation, and make the ideas of calculus more visible.

Finally, for ending this discussion, shall you ever end up in a key scientific job, say
engineer designing things, based on calculus, you will need at some point to upgrade your
calculus knowledge, learned from here, into something fully professional and rigorous.
And T can recommend here to you, in advance, the books of Rudin [73], [74], which tell
the same story as here, and much more, in a fully professional and rigorous way.

Back to work now, we know that the derivatives are, and we have (z?)" = pz~!. Here
are some further computations of derivatives, for other basic functions that we know:

THEOREM 9.8. We have the following results:

(1) (sinz)" = cosz.

(2) (cos:c) = —sin:c.
(3) (") =
(4) (10g56) v

Proor. This is quite tricky, as always when computing derivatives, as follows:
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(1) Regarding sin, the computation here goes as follows:

oy sin(z +t) —sinx
(sinz)" = lim ,
t—0
sinzcost 4 cosxsint — sinx

= lim

t—0 t

. . cost — 1 sint
= limsiny - ——— +cosx - —

t—0 t
= CoSZ

Here we have used the standard fact, that we know well from chapter 3, that we
have sint ~ ¢ for t ~ 0, plus the fact, which follows from this and from Pythagoras,
sin? + cos? = 1, that we have as well cost ~ 1 — t2/2, for t ~ 0.

(2) The computation for cos is similar, as follows:

, cos(x +1t) —cosx
(cosz) = lim ;
t—0
coszcost —sinzsint — cosx

= lim

t—0 t

. cost — 1 . sint
= limcosx+ —— —sinx - ——

t—0 t t
= —ginx

(3) For the exponential, the derivative can be computed as follows:

o= (&)

k=0

00
k=0
e®

k—1

kx
k

!

(4) As for the logarithm, the computation here is as follows, using log(1 + y) ~ y for
y ~ 0, which follows from e¥ ~ 1 + y that we found in (3), by taking the logarithm:

lim log(x +t) — logx

/
(logx) = lim ,
_ lim log(1+t/x)
t—0 t
1
oz
Thus, we are led to the formulae in the statement. Il

Speaking exponentials, we can now formulate a nice result about them, as follows:
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THEOREM 9.9. The exponential function, namely

is the unique power series satisfying f' = f and f(0) = 1.

PRrROOF. Consider indeed a power series satisfying f' = f and f(0) = 1. Due to
f(0) =1, the first term must be 1, and so our function must look as follows:

flz) =1+ cha:k
k=1
According to our differentiation rules, the derivative of this series is given by:
flz) = Z kepah!
k=1

Thus, the equation f’ = f is equivalent to the following equalities:
C1 = 1 y 202 = C1 y 303 = C2 s 4C4 = C3 s

But this system of equations can be solved by recurrence, as follows:

_ 1 1 1 B 1
AT 2Ty 0 BTN 0 YTk
Thus we have ¢, = 1/k!, leading to the conclusion in the statement. U

Observe that the above result leads to a more conceptual explanation for the number
e itself. To be more precise, e € R is the unique number satisfying:

<€$>/ — 61‘

Which is very nice, at least we know one thing. And, more on this later.

9b. Theorems, rules

Let us work out now some general results, for the computation of derivatives. We
have here the following statement, summarizing all that you need to know:

THEOREM 9.10. We have the following formulae:
(1) (f+9)=f+4"
(2) (f9)' =Ffg+fg.
(3) (fog) =(f"0g)-9g"
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PRroOOF. All these formulae are elementary, the idea being as follows:

(1) This follows indeed from definitions, the computation being as follows:
t —

i W 9@+ t) — (f +g)(2)

(f+9)(z) = lim .
_ (Tt = f@) gl +t) —g(x)
= o < t - t )
~ i flz+ ti —f@) | iy gz + ti —9(x)
= ['(@)+d(=)

(2) This follows from definitions too, the computation, by using the more convenient
formula f(x +1t) ~ f(x) + f'(x)t as a definition for the derivative, being as follows:

(fo)x+t) = flr+t)g(x+1)
(f(z) + f'(2)t)(g(x) + ¢ (x)t)
~ f(z)g(z) + (f'(x)g(x) + f(x)g'(x))t

Indeed, we obtain from this that the derivative is the coefficient of ¢, namely:

(f9)'(x) = f'(z)g(x) + [(2)g (x)
(3) Regarding compositions, the computation here is as follows, again by using the
more convenient formula f(x +t) ~ f(z) + f'(z)t as a definition for the derivative:

(feg)z+t) = [flg(z+1))
~ flg(x) +g'(x)t)
~ f(g(x)) + f(9(x))g'(z)t
Indeed, we obtain from this that the derivative is the coefficient of ¢, namely:
(fog)(z) = f'(9(x))d (z)

Thus, we are led to the conclusions in the statement. U

12

We can of course combine the above formulae, and we obtain for instance:

THEOREM 9.11. The derivatives of fractions are given by:

([>/ _f9—fd
g g?

In particular, we have the following formula, for the derivative of inverses:

(1)’__L’
7)o

In fact, we have (fP) = pfP=t, for any exponent p € R.



9B. THEOREMS, RULES 211
PROOF. This statement is in fact written a bit upside down, and for the proof it is
technically most convenient to proceed backwards, as follows:

(1) By using the formula (z?) = paP~!, that we know from Theorem 9.6, and then
the clain rule from Theorem 9.10 (3), we obtain the third formula.

(2) Then, with p = —1, we obtain from this the second formula.

(3) And finally, by using this second formula and Theorem 9.10 (2), we obtain:
f / 1 !/
(Y - (i
g g

— f’ . 1 + f (1)
g g
o fg
g 9°

Thus, we are led to the various conclusions in the statement. U

All the above might seem to start to be a bit too complex, with too many things to
be memorized and so on, and as a piece of advice here, we have:

ADVICE 9.12. Memorize and cherish the formula for fractions

(i)' _f9- 14
g 9

along with the usual addition formula, that you know well
a ¢ ad+bc

b T AT b

and generally speaking, never mess with fractions.

With this coming from a lifelong calculus teacher and scientist, mathematics can be
difficult, and many things can be pardoned, but not messing with fractions. And with
this going beyond mathematics too, say if you want to make a living by selling apples or
tomatoes at the market, fine, but you'll need to know well fractions, trust me.

Back to work now, with the above formulae in hand, we can do all sorts of computations
for other basic functions that we know. Let us start with the tangent:

THEOREM 9.13. We have the following formula,
1
cos?x

provided that the denominator does not vanish.

(tanx) =
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Proor. This is very standard, with two proofs being possible, as follows:

(1) We have indeed the following computation, using Theorem 9.10:

. /
sinz
(tanzx) = ( )
COS T

sin’ x cos x — sin z cos’ x

cos? x
2 .9
Ccos“x +sin“x
cos? x
1

cos? x

(2) Alternatively, we can get this by using tant ~ t for ¢t ~ 0, as follows:

t t)—t
(tanz)’ = lim an(z +1) - tanz
t—0 t

tan x+tant
1—tanxtant

—tanx

= lim
t—0 t

tant + tan®? z tant
im
t—0 t(1 — tanxtant)
. tant +tan®xtant
= lim
t—0 t
= 1+tan’x
1
cos?
Thus, we are led to the conclusion in the statement. U

As a comment now, observe that the formula for the tangent can be written as follows,
in terms of the secant function, and with this looking like an improvement:

(tan ) = sec’ x
However, it is better not to do so, and this for a quite subtle reason, as follows:

FAcT 9.14. We will learn later that the operation inverse to f — f', called integration,
is something interesting too, and in view of this, it is better to express our f' functions in
terms of sin, cos only, for subsequent quick identification and integration, when needed.

Well, hope you get my point, while the various secondary trigonometric functions are
certainly very interesting objects, worth the study, and valuable as input for our present
derivative computations, they are not recommended as output, for the above reasons.

Talking now secondary trigonometric functions, we have, regarding them:
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THEOREM 9.15. We have the following formulae,

, sinw ,  cosw ;o 1
(secx) =3 (cscx) = a2, (cot x) =

provided that the denominators do not vanish.

PRrROOF. For the secant, we have the following computation:

1\ cos' x sinx
(secz) = ( )

For the cosecant, we have a similar computation, as follows:

1\ sin’ coS T
(cscz) = ( )

For the cotangent, we have the following computation, as for the tangent:

, cosx\’
(cota)” = sin x
cos' rsinx — cos xsin’ x
sin?
) 2
s x + cos“x

sin® x

1

sin?

COS T cos?x  cos?x

sinx sin? sin?

Alternatively, we can use our previous formula for the tangent, and we obtain:

) tan’ x 1/cos?x 1
(cotz) = ———— = —— =——
tan® x sin® x/ cos? x sin” x
Thus, we are led to the conclusions in the statement. Il

9¢. Basic functions

The computation of derivatives being something quite addictive, let us investigate now
the remaining trigonometric functions. We first have the following result:

THEOREM 9.16. The derwatives of the basic inverse trigonometric functions are
1 , 1 1
—— , (arccosz) = ———— , (arctanz) =
V1—a2 ( ) V1—a2 ( ) 1+ 22
and the derivatives of the secondary inverse trigonometric functions are
1 , 1 , 1
arccscxr) = ———————=, (arccotzx) = ——
(arceser) = =y » (arecota) = =97

(arcsinzx) =

r_ o+
2|V =1

provided that the denominators do not vanish.

(arcsec x)
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ProoF. This is something routine, by using what we already have, along with the
formula (f o g) = (f' og) - ¢ from Theorem 9.10 (3), as follows:

(1) For the arcsine, we can use the following computation:
(sinoarcsin)’(z) = sin’(arcsinx) arcsin’(z)
= cos(arcsin x) arcsin’(z)
Indeed, since the term on the left is simply ' = 1, we obtain from this:

1

s !
a =—
vesin'(z) cos(arcsin )

But with ¢ = arcsin x we have sint = x, so we obtain the result, via:

cos(arcsinz) = cost = V1 —sin®t = /1 — a2

(2) For the arcosine, we have a similar computation, as follows:
(cosoarccos)'(z) = cos'(arccos x) arccos’(x)

= —sin(arccosz) arccos’(x)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
1

N b
arccos' (z) = sin(arccos )

But with ¢ = arccos x we have cost = x, so we obtain the result, via:

sin(arccosz) = sint = V1 — cos?t = V1 — 22
(3) For the arctangent, we can use the following computation:

(tanoarctan)’(z) = tan’(arctanz)arctan’(z)

= —  ~  arctan’
cos?(arctan x) arctan'(z)

Indeed, since the term on the left is simply 2’ = 1, we obtain from this:
arctan’(z) = cos®(arctan )

But with ¢ = arctan z we have tant = x, so we obtain the result, via:
1 1
1+tan?t 1+ 22

(4) For the arcsecant, we can use the following computation:

cos®(arctan ) = cos’t =

(secoarcsec)’(x) = sec(arcsecz)arcsec’ ()

sin(arcsec z) ,
= ——— = arcsec (7)
cos?(arcsec x)
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Indeed, since the term on the left is simply 2/ = 1, we obtain from this:

sin(arcsec x)

On the other hand, with ¢ = arcsec z we have sect = x, and so:

cos(arcsec r) = cost = —
x

As for the sine of the arcsecant, we can compute it as well, as follows:
sin(arcsec ) = sint = /1 — cos?2t = /1 — % = %

Thus, we are led to the formula in the statement, namely:
(arcsecz)’ = 1. !

2 Vi1 |z|va? — 1

(5) For the arcosecant, we can use the following computation:

(cscoarcese)'(x) = csc(arcescx) arcesc’ ()
cos(arcsec x)

arcesc (z
sin?(arccsc ) (=)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
.2
sin”(arccsc
arcesc’ (r) = _sin”(arccscz)
cos(arcesc x)

On the other hand, with t = arccsc z we have csct = z, and so:

sin(arcescz) = sint = —
x

As for the cosine of the arcosecant, we can compute it as well, as follows:

1 2-1
cos(arcescz) = cost = /1 —sin’t = 4/1 — — = A

2"
Thus, we are led to the formula in the statement, namely:
1 T 1

(arcescx) = —— - i

2 a2 -1 __\x|\/x2—1

(6) For the arcotangent, we can use the following computation:

(cot oarccot)’(z) = cot’(arccot z) arccot’ (z)

1 ¢ (2)
= —————arccot’ (z
sin?(arccot )

215
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Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
arccot’ (x) = — sin?(arccot )

But with ¢ = arccot x we have cott = x, so we obtain the result, via:

1 1
1+cot?t 1+ a2

sin®(arccot x) = sin®t =
Summarizing, theorem proved, we are now experts in computing derivatives.

And with this, computations over? You must be kidding. Next, we have:

THEOREM 9.17. The derwatives of basic hyperbolic trigonometric functions are

1
(sinhx) =coshx , (coshz) =sinhz , (tanhz) = 5
cosh” x
and the derivatives of secondary hyperbolic trigonometric functions are
sinh x coshz 1
sechz) = — , (cschz) = — . (cothz) = —
( ) cosh? & ( ) sinh? z ( ) sinh? x

provided that the denominators do not vanish.
Proor. This is again something routine, the idea being as follows:
(1) We recall from chapter 7 that we have the following formulae:
et —e " e’ +e”

inhy = —— hx =
sinh z 5 , coshx 5

But this shows right away that we have the following formulae, as claimed:
(sinhx) = coshx |, (coshz) =sinhx

(2) Regarding now the hyperbolic secant, we have the following computation:

(sechx)':( 1 )/_ cosh’ x sinh

coshz cosh? z cosh? z

(3) For the hyperbolic cosecant the computation is similar, as follows:

(cschx)':( 1 )'Z sinh'x: cosh x

sinh x sinh? sinh? z
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(4)) In what regards now the tangent, we have the following computation:

. h /
(tanhz)" = <sm x)

coshzx

sinh” x cosh  — sinh x cosh’ x

cosh?
B cosh? x — sinh® z
B cosh? x
1
cosh? x

(5) For the cotangent the computation is similar, as follows:

h !/
(cothz)" = (COS :1:)

sinh z

cosh’ x sinh x — cosh x sinh’

sinh?
sinh? z — cosh?

sinh? z
1
sinh? z
Thus, we are led to the conclusions in the statement. U

Finally, regarding the inverse hyperbolic trigonometric functions, we have:

THEOREM 9.18. The derivatives of basic inverse hyperbolic functions are given by

1 1 1
arcsinhz) = ——— , (arccoshz) = ——— |, (arctanhz) =
( V== — ( ) o ( ) =1
and the derivatives of secondary inverse hyperbolic functions are given by
1 1 1
arcsechz) = —————— | (arccschz) = —————, (arccothz) =
( ) ||V + 2 ( ) jz[V1 =22 ( i

provided that the denominators do not vanish.
Proor. This is again routine, by using (f o g)' = (f' o g) - ¢, as follows:
(1) For the arcsine, we can use the following computation:
(sinhoarcsinh)’ () = sinh’(arcsinh z) arcsinh’ (z)
= cosh(arcsinh z) arcsinh’ ()

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
1
cosh(arcsinh x)

arcsinh’ (z) =
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But with ¢ = arcsinh x we have sinh¢ = x, so we obtain the result, via:

cosh(arcsinh ) = cosht = /1 +sinh®t = /1 + 2

(2) For the arcosine, we have a similar computation, as follows:

(coshoarccosh)’(z) = cosh’(arccosh z) arccosh’ ()

sinh(arccosh x) arccosh’ (z)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:

1
h' =
arccosh’ () sinh(arccosh x)

But with ¢ = arccosh z we have cosht = x, so we obtain the result, via:

sinh(arccoshz) = sinht = /cosh®t — 1 = v/a2 — 1

(3) For the arctangent, we can use the following computation:

(tanh o arctanh)’(x) = tanh'(arctanh ) arctanh’ (z)

1
= 5 arctanh’ ()
cosh”(arctanh x)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
arctanh’(z) = cosh?(arctanh )

But with ¢ = arctanh x we have tanh¢ = x, so we obtain the result, via:
1 1
cosh?(arctanh ) = cosh?t = 5 =
1 —tan®t 1 — 22

(4) For the arcsecant, we can use the following computation:

(sech o arcsech)’(z) = sech’(arcsech x) arcsech’ (z)
sinh(arcsech x)

arcsech’ (x
cosh?(arcsech z) ()

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:

cosh?(arcsech )

h' =
arcsech’ () sinh(arcsech x)

On the other hand, with ¢t = arcsech x we have secht = z, and so:

1
cosh(arcsech x) = cosht = —
x

As for the sine of the arcsecant, we can compute it as well, as follows:

1 V1 2
sinh(arcsech x) = sinht = V1 + cosh’t = 4/1+ = = vi+z®
x

|z]



9C. BASIC FUNCTIONS

Thus, we are led to the formula in the statement, namely:

1 1
(arcsechz) = —— i

22 V1+ 22 —_|x|\/1+x2

(5) For the arcosecant, we can use the following computation:

(csch o arcesch)’(z) = csch’(arcesch x) arcesch’ ()
cosh(arccsch x)

h/
sinh?(arccsch ) arccseh’ ()

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:

arcesch’ (z) = — sinh?(arccsch )

cosh(arcesch z)

On the other hand, with ¢ = arccsch x we have cscht = x, and so:

1

sinh(arccschx) = sinht = —

x
As for the cosine of the arcsecant, we can compute it as well, as follows:
1 V1—a?
cosh(arccschr) = cosht = Vsinh*t — 1=/ — 1= ———
a? ]

Thus, we are led to the formula in the statement, namely:

1 1
(arcecschz) = —— - i

21— 22 __|x|\/1—x2

(6) For the arcotangent, we can use the following computation:

(cothoarccoth)'(x) = coth’(arccoth ) arccoth’ ()

1
= ——— arccoth’ (z)
sinh®(arccoth x)

Indeed, since the term on the left is simply 2/ = 1, we obtain from this:
arccoth’(x) = — sinh?(arccoth )

But with ¢ = arccoth z we have cotht = x, so we obtain the result, via:

I
coth’t —1 22—1

sinh?(arccoth #) = sinh®t =

And so, theorem proved, we are now experts in hyperbolic trigonometry.

219
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9d. Local extrema

Enough fun I guess with the computations, and time now for some more theory. At
the theoretical level, further building on Theorem 9.5, we have:

THEOREM 9.19. The local minima and maxima of a differentiable function f: R — R
appear at the points x € R where:

f'(x) =0
However, the converse of this fact is not true in general.
PROOF. The first assertion follows from the formula f(z+t) ~ f(z)+ f'(z)t. Indeed,
let us rewrite this formula, more conveniently, in the following way:
fla+t) = flx) = f(2)t

Now saying that our function f has a local maximum at x € R means that there exists
a number € > 0 such that the following happens:

f(l’—l—t)Zf(SL‘) ) Vte[_€75]

We conclude that we must have f’(x)t > 0 for sufficiently small ¢, and since this small
t can be both positive or negative, this gives, as desired:

f'(x)=0

Similarly, saying that our function f has a local minimum at x € R means that there
exists a number € > 0 such that the following happens:

fle+t) < f(z) , Vie[-ee]

Thus f'(z)t < 0 for small ¢, and this gives, as before, f'(x) = 0. Finally, in what
regards the converse, the simplest counterexample here is the following function:

fla) =2
Indeed, we have f’(x) = 3z?%, and in particular f(0) = 0. But our function being
clearly increasing, x = 0 is not a local maximum, nor a local minimum. O

In practice, Theorem 9.19 can be used in order to find the minimum and maximum
of any differentiable function, and this method is best recalled as follows:

ALGORITHM 9.20. In order to find the minimum and mazimum of f : [a,b] — R:

(1) Compute the derivative f'.

(2) Solve the equation f'(x) = 0.

(3) Add a,b to your set of solutions.

(4) Compute f(x), for all your solutions.

(5) Compute the min/maz of all these f(x) values.
(6) Then this is the min/max of your function.



9D. LOCAL EXTREMA 221

Needless to say, all this is very interesting, and powerful. The general problem in
any type of applied mathematics is that of finding the minimum or maximum of some
function, and we have now an algorithm for dealing with such questions. Very nice.

Back to theory, as an important consequence of Theorem 9.19, we have:

THEOREM 9.21. Assuming that f : [a,b] — R is differentiable, we have
fb) = fla) _
for some ¢ € (a,b), called mean value property of f.
Proor. This is something fundamental, coming in two steps, as follows:

(1) In the case f(a) = f(b), the result, called Rolle theorem, states that we must have
f'(c) = 0 for some ¢ € (a,b). But this, which by the way is obvious on pictures, follows
from Theorem 9.19, because due to f(a) = f(b), our function must have a minimum and
maximum on (a, b), and the derivative at either of these must vanish, f’(c¢) = 0.

(2) Now in what regards our theorem as stated, which is a result due to Lagrange,
also clear on pictures, this follows from Rolle, applied to the following function:

o) = j() - TO=D

9(b) —g(a) = (f(b) = f(a)) —
Thus Rolle applies and gives ¢'(¢) = 0 for some ¢ € (a,b). But:

f(b) = f(a)

/ ol N

g(@) = 1) - H

Thus ¢'(¢) = 0 translates into the formula in the statement. U

As a key consequence of Theorem 9.21, of great practical interest, we have:
THEOREM 9.22. For a differentiable function we have
f'=0 = f=constant
and with the converse of this being of course true too.
Proor. This is indeed something self-explanatory, coming from Theorem 9.21. [

As a first comment, this latter result, which might sound a bit philosophical, reminds
a bit the main principle in probability, which is something very useful, namely:

P(X)>0 = X happens
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To be more precise, you might know from probability that, quite often, the best way
of proving that something X happens is by computing the hard way P(X), via lots of
formulae and work, then getting something > 0, and applying the above principle.

Well, in what regards the study of functions, pretty much the same can be said, by
using Theorem 9.22. That is, if you want to prove f = g, an efficient method is that of
differentiating f — g, or f/g, the hard way, getting 0, and applying Theorem 9.22.

Here is an illustration for this general principle, which is of key importance:

THEOREM 9.23. We have indeed the Euler formula, namely

e = cost +isint

for any t € R. As a consequence, we have the formulae

e . t2k . e . 2f?k-ﬁ-l
cost = Z(—l) m s smt:Z(—l) m
k=0 k=0

also valid for any t € R.

ProoOF. We certainly know about the Euler formula and its various consequences,
since chapter 4, but our discussion so far on this subject was lacking a bit or rigor. Time
to fix this. In order to prove the formula, consider the following function f: R — C:

ft) =

The point now is that we can compute the derivative of this function f by using our
first derivative formulae for exp, sin, cos, and we obtain in this way:

f'(t) = (e "(cost+isint))
= —ie "(cost +isint) + e “(—sint +icost)

e "(—icost +sint) + e *(—sint +icost)

cost+isint

eit

We conclude that our function f : R — C is constant, and the constant in question
can be found by setting t = 0, where we obtain:

B cos0+12sin0 B 1

0)=———F77""=-=1
Thus we have f(t) = 1 for any ¢, and we have proved the Euler formula. As for the
formulae for sin, cos, these follow from this, as already explained in chapter 6. U

Along the same lines, as another key application, we have as well:
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THEOREM 9.24. We have the generalized binomial formula

(1+z) = i <Z):c’“

k=0
with the generalized binomial coefficients being given by

(p) _pp=1)...(p-k+1)

k k!
valid for any exponent p € R, and any |z| < 1.

PROOF. As before with Theorem 9.23, this is something which closes a recurrent
discussion, throughout this book. If f is the series in the statement, we have:

(1+2)f(z) = pf(z)

Now by using this formula, we have the following computation:

(1+2)Pf(@) = —p(l+2) P @)+ (1 +2) P f(x) =0
Thus we have f(z) = ¢(1 4 z)?, with ¢ = f(0) = 1, as desired. O
As yet another application of our derivative techniques, we have:

THEOREM 9.25. The Lipschitz constant of f : [a,b] — R is
K = sup |f'(z)]

z€[a,b]

with the derivatives at a,b being computed using right and left limits.
ProoF. This is indeed something self-explanatory, based on Theorem 9.21. U
The above result is quite powerful, and as an application, we have:

THEOREM 9.26. The following functions are Lipschitz, on any compact interval [a, b]

belonging to their domain, with their best constants K there being as indicated:

(1) 2", with K = n - max(|a|®™ !, |b]"71).
(2) 27", with K = n - max(1/|a|™™*, 1/]b["T1).

(3) sinz, with K = sup,¢(,y | cos z|.

(4) cosx, with K = sup,e(, ) | sinz|.

(5) tanz, with K = Supxe[&b] 1/ cos®z.

(6) expx, with K = ¢°

(7) log x, with K = 1/a.
As for the infinite intervals, here the best constants K € [0, 00|, with K < oo corresponding
to Lipschitz, and K = oo corresponding to non-Lipschitz, can be computed too.

PrOOF. This is something that we proved the hard way in chapter 5, and with some
details missing, and which is now trivial, by using Theorem 9.25. U
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Still talking simplifications of previous Lipschitz computations, we have as well:
THEOREM 9.27. The Babylonian function for extracting the square root of a > 1,

flz) = x +2a/a:

has the following properties:

(1) For a < 3 it is a contraction on [1,a], with constant K = (a —1)/2.
(2) Fora > 3 it is a contraction on [\/a,a/3], with constant K = (9/a — 1)/2.

PROOF. Again, this is something that we proved the hard way before, in chapter 6,
and with some details missing, and which is now trivial, by using Theorem 9.25. U

Finally, as yet another application of Theorem 9.21, we have the following interesting
result, due to Darboux, showing that not every function can appear as a derivative:

THEOREM 9.28. Given a differentiable function on an interval
f:la,b] = R
its derivative f' has the intermediate value property.

PRrOOF. Consider indeed the following two functions ¢, : [a,b] — R, which are
continuous, defined at the endpoints by using the differentiability of f:

RSN (G LT (R (B (U

r—a
Since f'(a), f’(b) belong to the interval I = Im(p)UIm(y), any y € [f'(a), f/(b)] must
belong to I too, and by Theorem 9.21 we get y = f'(c) for some ¢ € [a, b], as desired. O

9e. Exercises
Welcome to calculus, eventually. As exercises on derivatives, we have:
EXERCISE 9.29. Find other functions, besides ||, which are not differentiable.
EXERCISE 9.30. Clarify all the details in our proof of (xzP)" = pxP~1.
EXERCISE 9.31. Rewrite the theory of e, by starting with f' = f, f(0) = 1.
EXERCISE 9.32. Compute (fg/h)’, and then (f/gh)" and (fg/hk)" too.
EXERCISE 9.33. Compute (1/f2), and then (1/f*), with k € N.
EXERCISE 9.34. Learn more, via examples and counterezamples, about f'(x) = 0.
EXERCISE 9.35. Learn more about Rolle, Lagrange and the mean value property.
EXERCISE 9.36. Apply our extrema algorithm, to some functions of your choice.

As bonus exercise, and no surprise here, compute 100 derivatives.



CHAPTER 10

Second derivatives

10a. Second derivatives

The derivative theory that we have is already quite powerful, and can be used in order
to solve all sorts of interesting questions, but with a bit more effort, we can do better.
Indeed, at a more advanced level, we can come up with the following notion:

DEFINITION 10.1. We say that f : R — R is twice differentiable if it is differentiable,
and its derivative f': R — R is differentiable too. The derivative of f' is denoted

f"'R—=R
and is called second derivative of f.

You might probably wonder why coming with this definition, which looks a bit abstract
and complicated, instead of further developing the theory of the first derivative, which
looks like something very reasonable and useful. Good point, and answer to this coming
in a moment. But before that, let us get a bit familiar with f”. We have here:

INTERPRETATION 10.2. The second derivative f"(x) € R is the number which:

(1) Expresses the growth rate of the slope f'(z) at the point x.

(2) Gives us the acceleration of the function f at the point x.

(3) Computes how much different is f(x), compared to f(z) with z ~ x.
(4) Tells us how much convex or concave is f, around the point x.

So, this is the truth about the second derivative, making it clear that what we have
here is a very interesting notion. In practice now, the situation is as follows:

(1) This is something very intuitive, which follows from the usual interpretation of the
derivative, both as a growth rate, and a slope, according to the following picture:

O

225
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To be more precise, in the above picture the second derivative is positive. The second
derivative can be as well negative, in which case the picture is as follows:

S

o

//

(2) This is some sort of reformulation of (1), using the intuitive meaning of the word
“acceleration”, with the relevant physics equations, due to Newton, being as follows:

v=2 , a=70v

To be more precise, here z, v, a are the position, speed and acceleration, and the dot
denotes the time derivative. Now according to these equations, we have the following
formula, saying that the acceleration appears as the second derivative of the position:

a=2x

But with this in hand, and getting now a bit abstract, we can intuitively say that the
second derivative of an arbitrary function, f”(x) € R, is the number which gives us the
acceleration of the function f at the point x, as started in Interpretation 10.2 (2).

(3) This is something more subtle. We know from the derivative theory from chapter
9 that, approximately, the differentiable functions are locally linear:

flx+1t)~ f(x)+at
By writing this formula with ¢ — —t too, and making the average, we obtain:
flx+1t)+ flz —1)
: ~ f(2)
Which is of course something not very interesting, but here comes the point. Assuming

that the second derivative works a bit like the first one, but at second order, we can expect,
approximately, the twice differentiable functions to be locally quadratic:

f(x+1t) ~ f(z) + at + bt*

By writing this formula with ¢ — —t too, and making the average, we obtain:

fla+t)+ flz—t)

2
Which suddenly becomes interesting, and save for some clarification about what the
above number b is, in relation with the second derivative f”(z), and for a clarification
regarding the average of t? too, when ¢ is small, around 0, we are led to the conclusion in

~ f(z) + bt?



10A. SECOND DERIVATIVES 227

Interpretation 10.2 (3), namely that f”(x) € R is the number which computes how much
different is f(x), compared to the average of f(z) with z ~ z. More on this later.

(4) This is something quite subtle too, and again very useful in practice, that we will
again clarify with some mathematics, later on this chapter, and with lots of applications
too. In the meantime, let us mention that the convexity of a function is something quite
intuitive, here being a typical example of such a convex function:

O

As for the notion of concavity, this is something a bit similar, corresponding to the
opposite situation, where the slope of the function tends to decrease, as follows:

o

But, we recognize here the pictures that we used in (1), so we are led to the conclusion
in Interpretation 10.2 (4), namely that the second derivative f”(z) € R is the number
which tells us how much convex or concave is f, around the point .

All in all, what we have above, in Interpretation 10.2, is a mixture of trivial and non-
trivial facts, and do not worry, we will get familiar with all this, in the next few pages, as
this chapter develops. At a theoretical level now, let us record the following result:

THEOREM 10.3. There are functions which are differentiable, such as
—r? (2 <0)
but not twice differentiable.

PROOF. In order to construct a counterexample, recall first that the simplest example
of a function which is continuous, but not differentiable, was f(x) = |z|, the idea behind
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this being to use a “piecewise linear function whose branches do not fit well”:

In connection now with our question, piecewise linear will not do, but we can use a
similar idea, namely “piecewise quadratic function whose branches do not fit well”:

J

4

So, following this idea, consider the following function, depending on a,b € R:

~Jax* (2<0)

This function is then differentiable, with its derivative being:

) = {an (x <0)

2bx  (x >0)
Now for getting our counterexample, we can set a = —1,b =1, so that f is:
—r? (z <0)
f@) =4 ,
x (x> 0)
Indeed, the derivative is f’(z) = 2|z|, which is not differentiable, as desired. O

In practice now, in order to get familiar with the second derivatives, let us first compute
the second derivatives of the functions that we are familiar with, and see what we get.
The basic result here, which is perhaps not very enlightening at this stage of things, but
which looks technically useful, or at least let us hope so, is as follows:
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THEOREM 10.4. The second derivatives of the basic functions are as follows:

(1) (z7)" —p(p—l)wp’2-
(2) sin” sin.

(3) cos” = — cos.

(4) exp” = exp.

(5) log"(z) = —1/2°.

PROOF. The various formulae in the statement all follow from the various formulae
for the derivatives established before, in chapter 9, as follows:

(2P)" = (pa?~ ') = p(p — 1)a??

(sinz)” = (cosx) = —sinx

(logz)" = (=1/2)" = —1/2"

Thus, we are led to the formulae in the statement. Il

The above result might suggest that the second derivative is somehow similar to the
first derivative. However, this is wrong, as shown by the following result:

THEOREM 10.5. We have the following second derivative formula,

2sinx

t " —
(tan z) cos x

provided that the denominator does not vanish.

ProoF. We have indeed the following computation:

1 /
t " —
(tanz) <cos2 x)

(cos? )’

cos* x
2cosxsinx
cost x

2sinx

cos® x

Thus, we are led to the conclusion in the statement. U
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10b. Basic examples

As before with the first derivatives, the computation of second derivatives is something
addictive. So, now that we know about cos, sin, tan, next come sec, csc, cot:

THEOREM 10.6. We have the following formulae,

, 14sin’x ., l+cos?x ,  2cosT
(secz)’ = ——— , (csc2)’'=—5— , (cotz)'=—735—
cos° T sin” sin”

provided that the denominators do not vanish.

PRrROOF. For the secant, we have the following computation:

. !/
s sinz
(secz)” = <C082 x)

sin’ z cos? ¥ — sin z(cos® )/

costx
cosx - cos? T +sinz - 2cos zsin x

costx
cos? x 4 2sin’ x

cosd x
1 +sinz
cos3 x
For the cosecant, we have a similar computation, as follows:

cos T\’
"o
(cscx)’ = (— 2 $>
cos’ x sin® z — cos z(sin® x)’
sin*
sinz - sin® x + cosz - 2sin z cos ©
sin®

sin® x + 2 cos® x

sin®

1+ cos’x

sin®

For the cotangent, we have the following computation, as for the tangent:

(COt x)ll = <_ 1 >/ — (Sin2 x)l _ 2sinz cosx _ 2cosx
X

sin? sin* x sin* x sin®

Thus, we are led to the conclusions in the statement. Il

Next, time for the inverse trigonometric functions. We have here:
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THEOREM 10.7. The second derivatives of basic inverse trigonometric functions are

2
(arcsinz)” = ﬁ , (arccos )" = —ﬁ , (arctanz)” = —ﬁ
—x —x x
and the second derivatives of secondary inverse trigonometric functions are
1 — 222 1 — 222 2
(arcsecx)” = 2 ) (arcescx)” = 2 ) (arccot z)" = °

- a3(22 — 1)3/2 ) _x?’(xz _ 1)3/2 )

provided that the denominators do not vanish.

Proor. This is routine, by using the formulae from chapter 9, as follows:
(1) For the arcsine, the computation is as follows:
(arcsinz)” = ( ! )/ _Vizah ‘
i

1—22  (1—22)p2

(2) For the arcosine the computation, using the one above, is as follows:

1 ' x
- B — = -
(arccos ) —( m) (1= 22

(3) For the arctangent, the computation is as follows:

(arctanx)”:( 1 )IZ_(Q—@"

1+ 22 1+ 22)?2

(4) For the arcsecant, the computation is as follows:

" 1 ,

(arcsecz)” = <W>

(lz|va? — 1)
22 (22— 1)

2|/Va? — 1+ |z|Va? — 1
a x2(x?2 —1)

sgn(z)vVa? — 1+ |z|lz/va2 —1
a x?(x?2 —1)

sgn(x)(x? — 1) + |z|z

22(zx2 — 1)3/2
|z|(2* — 1) + |z|2?
23 (22 — 1)3/2

|z|(1 — 222)
23(z2 — 1)3/2
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(5) For the arcosecant the computation, using the one above, is as follows:

B 1 T =[(1—247)
mm o x3(:p2—1)3/2

(6) For the arcotangent the computation, using the one for the tangent, is:

/
y 1 2z
(arccot z)" = (—1 n x2> = (L

Thus, we are led to the formulae in the statement.

(arcescx)” = (

Regarding now the hyperbolic functions, we first have the following result:

THEOREM 10.8. The second derivatives of basic hyperbolic functions are

2 sinh
(sinhx)” =sinhz , (coshz)” =coshz , (tanhz)’ = — sm3 ’
cosh” x
and the second derivatives of secondary hyperbolic functions are
2 — 3 cosh’ 2 + 3sinh? 2 cosh
(sechz)"” = STotm T ,  (cschz)” = ——+. S T ,  (cothzx)" = _COS ’
3 3 3
cosh” x sinh” sinh” x

provided that the denominators do not vanish.
PrOOF. This is again routine, by using the formulae from chapter 9, as follows:
(1) For the sine the computation is trivial, as follows:
(sinhz)” = (coshx) = sinh z
(2) For the cosine the computation is trivial too, as follows:
(coshz)"” = (sinhx)" = coshx

(3) For the tangent, the computation is as follows:

1 /
tanhz)” = [ ———
(tanh.z) (cosh2x>

(cosh® z)’

cosh? z
2 cosh x sinh x

cosh? r
2sinh z

cosh® z
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(4) For the secant, the computation is as follows:

. h /
(sechz)” = ( M)

cosh®z

(sinh z) cosh® z + sinh x(cosh® z)’
cosh® z

cosh z - cosh? z 4 sinh z - 2 cosh z sinh

cosh® z
B cosh? z + 2sinh? x
- cosh® =
_2-3 cosh? z
B cosh® z

(5) For the cosecant, the computation is as follows:

h /
(cschx)” = (—m)

sinh? z
(cosh z) sinh® 2 + cosh z(sinh? x)’
sinh® =
sinh z - sinh?® z 4 cosh z - 2sinh  cosh

sinh? z
B sinh? z + 2 cosh® z
- sinh® =
24 3sinh’z
T sinh®x

(6) For the cotangent, the computation is as follows:

1 /
thz)" = (————
(cothz) ( sinh? :L")

(sinh? z)’
sinh* z
2 sinh x cosh x
sinh? z
2 cosh z
sinh® z

Thus, we are led to the formulae in the statement. O

Finally, regarding the inverse hyperbolic trigonometric functions, we have:
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THEOREM 10.9. The second derivatives of basic inverse hyperbolic functions are

T T 2z

. /, / - ! .
(arcsinhz)” = el (arccoshz)” = (@212 (arctanh )" = (1 —22)?

and the second derivatives of secondary inverse hyperbolic functions are

v |l +22%)
o a3(14a2)32)

|z|(1 — 227%) 2z

(arcsech x) .r3(1 _ x2)3/2 ) (arccoth :E)” = —(1 — :U2)2

(arceschx)’ = —

provided that the denominators do not vanish.
Proor. This is again routine, by using the formulae from chapter 9, as follows:

(1) For the arcsine, the computation is as follows:

1 /
arcsinhz)’ = [ ——
( ) (\/ 1+ xQ)

v1+x2/
1+ 2?2
x/V1+ 2?

14 22
x

(1+ 22)32

(2) For the arcosine the computation is as follows:

1 !
arccosh z)” = <—)
( ) Vo1
2—1
2 —1
r/Vx?—1

2 —1
x

o (22 — 1)3/2

(3) For the arctangent, the computation is as follows:

(arctanh x)” = L R
S\l —22) (1 —a2)2
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(4) For the arcsecant, the computation is as follows:

(arcsech x)”

1 /
<_ !mlW)
(lz[v1 + 22)
22(1 + 22)
2 VT + 22 + |z|VI+ a?
22(1 + x2)
sgn(z)V1 + 22 + |z|z/V1 + 22
22(1 + 22)
sgn(z)(1+ 2?) + |z|z
22(1 + 22)3/2
jz|(1 + 2?) + |[a
23(1 + 22)3/2
|z (1 + 222)
(s

(5) For the arcosecant the computation is similar, as follows:

(arcesch x)”

(6) Finally, for the arcotangent the computation is the same as for the tangent.

(=)
(2T =7

x2(1 — 2?)
lz|'v1 —a? + |z|vV1 — 22’
x2(1 — x2)
sgn(z)vV1 — 2?2 — |zjx /v 1 — 22
z2(1 — 22)

sgn(z)(1 — 2?) — |z|x
22(1 — 22)3/2
2| (1 — 2?) — |fa?
23(1 — 22)3/2
|z|(1 — 22?)
_x3(1 _ x2)3/2

235
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10c. Taylor formula

Getting back now to theory, our main purpose will be that of improving, with the help
of the second derivative, the basic approximation formula for functions, namely:

fla+t) = fz) + f'(2)t
In order to do so, things will be quite tricky, and a bit more geometric, and perhaps

less intuitive, than before. We will be in need of the following standard result:

THEOREM 10.10. The 0/0 type limits can be computed according to the formula
flx)  f'(=z)

- L~

g(x)  g'(x)

called L’Hopital’s rule.

PrROOF. The above formula holds indeed, as an application of the general derivative
theory from chapter 9, which gives, in the situation from the statement:

fle+t)  flz)+ f(a)t
glx+t) — glz) + ()t
f'(x)t
g'(x)t
f'(z)
g'(x)
Thus, we are led to the conclusion in the statement. [l

We can now formulate the following key result:

THEOREM 10.11. Any twice differentiable function f : R — R s locally quadratic,

St i)~ f@)+ s T e

with f"(z) being as usual the derivative of the function f': R — R at the point x.

Proor. This can be proved by using Theorem 10.10, as follows:

(1) Assume indeed that f is twice differentiable at x, and let us try to construct an
approximation of f around x by a quadratic function, as follows:

flz+1t) ~a+0bt+ct?

As a first observation, obtained with ¢ — 0, the order 0 term in the above approxima-
tion must be the value of the function at the point under consideration:

a= f(x)
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We also know from chapter 9 that the correct choice for the coefficient of ¢ is the
derivative of the function at the point under consideration:

b= f(x)
Summarizing, our approximation must be a formula of the following type, with the
coefficient ¢ still in need to be computed:

flx+t) = f@) + (@)t + ct?

(2) In order to find now the correct choice for ¢ € R, consider the following two
functions, coming from the original function f, and from its desired approximation:

p(t) = fz+1)
U(t) = f(z) + f'(2)t + ct?
These two functions match in what regards the value at ¢ = 0, because we have:
p(0) = ¥(0) = f(x)
These functions match as well in what regards the derivative at t = 0, because:
¢'(0) =¢'(0) = f'(x)
Thus, the correct choice of ¢ € R should be the one making match the second deriva-
tives at ¢ = 0. But here, we have the following formulae:

©"(0) = f"(z) , ¢"(0)=2c

We conclude that the number ¢ € R must satisfy the following equation:
fi(x) =2c
We are therefore led to the approximation formula in the statement, namely:
1
x
flo 1) =~ fa) + fla)t+ 0

(3) In order to prove now that this formula holds indeed, we can use L’Hopital’s rule.
Indeed, by using it, if we denote by ¢(t) ~ P(t) the formula to be proved, we have:

() —P@) () - P(t)

t2

12 2t
L) =P
N 2
_ S@) = (=)
Sl —
=0
Thus, we are led to the conclusion in the statement. Il

This was for the story of the Taylor formula at order 2. In case you are still wondering
where that 2 coefficient comes from, here is something to always have in mind:
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ProrosITION 10.12. The Taylor formula at order 2, namely

fla+0) = 1)+ 5+ D

£2
2
is an equality for degree 2 polynomials.

PRroOF. This is something that we already know, coming from the proof of Theorem
10.11, but since we are here for clarifying things, let us do this again, with no reference
to that proof. Consider indeed a degree 2 polynomial, written as follows:

f(z) =a+ bz + ca®
We have then the following formula, for the function to be approximated:
flx+t) = a+blx+t)+clx+t)?
= a+bx+bt+ ca® + ct’ + 2cat

As for the Taylor approximation at order 2, this is given by the following formula:

Fa) + flaye+ 1

5 = (a+ bz + cx®) + (b+ 2cx)t + ct?

= a+bx+ cx®+ bt + 2cxt + ct?

We conclude that in this case we have, as claimed:

flx+1t)= flx)+ f'(x)t+ %(x)tQ

Finally, observe that the converse of this holds too, trivially, because the Taylor ap-
proximation at order 2 is by definition a certain degree 2 polynomial. U

Still talking polynomials, let us have a look as well at what happens for the degree 3
polynomials. Here the result, which is quite instructive, is as follows:

ProproSITION 10.13. For a degree 3 polynomial, written as
f(z) = a+ bz + ca® + da®

we have the following formula, valid for any x and any t,

flx+1t)= f(z)+ fl(x)t + @ﬂ + dt?

so the error in the Taylor approzimation formula at order 2 is e(t) = dt.

Proor. Consider indeed a degree 3 polynomial, as in the statement:
f(z) = a+ bz + ca® + da®

As a first observation, when looking at the remainder in the order 2 Taylor formula,
according to Proposition 10.12 and by linearity we can neglect if we want the low order
terms, those of order 0,1,2, which means in practice that we can assume f(r) = da3.
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However, for full transparency, we will do the computation for a general f, as above. We
have the following formula, for the function to be approximated:

flz+1)
= a+bla+t)+clr+t)?+dx+t)°
= a+bx+ bt +cax?+ ct? + 2cxt + daxd + dt® + 3dxt® + 3dz*t

As for the Taylor approximation at order 2, this is given by the following formula:

fla)+ P+ T g

(a+ bx + cx® + da®) + (b + 2cx + 3dz®)t + (c + 3dx)t?
= a+bx+ cx® + dz® + bt + 2caxt + 3dz’t + ct? + 3dxt?

Thus, the error term is given by the following formula:

(1) = St~ f) - - T

= a+bx + bt + cx® + ct? + 2cxt + da® + dt® + 3dxt?® + 3dz’t
—a — bx — cx? — da® — bt — 2cxt — 3dx’t — ct? — 3dxt?
= dt3

We are therefore led to the conclusion in the statement. O

We will be back to such things, error term, and further improvements of the Taylor
formula, in chapter 10 below, and also later in Part IV, when doing integration.

Getting now to applications of the Taylor formula, we have the following key result:

THEOREM 10.14. The local minima and local mazima of a twice differentiable function
f R — R appear at the points x € R where

f'(x) =0

with the local minima coming from the case f'(x) > 0, and the local mazima coming from
the case f"(x) < 0.

PRrROOF. The first assertion is something that we already know. As for the second
assertion, we can use the formula in Theorem 10.11, which in the case f’(z) = 0 reads:

fle 1) =~ fa) + D

Indeed, assuming f”(x) # 0, it is clear that the condition f”(z) > 0 will produce a
local minimum, and that the condition f”(x) < 0 will produce a local maximum. O
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As before with first derivatives, the above result is not the end of the story with the
study of the local minima and maxima, because things are undetermined when:
fl(@) = f"(z) =0
For instance the functions 2™ with n € N all satisfy this condition at x = 0, which
is a minimum for the functions of type 22", a maximum for the functions of type —z?™,
and not a local minimum or local maximum for the functions of type £z?™*1!,

We will be back to such questions in the next chapter, with a more advanced discussion
about this, by using higher derivatives, which provide the key to the answer.

There are some comments to be made as well in relation with the algorithm discussed
in the previous chapter, for finding in practice the extrema of the function. Normally
that algorithm stays strong, because Theorem 10.14 can only help in relation with the
final steps, and is it worth it to compute the second derivative f”, just for getting rid of
roughly 1/2 of the f(x) values to be compared. However, in certain cases, this method
proves to be useful, so Theorem 10.14 is good to know, when applying that algorithm.

As a second application now of the Taylor formula, justifying Interpretation 10.2 (3),
we have the following result, which is of course a bit heuristic:

PROPOSITION 10.15. Intuitively speaking, the second derivative f"(x) € R computes
how much different is f(x), compared to the average of f(z), with z ~ x.

PROOF. As already mentioned, this is something a bit heuristic, but which is good to
know. Let us write the formula in Theorem 10.11, as such, and with t — —t too:

flo 1) =~ fla) + fa+ 20

flo—1) = (@) — Syt + 1

By making the average, we obtain the following formula:

fat)+fw=t) oo 1),
2 AR

Now assume that we have found a way of averaging things over ¢t € [—¢,¢], with the
corresponding averages being denoted /. We obtain from the above:

10 = 0+ @1 (%)

But this is what our statement says, save for some uncertainties regarding the aver-
aging method, and for the precise value of I(¢*/2). We will leave this for later. 4

t2

Ready for some physics? Nothing better than this, in order to understand the second
derivatives. To start with, we can talk about free falls in 1 dimension, as follows:
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THEOREM 10.16. The equation of a gravitational free fall, in 1 dimension, is
GM

T =
T2

with dot denoting time derivatives, M being the attracting mass, and G ~ 6.674 x 10711,

PROOF. Assume indeed that we have a free falling object, in 1 dimension:

Om

l

o

In order to reach to calculus as we know it, we must peform a rotation, as to have all
this happening on the Oz axis. By doing this, and assuming that M is fixed at 0, our
picture becomes as follows, with the attached numbers being now the coordinates:

o) < O

Now comes the physics. The gravitational force exterted by M, which is fixed in our
formalism, on the object m which moves, is subject to the following equations:

Mm
F=-G-— , F=ma , a=0v , v=1
x
Now observe that, with the above data for F', the equation F' = ma reads:
Mm
—G-——=mi
x
Thus, by simplifying, we are led to the equation in the statement. U

As more phsyics, we can talk as well about waves in 1 dimension, as follows:

THEOREM 10.17. The wave equation in 1 dimension is

G = U290//
with the dot denoting time derivatives, and v > 0 being the propagation speed.

ProoF. This is not exactly a theorem, but rather what comes out of physics experi-
ments, but we can justify that findings mathematically, as follows:

(1) In order to understand the propagation of waves, let us model the space R as a
network of balls, with springs between them, as follows:

s XXX @ XXX @ XXX @ XXX @ XXX @ XXX -« -

Now let us send an impulse, and see how balls will be moving. For this purpose, we
zoom on one ball. The situation here is as follows, [ being the spring length:
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We have two forces acting at x. First is the Newton motion force, mass times accel-
eration, which is as follows, with m being the mass of each ball:

F,=m-(z)

And second is the Hooke force, displacement of the spring, times spring constant.
Since we have two springs at x, this is as follows, k being the spring constant:

F, = FJ —F
= k(p(z+1) —¢(x)) — k(p(z) — p(z = 1))
= k(p(z+1) —2p(z) + (x — 1))

We conclude that the equation of motion, in our model, is as follows:

m - P(x) = k(p(x +1) — 2p(x) + p(x — 1))

(2) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of N >> 0 balls, having a total mass M, and
spanning a total distance L. Thus, our previous infinitesimal parameters are as follows,
with K being the spring constant of the total system, which is of course lower than k:

M L
= — k= KN l=—
"N ’ N
With these changes, our equation of motion found in (1) reads:

Pla) = 0 (ol + 1) — 20(0) + ol — D)

Now observe that this equation can be written, more conveniently, as follows:
_ KL p(x+1) = 2p(x) + p(z = 1)

M [?

With N — oo, and therefore [ — 0, we obtain in this way:

. KIL? d%p
$(r) = Vi '@(fﬂ)

Thus, we are led to the conclusion in the statement. U
Along the same lines, we can talk as well about heat in 1D, as follows:
THEOREM 10.18. The heat diffusion equation in 1 dimension is

$=ay”

where o > 0 is the thermal diffusivity of the medium.
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PROOF. As before with the wave equation, this is not exactly a theorem, but rather
what comes out of experiments, but we can justify this mathematically, as follows:

(1) As an intuitive explanation for this equation, since the second derivative ¢” com-
putes the average value of a function ¢ around a point, minus the value of ¢ at that
point, as we know from Proposition 10.15, the heat equation as formulated above tells us
that the rate of change ¢ of the temperature of the material at any given point must be
proportional, with proportionality factor o > 0, to the average difference of temperature
between that given point and the surrounding material. Which sounds reasonable.

(2) In practice now, we can use, a bit like before for the wave equation, a lattice model
as follows, with distance [ > 0 between the neighbors:

l l
Og—1 Og Oz+l

In order to model now heat diffusion, we have to implement the intuitive mechanism
explained above, and in practice, this leads to a condition as follows, expressing the change
of the temperature ¢, over a small period of time § > 0:

ol +8) = g, 1) + S S [y, 1) — 1)

(3) Now let us do the math. In the context of our 1D model the neighbors of x are
the points x + [, and so the equation that we wrote above takes the following form:

p(z,t+ 5; —p(x,t) % (plz +1,t) — (x,1)) + (p(x — 1,1) — %0<“”t))]

Now observe that we can write this equation as follows:

oz, t+96) — p(z,t) 0. olx+1,t) —2p(x,t) + oz —1,t)

o [2

(4) As it was the case with the wave equation before, we recognize on the right the
usual approximation of the second derivative, coming from calculus. Thus, when taking
the continuous limit of our model, [ — 0, we obtain the following equation:

oz, t+6) — p(x,t)
)

Now with ¢ — 0, we are led in this way to the heat equation in the statement. U

=a-¢'(x,t)

All this is very nice, so with the calculus that we know, we can certainly talk about
physics. We will see later in this book how to deal with the above equations.
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10d. Convex functions

As a main concrete application now of the second derivative, which is something very
useful in practice, and related to Interpretation 10.2 (4), we have the following result:

THEOREM 10.19. Given a convex function f : R — R, we have the following Jensen
mequality, for any x1,...,xny € R, and any Ay, ..., Ay > 0 summing up to 1,
f()\ll'l + ...+ )\NI’N) S )\1f(l’1) + ...+ )\N[L'N

with equality when 1 = ... = xy. In particular, by taking the weights \; to be all equal,
we obtain the following Jensen inequality, valid for any xi,...,xn € R,

f(a:1+...+xN> <f(x1)—1—...—|—f(:vN)
N - N

and once again with equality when v1 = ... = xy. A similar statement holds for the
concave functions, with all the inequalities being reversed.

Proor. This is indeed something quite routine, the idea being as follows:

(1) First, we can talk about convex functions in a usual, intuitive way, with this
meaning by definition that the following inequality must be satisfied:

f (%53/) < f(w);rf(y)

(2) But this means, via a simple argument, by approximating numbers ¢ € [0, 1] by
sums of powers 27, that for any ¢ € [0, 1] we must have:

fltz+ (1 —t)y) <tf(z) +(1—=)f(y)
Alternatively, via yet another simple argument, this time by doing some geometry
with triangles, this means that we must have:

f(a;1+...+xN) §f<x1)+"'+f(m)

N N
But then, again alternatively, by combining the above two simple arguments, the
following must happen, for any Aq,..., Ay > 0 summing up to 1:

f(/\lxl + ...+ /\NZL'N) S /\1f(5(]1) + ...+ /\NZL’N
(3) Summarizing, all our Jensen inequalities, at N = 2 and at N € N arbitrary, are

equivalent. The point now is that, if we look at what the first Jensen inequality, that we
took as definition for the convexity, exactly means, this is simply equivalent to:

f'(x) =0

(4) Thus, we are led to the conclusions in the statement, regarding the convex func-
tions. As for the concave functions, the proof here is similar. Alternatively, we can say
that f is concave precisely when — f is convex, and get the results from what we have. [J
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As a basic application of the Jensen inequality, which is very classical, we have:

THEOREM 10.20. For any p € (1,00) we have the following inequality,

x1+...+a:Np< |z1P + ...+ |an|?
N - N

and for any p € (0,1) we have the following inequality,
T+ ...ty p> |z1|P + ...+ |xN]P
N - N

with in both cases equality precisely when |z1] = ... = |xy].

Proor. This follows indeed from Theorem 10.19, because we have:
(a?)" = p(p — 1)a??

Thus z? is convex for p > 1 and concave for p < 1, which gives the results. U

Observe that at p = 2 we obtain as particular case of the above inequality the Cauchy-
Schwarz inequality, or rather something equivalent to it, namely:

T+ ...+xN 2<:1:%—1—...—|—x%\,
N - N
As yet another important application of the Jensen inequality, we have:

THEOREM 10.21. We have the Young inequality,

ab b
ab < — 4+ —
p q

valid for any a,b > 0, and any exponents p,q > 1 satisfying % + % = 1.

PROOF. We use the logarithm function, which is concave on (0, c0), due to:

1\’ 1
l l/: _ - - _
(log z) < x) o

Thus we can apply the Jensen inequality, and we obtain in this way:

p q p q
o (2 40) 5 lose) , los)

p q p q
= log(a) + log(b)
= log(ab)
Now by exponentiating, we obtain the Young inequality. U

Moving forward now, as a consequence of the Young inequality, we have:
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THEOREM 10.22 (Holder). Assuming that p,q > 1 are conjugate, in the sense that
1 1
— 4+ =1
p q

we have the following inequality, valid for any two vectors x,y € CV,

1/p 1/q
Sl < (Shar) (S
with the convention that an oo exponent produces a max |z;| quantity.

PRrooF. This is something very standard, the idea being as follows:

(1) Assume first that we are dealing with finite exponents, p,q € (1,00). By linearity
we can assume that x,y are normalized, in the following way:

Skt = Sl =1
In this case, we want to prove that the following inequality holds:

Z lziys| <1

7

For this purpose, we use the Young inequality, which gives, for any i:

;[P ;9
i, s
p q

By summing now over ¢ = 1,..., N, we obtain from this, as desired:

Z!xzyz\ < Z%jLZ%

1 1
= 4=
p q
1

|\zy:] <

(2) In the case p = 1 and ¢ = 00, or vice versa, the inequality holds too, trivially, with
the convention that an co exponent produces a max quantity, according to:

1/p
lim (5 |xi|p> = max |z;|
p—00 -
K3

Thus, we are led to the conclusion in the statement. Il

As a consequence now of the Holder inequality, we have:
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THEOREM 10.23 (Minkowski). Assuming p € [1, 00|, we have the inequality

(Z i + yi|p> v ) (Z |xi|p> 1p . (Z |yi|p> o,

for any two vectors x,y € CN, with our usual conventions at p = co.

PrROOF. We have indeed the following estimate, using the Holder inequality, and the
conjugate exponent g € [1,00], given by 1/p+1/q = 1:

Dolwitul” = Y lwitul o+l

]

< 2l gl ™+ 3 lul-fai + i

)

1/p 1/q
(Z mvo) (Z i + yz-|<p1>q)

1/p 1/q
(Z \yz‘|p> <Z |z + yil(p_l)q)

1/p 1/p 1-1/p
() (o) | (o)

Here we have used the following fact, at the end:

1 1 1 p-1
P q q p

Now by dividing both sides by the last quantity at the end, we obtain:

<Z i+ yl.‘p> v ) (Z \xi|p> p . (Z |yi’p> o

Thus, we are led to the conclusion in the statement. Il

IN

+

Good news, done with inequalities, and as a consequence of this, we have:

THEOREM 10.24. Given an exponent p € [1,00], the formula

=], = (Z Iwilp> N

%

with usual conventions at p = oo, defines a norm on CV.
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ProoF. This follows indeed from the Minkowski inequality, which proves the triangle
inequality for our norm, and with the other two norm axioms being both clear. O

Very nice all this, but you might wonder at this point, what is the relation of all this
with functions. In answer, Theorem 10.24 can be reformulated as follows:

THEOREM 10.25. Given an exponent p € [1,00], the formula

1/p
/[l = (Z |f(56)|p>

defines a norm on the space of functions f :{1,...,N} — C.

PRroOF. This is a just fancy reformulation of Theorem 10.24, by using the fact that the
space formed by the functions f : {1,..., N} — C is canonically isomorphic to C¥. [

And with this, end of our excursion into functional analysis, clarifying some things
that we previously said, in chapter 6. And more on this, later in this book.

10e. Exercises

Welcome to true calculus, which means second derivatives, which are something quite
subtle, and extremely useful. As exercises on them, we have:

EXERCISE 10.26. Further meditate on the various interpretations of f”.

EXERCISE 10.27. Find other functions which are differentiable once, but not twice.
EXERCISE 10.28. Fill in all the details in our trigonometric function computations.
EXERCISE 10.29. Learn more about L’Hopital’s rule, and its various applications.
EXERCISE 10.30. Find a geometric interpretation of the Taylor formula at order 2.
EXERCISE 10.31. Learn more, via examples and counterexamples, about f"(z) = 0.
EXERCISE 10.32. Clarify what we said above, in regards with convex functions.
EXERCISE 10.33. Prove the Cauchy-Schwarz inequality over C, directly.

As bonus exercise, with what we learned here, you are good to read some basic,
introductory functional analysis. That would be some very useful learning.



CHAPTER 11

Taylor formula

11a. Higher derivatives

Back now to the general theory of the derivatives, and their applications, we can further
develop our basic approximation method, at order 3, at order 4, and so on. Discussing
all this, and the general Taylor formula emerging for this, will be our purpose here.

Let us start with some general discussion. We know that f’(x) expresses the growth
of f(z), and that f”(x) expresses the growth of f’(x), and this looks quite complete.
However, it may happen that the function f(z) sharply grows, in the sense that the
growth of the slope f”(z) grows itself, as shown on the following picture:

In this case, which happens for instance for f(z) = 23, or f(x) = 2%, or f(x) = €, our
picture using f’(z) and f”(z) is not complete, and we must take into account the third
derivative f"”(z), which expresses the growth of the second derivative f”(x).

Moreover, some further thinking along these lines, say with the function f(z) = e” in
mind, suggests that, for certain delicate questions, we might need as well derivatives of
order four, f”(z), or higher. So, let us formulate the following definition:

DEFINITION 11.1. We say that f : R — R is n times differentiable if
f/ f// f/// f(n)

exist, with each %) being by definition the derivative of f*=1).
249
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Here the same comments as in chapter 9 apply. To be more precise, differentiability
of a function f at a given point x € R is local property, only needing f to be defined on
a small interval around x. Thus, we can differentiate in fact functions f : X — R with
X C R open, and our theory below will tacitly use this assumption. With the remark that
it is sometimes convenient to make an exception for the functions of type f : [a,b] — R,
whose differentiability at a,b can be dealt with by using right and left limits.

In short, quite complicated all this, and as mentioned in chapter 9, with this being an
introduction to calculus, and not a calculus treatise, enjoy this at it comes, and later, if
really loving calculus, upgrade to something more rigorous, say Rudin [73], [74].

Getting to work now, it is tempting to take Definition 11.1 as such, involving a new
parameter n € N, and start doing the math, in analogy with what we already know about
f"and f”, corresponding to the cases n = 1,2. However, this would most likely lead to
some sort of algebra, not very understandable. For doing things slowly and correctly, in
the analytic way, we should better relax, and answer first the following question:

QUESTION 11.2. We know that the second derivative f” can be interpreted in a variety
of interesting ways. Can we have a similar understanding of f"”, and of f""?

In short, my proposal would be to focus on the cases n = 3,4 first, with some work
here, and leave the general theory, and the case where n € N is arbitrary, for later.

In answer now, at n = 3, the third derivative f” is something quite intuitive and
understandable, and this because we can invoke some familiar physics, as follows:

FAcT 11.3. In analogy with the fact that the second derivative f” measures the accel-
eration of the slope f', the third derivative " measures the jerk of the slope f.

To be more precise, all this comes from real life and classical mechanics, where the
jerk, a familiar quantity, is by definition the derivative of the acceleration:
j=i
Now since the Newton laws tell us that the acceleration is the derivative of the speed,
a = v, and the speed is the derivative of the position, v = &, we conclude that the jerk is
the third derivative of the position, according to the following computation:
j —a=v= 7T

In a word, we have reached here to the conclusions from Fact 11.3. As before with
second derivatives, in relation with acceleration, many other things can be said, along
these lines. We will be back to this later, when discussing physics and applications.

Getting started now with some mathematical study, let us first record the formulae of
the third derivatives of the basic functions, which are as follows:
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THEOREM 11.4. The third derivatives of the basic functions are as follows:

PROOF. The various formulae in the statement all follow from the various formulae
for the second derivatives established before, in chapter 10, as follows:

(") = (p(p — DaP™2) = p(p — 1)(p — 2)aP 3

(sinz)” = (—sinx) = —cosx

(cosz)” = (—cosz) =sinz
@) = () =
(logz)” = (—1/2*) = 2/2*
(sinhz)"” = (sinhz)" = coshz

)" =

n

(cosh x coshz) = sinhz

Thus, we are led to the formulae in the statement. Il

It is possible of course to come up as well with formulae for the third derivatives of
the other trigonometric functions, and we will leave this as an instructive exercise.

Getting now to the fourth derivatives, things are less intuitive here, in what regards
the interpretation, but we can nevertheless formulate, as some sort of conjecture:

Fact 11.5. The fourth derivative ™ measures the acceleration of the jerk ", and
with this being best felt in the context of various catastrophic events.

In short, basic physics cannot really help us, in understanding the fourth derivatives.
This being said, math comes to the rescue, and we can do a few computations:

THEOREM 11.6. The fourth derivatives of the basic functions are as follows:

1) (xp)//// _ p(p . 1)(}9 - 2)(13 _ 3)xp—4'
2) sin”” = sin.

sinh” = sinh.

3)
4 |
5) log"(x) = —6/2%.
6)
7) cosh” = cosh.
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PRroOOF. The various formulae in the statement all follow from the various formulae
for the third derivatives established before, as follows:
(2")" = (p(p— D) (p — 2)2"*) = p(p — 1)(p — 2)(p — 3)**
)" = (—cosz) =sinx
n

(sinx
(cosx)" = (sinzx) = cosx
(ea:)//// — (el‘)/ — eI
(log x)//// — (2/1_3)/ _ —6/!134
(sinhz)" = (cosha)’ = sinhx

)

"

(coshx)™ = (sinhz)" = coshz

Thus, we are led to the formulae in the statement. Il

It is possible of course to come up as well with formulae for the fourth derivatives of
the other trigonometric functions, and we will leave this as an instructive exercise.

Observe now the magic brought by the fourth derivative at the level of basic trigono-
metric functions. This is perhaps something worth recording, as follows:

OBSERVATION 11.7. The fourth derivative brings some periodicity magic at the level
of basic trigonometric functions.

In view of this, which looks interesting, let us see as well what happens for the tangent.
However, the result here is as follows, contradicting this observation:

THEOREM 11.8. The first two derivatives of the tangent function are

2sinx
(tan 5(;)’ — 5 , (tan l‘)” _ .
cos? cos3x
and the third and fourth derivatives are
(tan .flf)”/ — m (tan .flf)”” _ 16 Sinx _'_ 8 Sin3 e
cost x ’ cos® 1

provided that the denominators do not vanish.

Proor. We already know the first two formulae, from chapters 9 and 10. Regarding
now the third formula, the computation here goes as follows:

" 2sinz )’
(tanzx)” =

cos® x

2cosx - cos®x + 2sinz - 3cos? xsinx

cosb x
2cos? x + 6sin’
N costx
2 +4sin’x

cos* x
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As for the fourth formula, the computation here is as follows:
2+ 4sin’z\’
(tan IL’)//H _ (_'_—4)
costx

8sinzcosz - costz + (2 + 4sin’x) - 4cos® zsin

cos®
8sinzcos? x + (2 + 4sin’z) - 4sinz

cos® x
8sinz(1 —sin®x) + (2 + 4sin’x) - 4sinz
cos® x
16sinz + 8sin® x

cos®
Thus, we are led to the conclusions in the statement. U

As a conclusion to this, Observation 11.7 seems to be something rather superficial.
Also, in relation with higher derivatives, beware of the tangent.

So long for our preliminary discussion of third and fourth derivatives, with Question
11.2 in mind. This being said, I don’t know about you, but personally I feel quite frus-
trated of having nothing intuitive regarding the fourth derivative. So, let us think about
this, some more. Here is an interesting speculation that can be made, inspired by our
main interpretation of the second derivative, as an average, from chapter 10:

SPECULATION 11.9. Assuming that the fourth differentiable functions satisfy
flx+1t) ~ f(z) + at + bt* + ct® + dt*
with d being a certain multiple of f(x), we would have the formula

fla+t)+ flax+it)+ f(z —t) + f(z —it)
4
telling us that f"(x) measures how far is f(z) with z ~ x from f(x), over C.

~ f(z) +dt*

To be more precise here, in what regards our assumption from the beginning, this is
something quite natural, in view of the Taylor formula, that we already have at order
1 and 2, and we will see in a moment that this is indeed the case. As for the average
formula given above, this comes from this, via the following computation:

flx+1t)+ flz+it) + fla —t) + flz —it) f(z) + at + bt* + ct® + dt*
f(z) +iat — bt* —ict® + dt*
f(z) — at + bt* — ct® + dt*
f(x) —iat — bt* +ict® + dt*
= 4f(x)+ 4dt*

12

+ 4+ +
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Which sounds very nice, it looks like, save for the fact that our real functions f : R — R
do not necessarily extend into complex functions f : C — C, but let us not bother for the
moment with this, with most of our functions f : R — R having this property, we have,
eventually, something interesting regarding the meaning of the fourth derivative.

However, not so quick. Indeed, thinking a bit, we can in fact do the same at order 3,
and we reach here to the following counterspeculation, ruining everything;:

COUNTERSPECULATION 11.10. Assuming that for the third differentiable functions

flz+1t) ~ f(x) + at + bt* 4 ct?

with ¢ being a certain multiple of f"(x), we would have, with w = €*>™/3,

flx+t)+ f(z+wt) + f(z+ w?t)
3

telling us that f"(x) measures too how far is f(z) with z ~ x from f(x), over C.

~ f(x) + ct®

And weird thing this is, with our Taylor series assumption being something quite
natural, as before, and with the average computation being also as before, namely:
flx+t)+ fz+wt) + flx +w) ~ f(x)+at+bt*+ct’
f(z) + wat + w?bt* + ct?
f(z) + w’at + wbt* + ct?®
= 3f(z) + 3ct®

+
+

As a conclusion to all this, the third and fourth derivatives appear to be something
quite mysterious, mathematically speaking, and in order to intuitively understand them,
we are left with the notion of jerk, and the related notion of acceleration of jerk, from
Fact 11.3 and Fact 11.5. Well, nevermind. This is not that bad, and we will see in what
follows that we can have some interesting theory going, relying only on this.

11b. Taylor formula

With this discussed, and getting back now to our usual approximation business, the
ultimate result on the subject, called Taylor formula, is as follows:

THEOREM 11.11. Assuming that f : R — R s differentiable n times, we have

" fk)
fn~S T
k=0 ’

where f*)(x) are the higher derivatives of f at the point x.




11B. TAYLOR FORMULA 255

Proor. Consider indeed the function to be approximated, namely:

p(t) = flz+1)

Now, let us try to best approximate this function at order n. We are therefore looking
for a certain polynomial in ¢, of the following type:

P(t) =ap+ait + ...+ ayt"

The natural conditions to be imposed are those stating that P and the function ¢
should match at ¢ = 0, at the level of the actual value, of the derivative, second derivative,
and so on up the n-th derivative. But, these conditions are as follows:

Qo = f(l') o 1= f,(l') , 2ap = f”(l') IR nla, = f(n)($)
We are therefore led to the approximation formula in the statement, namely:
- / ) () i
fla+t) =) =t
k=0

In order to prove now that this approximation holds indeed, we can use L’Hopital’s
rule, applied several times, exactly as we did in the proof at order 2. To be more precise,
if we denote by ¢(t) ~ P(t) the approximation to be proved, we have:

p(t) = P@) 1) - P'(t)

tm N ntn—1
L ') =P
— n(n—1)tr2

P () = PO(t)

12

= 0
Thus, we are led to the conclusion in the statement. Il
Here is a related interesting statement, inspired from the above proof:

PROPOSITION 11.12. For a polynomial of degree n, the Taylor approzimation
— [ () &
=0

is an equality. The converse of this statement holds too.
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PROOF. By linearity, it is enough to check the equality in question for the monomials
f(z) = 2P, with p < n. But here, the formula to be proved is as follows:

P —D...(p—k+1
k=0 ’

We recognize the binomial formula, so our result holds indeed. As for the converse,
this is clear, because the Taylor approximation is a polynomial of degree n. U

In order to further comment now on Theorem 11.11, which remains something quite
subtle, it is perhaps time to clarify our meaning of ~. We have been using this sign, since
the beginning of this book, for approximation in a general, intuitive sense. However, since
in Theorem 11.11 we have all kinds of infinitesimals appearing, namely ¢,¢2,...,t", this
intuitive sign ~~ is no longer appropriate, and we must invent something better.

In answer, for such things, nothing beats the Landau o and O notations:

DEFINITION 11.13. We use the Landau o and O notations, as follows:

(1) f(t) = g(t) + o(h(t)) means o(h(t))/h(t) — 0, with t — 0.
(2) f(t) = g(t) + O(h(t)) means O(h(t))/h(t) bounded, with t ~ 0.

Now with these conventions in hand, we can reformulate Theorem 11.11 in a more
rigorous way, and which is more useful too, in practice, as follows:

THEOREM 11.14. Assuming that f: R — R is dz’ﬁerentiable n times we have

T +1) Zf + o(t")

and assuming that f : R — R is dzﬁerentzable n+ 1 times we even have

T +1) Z f tk +O(t")

with o and O being the standard L(mdau symbols.

Proor. This is a reformulation of Theorem 11.11, the idea being as follows:

(1) In what regards the first assertion, according to our convention for the Landau
symbol o, at n = 0 this is the very definition of the continuity, according to:

fla+1t) - f(z)
1
Next, at n = 1, our formula is the definition of differentiability, according to:

fle 1) = f@) + Fa)t oty e T gy

flx+1t) = f(z)+0(l) < —0
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As for the case n = 2 and higher, here our formula is precisely what comes out of the
proof of Theorem 11.11, after a close inspection.

(2) Regarding now the second assertion, which is finer, assuming that f is differentiable
n + 1 times, this comes from the Taylor formula at order n + 1, which gives:

oy = 3 T2 o)

f fO (@ n+1 n+1
= Z k.<) +(n+f)!)t olt™)

= Zf ()tk+0(t”+l)—|—0(t"“)

= Zf ()tk+0(t”+l)

Thus, we are led to the conclusions in the statement. Il

As a last comment about Theorem 11.11, an interesting situation, which appears quite
often, is that when f is infinitely differentiable. Here the result is as follows:

THEOREM 11.15. Assuming that f : R — R s infinitely differentiable, we have

n k) (g
flat+t) =) fk‘—'()tk + o(t")
k=0 ’

for any n € N, according to the Taylor theorem. However, the asymptotic formula

O fE) (g
f(x—i—t):Z—f k:‘( )tk
k=0 ’

maght hold or not, depending on f, and generically, does not hold.
Proor. This is something quite tricky, the idea being as follows:
(1) To start with, the first assertion is something that we know well.

(2) The second assertion is something more subtle, with the examples there abounding,
including polynomials, or sin, cos, exp,log, as we will soon discover, and many more.
However, we have as well counterexamples, with a standard counterexample being:

eV (m#£0)
o
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Indeed, for this function we have the following estimate, valid for any n € N:

£t = ()1 < (i) [ ——

n!
Thus f is infinitely differentiable at 0, with all its derivatives vanishing there, and so
its Taylor series at 0 is the null series, which cannot be equal to f itself. That is, f is
designed not to take off from 0, but it manages however to take off, very slowly.

(3) In what regards now the very last claim, this is something more technical, an
intuitive explanation here being that there should be more functions f : R — R, even
taken infinitely differentiable, than series ¢ = > ¢;t*. And in practice, up to you to learn
here how to count such beasts, as an exercise, and reach to the above conclusion. U

Finally, getting back to Theorem 11.11 as stated, many interesting things can be said,
about the remainder, in that approximation. We will be back to this later in this book,
once we will have better techniques for investigating such questions.

In relation now with the local extrema, and getting back to our usual, informal ~
convention, in order to quickly explain what happens, we have the following result:

THEOREM 11.16. Assuming that f : R — R is n times differentiable, and

f"(=)

tn
n!

flx+1) = fz) +

with f™(x) # 0, this tells us if x is a local minimum or maximum of f.

Proor. This is a quite compact statement, coming from the Taylor formula, the idea
in practice being that we have an algorithm here, as follows:

(1) We can start with n = 1, and with the following formula, that we know well:

fla+t) = f(z)+ f(2)t
Indeed, this formula tells us that when f’(z) # 0, the point x cannot be a local
minimum or maximum, due to the fact that ¢ — —t will invert the growth.

(2) In the case left, f'(z) = 0, we switch to n = 2, where the Taylor formula is:
"
ftn = )+ 2 g
And here, when f”(x) < 0 we have a local maximum, and when f”(x) > 0 we have a
local minimum. As for the remaining case, f”(x) = 0, things here remain open.

(3) In the case left, f”(z) = 0, we switch to n = 3, where the Taylor formula is:

1)

fla+1) = fla) +
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But this solves the problem in the case f”(z) # 0, because here we cannot have a
local minimum or maximum, due to ¢ — —t, which switches growth. As for the remaining
case, f"(x) = 0, things here remain open, and we have to go at higher order.

(4) Summarizing, we have a recurrence method for solving our problem. In order to
comment now on what happens at the n-th step, let us write, as in the statement:

(@)

n!t

fla+1) = fz) +

Then, when n is even, if f™(x) < 0 we have a local maximum, and if £ (z) > 0 we
have a local minimum. As for the case where n is odd, here with f™(x) # 0 we cannot
have a local minimum or maximum, due to ¢ — —t which switches growth.

(5) And so on, until the algorithm stops, either due to f™(z) # 0, as it would be
ideal, solving our problem, or due to the fact that f™ is no longer differentiable at z,
telling us that we have to use some alternative methods, or due the fact that we are facing
a tricky function, resisting our algorithm until the very end, after n = oo steps, such as
the function f(z) = e~'/**| that we met in the proof of Theorem 11.15. O

Getting now to more concrete things, let us compute the Taylor series of the basic
functions that we know. We first have here the following result:

THEOREM 11.17. We have the following formulae for sin and cos,

OO X t2k+1 o0 f tQk:
int = —1)f t= 1
sin kz:;( )(%H)! . cos kz:;( )(%)

and the following formulae for exp and log,

ik_ , logl—l—t:i kHt
k=0

k=0
and the following formulae for sinh and cosh,

. 2kt > 42k
smhtzgm , coshtzgw
as Taylor series, and in general as well, with |t| < 1 needed for log.
PROOF. There are several statements here, the proofs being as follows:
(1) Regarding the sine and cosine, we can use here the following formulae:

sinz) =cosx , (cosz) = —sinx
(sin )
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Thus, we can differentiate sin, cos as many times as we want to, and we get:

0 k=0(4) 1 k=0(4)
)1 k=1(4) Mo )0 k=1(4)
sin®(0) = 0 k=204) cos™(0) = 1 k=20
~1 k=3(4) 0 k=3(4)

But this leads to the Taylor series at x = 0 in the statement.

(2) Regarding now the exponential, nothing much to be proved here, because the
exponential is given by definition by the formula in the statement, namely:

e}

Observe that this is indeed a Taylor series, because from the formula ()" = e* we
deduce that we have (e*)®) = ¢* for any k, which at x = 0 takes the value €” = 1. Thus,
the Taylor series of the exponential is indeed the above one.

(3) Regarding now the logarithm, we can use here the following formulae:
1
(logz) =~ , (2P) = paP?
T

Indeed, this shows that the derivatives of log are given by the following formulae:
6

Ty e
{E4

"

1 1 2
(logm)’ = ; ) (1ng)// = _ﬁ ) (10g$> = E ) (lOgl’

)//// _

Thus, we get by recurrence the following formula, for the derivatives:

b _ gy (k= 1)
(log 2)® = (—1)1 =L

Now by replacing the variable, z — 1 + =, we obtain the following formula:
(k—1)!
(1+ )k
And finally, by setting x = 0, we obtain the following formula:
(log(1 + ) (0) = (1) (k — 1)!

But this gives the formula in the statement for the Taylor series.

(log(1 +2))® = (=1)*+!

(4) Regarding now sinh and cosh, we can use here the following formulae:
(sinhx) = coshz , (coshz) =sinhx

Indeed, as before for sin, cos, we can differentiate sinh, cosh as many times as we want
to, and we obtain Taylor series in the statement, similar to those for sin, cos.
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(5) Finally, the fact that our various formulae extend beyond the small ¢ setting,
coming from Taylor series, as indicated in the statement, is something more subtle. For-
tunately, we know all this, from our study from the previous chapters. O

As another basic illustration for the Taylor formula, we have:
THEOREM 11.18. We have the following generalized binomial formula, with p € R,

(x+1)P = i (Z) PRk

k=0
with the generalized binomial coefficients being given by the formula

(Z) :p(p—l)..l.ﬂ!(p—k+1)

valid for any |t| < |z|. With p € N, we recover the usual binomial formula.
PROOF. For the function f(z) = zP, the derivatives are given by:

fBO@)=pp—-1)...(p—k+1)zPF

Thus, the Taylor approximation of our function is as follows:

o) = SO D=k )

k!
k=0

PRk

Which is precisely the formula in the statement. As for the fact that we have conver-
gence for any |t| < |z|, this is something that we already know, from chapter 9. O

As a main application now of our generalized binomial formula, we have:

THEOREM 11.19. We have the following formula,

[e'e) —t k
Vitt= 1—2;@1 <I)

with Cy, = %H(Qkk) being the Catalan numbers. Also, we have

1 > —\"*
= D, [ —
a2 (1)

with Dy, = (2:) being the central binomial coefficients.

ProoOF. This is indeed something that we already know from before, and for any
|t| < 1, coming from Theorem 11.18 applied at p =1/2 and p = —1/2. O
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11c. Arctangent, Leibnitz

Getting now to more specialized results, let us discuss the computation of the Taylor
series of the other basic trigonometric functions. We will be interested, as usual in this
book, in the fundamental 24 trigonometric functions, which are as follows:

sin coSs tan sec CSC cot
arcsin  arccos arctan arcsec arccsc  arccot
sinh cosh tanh sech csch coth

arcsinh arccosh arctanh arcsech arcesch arccoth

We already have 4 Taylor series, that of sin, cos, sinh, cosh, but in what regards the
other 20 functions, things can be quite tricky, as shown for instance by Theorem 11.8,
dealing with the first few derivatives of tan, which do not look very good.

Thus, expect some tricky mathematics to come. Let us start with a reminder of the
results for sin, cos, sinh, cosh, written more conveniently, by using a variable x:

THEOREM 11.20. We have the following formulae for sin and cos,

o0 L a2 o0 L 2%
ing =Y (—1)F—— L N
sin x kz:;( ) ohr 1) cos T kz:;( ) 2]
and the following formulae for sinh and cosh,
0 2kl 0 2k
inhx = —_— hz = —
i ];(zkﬂ)! P O ;(%)!

as Taylor series at zero, and in general as well, for any x € R, and even x € C.

ProoOF. This is something that we know from Theorem 11.17, written by using a
more familiar variable x. Let us record as well some numerics. For sin, cos we have:

2P x’ 2 at af
ST ST TS T 190 soao 0 % > "m0 "
As for sinh, cosh, here the Taylor series are identical, save for the signs:
3 45 27 R R
inhz = —+ — hr=1+—+—+—+...
sinh x x+6—|—120+5040+ , coshzx —|—2+24+720+
Finally, let us mention that, shall you ever need such Taylor series expansions at other
points, y # 0, these can be found by using the standard formulae for sums. O

Next on our list, let us talk now about arcsin, arccos, arctan, arccot. These functions
can be investigated by using their first derivatives, computed in chapter 9, and then
Theorem 11.19 for extracting the square roots, the result being as follows:
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THEOREM 11.21. The Taylor series of arcsin, arccos are given by

) B = Dy, 2%+1 o - Dy, 2k+1
arcsma:-%mx s arCCOS$—§—§m$
and the Taylor series of arctan, arccot are given by
_ - (—1)* 2k+1 _T - (—1)* 2k+1
arctanx-%mx , arCCOtx_§_§2k+1x

with Dy = (2kk) being the central binomial coefficients.

Proor. This is something routine, by using the formulae of the first derivatives that
we computed before, in chapter 9, which were as follows:

1 1

/
— , (arccosz) = ——=
V1—2? ( ) V1—2x?
1 , 1
T2 (arccotx) = — T2

(1) Indeed, let us recall from Theorem 11.19 that we can extract the inverse square
roots as follows, with D, = (2:) being the central binomial coefficients:

T+t~ "\4
With the change of variables t = —22, this formula becomes:
1 > 22\ "
R D. | =—
=2 ()

The question is now, what is the function having this as derivative? Since the arcsine
must vanish at © = 0, we are led to the formula in the statement, namely:

(arcsinzx)’ =

(arctan )’ =

o0

: Dy 2k+1
arcsimmxr = Z Wf——i—l) X
k=0

(2) A similar study applies to the arcosine, and we obtain here, again as claimed:

o0

_T Dy 2k+1
arccosr = § — %mx

Alternatively, we can simply say that this formula follows from the one of arcsin.
(3) Regarding now the arctangent, we can use here the following formula:
1 [e.e]
— (_1)k .T%
2
14+x P
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By arguing like before for the arcsine, we obtained here, as claimed:

arctanx = i": 2(];—1)11 2kt
k=0 +

(4) A similar study applies to the arcotangent, and we obtain, as claimed:

77 - (_1)k 2k+1
arccotx = 5 — kz_o%—"‘lx

Alternatively, we can simply say that this formula follows from the one of arctan.
(5) Finally, let us record some numerics. For arcsin, arccos we have:
. ™
aresmr =+ —+—+—=+... , arccos.rZE—x—————...

As for the arctangent and arcotangent, the Taylor series here are as follows:
3 5 7 PRI

¢ S tr=_—x+ +
arctanr =r — — + — — — + ... arccotr =——or+ — — — + ...

3 5 7 ’ 2 3 5
Thus, we are led to the conclusions in the statement. Il

Next, we can talk about arcsinh, arccosh, arctanh, arccoth, as follows:

THEOREM 11.22. The Taylor series of arcsinh, arccosh at 0,00 are

C D Il D
arcsinh z = Z(—l)ka_{_I) g+ arccoshz = log(2x) — 5 Z ﬁ x—
k=0 k=1

and the Taylor series of arctanh, arccoth at 0,00 are

0 2kl 00 {L‘i(2k+1)
arctanh x = ; ST arccothx = g 1

with Dy, = (Qkk) being the central binomial coefficients.

Proor. This is again routine, by using as before the formulae of the first derivatives
that we computed before, in chapter 9, which were as follows:

1 1
arcsinhz) = —— , arccoshz) = —————
( V=== V==
1 1
(arctanh z)" = el (arccothz) = -

(1) For arcsinh the derivative is the same as for arcsin, save for a — sign, which at the
level of corresponding Taylor series will produce (—1)* factors, as above.
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(2) For arccosh things are more tricky. The function cosh is as follows, increasing:

coshz = % 210, 00) = [1, 00)

We conclude that the inverse function arccosh is as follows, increasing too:
arccosh z : [1,00) — [0, 00)

Now let us try to approximate this function at co. As a first observation, we have:
X
cosh z ~ 5 = arccosh z ~ log(2x)

1

)

Thus, what we can try to do is to write arccosh z — log(2x) as a power series in x~
which amounts in finding the Taylor series at 0 of the following function:

f(y) = arccosh(y ") —log(2y™")

Now for this latter purpose, observe that, by using the formula of arccosh’, we have:

Flo) = ———+

k=0
00
_ _Z& 2k-1
= T
k=1

But this gives the following formula, which with y = 2! is the one in the statement:

o

fly) = 5 Z 2 Y
k=1
(3) For arctanh the derivative is the same as for arctan, save for a — sign, which at
the level of corresponding Taylor series will produce (—1)* factors, as above.
(4) Regarding now arccoth, we can use here the following computation:

y = arctanh (z7!) = tanhy = 27"

— cothy =2
Indeed, this shows that arccoth and arctanh are related by the following formula:
arccoth x = arctanh (2~ 1)

But with this, we are led to the formula in the statement, for arccoth at co.
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(5) Finally, at the level of the numerics, we first have the following formulae:

arcsinha::x—x—3+3—sv5—5—x7—l—... arccoshleog(Qx)—L—i—i—...
6 40 112 ’ 422 322% 9626
As for the arctangent and arcotangent, the Taylor series here are as follows:
arctanhx:x+x—3+x—5+x—7+... arccothx:l+i+i+i+,__
3 5 7 ’ r  3xd  bxb  Tad
Thus, we are led to the conclusions in the statement. [l

Next, we can talk about arcsec, arccsc, arcsech, arccsch, as follows:

THEOREM 11.23. The Taylor series of arcsec, arccsc at co are given by

_T N Dy —(2k+1) _ S Dy —(2k+1)
aI'CSGCSU—E—kZ_;mI s aI'CCSCLU—kZ;mQ?

and the Taylor series of arcsech, arccsch at 0,00 are given by

2 1 <= Dy = Dy (ki1
arcsech x = log <—) — = Z 7 2 | arceschz = Z(—l)kk— z~ (kD)
x 2 e~ 4k pr 4k(2k 4+ 1)

with Dy, = (Qkk) being the central binomial coefficients.

Proor. This is again routine, by using the formulae of the first derivatives, along
with the binomial formula, as we did in the proof of Theorems 11.21 and 11.22:
= ! (arcescx) = — !

l2[vVa? —1 |z|va? —1

1 1
————— | (arceschz) = ——————
|z| V1 + 22 |z|v/1 — 22

Alternatively, the formulae for arcsec, arccsc follow from those for arccos, arcsin, and

those for arcsech, arccsch follow from those for arccosh, arcsinh. Numerically:
m 1 1 3 1 n 1 3 5
arcsecT = — — — — —— — —— — ... arccscr=—+ —+ ——+ ——
2 x 623  402° ’ x  6x3 4025 11227

As for the hyperbolic arcsecant and arcosecant, the Taylor series here are as follows:

(arcsec )

(arcsech x) =

+ ...

n 1 2 2?2 3z*  b5at n 1 1 N 3 5 N
arcsechz =log|( - | - — - ————..., arccsche = — — — —
S\z) 4 32 96 ’ v 623 ' 4025 11227

Thus, we are led to the conclusions in the statement. Il

Good work that we did, and in what regards the remaining functions, which are more
complicated, we will leave them for later. As a main application now, we have:
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THEOREM 11.24 (Leibnitz). We have the following formula,
s 1 1 1 1 1

S e

1 s3T5 Tto T
which can be used in order to find the decimals of 7.

ProoF. This follows indeed from the Taylor series of arctan, which gives:
T 1 1 1 1 1
g~ arctan(l) 375 7o I

However, regarding this, and the approximation of 7 in general, there is a long story
here, involving many mathematicians, and their ideas, worth to be told, as follows:

(1) To start with, forgetting about calculus and everything advanced, that is, fast
forward to the ancient times, we know that m appears as the semiperimeter of the circle
having radius 1. And we also know, by drawing a hexagon, that = > 3, not by much:

VAVAN
VAV

(2) But this suggests approximating 7 by computing the perimeter of various inscribed
and circumscribed regular polygons. In modern terms, what we get from a N-gon is:

N sin (%) < 7w < Ntan (%)

(3) So, let us see how this works. In view of our halving formulae for sin, cos, tan, it
makes sense to do the computations for N = 2°. And for N = 4,8, 16, we get:

N2 < <4

1/2-V2 <7 <8(vV2-1)
8\/2—\/2+\/§<7r<16( 4+2f—\/§—1)

(4) Numerically, we obtain in this way the following estimates:
2828 < <4
3.061 <7< 3.314

3.121 < 7w < 3.183

Which does not look great, lots of work for doing all this, especially in extracting the
square roots, and this, for not that many decimals, by the end of the day.
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(5) This being said, with this being the only method available, let us see what we get
at higher N = 2°. And here, forgetting about the tangent, and focusing on the sine, we
are led to the following formula for 7, coming via the above method, with k = s — 1:

= lim 2’f\/2—\/2+\/2+...+\/§
k—oo

k square roots

(6) So, this was the old method for computing 7, but in practice this has not prevented
the ancients from doing lots of computations, and approximating 7 to a fair amount of
decimals, a few dozens, which is just perfect for usual engineering purposes:

m = 3.14159265358979323846 . . .

(7) The continuation of the story involves calculus, with the formula in the statement
by Leibnitz, and several modifications of this Leibnitz formula. Among others, we have
here the following beautiful formula of Euler, that we will discuss later in this book:

2 1 1 1 1

Lol oo —4— ...
6 179 16 s

However, in practice, while these formulae are certainly easier to evaluate than the
old ones, their convergence is very slow too, leading to a few hundred decimals for .

(8) And then, in more modern times, there was the following key formula by Ramanu-
jan, coming from advanced arithmetic, which converges remarkably fast:

1 2v2 i (4k)! 26390k + 1103

o992 g 3964

And it is this formula, and its versions, those which are presently used. O

11d. Bernoulli, Euler

We still have some trigonometric functions left, and in order to identify them, the best
is to start with a kill list. According to what we have, the situation is as follows:

sinf cos! tan sec csc cot
arcsin® arccos’ arctant arcsec’ arcesc! arccot’
sinh' cosh' tanh sech csch coth

arcsinh’ arccosh’ arctanh® arcsech! arcesch! arccoth'

Thus, we have 16 functions discussed, and 8 functions left. Getting to work now, the
idea is that the key to all our computations to follow is the hyperbolic cotangent:

et + e %

eiC — e—l’

cothx =
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As a first observation, we can turn coth into something a bit simpler, as follows:

2 1 x 1
cothx = ¢+ — Cothz _ ¢ *
e2r — 2 et —1
T 2
== th— —1=
oty e — 1
T T x
== - th——1>:
2(60 2 e —1

Now the point is that, in relation with the function on the right, we have:

THEOREM 11.25. When defining the Bernoulli numbers B,, according to

oo

x B,
= —x
et —1 —~ n!
the odd Bernoulli numbers all vanish, except for By = —1/2, and the even ones are:
1 1 1 1 1 5 691 7 3617
6 307 427 30 66 2730 ° 6’ 510 ’

Also, we have the following formula for these Bernoulli numbers,

o /m+1
B, —
z( X ) o= Bo
k=0

which fully computes them, by recurrence.

PROOF. Many things can be said here, the idea with this being as follows:

(1) Consider the function in the statement, known as hyperbolic cat function:

cathx =

et —1
This function expands then into a power series, in the obvious way, as follows:

1 2
cathx = :1—£+x——...

x z2 3
1+§+?+ﬂ+"‘ 2 12

To be more precise, the first coefficient —1/2 is needed for z2, and the next coefficient,
1/12, comes according to 1/6 — 1/4 + 1/12 = 0, which is needed for .

(2) In order to further study the above series, observe that we have:

cath (z) — cath (—z) = ’ N ’ 1
6$ J— e—CC —
B T re®
et —1 er—1
= —x

Thus the odd coefficients all vanish, except for that first odd coefficient, —1/2.
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(3) In practice now, the coefficients of the hyperbolic cat function can be computed
with some patience, using the fraction in (1), and numerically, we obtain:
th 1 1 +1 x? 1 x4+1 20 1 x8+5 210
cathr=1—-o+4+- - —— —- — — e —— ...
2 6 2! 30 4! 42 6! 30 8 66 10!
Thus, with cathx = ) B,2"/n!, standing as a definition for the Bernoulli numbers
B,,, we are led to the numeric values for these numbers B,, in the statement.

(4) At a more advanced level, what we have in the above is a Taylor series, whose
coefficients can be obtained by derivating. But this leads, via some computations that we
will leave as an exercise, to the following recurrence formula, for these coefficients:

kzzg (m;l)Bk — 6
(5) So, let us see how this latter formula works. At m = 0,1,2, 3,4, we get:
By=1 = By=1
Bo+2B,=0 = B, = —1/2
By+3B;+3By=0 — By, =1/6
By +4B, + 6By +4B3;=0 — B3 =0
By + 5By +10By + 10B3 + 5B, =0 = By = —1/30

And so on, the idea being that the Bernoulli numbers are computable by recurrence,
by using the above formula, but unfortunately, there is no explicit formula for them.

(6) So, this was for the story of the hyperbolic cat function, and of the Bernoulli
numbers, quickly told. We will be back to all this later, in chapter 14. U

Now with this in hand, we can go back to coth, and to the related functions cot and
csc, csch too, and we have the following result, regarding them:

THEOREM 11.26. The Taylor series of cot, coth are given by

- 4% By, =~ 4% By,
cotz =Y (—1)* 2?71 cotha = z=1
2=V a5 2 !
and the Taylor series of csc, csch are given by
00 k 0 1k
_ k-1 (4 — 2)By; 2k—1 _ (4" — 2) Boy, 2k—1
cscm—kz:;(—l) Wm : cschx——;wx

with B, being the Bernoulli numbers.
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PROOF. The formula for coth comes from Theorem 11.25, which gives:

X X X
z h——1> —
Q(COt 2 e — 1
oS Bn .
-y,
n!
n=0

. X > ng 2%
= St ani”
k=0

Indeed, with x — 2z we obtain from this the following formula:

Thus, we obtain the formula for coth in the statement. As for the other formulae, for

cot and csc, csch, these appear as variations of this. At the level of numerics, we have:
. 1 = 2 22° h 1+x x3+2x5
cotr=—— - —— — — — ... cothr=—4+-——+—— ...
’ x 3 45 945

As for the Taylor series of the hyperbolic and usual cosecant, these are:

1 N x N Tx3 N 312° N 0 1 = 722 31a°
cscxr = —+— 4+ — csche =— — = + — —
r 6 360 15120 ' r 6 360 15120
Thus, we are led to the conclusions in the statement. O

Regarding the functions tan and tanh, we have a similar result here, as follows:

THEOREM 11.27. The Taylor series of tan, tanh are given by

S Tog 41 — T
t — -1 k__ T2kl  2k41 tanh r = _ 2k+1  9k41
an x %( ) (2k+1)!x , tanhx ;(2k+1)!x
with T}, being the tangent numbers, given by the following formula,
Bajy2

T — 4k+1 4k+1 . 1
2k+1 ( )2]{3 T 9

with B,, being the Bernoulli numbers.

PROOF. These formulae come as variations of the formulae in Theorem 11.26, and we
will leave the proof here as an exercise. At the level of numerics, we have:

. N 3 N 220 N 1727 N tanh 2 22 1727 N
anr =x+ — + — anhr=2xr— — 4+ — —
3 15 315 ’ 3 15 315
Thus, we are led to the conclusions in the statement. U

Finally, we can talk as well about sec, sech, the result here being as follows:
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THEOREM 11.28. The Taylor series of sec, sech are given by

_ k 2k 2k _ 2k 2k
secr = kgzo(—l) (21@)!:6 , sechzx = E (2]{;)!$
with E, being Euler numbers, given by the formula

> ()=

k=1

which computes them by recurrence.

PROOF. These formulae come as variations of the formulae in Theorems 11.26 and
11.27, and we will leave the proof as an exercise. Let us record as well the first few values
of the even Euler numbers, with the odd ones all vanishing, which are as follows:

1, -1, 5, —-61, 138, 50521, 2702765,

At the level of numerics, the Taylor series in the statement are as follows:

14+ x? n St n 6125 i L 1 x? . S5zt 6125 L+
secxr = —+ — sechr=1— — 4+ — —
2 24 720 ’ 2 24 720
Thus, we are led to the conclusions in the statement. Il

11e. Exercises

This was a key calculus chapter, about the key calculus formula, which is the Taylor
formula, and its ramifications, and as exercises on all this, we have:

EXERCISE 11.29. Learn more from physicists about the jerk, and the third derivative.
EXERCISE 11.30. Compute the third derivatives of the other basic functions.
EXERCISE 11.31. Compute the fourth derivatives of the other basic functions.
EXERCISE 11.32. Can we make something out of our k = 4 periodicity observation?
EXERCISE 11.33. Apply our maximization algorithm to various concrete functions.
EXERCISE 11.34. Study how the binomial formula applies, for exponents p € 7Z/3.
EXERCISE 11.35. Learn more about the Bernoulli numbers, and their properties.
EXERCISE 11.36. Learn more about the Euler numbers, and their properties.

As bonus exercise, with what we learned here, you are good to go for some bonus
learning, on special functions. Having a look at that would be a quite good idea.



CHAPTER 12

Differential equations

12a. Differential equations

Eventually. Time to see if our calculus technology is any good, for solving questions
appearing from the real life. Let us recall from chapter 10 that we have:

Fact 12.1. The gravity free fall, wave and heat propagation equations in 1D are

k
i=—— , ¢=0%" |, ¢p=ay

x

with ¢ = @(x,t) being the height and temperature, and the dots being time derivatives.
To be more precise, the gravity free fall equation is indeed the one above, where

k = GM, with M being the attracting mass, and G ~ 6.674 x 107, and with this
coming from the Newton formula for the gravitational force. As for the wave and heat
propagation equations, where v > 0 is the propagation speed, and o > 0 is the thermal
diffusivity of the medium, these were discussed as well in chapter 10.

So, we can solve right away the above equations? Not really, our comments being:

COMMENTS 12.2. The above equations are not the easiest ones to start with.:
(1) They involve second derivatives, instead of the more familiar first derivatives.
(2) In addition, the wave and heat equations involve two variables, instead of one.

In short, modesty, and my feeling is that we should better start with some pure math-
ematics, solving equations for the sake of solving equations, more and more complicated,
and once we get good at this, come back to Fact 12.1, and see what we can do.

Getting started now, with some pure mathematics, here is a first interesting thing
that we can say in relation with the differential equations, and with this being a key
mathematical fact, already announced in chapter 4, by one of my feline collaborators:

THEOREM 12.3. The exponential function is the unique solution of
ff=r . f0)=1

and as a consequence, e = f(1), with f being this unique solution.

273
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PROOF. Since we have f(0) = 1 and f’ = f we conclude that we have f > 1 for x > 0,
and a similar backwards argument shows that we have as well f > 0, for x < 0. In short,
we have f > 0 over the whole R, and in particular f # 0. But with this, we have:

I
P
= (logf) =1
= logf=x+c
= f= X"

= = 1

Now by using f(0) =1 we conclude that we have f(z) = e”, as desired. O
As a next piece of mathematics, here is a useful generalization of Theorem 12.3:

PROPOSITION 12.4. The equations f" = a+ bf are as follows:

(1) The solutions of f' = f are the functions f(x) = \e®.

(2) The solutions of f' = bf are the functions f(z) = A\eb®.

(3) The solutions of f' = a+bf with b # 0 are the functions f(x) = \e® — a/b.
(4) And the solutions of f' = a are the functions f(z) = ax + .

PROOF. This comes from Theorem 12.3 and its proof, as follows:

(1) This is something that we already know, from the proof of Theorem 12.3.

(2) This comes from a similar computation, by adding a parameter b, as follows:
/

Iy

f

= (logf) =b

= logf=br+c

= =\

fl=bf —

(3) Assuming b # 0 we have indeed the following computation, using (2):
’r ’ g
[=atbf = f=b(f+7)
ay’ a
= (1+5) =0 (7+3)
— f+%zmm
a

— f:MW—Z

(4) This is something trivial, coming as a complement to (3). We have indeed:
ff=a = (f—ar) =0 <= f—ar=p < [f=ar+u

Thus, we are led to the conclusions in the statement. U



12A. DIFFERENTIAL EQUATIONS 275

What is next? More mathematics I guess, and looking at what we have, in Proposition
12.4, certainly many interesting things there, but the weak point is the assertion at the
end, (4), which, while trivial, suggests looking at the following good question:

QUESTION 12.5. How to solve the following equations, g being a given function,
=g
via some kind of “antiderivative” procedure, which must be unique modulo scalars?

To be more precise here, we know from Proposition 12.4 (4) that in the simplest case,
where g(x) = a, constant function, the solutions are f(x) = ax + p. Thus, the above
question makes sense, and with the assertion at the end coming from:

fi=fy = (fi— f)) =0 = f1 — fo = constant
In answer now, we can easily solve this question for ¢ € R[X], as follows:

An  nt1 ar o
—n+1w —|—...+2x + apr +

Which makes it quite clear that far more things can be said here, by systematically
developing a theory of “antiderivatives”, based on what we know about derivatives, from
chapter 9. However, we will keep this for later, starting with chapter 13 below, the point
being that the antiderivatives, also called integrals, are something extremely vast.

ff=a 2" +... +axt+a &= f=

In short, we are learning new things, but the problem remains, namely based on
Proposition 12.4, what is next? In answer, and with Proposition 12.4 (3,4) in mind,
which do a great job, namely solving f' = a + bf for any a,b € R, I would formulate:

QUESTION 12.6. How to solve the equations of the following type,
f"=a+bf+cf
with a,b,c € R?

And good question this is, because besides the linear functions and exponentials from
Proposition 12.4, we have as well as solutions all sorts of trigonometric beasts, coming
from the following double derivation formulae, that we know well from chapter 10:

sin” = —sin , cos” = —cos , sinh” =sinh , cosh” = cosh
Let us start our study with a basic result, regarding these key examples:
THEOREM 12.7. The equations f”" = +f are as follows:
(1) The solutions of f"" = f are the functions f(x) = Ae® + pe™".
Equivalently, the solutions of f”" = f are f(x) = asinhx 4 [ coshz.

(2)
(3) The solutions of f"" = —f are the functions f(x) = asinx + fcosz. B
(4) Equivalently, the solutions of f" = —f are f(x) = \e™® + pe™™, with p = .
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PROOF. Many things can be said here, the idea being as follows:

(1) To start with, the various functions in the statement verify indeed the equations
f" = *f, as indicated. As for the uniqueness, since the solution of f” = +f should
normally depend on two parameters, say a = f(0) and b = f’(0), and the solutions in the
statement do depend on two parameters, as indicated, we intuitively have this too.

(2) This being said, it is instructive to solve our equations for the analytic functions,
those appearing as power series, see if we have indeed uniqueness. So, assume that:

f=ap+ a1z + asx® + asx® + agxt + . ..
The double derivative of this function is then given by:
" = 2as + 6asz + 12a42? + 20as2> + 30agz + . . .

(3) Thus, the equation f” = f is equivalent to the following conditions:

) aop ap
Ao = — A = — ag = —— s
T2 0 Mg 0 0
ay ay ay
Aq = — s ar = —— ar =
T 6 PT120 0 T 5040
We are therefore led to the conclusion in the statement, that f must be a linear
combination of sinh and cosh. As for the study of f” = —f, this is similar.

(4) In fact, with a bit more work, we can solve if we want f” = 4+ f in a fully rigorous
way. Indeed, let us first study the equation f” = f. This equation is equivalent to:

f+0=r+f
Now by using Proposition 12.4 (1), we conclude that we must have:
Faf = e

But now, we can use the method in the proof of Proposition 12.4 (3), and we get:
ff+f=x" = [+ f=("/2) +Xe"/2
= (f-2Ae"/2) = —(f = Ae"/2)
= f—-A"/2=pe "
= f=Xe"/2+ pe’"
As for the study of the equation f” = —f, this is similar, using the same trick.

(5) Finally, there is a discussion to be made, in relation with real vs complex numbers.
In (1,2,3) the solutions are as indicated over R, with real parameters, and the solutions
over C are given by the same formulae, this time with complex parameters. As for (4), the
solutions there are as indicated over C, with complex parameters A, u € C, and if looking
for the solutions which are real, we must impose the condition y = A, as indicated. [

With a bit more work, we can fully solve Question 12.6. Let us start with:
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ProPOSITION 12.8. The equations f”" = a+bf + cf’ are as follows,
(1) If b # 0, our equation is equivalent to ¢" = bg + cg’, with g = f + a/b.
(2) The solutions of f" =a+ cf’ with ¢ # 0 are f(x) = pe® —ax/c+n.
(3) The solutions of " = a are f(x) = ax?/2 + px + v.

and modulo this, it remains to solve the linear case, f"”" = bf + cf’.

PROOF. As said at the end, our goal here is to get rid of the parameter a € R, which
is something quite natural, mathematically speaking, and is something very reasonable
too, physically speaking, because the main order 2 equations coming from physics are
linear, a = 0, as we will soon discover. In practice, this can be done as follows:

(1) To start with, assuming b # 0, we can indeed get rid of a, as follows:

a " a a /
ff"=a+bf +cf = (f+5> :b<f+g) +c(f+g>
(2) In view of this, let us discuss now in detail what happens when b = 0. Here the
equation is f” = a + cf’, which with ¢ = f’ takes the following form:
g =atcg

But, according to Proposition 12.4, the solutions of this latter equation are the func-
tions g(x) = Ae® — a/c when ¢ # 0, and g(z) = ax + p when ¢ = 0.

(3) Thus, almost done with the case b = 0, we just need to apply the antiderivative
procedure from Question 12.5 to the solutions that we found. And here, we get:

A
g(a:):)\e‘”‘"—g = f(a:'):—e“—%—l—n
c c c

amz
g(z) =ax +p = fl2) = —-+pz+v

But this leads to the various conclusions in the statement. O
Getting now to the linear case, the result here is as follows:
THEOREM 12.9. Given an equation f”" =bf + cf’, let r, s be the roots of:

2w —cx—b=0

(1) In the case r # s, the solutions are f(x) = pe"™ + nes*.
(2) In the case r = s, the solutions are f(x) = (Ax + p)e™.

PRroOF. This is a straightforward generalization of Theorem 12.7, with the proof using
the same methods as there, the details being as follows:

(1) Our first goal is to put our equation in a simpler form. Observe that we have:

(ff=rf)=f'=rf=bf+(c=n)f
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Now let us look for numbers r, s such that this equals s(f" — rf). We have:
bf +(c—n)f' =s(f'—rf) < rs=-br+s=c
Thus, we certainly have numbers 7, s € C as desired, appearing as solutions of:
2 —cr—b=0
(2) As a conclusion to this, with r, s € C being as above, our equation reads:
(f =rf) =s(f =rf)

Now with g = f’ — rf this equation reads ¢’ = sg, which by Proposition 12.4 has as
solutions the functions g(x) = Ae**. Thus, we are left with solving:

f/:Tf+)\€sz

But for r # s, the solutions of this latter equation are the following functions:

A
[@) = per + 2 e
S—7T

As for the case r = s, where our equation is f' = rf + Ae™, the solutions here are:

flx) = Az +p)e™
(3) Thus, we are led to the conclusions in the statement. There is of course some
further discussion to be made here, in relation with real vs complex numbers, the idea
being that our result works as stated over C, and that when looking for real solutions, we
must impose various conditions on the parameters p,n, A, i involved. We will leave this
as an exercise for now, and come back to it later, when talking physics. U

Along the same lines, at a more advanced level, we can use linear algebra:

THEOREM 12.10. A differential equation of type f” =bf + cf’ can be written as

()= 2 ()

fr b oc) \f

which in terms of g = (J’:,) and A = (g i) takes the following compact form,
g =4y

and whose solutions are as follows, with v being the initial data vector,
g = et

and with e4® being the exponential of the 2 x 2 matriz Azx.

Proor. This is something more advanced, more or less equivalent to Theorem 12.9,
but certainly looking more conceptual. However, we will not get in detail into this, the
idea being that linear algebra belongs to the “several variables” theory, going beyond
what we usually do in this book. So, here are some brief explanations on all this:
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(1) To start with, by using the trick in the statement, and with the matrix multipli-
cation being the usual one, “multiply rows by columns”, our equation reads:

g =Ag

Now the point is that this latter equation reminds the one-variable equation ' = bf
from Proposition 12.4, having as solutions the functions f(z) = A\eb®.

(2) Equivalently, with some changes in the notations, we can say that this reminds
the one-variable equation ¢’ = Ag with A € R, that we know how to solve, having as
solutions the functions g(x) = ey, with v € R. But, based on this, we can conjecture
that the solutions of our original equation are as follows, as in the statement:

g = e

(3) So, can we make some sense of this? To start with, we need to know how to

exponentiate the matrices of type B = Az, and in answer, we can declare that:
o
B B

C T L
k=0

(4) But, will this work. In order to talk about convergence of the above series, let us
endow the space of 2 x 2 matrices with the following norm:

[|B]| = sup |[Bz]]

ll|l=1

To be more precise, it is easy to see that this is indeed a norm, which in addition
satisfies ||AB|| < ||A|| - ||B]|. But with this, we have convergence indeed, coming from:

(o]
Bkz

k
k=0
o
181"
<2
k=0

(5) Summarizing, our g = e“%v conjecture above makes sense. Now regarding the

proof of this conjecture, in one sense this is clear, coming from the following computation,
and I will leave it to you, to check that all the algebra here works just fine:

(BAIU)/ — (eAa:)/v — (Ae‘”)v — A(eAxU)

(6) As for the uniqueness of our solutions, this is something a bit more complicated,
but we can argue here that since by Theorem 12.9 the solutions of ¢’ = Ag depend on
two parameters, these solutions can only be the functions ¢ = e**v that we found here,
depending on two parameters too, namely the entries of the vector v € R2.
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(7) Next, for the discussion to be complete, it still makes sense to explicitly compute
our solutions g = e?®v, see if we get indeed what we previously found in Theorem 12.9.
But this can be done, in two steps. First, we must compute the powers of A:

2
(b ) =
b ¢ ’

But this can be done, with some combinatorial pain, and we will leave this as an
instructive exercise, and then we can compute e, and the solutions g = e*v, and these
solutions agree of course with what we previously found, in Theorem 12.9.

(8) But then, you might ask, was this excursion into linear algebra, which rather
seems to complicate things, worth it? In answer, yes, but provided that we have a more
advanced knowledge of linear algebra. Indeed, the main problem that we have, with the
linear algebra approach, is that of exponentiating matrices, and at a more advanced level,
this problem can be quickly solved by using diagonalization, as follows:

k
B:P(Al O)P—l — Bk:P<>‘1 O)P‘1

0 A 0 M
eM 0 _
= =P ( 0 eAQ) P!

(9) So, let us see what these advanced linear algebra methods teach us, in relation
with our original problem. The eigenvalues r, s of a 2 x 2 matrix A are computable by
using the well-known formulae r + s = Tr(A) and rs = det A, and in our case, we get:

A:(O 1) = r+s=c,rs=—b
b c

(10) Which is great, because what we have here are the roots of 2% —cx — b = 0, so at
least we have now a conceptual explanation for the occurrence of that roots. Good.

(11) As for the continuation of the story, this is a bit more complicated. To start
with, in the case r # s the matrix is diagonalizable, and we know from the above that
the solutions appear as linear combinations of ¢"*, e¢**, as in Theorem 12.9.

(12) As for the remaining case, r = s, here is where things get more complicated,
because the matrix is no longer diagonalizable. However, by assuming some further linear
algebra know-how, namely the Jordan form, we can again do the computations, and we
reach to the linear combinations of €™, xe"™, as in Theorem 12.9. U

Still with me I hope, after all this linear algebra, and I am pretty much sure that you
are not impressed, with all these damn things being no match for Theorem 12.9, which
was something quite simple. Good point, and in answer, the power of the linear algebra
method comes from the fact that this works in higher degree too, as follows:
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THEOREM 12.11. The equation f™ = aof +arf + ...+ ap_1f™ V) reads

/! 1 /
f// . f/
Cl 1 :
f(n) ay ai ... Qp—q f(n—l)
which in terms of the matrix A and vector g on the right takes the compact form
g =4y
and whose solutions are as follows, with v being the initial data vector,
g = ey

and with e** being the exponential of the n x n matriz Ax.

Proor. This is again something quite self-explanatory, generalizing Theorem 12.10,
and we will leave some further learning here as an exercise. Needless to say, there are
countless things that can be said here, and the more you know, the better. U

12b. Parabolas, pendulum

We have learned many interesting things about differential equations, but back to
physics, the equations in Fact 12.1 still look quite complicated, beyond our methods.

So, let us start with something more modest. In relation with gravity, the simplest
question regards a free fall under uniform gravity, and we have here:

PROPOSITION 12.12. In the context of a 1D free fall from distance xo = R >> 0, with

initial velocity vg = 0, the equation of the trajectory is

~ R— =
* 2

with the constant being g = GM/R?, called gravity of M, at distance R from it.

Proor. We know that the equation of motion is as follows, with k = GM:

. kK k
TTTeRT TR
We conclude that the approximate trajectory is given by the following formula:
kot
Thus, we have indeed z ~ R — gt?/2, with g being the following number:
k GM
g —_= ﬁ —= RQ

We are therefore led to the conclusion in the statement. O
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As an illustration for the above result, let us do a numeric terrestrial check, based on
it. The gravitational constant, the mass of the Earth, and the average radius of the Earth
are as follows, expressed as usual in meters and kilograms:

G=6674x10"" | M=5972x10* , R=6.371x10°
We obtain the following value for the number g computed above:
_ 6.674 x 5.972

97 6371 x 6.371
Which is quite decent, when compared to the observed value, g = 9.806.

x 10 = 9.819

As a generalization of what we have in Proposition 12.12, which is more advanced,
lying somewhere between 1D and 2D, let us add an arbitrary initial speed vy = v to the
above situation, which in addition is allowed to be a vector in R?, as follows:

o

e

m

oM
We obtain in this way the following generalization of Proposition 12.12:

THEOREM 12.13. In the context of a free fall from distance xg = R >> 0, with initial
plane velocity vector vg = v, the equation of the trajectory is
gt®

~ R+ vt — —
x + v 5

where g = GM/R? as usual, and with the quantities R, g in the above being regarded now
as vectors, pointing upwards. The approximate trajectory is a parabola.

PrROOF. We have several assertions here, the idea being as follows:

(1) Let us first discuss the simpler case where we are still in 1D, as in Proposition
12.12, but with an initial velocity vg = v added. In order to find the equation of motion,
we can just redo the computations from the proof of Proposition 12.12, with now looking
for a general solution of type z ~ R + vt + ct?, and we get, as stated above:

gt*

~ R t— —
x + v 7

Alternatively, we can simply argue that, by linearity, what we have to do is to take
the solution x ~ R — gt?/2 found in Proposition 12.12, and add an extra vt term to it.

(2) In the general 2D case now, where the initial velocity vy = v is a vector in R?, the
same arguments apply, either by redoing the computations from the proof of Proposition
12.12, or simply by arguing that by linearity we can just take the solution z ~ R — gt?/2
found there, and add an extra vt term to it. Thus, we have our solution.
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(3) Let us study now the solution that we found. In standard (z,y) coordinates, with
v = (p,q), and with R, g being now back scalars, our solution looks as follows:

t2
xr=pt , y:R+qt—%

From the first equation we get t = z/p, and by substituting into the second:
2

~ R4
Y +p 2p?

We recognize here the approximate equation of a parabola, and we are done. Il

As a continuation of this, still physics of the uniform gravity, and still lying somewhere
between 1D and 2D, let us discuss now a fascinating device, the pendulum:
DEFINITION 12.14. A simple pendulum is a device of type

X

A.mA

consisting of a bob of mass m, attached to a rigid rod of length [.
In order to study the physics of the pendulum, which can easily lead to a lot of
complicated computations, when approached with bare hands, the most convenient is to

use the notion of energy. For a particle moving under the influence of a force F', the
position z, speed v and acceleration a are related by the following formulae:

v=zx , a=v=2x , F=ma
The kinetic energy of our particle is then given by the following formula:
2
muv

T="——
2

By differentiating with respect to time ¢, we obtain the following formula:
T = mvo = mva = Fo
But this suggests to define the potential energy V' by the following formula, up to a
constant, with the derivative being with respect to the space variable x:
V'=-F
Indeed, we know from the above that we have 7" = F, so if we define the total energy
to be E =T + V, then this total energy is constant, as shown by:

E'=T+V'=0
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Very nice all this, and by getting back now to the pendulum from Definition 12.14,
we can have this understood with not many computations involved, as follows:

THEOREM 12.15. For a pendulum starting with speed v from the equilibrium position,

X

mo

the motion will be confined if v < 4gl, and circular if v? > 4ql.

PROOF. There are many ways of proving this result, along with working out several
other useful related formulae, for which we will refer to the proof below, and with a quite
elegant approach to this, using no computations or almost, being as follows:

(1) Let us first examine what happens when the bob has traveled an angular distance
6 > 0, with respect to the vertical. The picture here is as follows:

X

The distance traveled is then x = [A. As for the force acting, this is Fju = mg
oriented downwards, with the component alongside = being given by:

F = —||Ft0tal||Sin0

= —mgsinf

. (T
= —mgsin <7>
(2) But with this, we can compute the potential energy. With the convention that
this vanishes at the equilibrium position, V(0) = 0, we obtain the following formula:

Vi=—-F = V' =mgsin <%>

= Vzmgl(l—cos(%))
= V =mgl(1 — cos?0)
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(3) Alternatively, in case this sounds too wizarding, we can compute the potential
energy in the old fashion, by letting the bob fall, the picture being as follows:

X

The height of the fall is then h = [ — [ cos 6, and since for this fall the force is constant,
F = —myg, we obtain the following formula for the potential energy:
Vi=-F = V' =my
— V =mgh
= V =mgl(1 — cos0)

Summarizing, one way or another we have our formula for the potential energy V.

(4) Now comes the discussion. The motion will be confined when the initial kinetic
energy, namely FE = muv?/2, satisfies the following condition:

2
E<supV =2mgl <+— % < 2mgl
0

— v? < 4ql

In this case, the motion will be confined between two angles —0, 6, as follows:

To be more precise here, the two extreme angles —6,0 € (—m,7) can be explicitly
computed, as being solutions of the following equation:

mu?

V=FE <= mgl(l—cosf)= 5
2
= 1—0089:2v—gl
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(5) Regarding now the case v? > 4gl, here the bob will certainly reach the upwards
position, with the speed w > 0 there being given by the following formula:
maw* mw muv
= FE — 2mgl = —— —2mgl
2 me = Ty Ty T
=  w®=0v"—4gl

— w=+\v?—4gl

Thus, with the convention in the statement for v, that is, going to the right, the
motion of the pendulum will be counterclockwise circular, and perpetual:

w
<— 0 < __
~ ~

7 N
< N
l
X
l
AN E4
~ ~
m v

(6) Finally, in the case v* = 4gl, the bob will also reach the upwards position, but
with speed w = 0 there, and then, at least theoretically, will remain there:

(7) Actually, it is quite interesting in this latter situation, v* = 4¢l, to further speculate
on what can happen, when making our problem more realistic. For instance, we can add
to our setting the assumption that when the bob is stuck on top, with speed 0, there is a
1/3 chance for it to keep going, to the left, a 1/3 chance for it to come back, to the right,
and a 1/3 chance for it to remain stuck. In this case there are infinitely many possible
trajectories, which are best investigated by using probability. Welcome to chaos. U

And with this, end of our discussion regarding the pendulum. Never ever shall we be
scared about it, with a bit of physics know-how, it all comes down to simple math.
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12c. Harmonic oscillators

As a continuation of the above, let us discuss now the motion of a particle near an
equilibrium point. We have two examples of such points provided by the pendulum,
namely the downwards one, which is stable, and the upwards one, which is unstable.

However, our discussion below will be valid for the movement of any particle, under
the influence of any reasonable force. As a first observation, our generalities about motion
and energy provide us with some useful information, summarized as follows:

THEOREM 12.16. For a particle moving near an equilibrium point x = 0, the following
equivalent conditions must be satisfied, infinitesimally:
(1) The potential energy is V = kx?/2, when assuming V (0) = 0.
(2) The force acting on our particle is F' = —kzx.
(3) The equation of motion is mi + kx = 0, with m being the mass.

ProoOF. This is something very standard, the idea being as follows:

(1) Let us start with some generalities regarding the potential energy V. Around any
given point, that we can choose by translation to be x = 0, we can write:
V"(0)z?  V"(0)x3

V(z) =V(0)+ V'(0)z + 5t T

By definition of V', we can assume V' (0) = 0. Regarding now the second term, this
vanishes too, because our condition of equilibrium reads:

V/(0) = —F(0) = 0

Thus, with the above normalizations x = 0 and V(0) = 0 made, our general formula
above for V' takes at equilibrium the following form, with &£ = V”(0):

_k:xQ
2

Thus, we are led to the conclusion in the statement, provided that we are indeed in
the non-degenerate case, where k # 0, which amounts in saying that £’(0) # 0.

(2) This follows indeed from (1), and from V' = —F.
(3) This follows indeed from (2), and from F' = ma = mi. d

V()

The above result suggests formulating the following definition:
DEFINITION 12.17. A harmonic oscillator is a particle moving as above, following
mZ + kx =0

with k # 0. In the case k > 0, we say that we have a simple harmonic oscillator.
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Here the last convention comes from the fact that our oscillator is unstable when
k < 0, and stable £k > 0, and it is in this latter case that we are mostly interested in.
And with this, stability depending on the sign of k£, coming either from some abstract
reasoning along the lines of Theorem 12.16, or from the explicit formulae below.

Very nice, so let us solve now the equation of motion. We have here:

THEOREM 12.18. The solutions of the equation of motion mx + kx = 0 for the har-
monic oscillators are as follows:

(1) = = aeP + be P with p = \/—k/m, when k < 0.
(2) x = ccoswt + dsinwt with w = \/k/m, when k > 0.

PRroOOF. This is standard mathematics, that we already know, as follows:

(1) Assume first that we are in the case k& < 0. Here, with p = \/—k/m as in the
statement, the equation of motion takes the following form:

¥ =p’z

But the functions e”?, e P! being solutions of this equation, by linearity we obtain that
the solutions are exactly the linear combinations of these two functions, as claimed.

(2) Assume now that we are in the case & > 0. Here, with w = \/k/m as in the
statement, the equation of motion takes the following form:

¥ = —w’x

But the functions cos wt, sin wt being solutions, by linearity we obtain that the solu-
tions are exactly the linear combinations of these two functions, as claimed. U

Observe that, as already mentioned above, the formulae that we obtained make it
clear that our oscillator is unstable when k£ < 0, and stable when k& > 0. In fact, we have
the following simple consequences of the general formulae obtained above:

PROPOSITION 12.19. The short and long time behavior of a harmonic oscillator, mov-
ing according to mi + kx =0, are as follows:

(1) In the case k < 0, with x = aeP* + be™?" as above, we have x ~ (a+b) + p(a — b)t
fort >0 small, and x ~ aeP® for t >> 0.

(2) In the case k > 0, with x = ccoswt + dsinwt as above, we have x ~ ¢+ dwt for
t > 0 small, and there is no asymptotics for t >> 0.

PROOF. This is indeed standard mathematics based on Theorem 12.18, as follows:
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(1) In the case k < 0, with = = aef® + be " as in Theorem 12.18, in the ¢ > 0 small
regime we have indeed the following estimate, coming from e* ~ 1 + z:
r = aelt +be
~ a(l+pt)+b(1 —pt)
= (a+0b)+pla—>b)t
As for the other estimate, namely x ~ ae for ¢t >> 0, this is clear.

(2) In the case k > 0, with = ccoswt + dsinwt as in Theorem 12.18, in the ¢ > 0
small regime we have indeed the following estimate, coming from standard calculus:

r = ccoswt+ dsinwt
~ ¢(l+4o(t)) + dwt
~ c+dwt

As for the last assertion, regarding the lack of asymptotics at & > 0 in the ¢ >> 0
regime, this is clear, because neither cos, nor sin have such asymptotics, and the same
happens for any linear combination of them, with non-trivial coefficients. O

As more physics, let us study now the damped oscillators, obtained by adding to the
picture friction. In terms of the equation of motion, the result is as follows:

THEOREM 12.20. For a damped oscillator, which is subject by definition to a force of
type ' = —kx — A\, the equation of motion is

mz + A\t + kx =0
with m being as before the mass.
Proor. This is clear indeed from F' = ma = ma, which gives:
F=—-kr—)\i <— mi=—-krx—-\t
< mi+A\t+kr=0
Thus, we are led to the conclusion in the statement. Il

Now let us try to solve the equation of motion. When looking for solutions of type
x = ePt, with p € C constant, the equation of motion takes the following form:

mp® +Ap+k =0
But this is a degree 2 equation, that we can solve right away, and we get:

,_ ARV =k

2m

It is convenient to write these solutions that we found, and the overall final result
about damping, in the following more convenient way:
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THEOREM 12.21. The generic solutions of m& + A& + kx = 0 are the real linear
combinations of the functions eP*, with the parameter p € C being given by

A 2
p=—7tVP-w? , y=5— , w=4y/—

2m m
with on the right w being the frequency of the usual, undamped oscillator.

Proor. This follows indeed from the formula of p found above, by dividing everything
by 2m. Observe that w is indeed the frequency of the usual, undamped oscillator. O

Now assume that we are in the case A > 0, which is the most usual one, in practice,
meaning that our oscillator loses energy. We have then three cases, as follows:

PROPOSITION 12.22. The oscillator damping with A > 0, with this assumption mean-
ing that our oscillator loses energy over the time, can be of three types:

(1) Large damping, with X > 0 being such that v > w. Here the roots found above
p = —7 =+ +/7?—w? are both real, negative, and distinct.
(2) Small damping, with X > 0 being such that v < w. In this case the roots that we

found p = —v + /7% — w? are complex and conjugate.
(3) Critical damping, with A > 0 being such that v = w. Here we have a double root,

which 1s real and negative, namely p = —.
Proor. All this is clear indeed from the formula found in Theorem 12.21. O

Let us study now more in detail the above three types of damping. In what regards
the large damping, things here are very simple and intuitive, as follows:

PROPOSITION 12.23. For large oscillator damping, the trajectory is given by
r=ae " 4 be 7t
with the parameters v, > v_ > 0 being given by the formulae
Ve =7+ VPP —w?
and with a,b € R. With t >> 0 we have x ~ be -t — 0.

Proor. All this is indeed self-explanatory, and clear from the formula that we found
in Theorem 12.21, under the large damping assumption from Proposition 12.22 (1). O

In what regards the small damping, things here are again quite simple, as follows:
PROPOSITION 12.24. For small oscillator damping, the trajectory is given by
x = 2re " cos(pt — 0)
with v = \/2m as before, with the parameter p > 0 being given by the formula
p=u? -~

and with r > 0 and 0 € R. With t >> 0 we have x — 0, exponentially.
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PROOF. Assume indeed that we are in the small damping regime, where A\ > 0 is such
that v < w. The roots that we found are then complex conjugate, as follows:

p=—xip ., p=yVw—7>
As for the solution itself, this is given by the following formula, with ¢, d € C:

x = ceP+lt 4 dePt
— Ce*'ytJript + de*'ytfipt
— e—'yt<ceipt + de—ipt)
Now in order to have x € R, which is the same as saying z = Z, we must have ¢ = d.
Thus we can write ¢ = re™" and d = re? with » > 0 and # € R, and we obtain:
r = e‘”t(cei"t + Ee_ipt)
= 2e " Re(ce')
= 2re " Re(e'P79)
= 2re " cos(pt — 0)
Finally, the fact that we have indeed x — 0, exponentially, is clear. U
As for the critical damping case, the result here is as follows:

THEOREM 12.25. For critical oscillator damping, the trajectory is given by
z = (a+bt)e "
with the parameter v > 0 being given as usual by the formula

A

T o

and with a,b € R. With t >> 0 we have x ~ bte™"* — 0.

PROOF. Assume indeed that we are in the critical damping regime, where A > 0 is
such that v = w. In this case the roots that we found in Theorem 12.21 are both given
by p = —7, and so that result provides us with solutions as follows, with a € R:

r=ae "
Thus, we must find in this case some further solutions of the equation mi+Ai+kx = 0,
and our claim is that the following functions are solutions too:
x = bte™ "

Indeed, let us verify this, under the above critical damping assumption. By linearity
it is enough to do this for b = 1, and here the derivatives are computed as follows:

=t = d=e M —qte " =(1—qt)e "
= i=—ve ' —y(1—At)e " = —y(2 —yt)e "
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We can verify now that the equation is indeed satisfied, as follows:
mi+ M +kr = —my2—7t)e " + X1 —yt)e " + kte
= (=2my+my*t+ A= Mt + kt)e
= (my*t — Mt + kt)e !
= (my* =My +k)te
=0
Here we have used at the end the fact, that we know from Theorem 12.21 and its proof,
that the solutions of the equation mp? + A\p + k = 0 are given by p = —v & /2 — w?.
Indeed, in the present critical damping regime these solutions are both given by p = —~,
and so substituting this particular value in the equation gives zero, as needed:
my> =M +k=0
Thus, we are led to the conclusions in the statement. U
As a conclusion to all this, the precise mathematics of the oscillator damping can be

explicitly worked out, in each of the three cases that can appear, large, small or critical,
and of particular interest is the mathematics and physics of the critical damping.

12d. Falls, waves, heat

With the above discussed, basically coming from uniform gravity, time now to get
back to the equations in Fact 12.1. We first have, regarding free falls:
THEOREM 12.26. The equation of a gravitational free fall, in 1 dimension,
5o k
22
can be successfully studied, by computing t = t(x) instead of x = x(t), and we have

3
x—;( 1—— +arccos,/ )

with xo being the initial position, at launching.
PROOF. Many things can be said here, the idea being as follows:

(1) To start with, the equation in the statement, # = —k/z?, is not really solvable.
As a first idea here, we can look for a solution as follows, with 7" > 0 and A > 0:

= (T — At)?
In order for our equation to be satisfied, the following quantities must be equal:

F=plp—DN(T - Xx)P2 | L —k(T — Xt)~?

T2
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At the level of the exponent, we must have p — 2 = —2p, and so p = 2/3. As for
the coefficient, the equation here is (—2/9)\? = —k, so A = 9k/2, and A\ = 3/k/2.

Summarizing, we have our particular solution, which is as follows, with 7" > 0:

g 2/3
=|(T-3/>t
S

However, this is not the correct solution for our problem, and any attempt of further
perturbing this solution, as to get the correct solution, fails. In fact, there is no explicit
formula for the solution of & = —k/z?, and we will have to live with this.

(2) In order to say however something on the subject, we can trick as in the statement,
by computing ¢ = t(x) instead of x = z(¢). Now in order to do the inversion, we will need
the following standard computation, coming from the chain rule, applied twice:

flg(x) =2 = flg(z))d'(z)=1
= flal) = o
— o)) =5
— Pl =55
(3) So, consider our equation, written as follows, with f(£) being the position:
1) =~

When setting t = g(x), with f(g(x)) = x as above, our equation becomes:

8-t = ) -

. 1 2k:+
=—+c

g(x)? =
1

== g'(z)=—

V2k/x + ¢

Here we have chosen the above — sign at the end, when extracting the root, because
the function g = g(z), expressing time in terms of position, must be decreasing.

(4) Next, at the initial position xy the time must vanish, g(xg) = 0, and we can expect
its derivative to explode there, ¢'(x¢) = —oo. Thus the constant ¢ appearing in the above
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must be ¢ = —2k/xg, and our equation takes the following form:

g'(x) = ! !

ek V1/z—1/xg

(5) Next, with the change of variables x = ¢y, this equation becomes:

/ . To 1 _ $_8 1
o) == i) e Ve Vi1

(6) Now in order to solve this latter equation, observe that we have:

(/y_y2_|_arccos\/§>/ = -2 1 _1
2vVy—y* 2VY Vi-y

Yy
y—y
1

Vi1

Of course, this might sound a bit rude, but with a bit of patience, and some suitable
changes of variables, you can certainly come upon all this by yourself, I mean without
knowing the answer in advance. And with this being a good exercise for you.

(7) In any case, problem solved, one way or another, and as a conclusion, the solution
of our initial equation from (3), with initial data g(x¢) = 0, is as follows:

g(xoy) = \/g (M + arccos \/Q)

Now with x = zgy we are led to the formula in the statement, namely:

3
|z x x [z
=4/ 20 Z 1=
9(x) 2k ( Zo ( xo) arecos :co)

(8) What is next? Many possible things, based on this, and as a first application, we
can compute the stopping time as function of the initial position zq, as follows:

xg x%
trina = g(0) = T arccos(0) = 7 @

And we will leave some further exploration of this as an exercise. Among others, with
the above formula of ¢ = f~! in hand, you can do some numerics for the power series
expansion of f, with the conclusion that this leads nowhere, as stated in (1). O

Good to have this basic gravity question solved. As more physics, again with the
equations from Fact 12.1 in mind, we can talk as well about waves, as follows:
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THEOREM 12.27. The 1D wave equation with propagation speed v > 0, namely

G = ,0290//
has as basic solutions the following functions,
o(z,t) = Acos(kx — wt + 9)

with A being called amplitude, kx —wt+6 being called the phase, k being the wave number,
w being the angular frequency, and § being the phase constant. We have
2 2 1
A=L , 7=:2 , V== ., w=27v

k kv T

relating the wavelength X, period T, frequency v, and angular frequency w. Moreover, any
solution of the wave equation appears as a linear combination of such basic solutions.

PROOF. There are several things going on here, the idea being as follows:

(1) Our first claim is that the function ¢ in the statement satisfies indeed the wave
equation, with speed v = w/k. For this purpose, observe that we have:

"

p=-—wp , "=k

Thus, the wave equation is indeed satisfied, with speed v = w/k:

D w2 no__ 2 N
O
(2) Regarding now the other things in the statement, all this is basically terminology,
which is very natural, when thinking how ¢(z,t) = Acos(kx — wt + §) propagates.

(3) Finally, the last assertion is something quite standard, and we will be back to this
later, when discussing Fourier analysis, which is the key to such results. U

As a first observation, the above result invites the use of complex numbers. Indeed,
we can write the solutions that we found in a more convenient way, as follows:

S0($7 t) — Re [A 6i(km—wt+6)}

And we can in fact do even better, by absorbing the quantity ¢ into the amplitude
A, which becomes now a complex number, and writing our formula as:

p=Re(p) . F=Acithe

Many other things can be said here, and we will be back to waves later in this book,
with some further details, directly in the higher dimensional setting.

Along the same lines, we can talk as well about heat in 1D, as follows:
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THEOREM 12.28. The 1D heat equation with thermal diffusivity o > 0, namely
$=ay”
has as basic solution the following function:

1 —x? /4at

r,t) = —Fe
(e, t) i
Moreover, any solution appears from this, via a standard convolution procedure.

PRrROOF. As before with waves, this is a mixture of trivial and non-trivial facts:

(1) The time derivative of the function in the statement is given by:

p 1 —x? Jdat x? —x? /4at
p=———e€ ——e
2t\/t dat?\/t
Regarding the first space derivative, this is given by the following formula:
/ x —x2/4at
=— e
4 20415\/1_5
As for the second space derivative, this is given by the following formula:
S0// _ 1 e—x2/4at a? e—x2/4o¢t
20/t 40262/t

We conclude that the heat equation ¢ = a” is indeed satisfied, as claimed.

(2) As for the second assertion, this is something more advanced, the idea being that
the arbitrary solutions can be obtained by convolving the solution in the statement, called
heat kernel, with the initial data. And more on this, later in this book. U

12e. Exercises
This was a standard physics chapter, and as exercises on this, we have:
EXERCISE 12.29. Find out why our figure for g is not exactly the observed value.
EXERCISE 12.30. What happens if the bob is attached to a string, instead of a rod?
EXERCISE 12.31. Meditate on what happens when the bob is motionless, on top.
EXERCISE 12.32. Learn more about potential energy, and about energy in general.
EXERCISE 12.33. Learn more about harmonic oscillators, and about damping too.
EXERCISE 12.34. Further study the equation of the free fall, in 1 dimension.
EXERCISE 12.35. Learn more about the various types of waves, in the real life.
EXERCISE 12.36. Learn more about the heat equation, and its finer versions too.

As bonus exercise, read more basic physics, say from Feynman [31], [32], [33].
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Integrals



You’ll die as you lived, in a flash of the blade
In a corner forgotten by no one
You lived for the touch, for the feel of the steel
One man and his honor



CHAPTER 13

Integration theory

13a. Integration theory

We have seen so far the foundations of calculus, with lots of interesting results regard-
ing the functions f : R — R, and their derivatives f’ : R — R. The general idea was
that in order to understand f, we first need to compute its derivative f’. The overall
conclusion, coming from the Taylor formula, was that if we are able to compute f’, but
then also f”, and f” and so on, we will have a good understanding of f itself.

However, the story is not over here, and there is one more twist to the plot. Which will
be a major twist, of similar magnitude to that of the Taylor formula. For reasons which
are quite tricky, that will become clear later on, we will be interested in the integration
of the functions f : R — R. With the claim that this is related to calculus.

There are several possible viewpoints on the integral, which are all useful, and good
to know. To start with, we have something very simple, as follows:

DEFINITION 13.1. The integral of a continuous function f : [a,b] — R, denoted

/ ()

is the area below the graph of f, signed + where f >0, and signed — where f < 0.

Here it is of course understood that the area in question can be computed, and with
this being something quite subtle, that we will get into later. For the moment, let us just
trust our intuition, our function f being continuous, the area in question can “obviously”
be computed. More on this later, but for being rigorous, however, let us formulate:

METHOD 13.2. In practice, the integral of f > 0 can be computed as follows,

(1) Cut the graph of f from 3mm plywood,

(2) Plunge that graph into a square container of water,

(3) Measure the water displacement, as to have the volume of the graph,
(4) Divide by 3 x 1073 that volume, as to have the area,

and for general f, we can use this plus f = f. — f_, with f., f- > 0.
299
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So far, so good, we have a rigorous definition, so let us do now some computations.
In order to compute areas, and so integrals of functions, without wasting precious water,
we can use our geometric knowledge. Here are some basic results of this type:
PROPOSITION 13.3. We have the following results:

(1) When f is linear, we have the following formula:

' b
/ f(x)dx = (b—a) - M
(2) In fact, when f is piecewise linear on [a = ay,as,...,a, = b|, we have:
n—1
/b f(@)dr = > (a1 —a;)- flai) +2f(ai+l)

i=1
(3) We have as well the formula ffl V1—22de =7/2.

PROOF. These results all follow from basic geometry, as follows:

(1) Assuming f > 0, we must compute the area of a trapezoid having sides f(a), f(b),
and height b—a. But this is the same as the area of a rectangle having side (f(a)+ f(b))/2
and height b — a, and we obtain (b — a)(f(a) + f(b))/2, as claimed.

(2) This is clear indeed from the formula found in (1), by additivity.

(3) The integral in the statement is by definition the area of the upper unit half-disc.
But since the area of the whole unit disc is 7, this half-disc area is /2. 4

As an interesting observation, (2) in the above result makes it quite clear that f does
not necessarily need to be continuous, in order to talk about its integral. Indeed, assuming
that f is piecewise linear on [a = ay,as, ..., a, = b], but not necessarily continuous, we
can still talk about its integral, in the obvious way, exactly as in Definition 13.1, and we
have an explicit formula for this integral, generalizing the one found in (2), namely:

[ e =3 -y L)

Based on this observation, let us upgrade our formalism, as follows:

DEFINITION 13.4. We say that a function f : [a,b] — R is integrable when the area
below its graph is computable. In this case we denote by

/a ()

this area, signed + where f > 0, and signed — where f < 0.
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As basic examples of integrable functions, we have the continuous ones, provided
indeed that our intuition, or that Method 13.2, works indeed for any such function.
We will soon see that this is indeed true, coming with mathematical proof. As further
examples, we have the functions which are piecewise linear, or piecewise continuous. We
will also see, later, as another class of examples, that the piecewise monotone functions
are integrable. But more on this later, let us not bother for the moment with all this.

This being said, one more thing regarding theory, that you surely have in mind: is
any function integrable? Not clear. I would say that if the Devil comes with some sort
of nasty, totally discontinuous function f : R — R, then you will have big troubles in
cutting its graph from 3mm plywood, as required by Method 13.2. More on this later.

Back to work now, here are some general results regarding the integrals:

PROPOSITION 13.5. We have the following formulae,

[ 1+ owar = [ s+ [ otwras
[rs@=a[ s

valid for any functions f,g and any scalar A € R.
PRrROOF. Both these formulae are indeed clear from definitions. U

Moving ahead now, passed the above results, which are of purely algebraic and geo-
metric nature, and perhaps a few more of the same type, which are all quite trivial and
that we we will not get into here, we must do some analysis, in order to compute integrals.
This is something quite tricky, and we have here the following result:

THEOREM 13.6. We have the Riemann integration formula,

/abf(a:)da::(b—a xjvlgréo—Zf< b_“ k)

which can serve as a definition for the integral.

Proor. This is standard, by drawing rectangles. We have indeed the following for-
mula, which can stand as a definition for the signed area below the graph of f:

b iy b—a
/af(x)dx:gnmz N (a+ ~ k:)

Thus, we are led to the formula in the statement. U
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Observe that the above formula suggests that fab f(z)dz is the length of the interval
[a,b], namely b — a, times the average of f on the interval [a,b]. Thinking a bit, this is
indeed something true, with no need for Riemann sums, coming directly from Definition
13.1, because area means side times average height. Thus, we can formulate:

THEOREM 13.7. The integral of a function f :[a,b] — R is given by

/ f(@)dz = (b—a) x A(f)

where A(f) is the average of f over the interval |a, b].

PROOF. As explained above, this is clear from Definition 13.1, via some geometric
thinking. Alternatively, this is something which certainly comes from Theorem 13.6. [

The point of view in Theorem 13.7 is something quite useful, and as an illustration
for this, let us review the results that we already have, by using this interpretation. First,
we have the formula for linear functions from Proposition 13.3, namely:

/f e = (o). LOIO)

But this formula is totally obvious with our new viewpoint, from Theorem 13.7. The
same goes for the results in Proposition 13.5, which become even more obvious with the
viewpoint from Theorem 13.7. Thus, what we have in Theorem 13.7 is definitely useful.

However, not everything trivializes in this way, and the result which is left, from what
we have so far, namely the formula fjl V1 —22dx = w/2 from Proposition 13.3 (3), not
only does not trivialize, but becomes quite opaque with our new philosophy.

In short, modesty. Integration is a quite delicate business, and we have several equiv-
alent points of view on what an integral means, and all these points of view are useful,
and must be learned, with none of them being clearly better than the others.

Going ahead with more interpretations of the integral, we have:
THEOREM 13.8. We have the Monte Carlo integration formula,
Ydx = (b— lim —
/ f(x)dx = a) X Jim z; f(z;)

with xy,...,xN € [a,b] being random.
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Proor. We recall from Theorem 13.7 that the idea is that we have a formula as

follows, with the points z1,...,xy € [a,b] being uniformly distributed:
b 1 N
[ 1@ = =) x jim > fte)
But this works as well when the points z1,...,xy € [a,b] are randomly distributed,
for somewhat obvious reasons, and this gives the result. U

Observe that Monte Carlo integration works better than Riemann integration, for
instance when trying to improve the estimate, via N — N + 1. Indeed, in the context of
Riemann integration, assume that we managed to find an estimate as follows, which in
practice requires computing N values of our function f, and making their average:

b —a b—
a+——~:k
/ f zf( ALl )
In order to improve this estimate, any extra computed value of our function f(y) will
be unuseful. For improving our formula, what we need are N extra values of our function,

f(y1),- .., f(yn), with the points i, ..., yy being the midpoints of the previous division
of [a, b], so that we can write an improvement of our formula, as follows:

o X b—a
Tk
/ J 2N ; / <a TN )
With Monte Carlo, things are far more flexible. Assume indeed that we managed to
find an estimate as follows, which again requires computing N values of our function:

/f b‘afoz

Now if we want to improve this, any extra Computed value of our function f(y) will
be helpful, because we can set z,,; = y, and improve our estimate as follows:

/abf(x)d N+1

And isn’t this potentially useful, and powerful, When thinking at practically computing
integrals, either by hand, or by using a computer. Let us record this finding as follows:

N+1

CoONCLUSION 13.9. Monte Carlo integration works better than Riemann integration,
when it comes to computing as usual, by estimating, and refining the estimate.

As another interesting feature of Monte Carlo integration, this works better than Rie-
mann integration, for functions having various symmetries, because Riemann integration
can get “fooled” by these symmetries, while Monte Carlo remains strong.
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As an example for this phenomeon, chosen to be quite drastic, let us attempt to
integrate, via both Riemann and Monte Carlo, the following function f : [0, 7] — R:

f(z) = ‘sin(lQOx}‘
The first few Riemann sums for this function are then as follows:
L(f) = g(| sin 0| + | sin 607|) = 0

L(f) = g(| sin 0| + | sin40x| + |sin807|) =0

L(f) = %(| sin 0] + | sin 307 | + | sin 607| + | sin 907|) = 0

™

h(f) =
Is(f) = %(| sin 0| + | sin 20| + | sin 407| + | sin 607| + | sin 807 | + | sin 1007|) = 0

(|sin 0| + |sin 247| 4 | sin 487 | + | sin 727| + | sin 967|) = 0

Based on this evidence, we will conclude, obviously, that we have:

/0 " fla)dz = 0

With Monte Carlo, however, such things cannot happen. Indeed, since there are
finitely many points « € [0, 7] having the property sin(120z) = 0, a random point = € [0, 7]
will have the property |sin(120x)| > 0, so Monte Carlo will give, at any N € N:

T h— N
/ f(z)dr ~ NaZf(xi)>O
0 k=1

Again, this is something interesting, when practically computing integrals, either by
hand, or by using a computer. So, let us record, as a complement to Conclusion 13.9:

CoNCLUSION 13.10. Monte Carlo integration is smarter than Riemann integration,
because the symmetries of the function can fool Riemann, but not Monte Carlo.

All this is good to know, when computing integrals in practice, especially with a
computer. Finally, here is one more useful interpretation of the integral:

THEOREM 13.11. The integral of a function f : [a,b] — R is given by

/f@ﬂx—@—@xEﬁ)

where E(f) is the expectation of f, regarded as random variable.

PRrooF. This is just some sort of fancy reformulation of Theorem 13.7, the idea being
that what we can “expect” from a random variable is of course its average. We will be
back to this later in this book, when systematically discussing probability theory. U
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13b. Riemann sums

Our purpose now will be to understand which functions f : R — R are integrable, and
how to compute their integrals. For this purpose, the Riemann formula in Theorem 13.6
will be our favorite tool. Let us begin with some theory. We first have:

THEOREM 13.12. The following functions are integrable:

(1) The piecewise continuous functions.
(2) The piecewise monotone functions.

Proor. This is indeed something quite standard, as follows:

(1) It is enough to prove the first assertion for a function f : [a,b] — R which is
continuous, and our claim here is that this follows from the uniform continuity of f. To
be more precise, given € > 0, let us choose § > 0 such that the following happens:

lz—yl <6 = [f(z) - fly)l <e
In order to prove the result, let us pick two divisions of [a, b], as follows:

I=la=a<ay<...<a,=D]

I'=la=a)<ay<...<a,=1

Our claim, which will prove the result, is that if these divisions are sharp enough, of
resolution < 0/2, then the associated Riemann sums X;(f), ¥ (f) are close within e:

)
2

(2) In order to prove this claim, let us denote by [ the length of the intervals on the
real line. Our assumption is that the lengths of the divisions I, I’ satisfy:

Qig1 — @ < =, Qg — G < 0y = ‘Zl(f>_zl’(f){<€

) ;L 4]
l([ai7ai+1]) < 5 l([ai7ai+1]) < 2

Now let us intersect the intervals of our divisions I, I’, and set:

lz’j = l([ai, Cli+1] N [CL;, CL;_H])

The difference of Riemann sums that we are interested in is then given by:

20 =S| = [P laf(@) = Yl f(@)

- Z lij(f(ai) — f(a;))
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(3) Now let us estimate f(a;) — f(a}). Since in the case l;; = 0 we do not need this
estimate, we can assume [;; > 0. Now by remembering what the definition of the numbers
l;; was, we conclude that we have at least one point € R satisfying:

x € [a;, aia] N [aj, af ]
But then, by using this point x and our assumption on I, I’ involving ¢§, we get:

i —dl| < Jai—a] + |e - d]

< 0.0
= 272
~ 5

Thus, according to our definition of ¢ from (1), in relation to e, we get:

|f(a:) = flaf)] < e

(4) But this is what we need, in order to finish. Indeed, with the estimate that we
found, we can finish the computation started in (2), as follows:

i) = S (f)] =

= e(b—a)

Thus our two Riemann sums are close enough, provided that they are both chosen to
be fine enough, and this finishes the proof of the first assertion.

(5) Regarding now the second assertion, this is something more technical, that we will
not really need in what follows. We will leave the proof here, which uses similar ideas to
those in the proof of (1) above, namely subdivisions and estimates, as an exercise.

(6) Finally, let us mention that the present result is just a beginning, and many other
things can be said about the integrable functions, and about the non-integrable functions
too. For more on all this, have a look at any specialized measure theory book. U

In what follows we will be mainly interested in the continuous functions. As a useful
complement to the various theoretical results from the previous section, we have:

THEOREM 13.13. Given a continuous function f : [a,b] — R, we have

dc € [a,b] /f(x)dx:(b—a)f(c)

with this being called mean value property.
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PROOF. Our claim is that this follows from the following trivial estimate:

min(f) < f < max(f)

Indeed, by integrating this over [a, b], we obtain the following estimate:

b
(b — a)min(f) < / f(z)dz < (b — a)max(f)
Now observe that this latter estimate can be written as follows:
b—a

Since f must takes all values on [min(f), max(f)], we get a ¢ € [a, b] such that:

b
LSl _ )

Thus, we are led to the conclusion in the statement. Il

min(f) < < max(f)

At the level of examples now, let us first look at the simplest functions that we know,
namely the power functions f(x) = 2. However, things here are tricky, as follows:

THEOREM 13.14. We have the integration formula
b
bp+1 _ 4p+1
/ 2Pdx = LA
a p+1
valid for any p € N.

Proor. This is something quite tricky, the idea being as follows:

(1) By linearity we can assume that our interval [a,b] is of the form [0, ¢|, and the
formula that we want to establish is as follows:

c Cp+1
/ 2Pdx =
0 p+1

(2) We can further assume ¢ = 1, and by expressing the left term as a Riemann sum,
we are in need of the following estimate, in the N — oo limit:

NPp+1
p+1

(3) So, let us try to prove this. At p = 0, obviously nothing to do, because we have
the following formula, which is exact, and which proves our estimate:

194204+ .+ N°=N

P42+ .+ NP~
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(4) At p = 1 now, we are confronted with a well-known question, namely the compu-
tation of 1 +2 4 ... + N. But this is simplest done by arguing that the average of the

numbers 1,2,..., N being the number in the middle, we have:
1+2+...+N N+1
N 2

Thus, we obtain the following formula, which again solves our question:
N(N +1) N2
2 2
(5) At p = 2 now, go compute 1% + 2% + ... + N2 This is not obvious, so as a

preliminary, let us go back to the case p = 1, and try to find a new proof there, which
might have some chances to extend at p = 2. And here, we have the following trick:

1424+...+N=

N+1

Now the point is that this trick works at p = 2 too. Indeed, if we consider the 3D
shape P formed by a succession of solid squares, having sizes 1 x 1, 2 x 2, 3 x 3, and so
on up to N x N, if we stack 6 copies of P we get a parallelepiped, which gives:

N(N+1)2N+1) N°
6 3

Alternatively, you can get this by computing 12 +22 4 ... 4+ N2 for small values of N,
then conjecturing the above formula, and proving your conjecture by recurrence.

124224 ...+ N2 =

(6) At p = 3 now, the legend has it that by deeply thinking in 4D we are led to the
following formula, a bit as in the cases p = 1,2, explained above:
N2(N +1)? N 4
4 4
Alternatively, assuming that the gods of combinatorics are with us, we can see right
away the following formula, which coupled with (2) gives the result:

P28+ 4+ N =(1+2+...+N)?

P+224+. .+ N =

In any case, in practice, the above formula holds indeed, and you can of course come
upon it via some numerics too, and then check it by recurrence.
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(7) All this is very nice, but coming now as bad news, at p = 4,5,6, ... the situation
is more complicated, with the formulae, provable by recurrence, being as follows:

N(N+1)(2N +1)(3N2+3N —-1) N°
' +2' 4.+ N = (V+ DEN+DEN"+3 ) .V

30 5)
N2(N + 1)%(2N?2 + 2N +1 N6
P9y LN = (N +1)%( + + )2_
12 6
N(N + 1)(2N + 1)(3N* +6N3 — 3N + 1 N7
154264 .+ N6= (V+ DN + )(42 + + )27

(8) In fact, we have the following formula, valid at any p € N, which is provable by
recurrence, making appear the Bernoulli numbers By, that we met in chapter 11:

1 & 1
P42 4. NP = —— (—1)";(er )BkNp“"f

p+1 P k
To be more precise, this formula is compatible with those above at p = 0,...,6, with
the data for the first Bernoulli numbers, from chapter 11, being as follows:
1 1 1 1
Bo=1, B =-—- By = = B;3=0, By=-—— Bs=0, Bg=—
0 ) 1 92 ) 2 6 ) 3 ) 4 30 ) 5 ) 6 49

As for the proof, when trying to establish this by recurrence, we are led into the
recurrence formula for the Bernoulli numbers, from chapter 11, which was as follows:

" im+1
k=0

And we will leave clarifying this, and some further learning here, as an exercise.

(9) Now the point is that the above formula does the job for our integration purposes,
because we obtain right away the following estimate, exactly as needed:

Np+1
1P+2P 4+ ...+ NP~
p+1
Summarizing, theorem proved, with the cases p = 0,1,2,3 being elementary, then
p=4,5,6,... being doable too, and p € N general requiring Bernoulli numbers. U

As a continuation of this, and following somehow the story with the other occurrences
of the power functions P, from this book, in the context of the generalized binomial
formula, and of the computation of derivatives too, we can safely conjecture that the
formula in Theorem 13.14 should hold as well for negative exponents, p € —N, via some
combinatorial work, then in fact for any p € QQ, via some further combinatorial work, and
then in fact at any p € R, say by invoking a suitable continuity argument.
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Ready for this? In the hope that it is so, because you are young and enthusiastic, and
loving complicated computations. However, in what regards myself, well, I'm now quite
old, and I'd rather leave this as a conjecture, in waiting for better times and ideas:

CONJECTURE 13.15. We have the following estimate,

Np+1

1P 4+22 4 .+ NP ~
p+1

and so, by Riemann sums, we have the following integration formula,

b

bp+1 _ 4P+l

/ Pdp — 2 @
a p+1

valid for any exponent p € R.

Now, instead of struggling with the above conjecture, let us look at some other func-
tions, which are not polynomial. And here, as good news, we have:

THEOREM 13.16. We have the following integration formula,

b
/ dr = e’ — e
a

valid for any two real numbers a < b.

Proor. This follows indeed from the Riemann integration formula, because:

b . ' e+ ea+(bfa)/N + 6a+2(bfa)/N .+ 6a+(N71)(bfa)/N
e’dr = lim

N—o0 N
a

= lim e (1 4 e-a)/N | 200-a)/N 4 e(Nfl)(bfa)/N)
N

N—o0

Thus, we are led to the conclusion in the statement. O

Summarizing, we have some Riemann sum knowledge for the power functions, and the
exponentials. For other functions, such as the trigonometric ones, such computations can
be quite complicated, and so, with due apologies, we will have to stop our study here.
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13c. Primitives, rules

The problem is now, what to do with what we have, from the above. Not obvious, so
stuck, and as always in such situations, time to ask the cats. And the cats say:

CATs 13.17. Summing the infinitesimals of the rate of change of the function should
give you the global change of the function. Obuvious.

Which is quite puzzling, usually my cats are quite helpful. It is either that Nicolas
learned some bad analytic tricks from Vladimir, or perhaps vice versa, that Vladimir
leaned some bad algebraic methods from Nicolas, or most likely, both.

This being said, wait. There is suggestion to connect integrals and derivatives, and
this is in fact what we have, coming from what we have from before, due to:

1\’
($+1> =t (") =
p

So, eureka, we have our idea, thanks cats. Moving ahead now, following this idea, we
first have the following result, called fundamental theorem of calculus:

THEOREM 13.18. Given a continuous function f : [a,b] — R, if we set

F(x) :/ f(s)ds
then F" = f. That is, the derivative of the integral is the function itself.

Proor. This follows from the Riemann integration picture, and more specifically,
from the mean value property from Theorem 13.13. Indeed, we have:

Flx+t)—F(z) 1 [*
. _Z/x f(z)dz

On the other hand, our function f being continuous, by using the mean value property
from Theorem 13.13, we can find a number ¢ € [z, z + t] such that:

1 -+t
[ s = s
Thus, putting our formulae together, we conclude that we have:
Flx+t)— F(x
a0 P _

Now with ¢ — 0, no matter how the number ¢ € [x,z + t] varies, one thing that we
can be sure about is that we have ¢ — x. Thus, by continuity of f, we obtain:

. Fle+1t) - F(z)
fi / = /@)
But this means exactly that we have F' = f, and we are done. U
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We have as well the following result, also called fundamental theorem of calculus:

THEOREM 13.19. Given a function F': R — R, we have

b
/ F'(a)dz = F(b) — Fla)
for any interval [a, b].

PRrROOF. As already mentioned, this is something which follows from Theorem 13.18,
and is in fact equivalent to it. Indeed, consider the following function:

G(s) = / P (a)ds

By using Theorem 13.18 we have G’ = F’, and so our functions F,G differ by a
constant. But with s = a we have G(a) = 0, and so the constant is F'(a), and we get:

F(s)=G(s)+ F(a)
Now with s = b this gives F'(b) = G(b) + F'(a), which reads:

b
F(b) = / F'(z)dz + F(a)

Thus, we are led to the conclusion in the statement. ]
As a first illustration for all this, solving our previous problems, we have:

THEOREM 13.20. We have the following integration formulae,

b b
bp+1_ p+1 1 b
/a:pdx:—a , /—dleog(—)
a p+1 a T a
b b
/Sinxdx:cosa—cosb , /cosxd:v:sinb—sina

b b
/ e“dr =e’ — et | / logxdr =blogb—aloga —b+ a
all obtained, in case you ever forget them, via the fundamental theorem of calculus.

PRrROOF. We already know some of these formulae, but the best is to do everything,
using the fundamental theorem of calculus. The computations go as follows:

(1) With F(z) = 2P we have F'(x) = px?, and we get, as desired:

b
/ paP dx = P — Pt
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(2) Observe first that the formula (1) does not work at p = —1. However, here we can
use F'(x) = logx, having as derivative F'(z) = 1/x, which gives, as desired:

b1 b
/ —dx =logb —loga = log (—)
0 T a

(3) With F(z) = cosx we have F'(x) = —sinz, and we get, as desired:
/b—sinxdx =cosb —cosa

(4) With F(z) = sinz we hzsve F'(x) = cosz, and we get, as desired:
/bcosxd:v =sinb —sina

(5) With F(z) = e we have F'(z) = €*, and we get, as desired:

b
/ e dr = e’ — e
a

(6) This is something more tricky. We are looking for a function satisfying:
F'(z) =logx

This does not look doable, but fortunately the answer to such things can be found on
the internet. But, what if the internet connection is down? So, let us think a bit, and try
to solve our problem. Speaking logarithm and derivatives, what we know is:

1
logz) = —
(logz) .

But then, in order to make appear log on the right, the idea is quite clear, namely
multiplying on the left by z. We obtain in this way the following formula:

(xlogx) =1-logx +x - i =logx +1
We are almost there, all we have to do now is to substract x from the left, as to get:
(xlogx —x) =logx
But this this formula in hand, we can go back to our problem, and we get the result. [
Getting back now to theory, inspired by the above, let us formulate:
DEFINITION 13.21. Given f, we call primitive of f any function F satisfying:
F=f

We denote such primitives by f f, and also call them indefinite integrals.
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Observe that the primitives are unique up to an additive constant, in the sense that if
F'is a primitive, then so is F'+ ¢, for any ¢ € R, and conversely, if F, G are two primitives,
then we must have G = F' + ¢, for some ¢ € R, with this latter fact coming from a result
from chapter 9, saying that the derivative vanishes when the function is constant.

As for the convention at the end, F = [ f, this comes from the fundamental theorem
of calculus, which can be written as follows, by using this convention:

[rwa=([1)o-([1)w

By the way, observe that there is no contradiction here, coming from the indeterminacy
of [ f. Indeed, when adding a constant ¢ € R to the chosen primitive [ f, when computing
the above difference the ¢ quantities will cancel, and we obtain the same result.

We can now reformulate Theorem 13.20 in a more digest form, as follows:

THEOREM 13.22. We have the following formulae for primitives,

p+1 1
/xp: * , /—zlogm
p+1 T
/sinx——cosx , /cosx—sinx
/e’”:el’ , /logx:xlogx—x

allowing us to compute the corresponding definite integrals too.

PROOF. Here the various formulae in the statement follow from Theorem 13.20, or
rather from the proof of Theorem 13.20, or even from chapter 9, for most of them, and
the last assertion comes from the integration formula given after Definition 13.21. (|

Getting back now to theory, we have the following key result:

THEOREM 13.23. We have the formula
/f’g+/fg’=fg

Proor. This follows by integrating the Leibnitz formula, namely:

(fg) = fg+ fd

Indeed, with our convention for primitives, this gives the formula in the statement. [

called integration by parts.
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In terms of usual integrals, Theorem 13.23 reformulates as follows, with this being
called integration by parts too, with the convention [p]® = p(b) — p(a):

/abf/g+/abfg’= [fg]z

In practice, the most interesting case is that when fg vanishes on the boundary {a, b}
of our interval, leading to the following formula, in this case:

b b
/ flg=- / fq
Now still at the theoretical level, completing our series of theorems, we have:

THEOREM 13.24. We have the change of variable formula

/ f(x)dz = / Fo(B) (Bt
)

where ¢ = ¢~ (a) and d = @~ (D).

ProOOF. This follows with f = F’, from the following differentiation rule, that we
know from chapter 9, and whose proof is something elementary:

(Fo)'(t) = F'((t))¢' ()
Indeed, by integrating between ¢ and d, we obtain the result. U

As a first application now of our theory, in relation with advanced calculus, and more
specifically with the Taylor formula from chapter 11, we have:

THEOREM 13.25. Given a function f: R — R, we have the formula

n f(k)(x) T+t f(n+1)(8)
f(:c+t):kzg o tk+/ —

called Taylor formula with integral formula for the remainder.

(x+t—s)"ds

Proor. This is something which looks a bit complicated, so we will first do some
verifications, and then go for the proof in general:

(1) At n = 0 the formula in the statement is as follows, and certainly holds, due to
the fundamental theorem of calculus, which gives fj“ f(s)ds = f(x +1t) — f(x):

fert =i+ [ " po)ds

(2) At n =1, the formula in the statement becomes more complicated, as follows:

x4+t
o+ 1) = f@) + f)+ / F1($) (@ 4+t — s)ds
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As a first observation, this formula holds indeed for the linear functions, where we
have f(z +t) = f(x) + f'(z)t, and f” = 0. So, let us try f(z) = 2. Here we have:

flx+t)— f(z) = fl(2)t = (v +1)* —2® — 22t = #*

On the other hand, the integral remainder is given by the same formula, namely:
ot o+t
/ f'(s)(x+t—s)ds = 2/ (x +t—s)ds

T+t
= 2t(:r:+t)—2/ sds

= 2z +1t) — ((x +1)* — 27
= 2z +2t* =2z —t°
= ¢2
(3) Still at n = 1, let us try now to prove the formula in the statement, in general.

Since what we have to prove is an equality, this cannot be that hard, and the first thought
goes towards differentiating. But this method works indeed, and we obtain the result.

(4) In general, the proof is similar, by differentiating, the computations being similar
to those at n = 1, and we will leave this as an instructive exercise. U

Many other things can be said, as a continuation of the above. We will be back to
this in chapter 14, with a number of more specialized results, on approximation.

13d. Areas, volumes

Getting now towards more concrete applications of our technology, we can compute all
sorts of areas and volumes. Normally such things are rather the business of multivariable
calculus, and more on this later in this book, in the final chapter, dedicated to several
variables, but with the techniques that we have so far, we can do a number of things.

Let us first talk about ellipses. These are very familiar objects, generalizing the circles,
and with our integration methods we can now compute their areas, as follows:
THEOREM 13.26. The area of an ellipse, given by the equation
N 2 Y\ 2
DRIOR
(a) b
with a,b > 0 being half the size of a box containing the ellipse, is A = mwab.

Proor. This is something very standard, the idea being as follows:
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(1) To start with, let us draw a picture. Here that is, making it clear what the
parameters a,b > 0 stand for, with 2a x 2b being the gift box size for our ellipse:

T

~_ )

(2) The idea will be that of cutting the ellipse into vertical slices. First observe that,
according to our equation (z/a)? + (y/b)*> = 1, the x coordinate can range as follows:

x € [—a,al

For any such z, the other coordinate y, satisfying (z/a)? + (y/b)*> = 1, is given by:

/ 12

Thus the length of the vertical ellipse slice at x is given by the following formula:

/ 72

(3) We conclude from this discussion that the area of the ellipse is given by:

a 2
A = 2b/ J1- 5 de
—a a

4b [
= —/ va? —z2dx
a Jo
1
= 4ab/ Vv1—y?dy
0

s
= 4dab-—
Y
= mab
(4) Finally, as a verification, for a = b =1 we get A = 7, as we should. O

Still talking ellipses, in what regards the length things are quite tricky, as follows:
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THEOREM 13.27. The length of an ellipse, given by (x/a)* + (y/b)? =1, is

w/2
L:4/ \/azsin2t+b20052tdt
0

and with this integral being generically not computable.
ProoF. This is something quite surprising, the idea being as follows:

(1) To start with, in the case where our ellipse is a circle, say of radius R, the area
and length are related by the formula A = LR/2, as we know well from chapter 3, and
so we get L = 2w R. The problem, however, is that the “pizza” argument from chapter 3
obviously does not work for general ellipses, so we must find something else.

(2) So, what is the length of a curve v : [a,b] — R?? Good question, and in answer,
a physicist would say that this is the quantity obtained by integrating the magnitude of
the velocity vector over the curve, with respect to time. But this velocity vector is /(t),
having magnitude ||7/(¢)||, so we are led to the following formula:

= [ I@la

(3) Regarding now mathematicians, these would say that the length of a curve is the
following quantity, with (¢t = a,ts,...,t,—_1,t, = b) being a uniform division of (a, b):

= lim Z v (t:) — (i)l
=1

But, by using the fundamental theorem of calculus, we can write this as follows:

i

And the point now is that, by doing some standard analysis, that we will leave here
as an instructive exercise, we are led to the formula in (2).

n—00 <

(4) Getting back now to the ellipses, we can compute their length, as follows:
/2 dz\? dy ?
L = 4 — — | dt
/ \/ dt " dt)
/ \/ da Cost (dbsint>2
dt

= 4/ \/G2Sin2t—|—b2COSQtdt
0

(5) As for the last assertion, when a = b = R we get of course L = 27 R, as we should,
but in general, when a # b, there is no trick for computing the above integral. U
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Moving now to 3D, as an obvious challenge here, we can try to compute the area and
volume of the sphere, and more generally of the ellipsoids. We have here:
THEOREM 13.28. The volume of the unit sphere in R? is given by:
41
V=—
3
More generally, the volume of an ellipsoid, (x/a)* + (y/b)* + (z/c)* = 1, is:
4dmabe

3

The area of the unit sphere is A = 4xw. For ellipsoids, this is generically not computable.

V=

PROOF. There are several things going on here, as follows:

(1) Let us first compute the volume of the ellipsoid, which at a = b = ¢ =1 will give
the volume of the unit sphere. The range of the first coordinate x is as follows:

x € [—a,al

Now observe that when the first coordinate x is fixed, in this range, the other coordi-
nates y, z vary on an ellipse, given by the following equation:

5+ () ==

Next, observe that this latter equation can be written as follows:

B o=

Thus, the vertical slice of our ellipsoid at x has area as follows:
‘r 2
A(z) = nfy = wbe [1 - <E> }

(2) We conclude that the volume of the ellipsoid is given, as claimed, by:

vV o= ﬂbc/a1—<g>2d9€

—a

3 a
= mwbc {x — :17_}

3a?

be 2a+2a
= T [ F—
3 3

4rabe
3
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(3) Getting to the unit sphere, its volume follows to be V' = 47 /3. In order to convert
this into an area formula, we can use the same “pizza” argument as in 2 dimensions, but
with a 3 factor appearing. Indeed, consider a tetrahedron, in 3D space:

A

B

The volume of this tetrahedron is then given by the following formula, coming for
instance by constructing a triangular prism, out of 3 copies of this tetrahedron:

1
volume = 3 X basis area X height

(4) Now recall the “pizza” argument from 2 dimensions, from chapter 3. By using (3)
the same will apply in 3D, giving the following formula, for the area of the sphere:

4
A:3><V=3><§:47T

(5) Finally, the last assertion, regarding the area of ellipsoids, is something quite
informal, coming from the last assertion in Theorem 13.27, which was informal too. [

13e. Exercises
Welcome to integration, and as theoretical exercises on this, we have:
EXERCISE 13.29. Learn more about the Monte Carlo formula, and its applications.
EXERCISE 13.30. Find, then sell, a good algorithm for producing random numbers.
EXERCISE 13.31. Learn more, from probabilists, about variables and their expectations.
EXERCISE 13.32. Clarify the integration property of piecewise monotone functions.
EXERCISE 13.33. Learn a bit about Lebesgue measure, and measurable functions.
EXERCISE 13.34. Learn also about the convergence theorems of Lebesgue and Fatou.
EXERCISE 13.35. Have a look as well at several variables, and the Fubini theorem.
EXERCISE 13.36. And do not hesitate to learn further things, such as Radon-Nikodym.

As bonus exercise, and no surprise here, explicitly compute 100 integrals.



CHAPTER 14

Heavy analysis

14a. Gauss, Fresnel

Good news, with the differentiation theory discussed in Part III, complemented by the
integration theory from chapter 13, we have now all the basic tools of 1-variable calculus,
in our bag. And so, starting from this point of this book, there will be no excuses, we will
have to do heavy analysis and computations, as heavy as these can get. Hang on.

As a first goal, we have unfinished business with the differential equations. We dis-
cussed these in chapter 12, but time and again we said there that the proper tool for
dealing with them are the “antiderivatives”. But now that we know that the antideriva-
tives are integrals, time to see how our integration theory applies to them.

Getting to work, we would like to review the 1D wave and heat equations, discussed
in chapter 12. In order to deal with the waves, following d’Alembert, we will need the
following useful technical result, which is something having its own interest:

PROPOSITION 14.1. The derwative of a function of type
h(zx)

p(x) = f(s)ds

9(z)
is given by the formula ¢'(x) = f(h(z))h'(z) — f(g(x))d (x).
PRrOOF. Consider a primitive of the function that we integrate, I’ = f. We have:

h(x)
olz) = /( £(s)ds
)

x)

= /h(w F'(s)ds
g(z)
= F(h(z)) — F(g(z))

By using now the chain rule for derivatives, we obtain from this:
¢'(x) = F'(h(x)h'(x) = F'(g(x))g'(x)
= [f(h(@)l'(z) — f(g(x))g (x)
Thus, we are led to the formula in the statement. U

321
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Now back to the 1D waves, the general result here, due to d’Alembert, along with a
little more, in relation with our lattice models from chapter 10, is as follows:

THEOREM 14.2. The solution of the 1D wave equation ¢ = v3@" with initial value
conditions p(x,0) = f(z) and ¢(x,0) = g(x) is given by the d’Alembert formula:

flx—vt)+ flx+ot) 1 [
2 +%/x

p(e,t) = g(s)ds

—ut

Also, in the context of our previous lattice model discretizations, what happens is more or
less that the above d’Alembert integral gets computed via Riemann sums.

PROOF. There are several things going on here, the idea being as follows:

(1) Let us first check that the d’Alembert solution is indeed a solution of the wave
equation ¢ = v?¢”. The first time derivative is computed as follows:

. —vf'(x —vt) +of'(z+ vt 1
platy = ~TEZOAOEED Lt tor) 1 gl — o)
The second time derivative is computed as follows:

Qb(l',t) _ U2f//(I — Ut) ;‘ U2f(I + Ut) . Ug’(x + Ut) ; vg’(m B Ut)

Regarding now space derivatives, the first one is computed as follows:

Gty = TEZOETEE 4 L tor) — g/ — o)

As for the second space derivative, this is computed as follows:
[z —vt) + f'(z 4+ vt) N g"(x +vt) — ¢"(x — vt)
2 2v

Thus we have indeed ¢ = v?p”. As for the initial conditions, ¢(z,0) = f(z) is clear
from our definition of ¢, and ¢(z,0) = g(z) is clear from our above formula of ¢.

SON(I” t) =

(2) As a comment here, consider the basic solutions of the wave equation ¢ = v2p"”
that we found in chapter 12, which were as follows, with w/k = v:

o(x,t) = Acos(kx — wt + )
The initial data for these particular solutions is then as follows:
f(z) = o(z,0) = Acos(kz + 9)
g(z) = ¢(x,0) = wAsin(kx + 0)

Now by plugging this into the d’Alembert formula, and doing the computation, with
this being an easy exercise for you, we obtain indeed ¢(x,t) = Acos(kx — wt + J).
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(3) Next, we must show that our solution is unique. And here, instead of going
into abstract arguments, we will simply solve our equation, which among others will
doublecheck the computations in (1). Let us make the following change of variables:

y=x—vt , z=zx+vl

The point now is that, with this change of variables, which is something quite tricky,

mixing space and time variables, and by assuming some multivariable calculus know-how,

our wave equation ¢ = v?¢” reformulates in a very simple way, as follows:

o
dydz
But this latter equation tells us that our new y, z variables get separated, and we
conclude from this that the solution must be of the following special form:

o(x,t) = F(y) + G(z) = F(x — vt) + G(x + vt)

Now by taking into account the intial conditions ¢(z,0) = f(z) and $(z,0) = g(z),
and then integrating, we are led to the d’Alembert formula in the statement.

(4) Summarizing, uniqueness proved, modulo some multivariable calculus trickery,
that we will actually learn later in this book, in chapter 16. We will be back to this.

(5) In regards now with our discretization questions, by using a 1D lattice model
with balls and springs as before, what happens to all the above is more or less that the
d’Alembert integral gets computed via Riemann sums, in our model, as stated.

(6) Finally, as one more thing that can be said, and which is something quite intuitive,
when thinking at waves, the solutions appear in fact as superpositions of the basic solutions
from (2). And more on this in chapter 15, when discussing Fourier analysis.

(7) And we will end our discussion here. To make a summary, we talked about waves
in chapter 10, then in chapter 12 with more tools, then here with even more tools, but
the story is certainly not over here. And more on this, later in this book. U

Very nice all this, at least we know one thing. Getting now to the heat equation,
» = ay”, we know from chapter 12 that the basic solutions are as follows:

1
- 6—x2/4oct
Vit
Which brings us first, mathematically, into the question of integrating the exponentials
on the right. And here, we have the following famous result, due to Gauss:

gO(iE,t) =

THEOREM 14.3. We have the following formula,

/ezzdx =7
R

called Gauss integral formula.
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Proor. This is something truly magic, the idea being as follows:

. . . 2 .
(1) To start with, we can certainly integrate e~ by using the formula of the expo-

nential series, and the primitive which is worth 0 at x = 0 is given by:

2k+1
/ Z 2k: (2k + 1)k!

However, this series is not computable, in terms of the known, familiar series.

(2) Thus, no primitive, but we can still ask for the computation of fR e~ dx, who
knows. And here, another surprise awaits us, this is simply undoable, with bare hands, I
mean all the formulae and tricks that we learned in chapter 13 fail, for this integral.

(3) Which seems to send our problem to the trash can. However, and here comes the
magic, the Gauss integral can be computed by using two dimensions, as follows:

//6_12_y2dxdy 4/ / e_mQ_dexdy
R JR o Jo
= 4/ / e’t2y2’y2ydtdy
- / / ye Y (1+t2)dydt
1+t2)
= / / dydt
=2 /0 1+ t2

= 2/ (arctant)'dt
0

= 7

(4) Amazing all this, isn’t it. Let us mention too that there are some other known
proof of the Gauss formula, but all using two dimensions. Among these, we have for
instance the following quick computation, assuming some polar coordinate know-how:

//e_zQ_dexdy = / / " rdrdt
R JR
= 27 / ‘. dr
O 2

= T

And more on this, and more specifically on dxdy = rdrdt, in chapter 16. U
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Getting back now to the heat equation, we have the following result, about it:

THEOREM 14.4. The heat equation, ¢ = ap” with o > 0, with initial condition

o(x,0) = f(x), has as solution the function

p(z,t) = /RKt(:r —y)f(y)dy

where the function K; : R — R, called heat kernel, given by
1 2
K.(1) = e~ /4at
@) Virat

s the standard solution, coming from f = &g, normalized as to have mass 1.

PROOF. There are several things going on here, the idea being as follows:

(1) To start with, the function K} in the statement is indeed the standard solution

that we found in chapter 12, normalized as to have mass 1, with this coming from:

1 2
K, (z)dx = e~ % /Aot g
/R (@) \/47rozt/R

1 2
= \/M/Re Y"Vdat dy
1
= -Vdat -/
Vimar Viat-vm

=1

(2) Next, we can see that by plugging f = Jp in the statement, we obtain precisely this
standard solution K;. And with this being something which is not surprising, K; coming

from the simplest situation, that of a radiating point body placed at 0.

(3) Getting now to computations, let us first recall from chapter 12 the verifications
for the basic solution K; itself. Taking into account our normalization factor 1/v/4ma,

introduced for having mass 1, the time derivative of this function was given by:

y 1 —x2 /4at a? —x2 /4at
Ki=——————e +——¢

- 2t/4mat dot?\/Arat
Regarding the first space derivative, this was given by the following formula:

/ —x2/4at

T
= ¢
2ot/ 4Arat

As for the second space derivative, this was given by the following formula:

= ¢ -
¢ 2ot/ Amat 4o2t2\/Arat

And we can see that the heat equation ¢ = ap” is indeed satisfied.

2
" 1 —x2/4at x e—x2/4ozt
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(4) Now the point is that when perturbing the heat kernel K; by an arbitrary function
f, according to the procedure in the statement, which is called convolution, all these
computations will perturb well to, according to the following two formulae:

Pz, t) = /RKt(:r —y)f(y)dy

¢"(2,1) = /RKé’(rc —y)f(y)dy

Thus, we can see that the heat equation ¢ = a” is indeed satisfied.

(5) So, this was for the story of the heat equation, first studied in chapter 10, then in
chapter 12 with more tools, and then here with even more tools, and as before with the
waves, things are certainly not over here. More about this, later in this book. O

We would like to end this section with a quick discussion of the Fresnel integrals.
These integrals, coming as well from physics, and more specifically from the work on
Fresnel on optics, are quite similar to the Gauss integral, the result being as follows:

THEOREM 14.5. We have the following formulae,

/Ooo sin(t?)dt = /OOO cos(t?)dt = \/g

with these being called Fresnel integrals.

PRrROOF. This is something quite tricky, a bit as before for the Gauss integral, that we
discussed in Theorem 14.3, the idea with this being as follows:

(1) As before with Gauss, we can certainly integrate sin(¢?) and cos(t?) by using the
series of sin and cos, and the primitives which are worth 0 at = 0 are given by:

/sin(tQ) = ;(_1)k(4]€ +3)(2k + 1)!
o) ZL’4k+1
[ oo = 30

However, these series are not computable, in terms of the known, familiar series.

(2) Next, and again as before with Gauss, we can try however to compute the integrals
in the statement, and here the basic tools of one-variable calculus fail. But then, again
as with Gauss, the two dimensions come to the rescue. In order to discuss this, observe
first that, due to e’ = cos(t?) + isin(t?), the Fresnel formulae are equivalent to:

/wBthdt:ﬁ1+Z
. 2 2




14A. GAUSS, FRESNEL 327

(3) So, let us prove this. For this purpose, consider the following function:
(t) / R —
) = o 1 —u? “
The derivative of this function is then given by the following formula:

fit) = 2t / = gy,
0

it? > —u2t2?
= 2te e du
0

2 & 2
= 26”/ eV dv
0

VT
2

= Jre

(4) Now let us integrate this derivative, from 0 to co. We obtain in this way:

\/E/Oooe“zdt = /Ooof’(t)dt
f(o0) = £(0)

1
= 0—/ - 2alu
0 t—u

Summarizing, we have obtained the following formula, for the Fresnel integral:

® g L[ 1
7 t:_ -
/0 ‘ ﬁ/o i

wi/4

212
= 2" x

(5) In order to compute the latter integral, set w = e™/%. Then w? = 4, and so:

> 1 & 1
0 u?—1 0 ur—w
> 1 1 1
= — — d
/0 2w<u—w u—l—w) "
1 | u—w\]™
= — |lo
2w & utw)/],

1
— ——log(—1
5 og(—1)
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Which brings us to the question, what is log(—1), in relation with this. In answer,

and trust me here, log(—1) = —i, and we can finish our computation as follows:
/ >~ 1 d 1 « (i) mm  Tw 7w 1471
0 u?—i 2w 2w 2 2 /2

(6) Alternatively, for avoiding this complex number mess, observe first that:

[ee] 1 (e%e] U2 o) 1
du = d ' d
/0 wr— /0 ut +1 u—i—z/o w1

Next, the two real integrals are equal, because with © — u~! we obtain:

[e’e) 2 o] —2 [e’e) 1
/ 4u du = / Y uidu = / du
0 ut+1 g ut+4+1 o ut+1

Also, we can compute the sum of these integrals by using t = v — u~

/°°u2+1d /°°1+u_2d /°° dt T
u = _— u = _—
o ut+1 o ur+u? o 2+2 V2

Thus, we are led to the following conclusion, exactly as we found in (5):

1 as follows:

/°° 1 J 7 w s T 1+
- — U= — ] — = — « ——
o ur—i V2 2v2 2 V2
(7) Summarizing, computation done, one way or another, and this gives:
e 1 7 1+ T 1+
dt=—4=X =+ —=4/=-
/0 ‘ VT2 2 2 2

But this is exactly what we wanted, and this ends the proof of our result. U

We will be back to all this later in this chapter, when discussing probability and normal
variables, which are intimately related to the Gauss integral formula.

14b. Wallis, Stirling

Switching topics, but still in relation with questions that we have unsolved, we would
like to discuss now the computation of the volume of the unit sphere in N dimensions.
For this purpose, we will need the very useful Wallis formula, which is as follows:

THEOREM 14.6 (Wallis). We have the following formulae,

/2 w/2 e(n) 1
/ cos"tdt = / sin"tdt = (Z) e
0 0 2 (n+ D!

where e(n) =1 if n is even, and e(n) = 0 if n is odd, and where
mil=(m—1)(m—3)(m—2>5)...

with the product ending at 2 if m is odd, and ending at 1 if m is even.
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PROOF. Let us first compute the integral on the left in the statement:

/2
I, = / cos™ tdt
0

We do this by partial integration. We have the following formula:
(cos™tsint) = ncos" 't(—sint)sint + cos™tcost
= ncos"t —ncos" Mt + cos" Tt
(n+1)cos"™t —ncos" 't
By integrating between 0 and 7/2, we obtain the following formula:
(n+ 1)1 =nl, 4

Thus we can compute [, by recurrence, and we obtain:

—1
In = z [n72
n
-1 -3
_n n I,
n n—2

-1 -3 -5
n n n I o

n n—2 n—4

n!!
S S,
CES
But Iy = 5 and I; = 1, so we get the result. As for the second formula, this follows from

the first one, with ¢ = 7 — s. Thus, we have proved both formulae in the statement. [J

Before going further, let us record a useful generalization of Theorem 14.6:

THEOREM 14.7 (Wallis 2). We have the following formula,
/2 e(p)e(a) gt

/ cosP tsin?t dt = <E> R i L

0 2 (p+q+ 1N
where e(p) = 1 if p is even, and e(p) = 0 if p is odd, as before.

PROOF. We use the same idea as for Theorem 14.6. Let I,, be the integral in the
statement. In order to do the partial integration, observe that we have:

(costsin?t) = pcos’ ' t(—sint)sin?t
+ cosPt-gsin? ' tcost
= —pcosP ttsin?ttt 4+ gcosPT tsin? Tt
By integrating between 0 and 7/2, we obtain, for p,q > 0:

pIpfl,qul = q[erl,qfl



330 14. HEAVY ANALYSIS

Thus, we can compute I, by recurrence. When ¢ is even we have:

qg—1
Ly = m[pw,m
g—1 q—3

. S S
p+1 p+3 Pt
g—1 ¢—3 q—5I
p+1 p+3 p+5 p+6.4-6

pllg!!

T (prgn
But the last term comes from the formula in Theorem 14.6, and we obtain the result:
~ pllght
Ipq - W ]p+q

pllg!! (7T>5(P+(I) (p+ !

 (p+gt\2 (p+q+1)!

_ (E>8(p)8(q) pllg!!
2 (p+q+ 1

Observe that this gives the result for p even as well, by symmetry. Indeed, we have

I, = I, by using the following change of variables:
T

t=——
B S

In the remaining case now, where both p, ¢ are odd, we can use once again the formula
plp—14+1 = qlpt1,4-1 established above, and the recurrence goes as follows:

qg—1
]pq = m p+2,q—2
q—1 q—3

L L
p+1 pt3 et
g—1 ¢—3 q—95

’ ’ Ipis
p+1 p+3 p+5

7q_6

pllig!
= Grg—Dn Iptg-11

Thus, we are led to the formula in the statement. U

We can now compute the volumes of the N-dimensional spheres, as follows:
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THEOREM 14.8. The volume of the unit sphere in RY is given by
7\ V/2] 2N
-(3) mm
with our usual convention NIl = (N —1)(N —3)(N —5)...

PROOF. If we denote by Vy the volume of the unit sphere in RY, we have:
1
Vv = / (1 —2)N=D2dy . Vy_,
-1
1
= 2VN1/ (1 —aH)N=172qy
0
w/2
= 2Vn_1 / (1 —sin?t)N=Y/2 cos tdt
0
w/2
= QVN_l/ cosM 1t costdt
0
w/2
= 2VN_1 / cos™ tdt
0

Now by recurrence, and using the formula in Theorem 14.6, we obtain:

w/2 w/2 w/2
Vy = 2V / cos™ tdt / cosVtdt ... ... / costdt
0 0 0

_ oN (E>5(N)+5(N—1)+...+5(1) NI . (N _ 1)!! 1_u
2 (N + 1) NI ol
7\ E(N)+e(N—1)+...+¢(1) N
- (3) e
m\ V2 2N
- @) wrm
Thus, we are led to the formula in the statement. U

As main particular cases of the above formula, we have:

PROPOSITION 14.9. The volumes of the low-dimensional spheres are as follows:

(1) At N =1, the length of the unit interval is V = 2.
(2) At N =2, the area of the unit disk is V = m.
(3) At N = 3, the volume of the unit sphere is V = 4F

. . . 2
(4) At N =4, the volume of the corresponding unit sphere is V = .

PROOF. Most of these results are well-known, but we can obtain all of them as par-
ticular cases of the general formula in Theorem 14.8, in the obvious way. U
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Let us record as well the formula of the area of the sphere, as follows:

THEOREM 14.10. The area of the unit sphere in RY is given by:

=)

2N
(N —1)!!
In particular, at N = 2,3,4 we obtain respectively A = 27, 47, 2m2.

PROOF. As shown by the pizza argument from chapters 3 and 13, which extends to
N dimensions, the area and volume of the sphere in RV are related by:

A=N-V
Together with the formula in Theorem 14.8 for V, this gives the result. U
Moving on, in order to estimate the volumes of the spheres, we will need:

THEOREM 14.11. We have the Stirling formula
N\
N! ~ (—) V2r N
e
valid in the N — oo limit.
Proor. This is something quite tricky, the idea being as follows:
(1) Let us first see what we can get with Riemann sums. We have:
N N
log(N1) =) "logh = / logzdez = Nlog N — N + 1
k=1 1

By exponentiating, this gives the following estimate, which is not bad:

A\
<_> . e
e
2) We can improve our estimate by replacing the rectangles from the Riemann sum
Y g g

approach to the integrals by trapezoids. In practice, this gives the following estimate:

log N

NI

Q

log 1 + log N
BTN NlogN— N+1+

N
log(N!)s/ log x dx +
1

By exponentiating, this gives the following estimate, which gets us closer:

(E)N.e.\/ﬁ

e

N!

Q
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(3) In order to conclude, we must take some kind of mathematical magnifier, and
carefully estimate the error made in (2). Fortunately, this mathematical magnifier exists,
called Euler-Maclaurin formula, and after some tough computations, we get to:

A\ N
NI ~ (—) V2t N
e

(4) Alternatively, here is another approach to (3), which better does the job, explaining
where the /27 factor comes from. First, by partial integration we have:

N!:/ Ne dx
0

(5) Since the integrand is sharply peaked at x = N, as you can see by computing the
derivative of log(xz™e™), this suggests writing x = N + y, and we obtain:

log(z¥e™) = Nlogz —x
Nlog(N +y)— (N +y)
_ NlogN+Nlog(1+%>—(N+y)

2
) Y
~ NlogN+N (LY )_
og N + (N 2N2) (N +y)
2
= NlogN — N — =—
o8 ON

(6) By exponentiating, we obtain from this the following estimate:

N
N 2
:L,Ne—:c ~ ( e Y /2N
€

(7) Now by integrating, we obtain from this the following estimate, as desired:
[e.e]
N! = / Ne %dx

N N
T)

.
) e VN dy
)

12

IZZ

12

V32 e dz

¢
(
:()F

(8) And exercise of course for you to learn more about this, as much as you can. [

<‘>|2 @IZ
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We can now estimate the volumes of the spheres, as follows:

THEOREM 14.12. The volume of the unit sphere in RY is given by

Vo <27T€)N/2 1
N VTN

in the N — oo limit.
Proor. This is something very standard, the idea being as follows:

(1) We know that the volume of the unit sphere in RY is given by:
Vo (z)[Nﬂ] 2N
2 (N + 1!

(2) But the double factorials can be estimated by using the Stirling formula. Indeed,
in the case where N = 2K is even, we have the following computation:

(N+1DI = 2FK!
2K\
(—) Vot K

e

()

As for the case where N = 2K — 1 is odd, here the estimate goes as follows:

(2K)!
2K K|

12

(N+ 1)l =

12
|
VRN
[\
E
N—
=

ﬁ

>
VN
=l e
=
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(3) Now back to the spheres, when N is even, the estimate goes as follows:
vV = (Z)N/Z AN
2 (N + 1)
(W)N/Z oN ( e )N/2 1
2 N VTN

B <2we>N/2 1
N VTN

As for the case where N is odd, here the estimate goes as follows:

12

Vo (W)(Nl)ﬂ oN

2 (N + 1)l
<E>(N—1)/2 2N (£>N/2 L
2 N V2N
B \/5 ore\ V% 1
V(%) @

B (27?6>N/2 1
N vV N

Thus, we are led to the uniform formula in the statement. O

12

So long for high dimensional spheres and their volumes. We will be back to the above
formulae, which are key to modern mathematics, on several occasions, in what follows.

14c. Normal variables

Switching topics, but still in relation with questions that we can now solve, using
integration theory, we can talk, in a more systematic way, about probability.

We already met the Poisson laws in chapter 4, and the binomial laws in chapter 6, in
relation with our considerations there. As a starting point, in general, we have:

DEFINITION 14.13. Let X be a probability space, that is, a space with a probability
measure, and with the corresponding integration denoted E, and called expectation.
(1) The random variables are the integrable functions f: X — R.
(2) The moments of such a variable are the numbers My(f) = E(f*).
(3) The law of such a variable is the measure gwen by My(f) = [p x¥dps(z).

This is of course something quite compact, and the fact that p; as above exists indeed
is not exactly trivial. But we can do this by looking at formulae of the following type:

E(o(f)) = / (@) dy (z)
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Indeed, having this for monomials ¢(x) = ™, as above, is the same as having it
for polynomials ¢ € R[X], which in turn is the same as having it for the characteristic
functions ¢ = x; of measurable sets I C R. Thus, in the end, what we need is:

P(fel)=pg)
But this formula can serve as a definition for pf, and we are done. Regarding now
independence, which is the key notion in probability, we can formulate here:

DEFINITION 14.14. Two variables f,g: X — R are called independent when
E(f*q") = E(f*) B(g")
happens, for any k,l € N.

Again, this definition hides some non-trivial things, the idea being a bit as before,
namely that of looking at formulae of the following type:

Elp(f)v(9)] = Elp(f)] E[¥(g)]

To be more precise, passing as before from monomials to polynomials, then to char-
acteristic functions, we are led to the usual definition of independence, namely:

P(fel,geJ)=P(fel)P(geJ)
As a first result now, dealing with the mechanism of independence, we have:
THEOREM 14.15. Assuming that f,g : X — R are independent, we have
Hft+g = Hf* Hg

where *x is the convolution operation for real probability measures, given by

/R o(@)d( 1) (x) = / il (o))

for any function ¢. The converse of this holds too.
ProOF. We have the following computation, using the independence of f, g:

[t aureata) = B+ 09 = 3 (F) M1 0)

r

On the other hand, we have as well the following computation:

/R oy % pg)(2) = / () @) ()

- ¥ (D)o

T

Thus jtf4g and g5 * py have the same moments, so they coincide, as claimed. As for
the converse, this is clear too, coming as well from the above computation. U
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As a second result now on independence, which is more advanced, we have:
THEOREM 14.16. Assuming that f,g : X — R are independent, we have
Frg = Iyl
where Fr(z) = E(e'f) is the Fourier transform.

PrROOF. We have indeed the following computation, using Theorem 14.15:

Froglz) = / ey * j1,)(2)

= [ e s 0
RxR

- /Remduf(z)éemdﬂg(ﬂ
= Fy(z)F,(x)

Thus, we are led to the conclusion in the statement. U

As a first application, we can now prove the Poisson Limit Theorem, as follows:

THEOREM 14.17 (PLT). We have the following convergence, in moments,

" " *n
((1——) 50+—51) — D¢
n n

where py = €e7" >, tk—k, Oy is the Poisson law of parameter t > 0.

PRroor. If we denote by v, the measure under the convolution sign, we have the
following computation, for the Fourier transform of the limit:

t t

F — iy — F, =(1== iy
() = ¢ (= (1-1) 4 1o

= F(y) = (1 + w>n

= F(y) =exp ((¢¥ — 1)t)

On the other hand, the Fourier transform of the Poisson law p; is given by:
—t t* ok (e™t)* iy
Fp(y) =e de =e Z—k! :exp((e —1)t)
k k

Thus, we are led to the conclusion in the statement. Il

Moving on, to the context of continuous probability, let us formulate:
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DEFINITION 14.18. The normal law of parameter 1 is the following measure:
1
g1 o
More generally, the normal law of parameter t > 0 is the following measure:
1 2
— —x? /2t
= —e¢ dx
It v 2mt

These are also called Gaussian distributions, with “g” standing for Gauss.

e 2y

Observe that the above laws have indeed mass 1, as they should. This follows indeed
from the Gauss formula, which gives, with the change of variables x = v/2ty:

/ e "2y = \/E/ e_yzdy =V 2mt
R R

Generally speaking, the normal laws appear as bit everywhere, in real life. The reasons
behind this phenomenon come from the Central Limit Theorem (CLT), that we will
explain in a moment, after developing some general theory. As a first result, we have:

ProPOSITION 14.19. We have the variance formula

Vig:) =t
valid for any t > 0.

PROOF. The first moment is 0, because our normal law ¢; is centered. As for the
second moment, this can be computed as follows:
1 2
My, = /xQe_”” 2 dg:
2 V2t Jr

1 2 !
= (tz) (—6_‘” /2t> dx
V2mt /R
1 2
= te ™t dx
vV 2nt /R

= ¢

We conclude from this that the variance is V' = My = t. ]
More generally now, we have the following useful result, regarding the normal laws:
PROPOSITION 14.20. The even moments of the normal law are the numbers
My (ge) = tF/% x kIl
where k!l = (k. — 1)(k — 3)(k —5) ..., and the odd moments vanish.



14C. NORMAL VARIABLES

PRrOOF. We have the following computation, valid for any integer k£ € N:

1 :
My, = / ey /2
k 5t Ry Y

1 B _ /
_ — /R(tyk 1) <_€ y2/2t) dy
1

— tHk — 1)yF2ev*/2g
o /R ( )y y
1

— t(k—1)x k=2,-y?/2t g
(b= 1) x —— / y y
- t(k - 1)Mk,2

Thus by recurrence, we are led to the formula in the statement.
Here is another result, which is the key one for the study of the normal laws:
THEOREM 14.21. We have the following formula, valid for any t > 0:
th(x) — 1?2
In particular, the normal laws satisfy gs * g: = gs1¢, for any s, t > 0.

PRrooF. The Fourier transform formula can be established as follows:

1 —y2 X
th(x) — \/z_m/Re y2/2t+ ydy
_ L / o~ VT i)t 2
V271t Jr

1 _ 2—t 2/2
= e 7 TN/ 2tdz
V27t /R

1—t2 /_2

— - pta/2 = d

e e z
ﬁ R

—ta?/2

e
As for the last assertion, this follows from the fact that log F}, is linear in t.

We are now ready to state and prove the CLT, as follows:

THEOREM 14.22 (CLT). Given random variables fi, fa, f3,... which are i.i.d., cen-

tered, and with variance t > 0, we have, with n — 0o, in moments,

1 n
%Zlfi’\’gt

where g; is the Gaussian law of parameter t.
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PROOF. In terms of moments, the Fourier transform is given by:

k=0

Thus, the Fourier transform of the variable in the statement is:

o = [ ()]
= :1 — g + O(n—z)r
o gr

6—t$2/2

12

~

But this latter function being the Fourier transform of g;, we obtain the result. O

14d. Gamma, zeta, eta

We have kept the best for the end, arithmetic, featuring the gamma, zeta and eta
functions, Bernoulli numbers, and many more. Following Riemann, let us start with:
ProprosITION 14.23. We can talk about the Riemann zeta function
oo
1
C(s) = v
n=1

with the exponent being any s € C satisfying Re(s) > 1.

PrRoOOF. We have indeed the following computation, with s = r 4 ¢t with r» > 1:

=1
OISO
n=1

oo

B 1
= —
n=1
1

< 1+ / —dx

1 T
S
N r—1

Thus, we are led to the conclusion in the statement. [l

But, how to study zeta? The answer comes via the gamma function:
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THEOREM 14.24. We can talk about the gamma function

[(s) :/ ¥ e " da
0
extending the usual factorial of integers, I'(s) = (s — 1)l

PrROOF. The integral converges indeed, and by partial integration we have:

['(s+1) = / x’e dx
0

o
= / seé e ™ dx
0

= sl'(s)

Regarding now the case s € N| for the initial value s = 1 we have:

I'(1) = / e fdr =1
0
Thus, for s € N we have indeed I'(s) = (s — 1)!, as claimed. O

Many interesting things can be said about the gamma function, notably with:

THEOREM 14.25. The gamma function is given at half-integers by

L(n)=m-1) , P(n+1) :M\/E

2 2n

and we have the following formula for it, with ¢ = /2, /T for N even, odd:

N\ (V=1
r (5) = ov-n2 ©

Moreover, the volume of the unit sphere in RN | which is given by
(N/2) 2N
o (2
2 (N + 1!
can be expressed in terms of these values of the gamma function.
PROOF. There are several things going on here, the idea being as follows:

(1) We already know, from Theorem 14.24, that for n € N we have:
I'(n)=(n—1)!
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(2) Regarding now the half-integers, we first have the following computation:

1 o0
F<—> = / 2" do
2 0
= / y e 2y dy
0

- Vr

Thus, by using I'(s + 1) = sI'(s), we obtain the formula in the statement:

F(n+1) :1.3.5...(271_1)\52Mw_T

2 2n 2n

(3) Regarding the unification, this comes by writing the formula in (1) as follows:

_ C@2n-10 (2n -1
I(n)=(n-1)!= T = o V2

(4) Finally, the assertion regarding the spheres is something self-explanatory.

Getting back now to zeta, we can formulate a key result about it, as follows:

THEOREM 14.26. We have the following formula,

1 00 .%'5_1
O ), E

valid for any s € C with Re(s) > 1.

Proor. We have indeed the following computation:

o] s—1 oo ,.s—1 1
/ < de = / T . dx
o e*—1 g €* 1l—e®

= / e e 4e 4 )
0

e o0

= Z/ e dx
n=1 0
i o0 s—1 d

_ Z/ (E) —
“—~ Jo n n
00 1 ) o

= X[ ey
n:ln 0

= ((s)I'(s)
Thus, we are led to the formula in the statement.

At a more advanced level now, following Fuler and others, we have:
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THEOREM 14.27. The values of zeta at even integers are given by

k+1 (2”)%/9%

2k) = (-1
with B,, being the Bernoulli numbers, which in practice gives the formulae
72 m 0 78
2 —_ — 4 —_ — —_ — p—
@=% . W= . (O =7z . (B=gm -

generalizing the formula ((2) = 72/6 of Euler, solving the Basel problem.

Proor. This is something quite tricky, the idea being as follows:

(1) To start with, at s = 2 we have the following heuristics, following Euler, obtained
by factorizing the function sinz, having zeroes at Z/2, a bit like a polynomial:

sinx T n T x
T 3! 51 7!

= (-9 0-5) (e 5)-
_ (1_%) (1_4%) (1_9_)

Thus we get ((2) = 72/6, as claimed. Of course this is far from being rigorous, but
there are several ways of fixing this. We will be back to this in chapter 15.

(2) Next, at s = 2k, we have the following computation, using Theorem 14.26:

1 ka—l

C(2k) = N%LA a1
1 ; /OO (27t)2k1 ordt
*JO

(2k — 1 e2rt — 1
B (27.‘.)2]6 /oo t2k:—1
o (2k—-1) J, &ﬂ—lﬁ

(3) Now the point is that the integrals on the right can be computed, and with all this
being related to the Euler formula from (1), and we are led to the following formula:

/oo tQk—l gt — (_1>k+1%
0

ermt — 1 4k
Thus, we are led to the various conclusions in the statement. So, this was for the idea,
and we will be back to all this in chapter 15, with fixes and details. U

As yet another key result about zeta, this extends to Re(s) > 0, as follows:
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THEOREM 14.28. We have the following formula,

C(S) = 1 _121—3 Z <_1l)sn+1

n=1

which can stand as definition for C, in the strip 0 < Re(s) < 1.

Proor. To start with, we can define the Dirichlet eta function 7 as being the signed
version of the Riemann zeta function (, according to the following formula:
= (1

nS

n(s) =

n=1

We must now connect ¢ and 7, at Re(s) > 1, and this can be done as follows:

(s) 22% “st 27¢(s)

Thus, we have the formula in the statement. Now since 7 is defined at Re(s) > 0, we
can say that our formula can stand as a definition for ¢, at 0 < Re(s) < 1, as stated. [

And with this, we can now talk about the Riemann hypothesis, as follows:

CONJECTURE 14.29 (Riemann hypothesis). The zeroes of zeta in the critical strip
0 < Re(s) <1
can only appear on the critical line, Re(s) = 1/2.

And good question this is. Exercise for you, to learn more about all this.

14e. Exercises
This was a quite tricky chapter, and as exercises on this, we have:
EXERCISE 14.30. Learn more about 1D waves, d’Alembert, and related topics.
EXERCISE 14.31. Experiment some more with the Gauss integral.
EXERCISE 14.32. Learn more about the heat equation and kernel.
EXERCISE 14.33. Experiment some more with the Fresnel integrals.
EXERCISE 14.34. Learn more about the Stirling formula, and the error term.
EXERCISE 14.35. Learn also the Fuler-Maclaurin formula, and its applications.
EXERCISE 14.36. Learn more about the gamma function, and its properties.
EXERCISE 14.37. Learn more about the zeta function, and the Riemann hypothesis.

As bonus exercise, with what we learned here, you're good for physics and arithmetic.



CHAPTER 15

Function spaces

15a. Function spaces

We learned a lot of interesting things in the previous chapter, but despite our study
there being certainly sharp and professional, we still have many questions left, in relation
with the differential equations, and with the Basel problem and zeta function too.

So, question for the two of us, what is the way out? In answer, geometry:
PrINCIPLE 15.1. Difficult analysis questions can be solved via geometry:

||f|] =/ [ f(x)2dz can be thought of as being the length of f.
na < f,g >= x)g(x)dz, as being the scalar product of f,g.
And < f f d b h l d f f

So, let us get into this, function spaces and their geometry. It is technically convenient
to aim for the complex functions, f : X — C, and with this in mind, let us formulate:

DEFINITION 15.2. A Banach space is a complex vector space V , with a map
I|.I]: V — Ry
called norm, subject to the following conditions:
(1) ||z|| = 0 implies x = 0.
(2) ||Az|| = |A| - ||zl], for any x € V, and X € C.
(3) llz+yll < [lzll + lyll, for any z,y € V.
(4) V' is complete with respect to the distance d(x,y) = ||z — yl|.

This is of course something quite compact, but we already have some familiarity with
such things, from chapters 6 and 10. In fact, what we did in chapters 6 and 10, extended
to the complex setting, and along with a bit more, can be summarized as follows:

THEOREM 15.3. Given a set X, finite or not, and p € [1,00], the space

1/p
r(x) = {r:x > c|ifll, <o} . ||f||p=(2|f<x>|p)

zeX
is a Banach space. For X = {1,...,N} and p = 2, this is the usual CV.
345
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PrROOF. We basically know all this, from chapters 6 and 10, as follows:

(1) Let us first discuss the case where X is finite, X = {1,..., N}. Here the functions
f : X — C can be identified with the vectors v € C, and the norm is:

loll, = (Z Ivz-l”) N

i

But, is this a norm? In order to discuss this, let us first examine the exponents

p = 1,2,00. Here the corresponding norms are as follows, with the one on the right
coming by definition, or as the limit of the p-norm above, with p — oo:

ol = _loil o Hlolla= /> il vl = max o]
7 7

And these are norms indeed, with this being clear for ||.||1, being well-known for ||.||2,
this being the usual norm on CV, and with the norm property formally coming from
Cauchy-Schwarz, and finally with the norm property of ||.||» being clear too.

(2) In the general case now, where X = {1,..., N} is still finite, but p € [1, 0]
is arbitrary, the norm property follows from our inequality know-how from chapter 10.

Indeed, as explained there, Jensen for logx gives the Young inequality, namely:
bl 1 1
ab S a_ + - 9 - + - = 1
p q p q
But from this Young inequality we obtain the Holder inequality, namely:

; Juivi] < (Z |ui|p> " (Z |Ui|q> 1a

And then, from this Holder inequality we get the Minkowski inequality, namely:

(Z ui+vip>1/p< (zi:uip>l/p+ (Z:W)W

And this is exactly what we need, proving that ||.||, is a norm on P(X) = CV.

(3) Next, let us discuss the case where both X and p € [1, 00| are arbitrary. Here the
functions f : X — C can be identified with the sequences (v,).cx, the norm is given by
the same formula as in (1), and all inequalities extend well. However, there is a subtlety
here, because we have to get rid of the sequences of infinite norm, by setting:

P(X) = { (e | lelly < o}

Thus, we have our normed space, and the fact that this space is indeed complete, and
so is a Banach space, is something quite clear, say easy exercise for you. U
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Getting now to what we wanted to do, spaces of functions, we have here:

THEOREM 15.4. Given a measured space X, and p € [1,00], the following space, with
the convention that functions are identified up to equality almost everywhere,

[P(X) = {f:X%C’/ |f(z)Pdz < oo}
b's
s a vector space, and the following quantity is a norm on it,

st = ( [ 15r) "

making it a Banach space. In the discrete case, that is, when X s set, endowed with its
counting measure, we obtain in this way the previous spaces IP(X).

PRroOF. This is a straightforward generalization of Theorem 15.3, but since this will
be our final saying on the subject, here are the technical details:

(1) Let us first prove Holder, stating that with 1/p+ 1/¢ = 1 we have:

[l = ([ 1) " (f |g|q)1/q

By linearity we can assume that f, g are normalized, in the following way:

e = [ 1o =1

But with this assumption made, we can get Holder from Young, as follows:

p q 1 1
/|f|</!f\ Igl o=

(2) Next, let us prove Minkowski. By using the Holder inequality, we have:

Jurear = [1r+alif+or

Jasir o+ [ gl 1+ gl

()" ([ eopmon)”

o (Lr)” (/ g )
[/w + ([ k) ](/X|f+grp)_/p

IN

IN
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Thus, we are led in this way to the Minkowski inequality, namely:

(rsor) " (o) " ()

(3) Before getting further, let us mention that in the above it was understood that
the conjugate exponents p, ¢ were finite, p, ¢ € (1, 00). However, for infinite exponents we
have similar results, which are trivial this time, with the following convention:

1/p
151k = Jim ([ 11P) " = esssupls
p—00 X

(4) Summarizing, Minkowski inequality proved at any p € [1, oo, which basically tells
us that ||.||, is a norm. However, as before in Theorem 15.3, there is a subtlety here,
because we must get rid of the functions having infinite norm, by imposing the condition
[|f]l, < oo in the statement. And there is a second subtlety too, because in order to have
the first norm axiom working, namely ||f|[, =0 = f = 0, we must proceed as in the
statement, by identifying the functions which are equal almost everywhere.

(5) Thus, we have our normed space, modulo some thinking about the above two
subtleties, that we will leave as an exercise. As for the fact that our space is indeed
complete, so is a Banach space, we will leave this again as an easy exercise for you. [

Very nice all this, and getting back to Principle 15.1, we have now a good understand-
ing of (1) there, corresponding to the case p = 2, plus generalization to the case of the
arbitrary exponents p € [1,00]. So, time I guess to do some geometry, based on this.

Well, in theory at least. In practice, geometry rather needs scalar products as in
Principle 15.1 (2), and more on this in a moment. In the meantime, let us record a few
interesting things that can be done in the general Banach space context, as follows:

THEOREM 15.5. Given a Banach space V', the following happen:

(1) The continuous linear maps f : V. — C form a Banach space V*.
(2) We have an isometric embedding V. C V**, given by v — (f — f(v)).
(3) For V= LP(X) we have V* = LYX), with 1/p+1/q=1, and V = V**.

ProoOF. This is a mixture of trivial and non-trivial facts, as follows:

(1) This is something very standard, with the norm on V* being given by:
LfIl = sup |f(v)

[lol[=1
To be more precise, it is easy to see that a linear map f : V — C is continuous
precisely when ||f|| < oo, and then that ||.|| is indeed a norm on V*, and finally that V*
is indeed complete. We will leave all this, as an easy exercise for you.
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(2) We certainly have a continuous linear map V' — V** given by v — (f — f(v)),
but when it comes to prove that this map is indeed injective, and even isometric, surprise,
this is not obvious. But this follows from the Hahn-Banach theorem, stating that given
a nonzero vector v € V| we can always find f € V* with f(v) # 0. And, exercise for you
to learn more about all this, have a look here at any functional analysis book.

(3) This result is more or less what the Holder inequality says, because the coupling
(f,9) = [ fg from Holder can be interpreted as corresponding to a continuous linear
form on V', and vice versa. As before, exercise for you to clarify all this, or look it up.

(4) Finally, as an interesting bonus exercise, related to all this, think as well as exam-
ples of Banach spaces V' which are not reflexive, V' £ V**. Enjoy. O

So long for Principle 15.1 (1), and Banach space theory. At our present level in
functional analysis, which is beginner, all this was rather a failure, because we were
unable to derive anything concrete, out of this. Nevermind. Please be sure that the
above was good learning, and that one day, you might need Theorems 15.4 and 15.5.

Upgrading now to scalar products, according to Principle 15.1 (2), let us start with
the following key definition, meant to replace Definition 15.2:

DEFINITION 15.6. A Hilbert space is a complex vector space H, with a map
<,>HxH—C

called scalar product, subject to the following conditions:
(1) <z,y > is linear in x, and antilinear in y.
(2) <x,y>=<y,z >, for any x,y.
(3) <z,x >>0, for any z # 0.
(4) H is complete with respect to the norm ||z|| = /< x,x >.

Here, as before in the context of Definition 15.2, we are going quite quick, because we
are already a bit familiar with such things, from chapters 6 and 10. We will see examples
in a moment, but before that, some explanations in regards with (4). Given two vectors
x,y € H, consider the following degree 2 function of ¢ € R, depending on w € T:

F(&) = Jwz + ty|[* = [|2|]* + 2tRe(w < 2,y >) + ¢*||y||”
This function being positive, its discriminant must be negative, which gives:
| <zy > <[l [lyll

But this gives in turn ||z + y|| < ||z| + ||y||, and so we have indeed a norm, as said in
(4), so we can talk about the completness of H with respect to this norm. Observe the
relation with Definition 15.2, the Hilbert spaces being certain Banach spaces.

At the level of examples, our result, meant to replace Theorem 15.4, is as follows:
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THEOREM 15.7. Given a measured space X, the following space, with the convention
that functions are identified up to equality almost everywhere,

L2(X) = {f:X—>C‘/ |f(z)2de < oo}
X
s a vector space, and the following is a scalar product on it, making it a Hilbert space:

< fg>= /Xf(w)mdx

In the discrete case, where X is set, with its counting measure, we obtain the previous
spaces 1*(X), which generalize CN with its usual scalar product, < u,v >= >, u;v;.

PRrROOF. This is indeed something self-explanatory, based on Theorem 15.4. Observe
that we do not need in fact Theorem 15.5, for talking about all this, because we already
have Cauchy-Schwarz, as explained above, so everything is in fact a triviality. O

Getting now to the linear forms, as a replacement for Theorem 15.5, we have:

THEOREM 15.8. Given a Hilbert space H, the following happen:

(1) The continuous linear maps f: H — C are f(z) =< z,y >, withy € H.
(2) Thus we have H* = H, and as a consequence, we have H** = H.

PROOF. Again, this is something self-explanatory, based this time on Theorem 15.5,
and with the remark that Theorem 15.5 is in fact not needed, because f(z) =< z,y > is
elementary to establish, say exercise for you, and everything else comes from this. O

Summarizing, the Hilbert spaces appear to be something far more powerful than the
Banach spaces, with all our Banach space theory corresponding to mere trivialities, in the
Hilbert space setting. Getting now to the real thing, geometry, we first have:

PROPOSITION 15.9. Given a Hilbert space H, the following happen:

(1) Norm formula: ||z|| = /< z,x >.

(2) Cauchy-Schwarz: | < xz,y > | < ||z|| - ||yl

(3) Parallelogram identity: ||z + y||* + [l — yl[> = 2(/|=|]* + [ly[|*)-

(4) Polarization: 4 < x,y >= ||z + y||* — ||z — y||* + i||Jx + iy||* — i||]z — iy|]*.

PROOF. Here (1) was part of the axioms, (2) is something that we already know,
which was explained above, and (3) comes from the following computation:
llz +ylI* + ||z — yl”
<zrzt+y,rt+ty>+<zcr—yr—y>
= |lzll? + llylPP+ < 2,y > + <y > 2] + |lylP~ < 2.y > = <y, >
= 2(|l=[1* + llyI1*)
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As for (4), this comes from a similar computation, as follows:
0l = lle — I+ ille + iyl — i — iyl
= |zl + [lylP* = 211> = [yl? + ill=[1* +ally[1* = dllz|* — il |y|]
+2Re(< x,y >) + 2Re(< z,y >) + 2ilm(< z,y >) + 2iIm(< x,y >)
= 4d<z,y>
Finally, observe that (1,4) show that the norm is uniquely determined by the scalar
product, and vice versa. This is something that we will often use, in what follows. O

As a piece of true geometry now, in the Hilbert space setting, we have:

THEOREM 15.10. Given a Hilbert space H, we can talk about:

(1) Bounded operators T : H — H, for which ||T|| = supy = |[|[T|| is bounded.
(2) Adjoints of such bounded operators, given by < T*x,y >=< x,Ty >.

(3) Unitaries U : H — H, which must satisfy the condition U* = U~".

(4) Projections P : H — H, which must satisfy the condition P?* = P* = P.

PRrooF. This is obviously something quite advanced, generalizing some key facts from
linear algebra, which linear algebra is scheduled for chapter 16 in this book. So, as before
with Theorem 15.5, take this as something which is good to know, making the point with
geometry, and whose details you can get into later, when really needing such things. [J

Moving on, as a key feature of the Hilbert spaces, we have bases:

THEOREM 15.11. Any Hilbert space H has an orthonormal basis {e;}icr, which is by
definition a set of vectors whose span is dense in H, and which satisfy

< €5, 65 >= 5@']‘

with § being a Kronecker symbol. The cardinality |I| of the index set, which can be finite,
countable, or uncountable, depends only on H, and is called dimension of H. We have

H ~*(I)
in the obvious way, mapping Y Nie; — (N;). The Hilbert spaces with dim H = |I| being

countable, such as I*(N), are all isomorphic, and are called separable.

PrROOF. We have many assertions here, the idea being as follows:

(1) In finite dimensions an orthonormal basis {e;};c; can be constructed by starting
with any vector space basis { f; }ics, and using the well-known Gram-Schmidt procedure.
As for the other assertions, these are all clear, from basic linear algebra.

(2) In general, the same method works, namely Gram-Schmidt, with a subtlety coming
from the fact that the basis {e; };e; will not span in general the whole H, but just a dense
subspace of it, as it is in fact obvious by looking at the standard basis of I*(N).
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(3) And there is a second subtlety as well, coming from the fact that the recurrence
procedure needed for Gram-Schmidt must be replaced by some sort of “transfinite recur-
rence”, using standard tools from logic, and more specifically the Zorn lemma.

(4) Finally, everything at the end, regarding our notion of separability for the Hilbert
spaces, is clear from definitions, and from our various results above. U

As a continuation of this, we have the following result, dealing with separability:

THEOREM 15.12. The following happen, in relation with separability:

(1) The Hilbert space H = L*[—1,1] is separable, with orthonormal basis coming by
applying Gram-Schmidt to the basis {x*}ren, coming from Weierstrass.

(2) In fact, H = L*(X) with X C R and du(x) = f(z)dz is separable, with standard
basis { Py }ren formed by the orthogonal polynomials with respect to pu.

(3) More generally, given a separable abstract measured space X, the associated
Hilbert space of square-summable functions H = L*(X) is separable.

PROOF. Many things can be said here, the idea being as follows:

(1) The fact that H = L?*[—1,1] is separable is clear indeed from the Weierstrass
density theorem, which provides us with the algebraic basis f; = z*, which can be or-
thogonalized by using the Gram-Schmidt procedure, as explained in Theorem 15.11.

(2) This is a straightforward generalization of (1), with the polynomials { Py }ren com-
ing from the Weierstrass basis {2*}rey, via Gram-Schmidt with respect to the measure
du(x) = f(x)dx, being called the orthogonal polynomials with respect to p.

(3) As for the last assertion, regarding the general spaces of type H = L*(X), which
generalizes what we have in (1,2), this comes as a consequence of general measure theory,
and we will leave learning the details here as a long, instructive exercise. U

As a concrete illustration for all this, making the link with the Chebycheff polynomials
that we studied back in chapter 7, we have the following key result:

THEOREM 15.13. The orthogonal polynomials for L*[—1,1], with measure
dp(z) = (1 — 2)*(1 + x)’dz
called Jacobi polynomials, satisfy a degree 2 equation, namely
1= (x)+b—a—(a+b+2)x)J (v) + k(k+a+b+1)Ju(z) =0
and are given by the following formula, featuring derivatives:

Ay = S0 1y [0 e P - o)

2k k! dzk
At a = b = 0 we recover the Legendre polynomials from physics, and at a = b = :l:% we
recover the Chebycheff polynomials of the first and second kind.
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Proor. This is obviously something quite advanced, the idea being as follows:

(1) Generally speaking, the statement appears as a generalization of the well-known
result for Legendre polynomials, which corresponds to the particular case a = b = 0, and
the proof is quite similar. We will leave learning more about all this as an exercise.

(2) Regarding now the main particular cases of the Jacobi polynomials, these are
the Gegenbauer polynomials, appearing at a = b. However, there is not that much of a
simplification when passing from general parameters a,b to equal parameters, a = b, so
in practice, the main particular cases are those indicated in the statement, namely:

— The Legendre polynomials, which naturally appear in questions from quantum me-
chanics, coming at the simplest values of the parameters, namely a = b = 0.

— The Chebycheff polynomials of the first kind P, which are given by the formula

Pi(cost) = cos(kt) from trigonometry, appearing at a = b= —3.

— The Chebycheff polynomials of the second kind (), which are given by the formula
Qr(cost)sint = sin((k + 1)¢), appearing at a = b = 1. H

So long for Hilbert spaces, abstract or concrete, and their basic theory. The above
material was quite advanced, yes I know, but functional analysis is a delicate business,
requiring a lot of learning, and all the above was an introduction to this. So, take that
as it came, and come back regularly to this, later, until fully understanding all this.

15b. Fourier, Parseval

Getting now to more concrete things, which will eventually lead to applications, we
have the following key fact, which is the starting point for Fourier analysis:

CrAM 15.14. The space of square-summable functions on the unit circle,

LA(T) = {f:’]I‘—)C‘ /|f(z)|2dz<oo}
T
with respect to the usual mass 1 measure, has {z"}nez as orthonormal basis.

As a first observation, this reminds a bit what we said above regarding the Weierstrass
basis {"},en for the various spaces of functions f : X — C, with X C R, and the related
notion of orthogonal polynomials. That is, what Claim 15.14 says is that we have some
sort of Weierstrass approximation theorem on the circle, but with respect to the 2-norm,
and with the standard basis which is used, {2"},¢cz, being orthonormal for free.

In practice now, Claim 15.14 remains something which, while being certainly simple,
beautiful and understandable, is a bit compact and abstract. For most purposes, it is
better to replace it by the following equivalent formulation, in terms of real functions:
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THEOREM 15.15. The space of 2m-periodic square-summable functions on R,

s

LA(R)per = {f R — C‘f(t) = f(t+ 2m), /

—T

()Pt < oo}

has {€™} ez as orthonormal basis, with respect to the normalized mass 1 measure.

ProoF. This is something quite tricky, which came as a big surprise at the time of
its discovery by Fourier, the idea with all this being as follows:

(1) As a first observation, which is philosophical, as already mentioned above, this is a
real function reformulation of Claim 15.14, and for various reasons, in relation with both
the proof and the future applications, this is the version that we will prefer.

(2) Next, still talking generalities, according to what the statement says at the end,
the scalar product on L?*(R),., is by definition given by the following formula:

< fg>= % /_W ft)g(t) dt

As for the corresponding norm on L?*(R),.,, this is given by the following formula:

1 s
== t)|*dt
1= 5- | 1ree)
Observe that we could have used [0, 27] for integrating, or more generally, any interval
I C R having length 27. For certain technical reasons, we prefer to use I = [—7, 7].

(3) Getting now to the proof, as a first basic computation that we can do, coming
from the 2m-periodicity of e = cost + isint, we have the following formula:
1

™
< emt7 ezmt >— % ez(nfm)tdt — 5nm

—Tr
Thus {e™},cz is as orthonormal system, and our theorem says that this is a basis.

(4) But, how to prove this? The first thought goes to the Weierstrass approximation
theorem, that we know since chapter 6, but after thinking a bit, that is not of much use.
Indeed, Weierstrass approximates the functions f : [—m, 7| — C by polynomials ) ¢,t",
and what Fourier says is that the same functions f : [—m, 7] — C can be approximated
by trigonometric polynomials > ¢,e™, which is a different story.

(5) In fact, the difference between Fourier and Weierstrass is even more visible with
Theorem 15.13 in mind. Indeed, up to a rescaling, Theorem 15.13 tells us that what we
get from Weierstrass is the basis of L?(R),., formed by Legendre polynomials {Ly }ren,
and the Fourier basis {¢™},cz is obviously something of different nature.
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(6) Time now for the proof? For reasons that will become clear in a moment, consider
the following trigonometric polynomials, with ¢, € R being chosen for having mass 1:

1+ cost K
) = (1)

Observe that ¢, can be computed explicitly, by using 1 + cost = 2 cos®(¢/2) and the
Wallis formulae from chapter 14, but in what follows, we will not need this. Our claim,
which is the reason for introducing these functions E}, is that for any ¢ > 0 we have:

lim sup Ei(t) =0

k—=oo s<jtj<n
In other words, our claim is that Ej — 0 uniformly on any [—7, —46] U [6, 7].

(7) So, let us prove this claim. As mentioned, ¢; can be computed explicitly, but in
what follows we will only need the following elementary estimate:

L cr ”(1+cost)kdt
0

s 2
T /1 £\ *
. & (+_) sin fdt
T Jo 2
G 2 14 cost\"™ "
x| k+1 2
0
. Qck
 m(k+1)

Now since Ej is decreasing on [0, 7], we obtain from this, for § < [t| < =

m(k+1) <1+0035>k

Ei(t) < Bi(0) < = 5

But this proves our claim, because for 6 > 0 we have (1 + cosd)/2 < 1, as needed.

(8) Getting now to what we wanted to do, we must prove that {e™},cz spans a dense
subset of L*(R),,. Since C(R),e, C L*(R),er is dense, it is enough to prove that any
[ € C(R)per can be approximated by trigonometric polynomials Y~ c,e™™. Moreover,
since ||.||2 < |]-||so, it is enough to prove our approximation with respect to ||.||so-

(9) All in all, it remains to prove that given a function f € C'(R), and a number
e > 0, we can always come with a trigonometric polynomial > ¢,e", such that:

‘f(t) — Z cpe™

n

<e , Vte|-mm]
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(10) But for this, we can use the polynomials Ej from (6). Let us set indeed:

_ % /_: F(t = $)Ex(s) ds

As a first observation, with the change of variables s — ¢t — s, we have the following
alternative formula, Wthh shows that Q(t) are indeed trigonometric polynomials:

/ f(s)Ex(t — s)ds

(11) Now given € > 0, let us prove that the estimate in (9) holds indeed, with the
trigonometric polynomial there being Q(t), for k >> 0 large enough. For this purpose,
we use the uniform continuity of f, which tells us that we can find 6 > 0 such that:

[s—t[<d = [f(s) = f(D)| <&

Indeed, by using this, we have the following estimate, for the error in (9):

@0 - 0] = o | [ (=5 - F)El) s
< o [ =9~ FOIE) ds

(12) Now let us split the last integral into three parts, according to:
-7, ] = [-m,—0] U [—0,0] U[J, 7]

On the middle part the integrand is < €, so the middle integral is < . As for the
other two integrals, on [—m, —d] U [, 7], we can use here (6), telling us that Ex(t) — 0
uniformly, on that domain. Indeed, with £ >> 0 big enough the other two integrals are
< £ too, so we have obtained (9) as desired, with ¢ — 3¢, which finishes the proof. O

Still with me I hope, after all these computations. In practice now, a bit as Theorem
15.15 itself was a useful version of Claim 15.14, there are several other useful versions of
Theorem 15.15, which can be of great use, in practice. We notably have here:

THEOREM 15.16. We have an isomorphism L?(R),., ~ I*(Z), as follows:

(1) Associated to f € L*(R)er are its Fourier coefficients, given by:

I :
= — t)e™dt
5 | e

(2) Associated to g € 1*(Z) is the series Sy(t) =, .5 g(n)e” .

ProoF. This is something self-explanatory, based on the general orthonormal basis
theory from Theorem 15.11, with the Fourier coefficients of f € L?(R),., being its coeffi-

cients f(n) =< f,e~™ > with respect to the basis {e™} from Theorem 15.15. O
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In practice, it is possible to talk as well about real Fourier coefficients, given by
f(n) = a, + ib,, and with the formula of these, for f : R — R, being as follows:

ay = % /_: f(t)cos(nt)dt , b, = % /—: f(t) sin(nt)dt

And exercise of course for you, to learn more about all this. Finally, as yet another
reformulation, or rather consequence of what we have, we have the Parseval formula:

THEOREM 15.17. The Fourier coefficients J?(n) = o [T f(t)e™dt satisfy

S Fwgn) = - [ s

for any f,g € L*(R)per, and in particular satisfy the formula

™

S I1FmE =5 [ I

nez T
for any f € L*(R),.,, with this being called Parseval formula.

PRrooF. This is indeed yet another reformulation of what we have, coming from the
fact that the scalar products and norms are invariant under L*(R),., ~ [*(Z). O

With this discussed, time perhaps for some applications? And here, there are countless
of them, because the above technology can be used in order to decompose various signals,
such as mechanical, electromagnetic, seismic or acoustic waves, or even solutions of more
complicated differential equations, somewhat of wave type, into sinusoids.

Thus, many things to be learned here, and for more, have a look at any advanced
calculus book. In what concerns us, let us just present an application to arithmetic:

THEOREM 15.18. We have the following formula of Euler,

1+1+1+1+1+ _
49 16 25 76

computing ((2), and solving the Basel problem.

Proor. To start with, as already mentioned in chapter 14, we have the following
computation of Euler, obtained by factorizing the function sin x, having zeroes at Z/2, a
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bit like a polynomial, which gives the result, by looking at the coefficient of %

sinzx T n T T
T 3! 51 7!

- (=)0 D05 0 5)
_ (1_%)@_4%)(1_%%

Of course this is far from being rigorous, but following Weierstrass, it is possible to
fix this, with the above formula for sin x/x being indeed true. And, exercise of course for
you, to learn more about all this, with this being first-class mathematics, for sure.

(2) As an alternative approach, much quicker, we can use our Fourier series knowledge.
Indeed, the nonzero Fourier coefficients of the function f(t) =t on [—7, x] are:

- 1o 1 [1—int ,,]" (=1
f(n):—/ te”“fdt:—l o mf} _ v,

s 27 n? n

Thus, the Parseval formula for the function f(t) =t gives:

1 1 9 1 273 P
— = t dt=— .- ==
n? 27 or 3 3
nez*
And we therefore solved the Basel problem, just like that. Amazing. O

Along the same lines, we have as well the following more general result:

THEOREM 15.19. The generating function of the numbers ((2k) with k € N is

> r\2 1—xcotx
D_(2h) <%> T2
k=1
and the numbers ((2k) with k € N are themselves given by the formula

1 (2m)? "By
C(2k) = ()T

with B, being the Bernoulli numbers, which in practice gives the formulae

2 m 0 78

=% W5 . O=g= . (&)=

generalizing the formula ((2) = 72/6 of Euler, solving the Basel problem.

ProOOF. This comes as continuation of Theorem 15.18, following a discussion from
chapter 14, and we will leave all this, as an interesting exercise for you. U
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15c. Fourier transform

With the above discussed, end of Fourier analysis? You must be kidding. As we will
soon discover, the Fourier series that we learned are just one type of Fourier analysis, and
there is more. Let us start our discussion with something of general interest, namely the
convolution operation, that we already met in chapter 14, when talking about heat:

DEFINITION 15.20. The convolution of two functions f,g : R — C is the function

(f * 9)a /fx—

provided that the function y — f(x — y)g(y) is indeed integrable, for any x.

There are many reasons for introducing this operation, that we will gradually discover,
in what follows. As a basic example, let us take g = x[o,1;. We have then:

Z/Olf(w—y dy

Thus, with this choice of g, the operation f — f % g has some sort of “regularizing
effect”, that can be useful for many purposes. We will be back to this, later.

Goinh ahead with more theory, let us try to understand now when the convolution
operation is well-defined. We have here the following basic result:

PROPOSITION 15.21. The convolution operation is well-defined on the space

C.(R) = {f e O(R)

of continuous functions f : R — C having compact support.

supp(f) = compact}

PRrROOF. We have several things to be proved, the idea being as follows:

(1) First we must show that given two functions f, g € C.(R), their convolution f * g
is well-defined, as a function f ¢ : R — C. But this follows from the following estimate,
where [ denotes the length of the compact subsets of R:

T—y d = T — d
/|f | Y /supp(g)|f( y)g(y)| Y
< max f(z — d
= a (9) /Supp(g)‘ ( y)! Y

< max(g) - [(supp(g)) - max(f)
< &

(2) Next, we must show that the function f*g: R — C that we constructed is indeed
continuous. But this follows from the following estimate, where K is the constant of
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uniform continuity for the function f € C.(R

(Frg)ate)—(fra)@)| = /fw+f— g@my—éf@—ymwmﬂ

wa+e—w—fm—y»mw@\

gtéuw+e—w—f@—wwwwmw

< Kf'S'/\g\
R

(3) Finally, we must show that the function f % g € C(R) that we constructed has
indeed compact support. For this purpose, our claim is that we have:

supp(f +g) C supp(f) + supp(g)
In order to prove this claim, observe that we have, by definition of f * g:

(f*g)(x /fx— dy—/ ()f(w—y)g(y)dy

But this latter quantity being 0 for « ¢ supp(f) + supp(g), this gives the result. O

In relation with derivatives, and with the “regularizing effect” of the convolution
operation mentioned after Definition 15.20, we have the following result:

THEOREM 15.22. Given two functions f,g € C.(R), assuming that g is differentiable,
then so is f x g, with derivative given by the following formula:

(fxg) =fxd
More generally, given f,g € C.(R), and assuming that g is k times differentiable, then so
is f * g, with k-th derivative given by (f * g)® = f % g%

PROOF. In what regards the first assertion, with y = x — ¢, then t = x — y, we get:

ey = 4 [ 1= natuay

=-i/f@ﬂ%%mt
:/f (& — )
_ Afu—wywmy

= (fxg)(z)

As for the second assertion, this follows form the first one, by recurrence. O
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Finally, getting beyond the compactly supported continuous functions, we have the
following result, which is of particular theoretical importance:

THEOREM 15.23. The convolution operation is well-defined on L'(R), and we have:
Lf gl < 11f1allglls
Thus, if f € LY(R) and g € C*(R), then f * g is well-defined, and f x g € C*(R).

PROOF. In what regards the first assertion, this follows from:

[i=owlas < [ [156 - gt
= [ 156~ gtz
= [ 1r@lds [ low)iay

As for the second assertion, this follows from this, and from Theorem 15.22. O

Let us discuss now the construction and main properties of the Fourier transform,
which is the main tool in analysis, and mathematics in general. We first have:

DEFINITION 15.24. Given f € L'(R), we define a function J?: R — C by

= /R f(t)e™tdt

As a first observation, even if f is a real function, fis a complex function, which is
not necessarily real. Also, f is obviously well-defined, because f € L'(R) and |e™| = 1.
Also, the condition f € L*(R) is basically needed for construcing f, because:

_ /R oy

Generally speaking, the Fourler transform is there for helping with various computa-
tions, with the above formula f = [ f being something quite illustrating. Here are
some basic properties of the Fourler transform, all providing some good motivations:

and call it Fourier transform of f.

PROPOSITION 15.25. The Fourier transform has the following properties:
(1) Linearity: f/+\9 = J/‘\+ g, X} = )\fA.
(2) Regularity: f is continuous and bounded.
(3) If f is even then f is even.
(4) If f is odd then ]?z's odd.

ProoOF. All this is very standard, and we will leave the proof as an exercise. U
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Here are as well some basic computations of Fourier transforms:

PROPOSITION 15.26. We have the following Fourier transform formulae,

2sin(ax
f =X = fir) = 220000)
[ = xpa(t) = Jla) = —
’ a—1ix
~ 1
= at — o t e —
f=e"Nmnt) = flo) = ——
~ 2a
= —alt| E = —
valid for any number a > 0.
Proor. All this is again standard, and we will leave the proof as an exercise. Il

Back now to theory, we have the following result, adding to the various properties in
Proposition 15.25, and providing more motivations for the Fourier transform:

PROPOSITION 15.27. Given f, g € L'(R) we have fg, f§ € L'(R) and

[ f@iataae = [ Fo

called “exchange of hat” formula.

PROOF. Regarding the fact that we have indeed fg, f§ € L*(R), this is actually a bit
non-trivial, but we will be back to this later. Assuming this, we have:

/f dx—//f y)e™dxdy

On the other hand, we have as well the following formula:

[ Fwt@e = [ [ ferowipis

Thus, with x <> y, we are led to the formula in the statement. Il
As a key result now, showing the power of the Fourier transform, we have:
THEOREM 15.28. Given f : R — C such that f, f' € LY(R), we have:
Fi(a) = —ifla)
More generally, assuming f, f', f", ..., f™ € L*(R), we have

f® (@) = (—iz)* f(x)

foranyk=1,2,...,n
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PROOF. Assuming that f : R — C has compact support, we have indeed:

Pila) = / F(t)etdt

= —/f(t)-z'xemdt
- iz / F(t)edt

= —zxf

As for the higher derivatives, the formula here follows by recurrence. O

Importantly, we have a converse statement as well, as follows:

THEOREM 15.29. Assuming that f € L*(R) is such that F(t) = tf(t) belongs to L*(R)
too, the function f s differentiable, with derivative given by:

() (@) =iF ()
More generally, if Fy(t) = t*f(t) belongs to L'(R), for k=0,1,...,n, we have
(HP(x) = " Fy(w)
foranyk=1,2,...,n

PROOF. Regarding the first assertion, the computation here is as follows:

(P = 7 [ roea

= / f(t) - ite™dt
R
= z’/Rtf(t)e dt

= iF(z)
As for the second assertion, this follows from the first one, by recurrence. O

Here is another useful result, of the same type, this time regarding convolutions:

THEOREM 15.30. Assuming f,g € L'(R), the following happens:

-~

fxg="1-3

Conversely, we have E = % J?* g, which holds almost everywhere.
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PROOF. The first assertion is something elementary, coming as follows:

—

P = [ (repea

_ //ft—s Yo dsdt

- / ( / f(t—s)e”(t‘s)dt) g(s)e™*ds
/ ( / f(r Wdr) g(s)ei™ds

_ / F(@)g

'LIES ds
As for the second assertion, this is something more tricky, which follows from the first
one by using the Fourier inversion formula, that we will soon learn. O

/\

Let us develop now more theory for the Fourier transform. We first have:

THEOREM 15.31. Given f € LY(R), its Fourier transform satisfies

lim flz) =

w—+o0
called Riemann-Lebesgue property of f
PRroOF. This is something quite technical, as follows:
(1) Given a function f: R — C and a number r € R, let us set:
fi(t) = flt—r)

Our claim is then is that if f € LP(R), then the following function is uniformly
continuous, with respect to the usual p-norm on the right:

R—LR) , r—f

(2) In order to prove this, fix € > 0. Since f € LP(R), we can find a function of type
g : [—K, K] — C which is continuous, such that:

I1f=gllp <e

Now since g is uniformly continuous, we can find 6 € (0, K) such that:

[u—v] <6 = |g(u) — g(v)] < BK) /e
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But this shows that we have the following estimate:

1/p
lgr = gull, = (/|gt—r t—s)lpdt)

< “ler(2k +6)]
< €
By using now the formula ||f||, = || f-||,, which is clear, we obtain:
e = Fslle < M = grllp + 119r = gsllp + 1lgs — fsll
< e+e+e
= 3e

But this being true for any |r — s| < 0, we have proved our claim.

(3) Let us prove now the Riemann-Lebesgue property of ]/”\, as formulated in the
statement. By using €™ = —1, and the change of variables t — t — 7/, we have:

fla) = / F(t)etr

= - / e™ f(t)e™ dt
R

_ _/f(t)eiw(t—i—ﬂ/z)dt
R

= —/Rf(t—g) eiot dt

On the other hand, we have as well the following formula:

= /R f(t)e™tdt

Thus by summing, we obtain the following formula:

2f(w) = / (st =7 (1= 0)) ear

But this gives the following estimate, with notations from (1):
2[f ()] < If = faselh
Since by (1) this goes to 0 with z — +o0, this gives the result. O

Quite remarkably, and as a main result now regarding Fourier transforms, a function
f iR — C can be recovered from its Fourier transform f : R — C, as follows:
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THEOREM 15.32. Assuming f, f € LY(R), we have

/ flx)e *de

almost everywhere, called Fourier inversion formula.

Proor. Consider the following function, depending on a parameter A > 0:

1 .
90)\(5> _ / 671817}\@‘(&1‘
R

27
We have then the following convolution computation:

(Fron)t) = / £t — $)a(s)ds

1 A
= —//f(t—s)e_m_)‘|$|dxds
2 RJR
1 .
= o : (/Rf(t - s)e‘wxds) e Meldy
1 ~ .
= %/Rf(x)e_me_’\xldx

By letting now A — 0, we obtain from this the following formula:

llm(f * o) ( /f Ye " dx

On the other hand, by using Theorem 15.31 we obtain that, almost everywhere:

lim (f % @) (1) = f(2)

We are therefore led to the conclusion in the statement.

As a first application, we have now the fix for Theorem 15.30. In general, the Fourier
transform can be used a bit like the Fourier series, for dealing with all sorts of differential

equations, and exercise of course for you, to learn more about all this.

15d. Distributions

We kept the best for the end, the mathematical distributions. These are something

quite smart, and as an advertisement for what we will be doing, we have:

ADVERTISEMENT 15.33. With a suitable theory of distributions, covering both the

functions and the Dirac masses, the basic step function, namely

_fo @=o)
H(x)_{l (x> 0)

is differentiable when viewed as distribution, with derivative H' = .



15D. DISTRIBUTIONS 367

And isn’t this crazy, hope you agree with me. Getting started now, there is a price to
pay for doing such things, namely formulating a technical definition, as follows:

DEFINITION 15.34. A distribution on an open interval I C R is a functional
p:CX(I)—C
such that for any K C I compact, there exist n € N and ¢ > 0 such that

(N < el fllom )
for any f € C(I) having support in K, where || f||cn(r) = SuPyex doreo | fP(2)].

At the level of main examples of distributions, we have the integration functionals
associated to the measures, and in particular to the measures having a density. In view of
this, we can consider any function f € L'(I), viewed as density, as being a distribution.
Other basic examples include the Dirac masses §, at the points x € I.

Regarding the general theory of distributions, that is quite similar to the theory of
functions. Algebrically, the distributions form a vector space, and are subject to a number
of supplementary operations, such as dilations, translations and so on, and multiplication
by functions too. Analytically, we can talk about convergence of distributions, ¢, — ¢,
and about their support too, supp(p) C I, in a quite straightforward way.

Getting now to what we wanted to do, derivatives, we have here:

THEOREM 15.35. We can talk about the derivatives of distributions, given by

o'(f) = —o(f)
and with this notion in hand, the following happen:

(1) When ¢ is a usual differentiable function, ¢’ is the usual derivative.
(2) For the basic step function we have H = &y, as previously advertised.
(3) In fact, for a function ¢ = g with jumps at {z;}, we have ' = ¢ + . Jy(2;)ds,.

PRrROOF. The first assertion, which by the way explains the need for the — sign, follows
from the Leibnitz rule for derivatives. Regarding the second assertion, this follows from:

) =
= / f'(z)dx
= + £(0)
= f(O)
= do(f)

As for the third assertion, which generalizes (1,2), we will leave this as an exercise. [
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Summarizing, job done. Many other things can be said about distributions, and we
would like to end with a physics trick. We have the following computation, for a > 0:

/Rf(x)5(x2 — e — /(; F@)5(a? — a?)dx + /OOO F@)5(a? — a?)da

= /a fly—a)d(y® —2ay)dy + | fly+ a)d(y* + 2ay)dy

—a

~ /_a fly — a)d(—2ay)dy + /_OO [y + a)é(2ay)dy

= /_2a2 f (% — a) 5(—2)3—2 -+ /_:12 f (% + a) 5(2)%

f(—a)  f(a)
T T T2
_ /Rf(a:) oo = a);aé(xﬂ) da

Sounds like physics, you would say, and in answer, yes physics that is, but in any case,
we have in this way a definition for the quadratic Dirac masses, as follows:
d(x—a)+0(x+a)

2a

And we will end our discussion here. Good learning this was, and exercise for you to

learn more about distributions, and their applications to mathematics and physics.

§(z? —a?) =

15e. Exercises
This was a quite exciting chapter, and as exercises on this, we have:
EXERCISE 15.36. Learn some other proofs of Young, Holder, Minkowsk:.
EXERCISE 15.37. Learn about other Banach spaces of sequences, such as cg.
EXERCISE 15.38. Learn about the Hahn-Banach theorem, and related topics.
EXERCISE 15.39. Learn more about Hilbert spaces, and linear operators on them.
EXERCISE 15.40. Learn also about the various families of orthogonal polynomials.
EXERCISE 15.41. Learn more about Fourier series, and their applications.
EXERCISE 15.42. Learn more about the Fourier transform, and its applications.
EXERCISE 15.43. Learn more about distributions, and their various applications.

As bonus exercise, find a good functional analysis book, and start reading it.



CHAPTER 16

Several variables

16a. Linear algebra

We would like to end this book with an introduction to multivariable calculus. Which
is reputed to be a complicated business, but the basics are fairly understandable, and in
any case, far simpler than what we have been doing recently, in chapters 14-15.

Thinking a bit, things look quite complicated in several dimensions, say in the familiar
3D that we live in, and which is of main interest, for instance because the graph of a
function f : R® — R is a certain 4-dimensional beast, and go understand that.

Fortunately, the main ideas of calculus, as we learned them so far, come to the rescue.
Based on what we know well in 1D, let us formulate things as follows:

QUESTION 16.1. The main idea of calculus was that the functions f : R — R are
locally approzimately linear. In view of this, when looking for generalizations:
(1) What can we say about the linear maps f : RY — RM?
(2) Then, what can we say about the arbitrary functions f : RN — RM?

Which sounds good, now we have a serious plan, and time to develop it. Regarding
the first question, about the linear maps f : RV — RM | let us start with some basic linear
algebra. At the beginning, we have the following result, that you surely know:

THEOREM 16.2. The linear maps f : RN — RM are in correspondence with the
matrices A € My« n(R), with the linear map associated to such a matriz being

f(x) = Au
and with the matriz associated to a linear map being A;; =< f(e;), e; >.

PROOF. The first assertion is clear, because a linear map f : RY — RM must send a
vector z € R to a certain vector f(z) € RM, all whose components are linear combina-
tions of the components of x. Thus, we can write, for certain real numbers A;; € R:

T A111’1+...+A1NLL’N

TN AM1x1+~~-+AMNxN

369
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Now the parameters A;; € R can be regarded as being the entries of a certain matrix
A € My;«n(R), and with the usual convention for matrix multiplication, we have:

f(z) = Az

Regarding the second assertion, with f(z) = Ax as above, if we denote by ey, ... ex
the standard basis of RY, then we have the following formula:

Alj
flej) =
AM]‘
But this gives the second formula in the statement, < f(e;), e; >= A;;, as desired. O

In order to reach now to sharper results, we will restrict the attention to the linear
maps f: RY — RY which amounts in looking at the square matrices A € My (R). And
in what regards these latter matrices, we first have the following result:

PROPOSITION 16.3. Given a matrit A € My(R), let us call v € RY an eigenvector,
with corresponding eigenvalue X, when A multiplies by X\ in the direction of v:

Av=X\v
Then, in case where RN has a basis v1,...,vy formed by eigenvectors of A, with corre-
sponding eigenvalues Ay, ..., \y, in this new basis A becomes diagonal, as follows:
A1
A~
AN

FEquivalently, if we denote by D = diag(\y, ..., \y) the above diagonal matriz, and by
P = [v1...vN]| the square matriz formed by the eigenvectors of A, we have:

A=PDP!
In this case we say that the matriz A is diagonalizable.
PRrROOF. This is something which is clear, the idea being as follows:

(1) The first assertion is clear, because the matrix which multiplies each basis element
v; by a number \; is precisely the diagonal matrix D = diag(Aq,. .., An).

(2) The second assertion follows from the first one, by changing the basis. We can
prove this by a direct computation as well, because we have Pe; = v;, and so:

PDP’lvi = PD@I = P)\Zel = )\ZPel = )\ﬂ}i
Thus, the matrices A and PDP~! coincide, as stated. U
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In general, in order to study the diagonalization problem, the idea is that the eigen-
vectors can be grouped into linear spaces, called eigenspaces, as follows:

PROPOSITION 16.4. Let A € My(R), and for any eigenvalue A € R define the corre-
sponding eigenspace as being the vector space formed by the corresponding eigenvectors:

E, = {UGRN’Av:)\v}

These eigenspaces Ey are then in a direct sum position, in the sense that given vectors
v1 € Ey,,...,v; € By, corresponding to different eigenvalues Ay, ..., Ay, we have:

chi:o = ¢ =0

In particular we have the following estimate, with sum over all the eigenvalues,

> dim(E,) < N
A

and our matriz is diagonalizable precisely when we have equality.

PrROOF. We prove the first assertion by recurrence on £ € N. Assume by contradiction
that we have a formula as follows, with the scalars ¢y, ..., ¢, being not all zero:

v +...+cu, =0
By dividing by one of these scalars, we can assume that our formula is:
Vp =C1V1+ ...+ Cp_1Vp_1
Now let us apply A to this vector. We obtain in this way the following equality:
A (cror 4+ o+ p1vk1) = MU+ G A1k

On the other hand, we know by recurrence that the vectors vq,...,vx_1 must be
linearly independent. Thus, the coefficients must be equal, at left and at right:

AkCt=cCiA1 ..., ARCro1 = Cr_1Ak—1

Now since at least one of the numbers ¢; must be nonzero, we obtain Ay = A;, which
is a contradiction. Thus, first assertion proved, and the second assertion follows it. Il

In order to reach now to more advanced results, based on the above, we can use the
characteristic polynomial, which appears in the following way:

PROPOSITION 16.5. Given A € My(R), consider its characteristic polynomial:
P(z) = det(A — zly)
The eigenvalues of A are then the roots of P. Also, we have the inequality
dim(E)) < my

where my is the multiplicity of A, as root of P.
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PROOF. The first assertion follows from the following computation, using the fact that
a linear map is bijective when the determinant of the associated matrix is nonzero:

v, Av= v <<= Fu,(A-Aly)v=0
< det(A—Aly)=0

Regarding now the second assertion, given an eigenvalue A of our matrix A, consider
the dimension d, = dim(F)) of the corresponding eigenspace. By changing the basis of
RY, as for the eigenspace E) to be spanned by the first dy basis elements, our matrix
becomes as follows, with B being a certain smaller matrix:

Mg, 0O
)
We conclude that the characteristic polynomial of A is of the following form:
Py = Py, Pg=(\—12)"Pp

Thus the multiplicity m, of our eigenvalue A, as a root of P, satisfies m, > d,, and
this leads to the conclusion in the statement. O

It is convenient now to regard A € My(R) as a complex matrix, A € My(C), as for
its characteristic polynomial P to have roots. We are led in this way to:

THEOREM 16.6. Given a matric A € My(C), consider its characteristic polynomial
P(X) =det(A— X1y)
then factorize this polynomial, by computing the complex roots, with multiplicities,
P(X)=(—DN(X = A)™ . (X = \p)™
and finally compute the corresponding eigenspaces, for each eigenvalue found:

b, = {v ecV Av:)\iv}

The dimensions of these eigenspaces satisfy then the following inequalities,
and A is diagonalizable precisely when we have equality for any i.

Proor. This follows by combining Propositions 16.4 and 16.5, or rather their complex
versions, whose proofs are identical to those in the real case. Indeed, by summing the
inequalities dim(F)) < m, from Proposition 16.5, we obtain an inequality as follows:

D dim(Ey) <> my <N
A A

On the other hand, we know from Proposition 16.4 that our matrix is diagonalizable
when we have global equality. Thus, we are led to the conclusion in the statement. U
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In practice, diagonalizing a matrix remains something quite complicated. Let us record
as well a useful algorithmic version of the above result, as follows:

THEOREM 16.7. The square matrices A € Mn(C) can be diagonalized as follows:

(1) Compute the characteristic polynomial.

(2) Factorize the characteristic polynomial.

(3) Compute the eigenvectors, for each eigenvalue found.
(4) If there are no N eigenvectors, A is not diagonalizable.
(5) Otherwise, A is diagonalizable, A= PDP™L.

PRrROOF. This is an informal reformulation of Theorem 16.6, with (4) referring to the
total number of linearly independent eigenvectors found in (3), and with A = PDP~! in
(5) being the usual diagonalization formula, with P, D being as before. U

As an illustration for this, which is a must-know computation, we have:

PROPOSITION 16.8. The rotation of angle t € R in the plane diagonalizes as:

cost —sint) 1 /1 1Y (e 0) (1 —i
sint cost ) 2 \i —i 0 et)J\1 4
QOver the reals this is impossible, unless t = 0, m, where the rotation is diagonal.

PROOF. Observe first that, as stated, unlike we are in the case t = 0,7, where our
rotation is +1,, our rotation is a “true” rotation, having no eigenvectors in the plane.
Fortunately the complex numbers come to the rescue, via the following computation:

cost —sint 1 cost —isint _afl
sint  cost i 1cost +sint i

We have as well a second complex eigenvector, coming from:

cost —sint 1 cost +isint al 1
. = =e
sint  cost —i —icost +sint —1
Thus, we are led to the conclusion in the statement. U

As another basic illustration, in N dimensions, we have the following result:

PROPOSITION 16.9. The all-one matriz diagonalizes as follows,

N

1 0 .
:NFN '.. FN

1 ... 1

1 .01 0
2mi/N

with Fy = (w'");; with w = e being the Fourier matriz.
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PrROOF. The all-one matrix being N times the projection on the all-one vector, the
diagonal form is the one in the statement. In order to find now the explicit diagonalization
formula, with passage matrix and its inverse, we must solve the following equation:

And this is not an easy task, if we want a nice basis for the space of solutions. Fortu-
nately, the complex numbers come to the rescue, via the following formula:

N-1
E U)ks = N5N|5
k=0

But this leads, after some thinking, to the conclusion in the statement. Il

As a key result now regarding diagonalization, we have:

THEOREM 16.10. Any matriz A € My(R) which is symmetric, A = A!, is diagonal-
izable over the reals, with the diagonalization being of the following type,

A=UDU"
with U orthogonal, meaning Ut = U™, and D diagonal. The converse holds too.

PROOF. As a first remark, the converse trivially holds, because if we take a matrix of
the form A = UDU", with U orthogonal and D diagonal, we have:

Al = (UDU"Y' = UDU' = A

In the other sense now, assume that A is symmetric, A = A’. Our first claim is that
the eigenvalues are real. Indeed, assuming Av = Av, we have:

A<v, o> = <A, >
= < Av,v >
= <v,Av >
= <v,A\v>
= A<v,v>

Thus we obtain A € R, as claimed. Our next claim is that the eigenspaces correspond-
ing to different eigenvalues are pairwise orthogonal. Assume indeed that:

Av=X v |, Aw=pw
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We have then the following computation, using the fact that we have A\, 4 € R:

A<v,w> = < Av,w >
= < Av,w >
= <v,Aw >
= <v,uw >
= p<v,w>
Thus A # p implies v L w, as claimed. In order now to finish the proof, it remains to

prove that the eigenspaces of A span the whole space RY. For this purpose, we will use
a recurrence method. Let us pick an eigenvector of our matrix:

Av = )v
Assuming now that we have a vector w orthogonal to it, v 1 w, we have:
<Aw,v> = <w,Av >
= <w,\v >
= A<w,v>
=0

Thus, if v is an eigenvector, then the vector space v+ is invariant under A. We can

therefore proceed by recurrence, and we obtain the result. U

And with this, good news, done with the linear algebra that we should know. We have
now a good understanding of the linear maps f : RY — RM_ and we will make a heavy
use of this material, when investigating the arbitrary functions f : RY — RM,

16b. Partial derivatives

Getting now to the case of the arbitrary functions f : RY — R let us first discuss
differentiability. At order 1, the situation is quite simple, as follows:

THEOREM 16.11. The derivative of a function f : RN — RM  making the formula
fl+t) = flx) + fl(2)t

work, must be the matrix of partial derivatives at x, namely

r = (), € Mea®

d.’L’j

acting on the vectors t € RN by usual multiplication.
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PROOF. As a first observation, the formula in the statement makes sense indeed, as
an equality, or rather approximation, of vectors in R, as follows:

d d
r1+ 1t x dixll(x) . %(55) 1
/ : ~fl ]+ : : :
d df s
.TN—FtN N %(:C) dfﬁ—%(l‘) lfN

In order to prove now this formula, we can proceed by recurrence, as follows:

(1) First of all, at N = M = 1 what we have is a usual 1-variable function f: R — R,
and the formula in the statement is something that we know well, namely:

flz+1) ~ f(z) + f(2)t
(2) Let us discuss now the case N = 2, M = 1. Here what we have is a function
f:R? - R, and by using twice the basic approximation result from (1), we obtain:

f(x1+t1) ~ f(x1+t1)+i(x)t2

Ty + 1o To dxs

~ f(“’l) + Wyt + Py,

T2 d.I‘l d(L’g

) (e o))

(3) More generally, we can deal in this way with the case N € N, M = 1, by recurrence.
But this gives the result in the general case N, M € N too. Indeed, let us write:

fi
f=1:
fm
We can apply our result to each of the components f; : RY — R, and we get:
1+ 1 T t1
o Eal (e W)
Ty +1In TN tn

But this is precisely what we want, at the level of the global map f: RY — RM, [
As a technical complement to the above result, we have:
THEOREM 16.12. For a function f : X — RM  with X C RY, the following conditions

are equivalent, and in this case we say that f is continuously differentiable:

(1) f is differentiable, and the map x — f'(x) is continuous.
(2) f has partial derivatives, which are continuous with respect to x € X.

If these conditions are satisfied, f'(x) is the matriz fomed by the partial derivatives at x.
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ProOOF. We already know, from Theorem 16.11, that the last assertion holds. Re-
garding now the proof of the equivalence, this goes as follows:

(1) = (2) Assuming that f is differentiable, we know from Theorem 16.11 that
f'(x) is the matrix fomed by the partial derivatives at x. Thus, for any z,y € X:

dfl dfl ol /
By applying now the absolute value, we obtain from this the following estimate:
dfl dfl - / /

= [(f'(=) = ')l
< [If'(=) = FWl

But this gives the result, because if the map x — f’(x) is assumed to be continuous,
then the partial derivatives follow to be continuous with respect to x € X.

(2) = (1) This is something more technical. For simplicity, let us assume M = 1,
the proof in general being similar. Given x € X and € > 0, let us pick r > 0 such that
the ball B = B,(r) belongs to X, and such that the following happens, over B:

df df €
E(l‘) - E(?J) SN

Our claim is that, with this choice made, we have the following estimate, for any
t € RY satisfying ||t|| < r, with A being the vector of partial derivatives at x:

[f(z+1) = flz) — At] < et]]

In order to prove this claim, the idea will be that of suitably applying the mean value
theorem, over the N directions of RY. Indeed, consider the following vectors:

131

k) _ |tk
t 0

0

In terms of these vectors, we have the following formula:

flz+1t)— f(z) = Z Fl@+tD) — f(z+tUD)
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Also, the mean value theorem gives a formula as follows, with s; € [0, 1]:
) . d ) .
fla+tD) — flx+ 0Dy = —f(a: + 5t 4+ (1 — s,)tU71) - ¢
Lj
But, according to our assumption on r > 0 from the beginning, the derivative on the
right dlffers from ( ) by something which is smaller than ¢/N:

df o df €
1) 1— g )00y - =
Lo sit 4 (1= s ) = L) < 1

Now by putting everything together, we obtain the following estimate:
N

. ‘ d
flat8) = fla) = At = |3 fla+19) = fa+197) = D),
=1 dl‘j
N df
0y — G=Dy _ (). .
< Y|t~ Sl ) = e,
N
=D cl (x5t + (1= sy)tV) -ty — i(ﬂﬁ) -t
— ZL’j d[[’j
7j=1
N
df _ df
= —(x+s; 19 4 (1 )t(J 1)) ——(x)| - |t;]
Zl dx; I J dx; I
N
< Z ~ * Iti]
< é‘HtH
Thus we have proved our claim, and this gives the result. Il

Moving on, with this done, our next task will be that of extending to several variables
our basic results from one-variable calculus. As a standard result here, we have:

THEOREM 16.13. We have the chain derivative formula
(fog)(z)=f'(9(x)) - d'(z)
as an equality of matrices.

ProoOF. This is something standard in one variable, and in several variables the proof
is similar, by using the abstract notion of derivative coming from Theorem 16.11. To be
more precise, consider a composition of functions, as follows:

f:RYSRM | ¢g:RESRY | fog:RFE 5 RM



16B. PARTIAL DERIVATIVES 379

According to Theorem 16.11, the derivatives of these functions are certain linear maps,
corresponding to certain rectangular matrices, as follows:

f'(g(x)) € Maen(R) , ¢'(x) € Myux(R)  (fog)(z) € Muux(R)

Thus, our formula makes sense indeed. As for proof, this comes from:

(fog)x+t) = flg(z+1))
flg(x) + g'(x)t)
~ flg(x)) + f'(g(x))g' ()t

Thus, we are led to the conclusion in the statement. Il

12

Moving on, we can talk as well about higher derivatives, simply by performing the
operation of taking derivatives recursively. As a key result here, we have:

THEOREM 16.14. The double derivatives of a function f : R? — R satisfy

f  df
dedy — dydx

called Clairaut formula.

PROOF. Given a point in the plane, z = (a,b), consider the following functions, de-
pending on h, k € R small:

u(h,k) = f(a+h,b+ k) — f(a+ h,b)
v(h,k) = f(a+h,b+k)— fla,b+ k)

w(h, k) = f(a+ hyb+ k) — f(a+h,b) — f(a,b+ k) + f(a,b)
By the mean value theorem, for h, k # 0 we can find «, 5 € R such that:

w(h,k) = wu(h, k) —u(0,k)

d
= h-%u(ah,k)
= h if( + hb+k)—if( + ah, b)
= dr a an, dr a an,
= hk-i-if(a+ah,b+ﬁk)

dy dz
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Similarly, again for h, k # 0, we can find 7, € R such that:
w(h, k) = wv(h,k)—v(h,0)

d
= k(L ptathb+ k) — L fab+ o)
N dy ’ dy
d d

Now by dividing everything by hk # 0, we conclude from this that the following

equality holds, with the numbers «a, 3,7,6 € R being found as above:
d d d d
—_—— h,b k)=— — h,b+ 0k

But with h, k — 0 we get from this the Clairaut formula, at z = (a, ), as desired. [
In arbitrary dimensions now, we have the following result:

THEOREM 16.15. Given f : RN — R, we can talk about its higher derivatives,
drf o d d

(f)

provided that these derivatives exist indeed. Moreover, due to the Clairaut formula,
d*f B d*f
dl’idfﬂj N dl']dl'l

the order in which these higher derivatives are computed is irrelevant.

Proor. This is indeed something self-explanatory, based on Theorem 16.14, applied
to the various two-variable slices f;; : R? — R of our function f: RY — R. O

All this is very nice, and as an illustration, let us work out in detail the case k = 2.
Here things are quite special, and we can formulate the following definition:

DEFINITION 16.16. Given a twice differentiable function f: RN — R, we set

d?
f'w) = (dx,;c{xj) y

which is a symmetric matriz, called Hessian matriz of f at the point v € RV .

To be more precise, we know that when f : RY — R is twice differentiable, its order
k = 2 partial derivatives are the numbers in the statement. Now since these numbers
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naturally form a N x N matrix, the temptation is high to call this matrix f”(x), and so
we will do. And finally, we know from Clairaut that this matrix is symmetric:

fi(@)ig = f(x);i
Observe that at N = 1 this is compatible with the usual definition of the second
derivative f”, because in this case, the 1 x 1 matrix from Definition 16.16 is:

fi(x) = (f"(x)) € Mixa(R)
As a word of warning, however, never use Definition 16.16 for functions f : RY — RM|
where the second derivative can only be something more complicated. Also, never attempt

either to do something similar at k = 3 or higher, for functions f : RY — R with N > 1,
because again, that beast has too many indices, for being a true, honest matrix.

Back now to our usual business, approximation, we have the following result:

THEOREM 16.17. Given a twice differentiable function f : RN — R, we have

fla+1) = f(z) + f@)t+ w

where f"(x) € Mn(R) stands as usual for the Hessian matriz.

PRroOF. This is something very standard, the idea being as follows:

(1) As a first observation, at N = 1 the Hessian matrix as constructed in Definition
16.16 is the 1 x 1 matrix having as entry the second derivative f”(x), and the formula in
the statement is something that we know well from basic calculus, namely:

Jla+t) = f(z)+ f(x)t + %@t?

(2) In general now, this is in fact something which does not need a new proof, because
it follows from the one-variable formula above, applied to the restriction of f to the
following segment in RY, which can be regarded as being a one-variable interval:

I =lz,z+1
To be more precise, let y € RY, and consider the following function, with r € R:
9(r) = fa+ry)
We know from (1) that the Taylor formula for g, at the point r = 0, reads:

o) = 9(0) + g (O + L O

And our claim is that, with ¢ = ry, this is precisely the formula in the statement.

(3) So, let us see if our claim is correct. By using the chain rule, we have the following
formula, with on the right, as usual, a row vector multiplied by a column vector:

g(r)=f(x+ry) -y
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By using again the chain rule, we can compute the second derivative as well:

g'(r) = (f'l@+ry) -y

= < fx+ryy,y>

(4) Time now to conclude. We know that we have g(r) = f(z + ry), and according to
our various computations above, we have the following formulae:

9(0)=f(x) , J0O)=[f(=) . ¢"0)=<[f")y,y>

Buit with this data in hand, the usual Taylor formula for our one variable function g,
at order 2, at the point r = 0, takes the following form, with ¢ = ry:

< f"(x)y,y >1r?
2

= J) ¢ pp s SR

Thus, we have obtained the formula in the statement. O

fl+ry) = fl@)+ f(@)ry+

As in the one variable case, the Taylor formula is useful for computing the local
extrema of the function. Indeed, let us first look at the order 1 formula, namely:

fla+1t)~ f(z) + f(2)t

It is clear then, exactly as in the one-variable case, that in order to have a local
extremum, we must have f'(x) = 0. Next, assuming that this holds, let us look at the
order 2 Taylor formula, which in the case f’(x) = 0 takes the following form:

< f"(x)t,t >
L <@

flo )~ f)+ =18
We conclude from this, again as in the one-variable case, that when f”(x) > 0, with
this meaning that the symmetric matrix f”(x) € My(R) has eigenvalues Aj, ..., Ay > 0,

we have a local minimum, and that when f”(z) < 0, we have a local maximum.

At higher order now, things become more complicated, as follows:
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THEOREM 16.18. Given an order k differentiable function f: RY — R, we have

flot8) = fla) + flap+ LB

and this helps in identifying the local extrema, when f'(x) =0 and f"(z) = 0.

PROOF. The study here is very similar to that at k£ = 2, from the proof of Theorem
16.17, with everything coming from the usual Taylor formula, applied on:

I =lz,z+1

Thus, it is pretty much clear that we are led to the conclusion in the statement. We
will leave some study here as an instructive exercise. U

And with this, end of our discussion regarding the foundations of multivariable calcu-
lus. Which was actually far simpler than originally expected, hope we agree on this.

16c. Kepler and Newton

Time now for some 3D physics and applications, you would say, but before that, we
have some unfinished business in 1D, in relation with the waves. And here, we have:

THEOREM 16.19. The solution of the 1D wave equation ¢ = v>p" with initial value
conditions ¢(x,0) = f(x) and $(z,0) = g(z) is given by the d’Alembert formula:

flx —ovt) + f(x+ vt) N 1 /””t

p(z,t) = 5 % g(s)ds

Also, in the context of our previous lattice model discretizations, what happens is more or
less that the above d’Alembert integral gets computed via Riemann sums.

—ut

Proor. We already talked about waves in this book, in chapters 10, 12, 14, 15, but
the above formula is still to be proved. Let us make the following change of variables:

y=x—vt , z2=zx+0t

We have the following computation, using the chain rule from Theorem 16.13:

dp dp dy dy dz dp n de
- = . _— = =) — v —
dt dy dt dz dt dy dz
By using the chain rule again, the second time derivative is given by:
d*p d*o dy d*p dz o dy d*p dz
- — —v ___|_ — _|_rU ._+_._
dt? dy? dt = dydz dt dzdy dt  dz? dt

d*p d*p d*p d*p
= —v (_Ud_y2+vdydz) +v (—vdzdy —H)@)

)2 (d2so N d*p d%)
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Regarding now the first space derivative, this is given by the following formula:
do _dp dy do d=_dp d
dv  dy dr dz dr dy dz
By using the chain rule again, the second space derivative is given by:
Poo_ (Lo, Pe k), (B b Lo )
dt? dy?> dr  dydz dx dzd§ dx  dz? dx
d? d? d? d?
- (e o) (o )
d? d? d?
dyf * dzf * dyZiOz
Thus, our wave equation ¢ = v2p” reformulates in a very simple way, as follows:
o
dydz

But this latter equation tells us that our new y, z variables get separated, and we
conclude from this that the solution must be of the following special form:

o(x,t) = F(y) + G(z) = F(x — vt) + G(z + vt)

Now by taking into account the intial conditions ¢(z,0) = f(z) and ¢(x,0) = g(z),
and then integrating, we are led to the d’Alembert formula in the statement. U

Getting now to the real thing, gravity and celestial mechanics, we have here:

THEOREM 16.20 (Kepler, Newton). Planets and other celestial bodies move around
the Sun on conics, that is, on curves of type

C= {(:E,y) € R?

P(z,y) = 0}

with P € R[x,y| being of degree 2. The same is true for any body moving around another
body, provided that we are not in the situation of a free fall.

Proor. This is something very standard, the idea being as follows:

(1) According to observations and calculations performed over the centuries, since the
ancient times, and first formalized by Newton, following some groundbreaking work of
Kepler, the force of attraction between two bodies of masses M, m is given by:

Mm
2

Here d is the distance between the two bodies, and G ~ 6.674 x 107! is a constant.

Now assuming that M is fixed at 0 € R?, the force exterted on m positioned at x € R3,

|F||=G-
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regarded as a vector F' € R3, is given by the following formula:

F—_||F| r o GMm =z B GMmzx
[z 2 [|=]] |||[3

||
But F = ma = mi, with a = Z being the acceleration, second derivative of the
position, so the equation of motion of m, assuming that M is fixed at 0, is:

GMzx

[|[[®

(2) Obviously, the problem happens in 2 dimensions, and here the most convenient is
to use standard x,y coordinates, and denote our point as z = (x,y). With this change
made, and by setting K = GM, the equation of motion becomes:

. Kz
Z=—rt—=
|21

In other words, in terms of the coordinates x,y, the equations are:
Kz . Ky
o (22 + y2)3/2 Y= (22 + y2)3/2
(3) Let us begin with a simple particular case, that of the circular solutions. To be
more precise, we are interested in solutions of the following type:

T =

r=rcosat |, =rsinat
In this case we have ||z|| = r, so our equation of motion becomes:
. Kz
z = _1”_3

On the other hand, differentiating x, y leads to the following formula:
zZ = (xvy) = _az(w>y) = _O'/QZ
Thus, we have a circular solution when the parameters r, o satisfy:
o’ =K
(4) In the general case now, the problem can be solved via some calculus. Let us write
indeed our vector z = (z,y) in polar coordinates, as follows:

x=rcos , y=rsinf
We have then ||z|| = r, and our equation of motion becomes, as in (3):
. Kz
f= g

Let us differentiate now x,y. By using the standard calculus rules, we have:
i =7cosf —rsind -0

§=7rsind+rcosf-0
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Differentiating one more time gives the following formulae:
i=7icosf — 2rsinf -0 —rcosh -0 —rsinb -6
j=isin+ 27 cosf-0—rsind-0>+rcosf-0
Consider now the following two quantities, appearing as coefficients in the above:
a=7F—r0> | b=20+r0
In terms of these quantities, our second derivative formulae read:
T =acosf — bsind

Yy =asinf + bcos b

(5) We can now solve the equation of motion from (4). Indeed, with the formulae that
we found for Z, 7, our equation of motion takes the following form:

K
acosf —bsinf = ——20086
r

K
asinf 4+ bcosl = ——Qsin9
r

But these two formulae can be written in the following way:
K
(a + —2) cos = bsinf
r

K
<a + —2) sinf = —bcost
T

By making now the product, and assuming that we are in a non-degenerate case,
where the angle 6 varies indeed, we obtain by positivity that we must have:
K
r

(6) We are almost there. Let us first examine the second equation, b = 0. Remember-
ing who b is, from (4), this equation can be solved as follows:

b=0 20 +rf = 0
b_ _,*
0 r

(log§)" = (—2logr)’
logé = —2logr+c
g

r2

(N



16C. KEPLER AND NEWTON 387

As for the first equation the we found, namely a + K/r? = 0, remembering from (4)
that a was by definition given by a = # — rf?, this equation now becomes:

. AN K B
T — F + T‘_2 = 0
(7) As a conclusion to all this, in polar coordinates, x = rcosf, y = rsinf, our
equations of motion are as follows, with A being a constant, not depending on t:

LXK A

r=-—-—=—-——- -

r3 2 72

Even better now, by writing K = A?/c, these equations read:

N1 i
T_rz r c ’ o2

(8) As an illustration, let us quickly work out the case of a circular motion, where r
is constant. Here 7 = 0, so the first equation gives ¢ = r. Also we have 6 = «, with:

A

o = —
7"2

Assuming 0 = 0 at ¢ = 0, from @ = a we obtain § = ot, and so, as in (3) above:
r=rcosat , y=rsinat
Observe also that the condition found in (3) is indeed satisfied:

A2 )2
Pl ="="=K
r c

(9) Back to the general case now, our claim is that we have the following formula, for
the distance r = r(t) as function of the angle 6 = 6(t), for some £,6 € R:

c
" 1+ecosf+dsinb

r

Let us first check that this formula works indeed. With r being as above, and by using
our second equation found before, § = \/r?, we have the following computation:

c(esin® — 0 cos )0
(14 ecosf + dsinh)?
Ac(esind — 0 cos0)
r2(1 4 ecosf + ¢ sin 6)?
A(esind — § cos0)

C
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Thus, the second derivative of the above function r is given, as desired, by:

Aecosf + dsinf)d

c
N (e cosf + dsinf)

r2c

_ oML 1
o2 \r ¢

(10) The above check was something quite informal, and now we must prove that our
formula is indeed the correct one. For this purpose, we use a trick. Let us write:

1
"= T

Abbreviated, and by always reminding that f takes § = 6(t) as variable, this reads:

r=—

f

With the convention that dots mean as usual derivatives with respect to ¢, and that
the primes will denote derivatives with respect to § = 6(t), we have:

0 TA
I A Y
f2 f2 2
By differentiating one more time with respect to ¢, we obtain:
. A A2
S "n " o 1
r——AfH——Af-ﬁ_—ﬁ

On the other hand, our equation for 7 found in (7) reads:

D S A N A2 1
i=" (o) =5 (F--
r\r ¢ 72 c

Thus, in terms of f = 1/r as above, our equation for ¥ simply reads:

ﬂ+f=%

But this latter equation is elementary to solve. Indeed, both functions cost, sin t satisfy
9" + g = 0, so any linear combination of them satisfies as well this equation. But the
solutions of f” 4+ f = 1/c being those of ¢” + g = 0 shifted by 1/c, we obtain:

1+ ecosf +dsinf

f=
c
Now by inverting, we obtain the formula announced in (9), namely:
c
”

- 1+ ecosf@+dsinb
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(11) But this leads to the conclusion that the trajectory is a conic. Indeed, in terms
of the parameter #, the formulae of the coordinates are:

ccos b
.’L':
1+ eccosf+dsiné
csin O

1+ecosf+dsind
But these are precisely the equations of conics in polar coordinates.

y:

(12) To be more precise, in order to find the precise equation of the conic, observe
that the two functions z,y that we found above satisfy the following formula:
P = *(cos? 0 + sin% 0)
(14 ecosf + dsinf)?
2
(1+ecosf+ dsinh)?

On the other hand, these two functions satisfy as well the following formula:

?(ecos + dsinf — (1+5cos«9+5sin«9))2
(14 ecosf + dsinf)?
2
(1+ecosf+ dsinh)?

We conclude that our coordinates x,y satisfy the following equation:

(ex + 0y —c)* =

2? +y* = (ex + 0y — ¢)?
But what we have here is an equation of a conic, as claimed. O

16d. Spherical integrals

Back to mathematics, we can talk about multiple integrals, in the obvious way. Getting
now to the general theory and rules, for computing such integrals, the key result here is
the change of variable formula, which is something quite tricky, as follows:

THEOREM 16.21. Given a transformation ¢ = (¢1,...,¢nN), we have

= [ oo

with the J, quantity, called Jacobian, being given by

J,(t) = det [(Zf] (x))ij]

and with this generalizing the usual formula from one-variable calculus.
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Proor. This is something quite tricky, the idea being as follows:

(1) Observe first that this generalizes indeed the change of variable formula in 1
dimension, from chapter 13, the point here being that the absolute value on the derivative
appears as to compensate for the lack of explicit bounds for the integral.

(2) In general now, we can first argue that, the formula in the statement being linear
in f, we can assume f = 1. Thus we want to prove vol(E) = fw,l(E) |J,(t)|dt, and with

D = ¢~ !(E), this amounts in proving vol(¢(D)) = [, |J,(t)|dt.

(3) Now since this latter formula is additive with respect to D, it is enough to prove
that vol(¢(D)) = [, J,(t)dt, for small cubes D, and assuming J, > 0. But this follows
by using the usual definition of the determinant, as a volume.

(4) The details and computations however are quite non-trivial, and can be found for
instance in Rudin [73]. So, please read that. With this, reading the complete proof of
the present theorem from Rudin, being part of the standard math experience. Il

As an application, we can compute the arbitrary spherical integrals, as follows:

THEOREM 16.22. The polynomial integrals over the unit sphere S]f{y_l c RN, with
respect to the normalized, mass 1 measure, are given by the following formula,
N — DNk B!
/ a:'fl...x?VNdm:( )y N

valid when all exponents k; are even. If an exponent k; is odd, the integral vanishes.

PROOF. Assume first that one of the exponents k; is odd. We can make then the
following change of variables, which shows that the integral in the statement vanishes:

T, — —T;

Assume now that all exponents k; are even. As a first observation, the result holds at
N = 2, due to the Wallis formula from chapter 14. In the general case now, we have:

N /2 /2
I:—/ / i T dty .ty
A 0 0

Here A is the area of the sphere, computed in chapter 14, and given by:

N [V/2]
27 _ <2> (N — 1)1

T
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As for the unnormalized integral, this is given by the following formula:

w/2 /2
I'= / / (costy)* (sint, costy)*?
0 0

(sintysinty...sinty_gcosty_1) V-1
(sintysinty...sinty_psinty_1)*
sin™N 2 t1 sinV =3 to .. .sin? ty_3sinty_o
dty...dty_q

By rearranging the terms, we obtain:

w/2
I = / cosk! ty sinfe T tENEN=2¢ qp
0

/2
/ cos?? to sinf3 T tENEN=3 ¢ gt
0

/2
/ COS’ICN*2 tN_Q Sil’lkl\f*l—'—kl\r—‘r1 tN—Z dtN_z
0

/2
/ cosPN-1 ¢y sinfN tn g din_g
0

Now by using the Wallis formula at N = 2, this gives:

I/ klll(k2++k3N+N—2)” <Z>E(N_2)
(k1 +...+kny+N =1 2
koWl(ks + ...+ ky + N = 3)!! <7T>€(N3)
(ka+ ...+ kn+ N —=2)! 2
]fN,Q!!(/{N,1 + kN -+ 1)” (71')5(1)
(kn—o+kno1 +Iv+2)I1\2
k:N_lllk:N!! (7‘(‘)5(0)
(kn_1+kn+ 1DI\2
But this gives, after simplifying, the formula in the statement. U

As an interesting application of the above formula, we have:
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THEOREM 16.23. The moments of the hyperspherical variables are

N — 1)!ipl!
/ wpdy = AN = DL
SHJQIA (N—I—p— 1)..

and the rescaled variables y; = vV Nx; become normal and independent with N — .

PRrROOF. We have two assertions here, the idea being as follows:

(1) The moment formula in the statement follows from the general formula from
Theorem 16.22. As a consequence, with N — oo we have the following estimate:

/ aPdx ~ N7P/% x pll
Spt

By comparing with the moment formula for normal variables, from chapter 14, we
conclude that the rescaled variables v Nx; become normal with N — oo, as claimed.

(2) As for the proof of the asymptotic independence, this is standard too, once again

by using Theorem 16.22. Indeed, the joint moments of x1, ..., xx are given by:
N — DNk k!
/ x’fl...xlf\,”dx = ( )1 N
s-1 (N + Xk — 1!

~ N7HRox kL k!
By rescaling, the joint moments of the variables y; = v/ Nx; are given by:
/ yfl...y]'i,Ndx:kﬂ!...k:N!!
SN71

R
Thus, we have multiplicativity, and so independence with N — oo, as claimed. Il

Many other things can be said, as a continuation of this, and for more, you can have
a look at any advanced book mixing geometry, probability and physics.

16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter. How-
ever, if interested to learn more about functions, and especially about the multivariable
ones, which are quite tricky, there are plently of more advanced calculus books, waiting
for you. So, have a look at the various books referenced below, pick one, and enjoy.
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acceleration, 225

all-one matrix, 373
alternating series, 30, 32
altitudes, 57

angle bisectors, 57
approximation, 74

approximation by polynomials, 146

arctan, 213

area, 299

area below graph, 299

area of circle, 69

area of ellipsoid, 319

area of sphere, 319, 332
argument, 94

argument of complex number, 76
attracting mass, 292

average of function, 302

Babylonian method, 129
Banach theorem, 132
barycenter, 57

Bernoulli law, 144
Bernoulli laws, 337
Bernstein polynomial, 146
biased coin, 145

binomial coefficient, 12
binomial coefficients, 14
binomial formula, 13, 153, 261
binomial law, 145

Cardano formula, 192, 194, 196
Catalan numbers, 156, 158
Cauchy criterion, 148

Cauchy sequence, 26
Cauchy-Schwarz, 142, 245
central binomial coefficients, 158

Index
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chain rule, 209, 315, 378
change of variable, 315, 389
character, 102

characteristic polynomial, 372
Chebycheff inequality, 146
Chebycheff polynomials, 170
circumcenter, 57

Clairaut formula, 379

closed and bounded, 118
closed set, 113, 114
common roots, 183

compact set, 117, 123
complement, 115

complete space, 26

complex conjugate, 52
complex cosine, 150
complex eigenvalues, 373
complex exponential, 90
complex logarithm, 128
complex number, 50, 51
complex plane, 124

complex roots, 79, 188
complex sine, 150

concave, 225

concave function, 244
conjugation, 53

connected set, 117
continuous and bounded, 143
continuous function, 39, 116
continuously differentiable, 376
convergence radius, 148
convergent sequence, 23, 124
convergent series, 28

convex, 225

convex function, 244
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convex set, 127
convolution, 145, 325, 336
cos, 63, 207, 259
cosecant, 160

cosine, 63

cosine of sum, 75
cotangent, 160

cover, 117, 123

critical damping, 290, 291
cut, 17

d’Alembert criterion, 148
d’Alembert formula, 322, 383
damped oscillator, 289
decimal form, 18

Dedekind cut, 17

degree 2 equation, 18, 51, 178
degree 2 polynomial, 188
degree 3 equation, 192, 194
degree 3 polynomial, 188, 192
degree 4 equation, 194, 196
degree 4 polynomial, 194
derangement, 101

derivative, 204, 205, 375
derivative of arctan, 213
derivative of derivative, 225
derivative of fraction, 210
derivative of inverse, 210
derivative of tan, 211
diagonalization, 372
differentiable function, 204
differential equation, 240, 292
discretization, 322, 383
discriminant, 18, 186
distance, 124

distribution, 335

double factorial, 330

double root, 186, 290

Dyck paths, 156

e, 81, 83, 85

eigenvalue, 372

eigenvector, 372

Einstein formula, 174
ellipsoid, 319

equal almost everywhere, 347
Euclid theorem, 62

Euler formula, 150

INDEX

exchange of hat, 362

exp, 207, 259

expectation, 304
exponential, 83, 85, 90, 208
exponential series, 83
extremum, 220

factorials, 12

Fermat theorem, 16

fixed point, 129, 132

fixed points, 101

flat matrix, 373

Fourier inversion, 365
Fourier matrix, 373
Fourier transform, 337, 361
fraction, 11, 210

free fall, 292

friction, 289

function, 39

function space, 143, 347
fundamental theorem of calculus, 311, 312

Gegenbauer polynomials, 352
generalized binomial formula, 153, 261
generalized binomial numbers, 153
geometric series, 28, 125, 149

gravity, 240, 292

growth of slope, 225

Holder inequality, 245, 347
heat equation, 242

heat kernel, 325
Heine-Cantor theorem, 123
Hessian, 381

Hessian matrix, 380

higher derivative, 315, 380
Hooke law, 241
hyperspherical law, 391

i, 50

image of compact set, 118
image of connected set, 118
incenter, 57
inclusion-exclusion, 101
indefinite integral, 313
independence, 145, 336, 337
infinitesimal, 311

integrable function, 300, 305



integral, 299

integration by parts, 314
intermediate value, 43, 119
intersection of closed sets, 114
inverse image, 116

irrational, 87

irrationality of e, 87

iteration, 129

Jacobi polynomials, 352
Jacobian, 389

Jacobian matrix, 375
Jensen inequality, 244
jump, 109

large damping, 290

lattice model, 241, 242

law, 335

law of cosines, 65

left limit, 109

Legendre polynomials, 352
Leibnitz formula, 209

length of circle, 69

length of ellipse, 317

lim inf, 25

lim sup, 25

limit of continuous functions, 140
limit of sequence, 23

limit of series, 28

Lipschitz constant, 119
Lipschitz function, 119
Lipschitz property, 119

local extremum, 220, 239, 382
local maximum, 220, 239, 381
local minimum, 220, 239, 381
locally affine, 205

locally quadratic, 236

log, 207, 259

logarithm, 128, 151

loops on graph, 156

main character, 102

Markov inequality, 146
maximum, 43, 119, 220, 381
mean, 145

mean value property, 221, 306
medians, 57

metric, 141

INDEX

metric space, 141

minimum, 43, 119, 220, 381
Minkowski inequality, 246, 347
modulus, 53, 94, 204

modulus of complex number, 76
moments, 145, 335

monotone function, 45

Monte Carlo integration, 302

multiplication of complex numbers, 94

Newton law, 241
noncrossing pairings, 156
noncrossing partitions, 156
norm, 141

normed space, 141, 247, 347

open cover, 117

open intervals, 117

open set, 113, 114
orthocenter, 57

orthogonal polynomials, 352
oscillator damping, 290

p-norm, 142, 247, 347
parallelogram rule, 51

partial derivatives, 375

Pascal triangle, 14

path connected, 127

periodic decimal form, 20
permutation, 101
perpendicular bisectors, 57

pi, 69

piecewise continuous, 305
piecewise linear, 300

piecewise monotone, 305
plane rotation, 373

PLT, 337

pointwise convergence, 136, 139
Poisson law, 102, 337

Poisson limit, 102

Poisson Limit Theorem, 337
polar coordinates, 76, 94
polar writing, 93

polynomial approximation, 146
positive matrix, 381

power function, 46, 205, 307
power series, 148, 208, 254
powers of complex number, 78
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primitive, 313 spectral theorem, 374
probability 0, 20 speed addition, 172
probability space, 335 spherical integral, 390
purely imaginary, 53 spiral, 125
Pythagoras equation, 62 square root, 17, 18, 46, 51, 129, 158
Pythagoras theorem, 60 step function, 137
subcover, 117
quotient, 11 subsequence, 25
quotient of polynomials, 25 sum of cubes, 307

sum of squares, 307

sum of vectors, 51

sun of three angles, 166
symmetric functions, 182
symmetric matrix, 374, 380

random number, 302
random permutation, 101
random variable, 304, 335
rational function, 149
rational number, 11

real numbers, 17 tan, 211

real roots, 188 tangent of sum, 75

reflection, 52 tangent of sums, 168
remainder, 315 Taylor formula, 254, 259, 315, 381, 382
resultant, 183, 185 totally discontinuous, 137, 138
Riemann integration, 301 triangle, 57

Riemann series, 28 triangle inequality, 141
Riemann sum, 301, 307, 322, 383 triple angle, 167

Riemann zeta function, 340 truncated character, 102
Riemann-Lebesgue property, 364 twice differentiable, 225

right angle, 60 ,

right limit, 109 undamped frequency, 289
right triangle, 60, 63 undamped oscillator, 289

uniform continuity, 122
roots of polynomial, 46, 79 uniform convergence, 138
roots of unity, 79, 95 union of intervals, 117
rotation, 373 union of open sets, 114
unit sphere, 319

root of unity, 193

scalar product, 142

secant, 160

second derivative, 225, 380
second derivatives, 379
second order derivative, 381

variance, 145

vector, 51

volume, 299

volume of sphere, 319, 330, 331

sequence, 23 Wallis formula, 329, 390
sequence of functions, 136 wave equation, 241, 294
S.erieS, 28 Weierstrass basis, 352
sin, 63, 207, 259 Weierstrass theorem, 146
sine, 63

sine of sum, 75 Young inequality, 245
single roots, 186 ¢ . 1

slope, 204 zeta function, 340

small damping, 290
space of functions, 143
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