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Abstract. This is an introduction to the partial differential equations, with all needed
preliminaries included. We first discuss, in some detail, the wave equation, notably
with its physical meaning, both in classical mechanics and electrodynamics, and its
mathematical treatment. Then we discuss the general mathematical theory of partial
differential equations, in the linear case. We then discuss various linear equations coming
from physics, quite often appearing in relation with the waves. Finally, we provide an
introduction to the nonlinear partial differential equations, and their study.



Preface

This is an introduction to the partial differential equations, with all needed prelimi-
naries included. The book is organized in 4 parts, as follows:

I. We first discuss the wave equation, notably with its physical meaning, both in
mechanics and electrodynamics, and its mathematical treatment.

II. Then we discuss the general mathematical theory of partial differential equations,
in the linear case, with the various tools and theorems that can be used.

III. We then discuss in some detail various linear equations coming from physics, quite
often appearing in relation with the wave equation.

IV. Finally, we provide an introduction to the nonlinear partial differential equations,
with a discussion of the main examples, and their mathematical study.

Many thanks to my PDE colleagues in Cergy, and to my other PDE friends too.
Including of course my cats, when it comes to quickly solve an equation, coming from the
physics of the world that we live in, they are the kings of this universe.

Cergy, September 2025

Teo Banica
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Part I

Wave equation





CHAPTER 1

Mechanical waves

1a. Laplace operator

Welcome to the waves, and their equation, which is the guiding equation of modern
physics. In the present Part I of this book we will discuss the wave equation.

The waves appearing in the real life can be of many types, as follows:

Fact 1.1. Waves can be of many types, and basically fall into two classes:

(1) Mechanical waves, such as the usual water waves, but also the sound waves, or
the seismic waves. In all these cases, the wave propagates mechanically, via a
certain medium, which can be solid, liquid or gaseous.

(2) Electromagnetic waves, coming via a more complicated mechanism, namely an
accelerating charge in the context of electromagnetism. These are the radio waves,
microwaves, IR, visible light, UV, X-rays and γ-rays.

Quite remarkably, the behavior of all the above waves is basically described by the
same wave equation, which looks as follows, and details on this later:

φ̈ = v2∆φ

Understanding all this, what are the above waves and why they all satisfy this equation,
will need us to have a tour through classical mechanics, elasticity, and solids, liquids and
gases, in short states of matter, and then electrodynamics, and the Maxwell equations.
Exciting enough you would say, and with the remark that in each of the above cases, the
equation φ̈ = v2∆φ must be fine-tuned a bit. We will discuss this too.

Finally, let us mention that advanced thermodynamics will be not forgotten, we will
talk about this in chapter 2, by adopting the main equation there, called heat diffusion
equation, and which looks a bit different, namely φ̇ = α∆φ, as being a “heat wave”
equation. And with this being a good deal, because we will end up in this way of talking
about the Schrödinger equation as well, as a close cousin of this heat equation.

Getting started for good now, some mathematics first. What is the Laplace operator
∆, appearing in the above? The answer here is very simple, coming from:

11



12 1. MECHANICAL WAVES

Principle 1.2. The second derivative of a function φ : RN → R, making the formula

φ(x+ h) ≃ φ(x) + φ′(x)h+
< φ′′(x)h, h >

2
work, is its Hessian matrix φ′′(x) ∈MN(R), given by the following formula:

φ′′(x) =

(
d2φ

dxidxj

)
ij

However, when needing a number, as second derivative, the trace of φ′′(x), denoted

∆φ =
N∑
i=1

d2φ

dx2i

and called Laplacian of φ, usually does the job.

So, let us try to understand this principle. In one variable, things are quite simple,
and you certainly know them well. Given a function φ : R → R, the first job is that of
finding a quantity φ′(x) ∈ R making the following formula work:

φ(x+ h) ≃ φ(x) + φ′(x)h

But here, there are not so many choices, and the solution is that of defining the number
φ′(x) ∈ R by the following formula, provided that the limit converges indeed:

φ′(x) = lim
h→0

φ(x+ h)− φ(x)

h
This number is called derivative of φ at the point x ∈ R, and as you surely know,

geometrically, we have φ′(x) = tanα, with α being the slope of φ at the point x.

Still in one variable, we can talk as well about second derivatives, as follows:

Theorem 1.3. The second derivative of a function φ : R → R, making the formula

φ(x+ h) ≃ φ(x) + φ′(x)h+
φ′′(x)h2

2
work, is the derivative φ′′ of the derivative φ′ : R → R.

Proof. Assume indeed that φ is twice differentiable at x, and let us try to construct
an approximation of φ around x by a quadratic function, as follows:

φ(x+ h) ≃ a+ bh+ ch2

We must have a = φ(x), and we also know that b = φ′(x) is the correct choice for the
coefficient of h. Thus, our approximation must be as follows:

φ(x+ h) ≃ φ(x) + φ′(x)h+ ch2

In order to find the correct choice for c ∈ R, observe that the function ψ(h) = φ(x+h)
matches with P (h) = φ(x) + φ′(x)h + ch2 in what regards the value at h = 0, and also
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in what regards the value of the derivative at h = 0. Thus, the correct choice of c ∈ R
should be the one making match the second derivatives at h = 0, and this gives:

c =
φ′′(x)

2

Thus, we are led to the formula in the statement. In order to prove now this formula,
we can use L’Hôpital’s rule, which states that the 0/0 type limits are given by:

f(x)

g(x)
≃ f ′(x)

g′(x)

Indeed, if we denote by ψ(h) ≃ P (h) the formula to be proved, we have:

ψ(h)− P (h)

h2
≃ ψ′(h)− P ′(h)

2h

≃ ψ′′(h)− P ′′(h)

2

=
φ′′(h)− φ′′(h)

2
= 0

Thus, we are led to the conclusion in the statement. □

Many other things can be said, as a continuation of the above, and you surely know
all this. Before leaving the subject, however, let us record the following statement, which
is something a bit heuristic, which will play an important role, in what follows:

Proposition 1.4. Intuitively speaking, the second derivative φ′′(x) ∈ R computes how
much different is φ(x), compared to the average of φ(y), with y ≃ x.

Proof. As already mentioned, this is something a bit heuristic, but which is good to
know. Let us write the formula in Theorem 1.3, as such, and with h→ −h too:

φ(x+ h) ≃ φ(x) + φ′(x)h+
φ′′(x)

2
h2

φ(x− h) ≃ φ(x)− φ′(x)h+
φ′′(x)

2
h2

By making the average, we obtain the following formula:

φ(x+ h) + φ(x− h)

2
≃ φ(x) +

φ′′(x)

2
h2

Thus, thinking a bit, we are led to the conclusion in the statement, modulo some
discussion regarding what the average of h2/2 exactly is. It is of course possible to say
more here, but we will not really need all the details, in what follows. □
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Moving now to several variables, N ≥ 2, as a first job, given a function φ : RN → R,
we would like to find a quantity φ′(x) making the following formula work:

φ(x+ h) ≃ φ(x) + φ′(x)h

But here, again there are not so many choices, and the solution is that of defining
φ′(x) as being the row vector formed by the partial derivatives at x:

φ′(x) =

(
dφ

dx1
. . .

dφ

dxN

)
To be more precise, with this value for φ′(x), our approximation formula φ(x+ h) ≃

φ(x) +φ′(x)h makes sense indeed, as an equality of real numbers, with φ′(x)h ∈ R being
obtained as the matrix multiplication of the row vector φ′(x), and the column vector
h. As for the fact that our formula holds indeed, this follows by putting together the
approximation properties of each of the partial derivatives dφ/dxi, which give:

φ(x+ h) ≃ φ(x) +
N∑
i=1

dφ

dxi
· hi = φ(x) + φ′(x)h

Before moving forward, you might say, why bothering with horizontal vectors, when
it is so simple and convenient to have all vectors vertical, by definition. Good point, and
in answer, we can indeed talk about the gradient of φ, constructed as follows:

∇φ =


dφ
dx1
...
dφ
dxN


With this convention, ∇φ geometrically describes the slope of φ at the point x, in the

obvious way. However, the approximation formula must be rewritten as follows:

φ(x+ h) ≃ φ(x)+ < ∇φ(x), h >

In what follows we will use both φ′ and ∇φ, depending on the context. Moving now
to second derivatives, the result here, generalizing Theorem 1.3, is as follows:

Theorem 1.5. The second derivative of a function φ : RN → R, making the formula

φ(x+ h) ≃ φ(x) + φ′(x)h+
< φ′′(x)h, h >

2

work, is its Hessian matrix φ′′(x) ∈MN(R), given by the following formula:

φ′′(x) =

(
d2φ

dxidxj

)
ij

Moreover, this Hessian matrix is symmetric, φ′′(x)ij = φ′(x)ji.
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Proof. There are several things going on here, the idea being as follows:

(1) As a first observation, at N = 1 the Hessian matrix constructed above is simply
the 1 × 1 matrix having as entry the second derivative φ′′(x), and the formula in the
statement is something that we know well from Theorem 1.3, namely:

φ(x+ h) ≃ φ(x) + φ′(x)h+
φ′′(x)h2

2

(2) At N = 2 now, we obviously need to differentiate φ twice, and the point is that
we come in this way upon the following formula, called Clairaut formula:

d2φ

dxdy
=

d2φ

dydx

But, is this formula correct or not? As an intuitive justification for it, let us consider
a product of power functions, φ(z) = xpyq. We have then our formula, due to:

d2φ

dxdy
=

d

dx

(
dxpyq

dy

)
=

d

dx

(
qxpyq−1

)
= pqxp−1yq−1

d2φ

dydx
=

d

dy

(
dxpyq

dx

)
=

d

dy

(
pxp−1yq

)
= pqxp−1yq−1

Next, let us consider a linear combination of power functions, φ(z) =
∑

pq cpqx
pyq,

which can be finite or not. We have then, by using the above computation:

d2φ

dxdy
=

d2φ

dydx
=
∑
pq

cpqpqx
p−1yq−1

Thus, we can see that our commutation formula for derivatives holds indeed, due to
the fact that the functions in x, y commute. Of course, all this does not fully prove our
formula, in general. But exercise for you, to have this idea fully working, or to look up
the standard proof of the Clairaut formula, using the mean value theorem.

(3) Moving now to N = 3 and higher, we can use here the Clairaut formula with
respect to any pair of coordinates, which gives the Schwarz formula, namely:

d2φ

dxidxj
=

d2φ

dxjdxi

Thus, the second derivative, or Hessian matrix, is symmetric, as claimed.

(4) Getting now to the main topic, namely approximation formula in the statement,
in arbitrary N dimensions, this is in fact something which does not need a new proof,
because it follows from the one-variable formula in (1), applied to the restriction of φ to
the following segment in RN , which can be regarded as being a one-variable interval:

I = [x, x+ h]
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To be more precise, let y ∈ RN , and consider the following function, with r ∈ R:

f(r) = φ(x+ ry)

We know from (1) that the Taylor formula for f , at the point r = 0, reads:

f(r) ≃ f(0) + f ′(0)r +
f ′′(0)r2

2

And our claim is that, with h = ry, this is precisely the formula in the statement.

(5) So, let us see if our claim is correct. By using the chain rule, we have the following
formula, with on the right, as usual, a row vector multiplied by a column vector:

f ′(r) = φ′(x+ ry) · y
By using again the chain rule, we can compute the second derivative as well:

f ′′(r) = (φ′(x+ ry) · y)′

=

(∑
i

dφ

dxi
(x+ ry) · yi

)′

=
∑
i

∑
j

d2φ

dxidxj
(x+ ry) · d(x+ ry)j

dr
· yi

=
∑
i

∑
j

d2φ

dxidxj
(x+ ry) · yiyj

= < φ′′(x+ ry)y, y >

(6) Time now to conclude. We know that we have f(r) = φ(x + ry), and according
to our various computations above, we have the following formulae:

f(0) = φ(x) , f ′(0) = φ′(x) , f ′′(0) =< φ′′(x)y, y >

Buit with this data in hand, the usual Taylor formula for our one variable function f ,
at order 2, at the point r = 0, takes the following form, with h = ry:

φ(x+ ry) ≃ φ(x) + φ′(x)ry +
< φ′′(x)y, y > r2

2

= φ(x) + φ′(x)t+
< φ′′(x)h, h >

2

Thus, we have obtained the formula in the statement. □

As before in the one variable case, many more things can be said, as a continuation
of the above. For instance the local minima and maxima of φ : RN → R appear at the
points x ∈ RN where the derivative vanishes, φ′(x) = 0, and where the second derivative
φ′′(x) ∈MN(R) is positive, respectively negative. But, you surely know all this.
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Getting back now to what we wanted to do, namely understand Principle 1.2, it
remains to talk about the Laplace operator ∆. Things are quite tricky here, basically
requiring some physics that we still need to develop, but as something mathematical to
start with, we have the following higher dimensional analogue of Proposition 1.4:

Proposition 1.6. Intuitively, the following quantity, called Laplacian of φ,

∆φ =
N∑
i=1

d2φ

dx2i

measures how much different is φ(x), compared to the average of φ(y), with y ≃ x.

Proof. As before with Proposition 1.4, this is something a bit heuristic, but good to
know. Let us write the formula in Theorem 1.5, as such, and with h→ −h too:

φ(x+ h) ≃ φ(x) + φ′(x)h+
< φ′′(x)h, h >

2

φ(x− h) ≃ φ(x)− φ′(x)h+
< φ′′(x)h, h >

2
By making the average, we obtain the following formula:

φ(x+ h) + φ(x− h)

2
≃ φ(x) +

< φ′′(x)h, h >

2

Thus, thinking a bit, we are led to the conclusion in the statement, modulo some
discussion about integrating all this, that we will not really need, in what follows. □

With this understood, the problem is now, what can we say about the mathematics
of ∆? As a first observation, which is a bit speculative, the Laplace operator appears by
applying twice the gradient operator, in a somewhat formal sense, as follows:

∆φ =
N∑
i=1

d2φ

dx2i

=
N∑
i=1

d

dxi
· dφ
dxi

=

〈
d
dx1
...
d

dxN

 ,


dφ
dx1
...
dφ
dxN

〉

= < ∇,∇φ >
Thus, it is possible to write a formula of type ∆ = ∇2, with the convention that the

square of the gradient ∇ is taken in a scalar product sense, as above. However, this can
be a bit confusing, and in what follows, we will not use this notation.
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Instead of further thinking at this, and at double derivatives in general, let us formulate
a more straightforward question, inspired by linear algebra, as follows:

Question 1.7. The Laplace operator being linear,

∆(aφ+ bψ) = a∆φ+ b∆ψ

what can we say about it, inspired by usual linear algebra?

In answer now, the space of functions φ : RN → R, on which ∆ acts, being infinite
dimensional, the usual tools from linear algebra do not apply as such, and we must be
extremely careful. For instance, we cannot really expect to diagonalize ∆, via some sort
of explicit procedure, as we usually do in linear algebra, for the usual matrices.

Thinking some more, there is actually a real bug too with our problem, because at
N = 1 this problem becomes “what can we say about the second derivatives φ′′ : R → R
of the functions φ : R → R, inspired by linear algebra”, with answer “not much”.

And by thinking even more, still at N = 1, there is a second bug too, because if
φ : R → R is twice differentiable, nothing will guarantee that its second derivative
φ′′ : R → R is twice differentiable too. Thus, we have some issues with the domain and
range of ∆, regarded as linear operator, and these problems will persist at higher N .

So, shall we trash Question 1.7? Not so quick, because, very remarkably, some magic
comes at N = 2 and higher in relation with complex analysis, according to:

Principle 1.8. The functions φ : RN → R which are 0-eigenvectors of ∆,

∆φ = 0

called harmonic functions, have the following properties:

(1) At N = 1, nothing spectacular, these are just the linear functions.
(2) At N = 2, these are, locally, the real parts of holomorphic functions.
(3) At N ≥ 3, these still share many properties with the holomorphic functions.

In order to understand this, or at least get introduced to it, let us first look at the
case N = 2. Here, any function φ : R2 → R can be regarded as function φ : C → R,
depending on z = x+ iy. But, in view of this, it is natural to enlarge the attention to the
functions φ : C → C, and ask which of these functions are harmonic, ∆φ = 0. And here,
we have the following remarkable result, making the link with complex analysis:

Theorem 1.9. Any holomorphic function φ : C → C, when regarded as function

φ : R2 → C

is harmonic. Moreover, the conjugates φ̄ of holomorphic functions are harmonic too.
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Proof. The first assertion comes from the following computation, with z = x+ iy:

∆zn =
d2zn

dx2
+
d2zn

dy2

=
d(nzn−1)

dx
+
d(inzn−1)

dy

= n(n− 1)zn−2 − n(n− 1)zn−2

= 0

As for the second assertion, this follows from ∆φ̄ = ∆φ, which is clear from definitions,
and which shows that if φ is harmonic, then so is its conjugate φ̄. □

Many more things can be said, along these lines, notably with the following result:

Theorem 1.10. The harmonic functions in N dimensions obey to the same general
principles as the holomorphic functions, namely:

(1) The plain mean value formula.
(2) The boundary mean value formula.
(3) The maximum modulus principle.
(4) The Liouville theorem.

Proof. This is something quite straightforward, the idea being as follows:

(1) Regarding the plain mean value formula, here the statement is that given an
harmonic function f : X → C, and a ball B, the following happens:

f(x) =

∫
B

f(y)dy

In order to prove this formula, we can assume that our ball B is centered at 0, say of
radius r > 0. Now if we denote by χr the characteristic function of this ball, nomalized
as to integrate up to 1, we want to prove that we have the following formula:

f = f ∗ χr

To be more precise, here ∗ is the standard convolution operation, given by:

(f ∗ g)(x) =
∫
RN

f(x− y)g(y)dy

For proving the above formula, let us pick a number 0 < s < r, and a solution w of
the following equation, supported on B, which can be constructed explicitly:

∆w = χr − χs
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By using the basic properties of the convolution operation ∗, we have:

f ∗ χr − f ∗ χs = f ∗ (χr − χs)

= f ∗∆w
= ∆f ∗ w
= 0

Thus f ∗ χr = f ∗ χs, and by letting now s→ 0, we get f ∗ χr = f , as desired.

(2) Regarding the boundary mean value formula, here the statement is that given an
harmonic function f : X → C, and a ball B, with boundary γ, the following happens:

f(x) =

∫
γ

f(y)dy

But this follows as a consequence of the plain mean value formula in (1), with our two
mean value formulae, the one there and the one here, being in fact equivalent, by using
annuli and radial integration for the proof of the equivalence, in the obvious way.

(3) Regarding the maximum modulus principle, the statement here is that any holo-
morphic function f : X → C has the property that the maximum of |f | over a domain is
attained on its boundary. That is, given a domain D, with boundary γ, we have:

∃x ∈ γ , |f(x)| = max
y∈D

|f(y)|

But this is something which follows again from the mean value formula in (1), first
for the balls, and then in general, by using a standard division argument.

(4) Finally, regarding the Liouville theorem, the statement here is that an entire,
bounded harmonic function must be constant:

f : RN → C , ∆f = 0 , |f | ≤M =⇒ f = constant

As a slightly weaker statement, again called Liouville theorem, we have the fact that
an entire harmonic function which vanishes at ∞ must vanish globally:

f : RN → C , ∆f = 0 , lim
x→∞

f(x) = 0 =⇒ f = 0

But can view these as a consequence of the mean value formula in (1), because given
two points x ̸= y, we can view the values of f at these points as averages over big balls
centered at these points, say B = Bx(R) and C = By(R), with R >> 0:

f(x) =

∫
B

f(z)dz , f(y) =

∫
C

f(z)dz

Indeed, the point is that when the radius goes to ∞, these averages tend to be equal,
and so we have f(x) ≃ f(y), which gives f(x) = f(y) in the limit, as desired. □
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1b. Chains and whips

Getting now to physics, we first need to talk about the simplest mechanical waves.
But, these simplest mechanical waves, you can produce them yourself, by playing with a
chain, or cracking a whip. And with the mathematics here being pure classical mechanics,
of standard type, we can eat raw our modeling problem, and we find:

Theorem 1.11. The wave equation in RN is

φ̈ = v2∆φ

where v > 0 is the propagation speed.

Proof. This is indeed something straightforward, coming from some routine classical
mechanics computations for a real-life chain, and then letting the number of chains, by
keeping the total length fixed, to go to infinity, C → ∞. Alternatively, we can speculate as
well directly on a continuous model, of whip type, again via classical mechanics. Finally,
all this study can be performed in arbitrary N ∈ N dimensions, as indicated. □

1c. Springs, elasticity

We would like to present now another model for the mechanical waves, this time based
on a “balls and springs” vision of the problem, and perhaps even of the whole universe,
which is something very exciting, and will be our main model, afterwards. Here is the
result, identical to our previous Theorem 1.11, but coming with a different proof:

Theorem 1.12. The wave equation in RN is

φ̈ = v2∆φ

where v > 0 is the propagation speed.

Proof. As already mentioned before, the equation in the statement is what comes out
of experiments. However, allowing us a bit of imagination, and trust in this imagination,
we can mathematically “prove” this equation, by discretizing, as follows:

(1) Let us first consider the 1D case. In order to understand the propagation of waves,
we will model R as a network of balls, with springs between them, as follows:

· · · ××× • ××× • ××× • ××× • ××× • ××× · · ·
Now let us send an impulse, and see how the balls will be moving. For this purpose,

we zoom on one ball. The situation here is as follows, l being the spring length:

· · · · · · •φ(x−l) ××× •φ(x) ××× •φ(x+l) · · · · · ·
We have two forces acting at x. First is the Newton motion force, mass times accel-

eration, which is as follows, with m being the mass of each ball:

Fn = m · φ̈(x)
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And second is the Hooke force, displacement of the spring, times spring constant.
Since we have two springs at x, this is as follows, k being the spring constant:

Fh = F r
h − F l

h

= k(φ(x+ l)− φ(x))− k(φ(x)− φ(x− l))

= k(φ(x+ l)− 2φ(x) + φ(x− l))

We conclude that the equation of motion, in our model, is as follows:

m · φ̈(x) = k(φ(x+ l)− 2φ(x) + φ(x− l))

(2) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of B >> 0 balls, having a total mass M , and
spanning a total distance L. Thus, our previous infinitesimal parameters are as follows,
with K being the spring constant of the total system, which is of course lower than k:

m =
M

B
, k = KB , l =

L

B

With these changes, our equation of motion found in (1) reads:

φ̈(x) =
KB2

M
(φ(x+ l)− 2φ(x) + φ(x− l))

Now observe that this equation can be written, more conveniently, as follows:

φ̈(x) =
KL2

M
· φ(x+ l)− 2φ(x) + φ(x− l)

l2

With N → ∞, and therefore l → 0, we obtain in this way:

φ̈(x) =
KL2

M
· d

2φ

dx2
(x)

We are therefore led to the wave equation in the statement, which is φ̈ = v2φ′′ in our
present N = 1 dimensional case, the propagation speed being v =

√
K/M · L.

(3) In 2 dimensions now, the same argument carries on. Indeed, we can use here a
lattice model as follows, with all the edges standing for small springs:

• • • •

• • • •

• • • •
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As before in one dimension, we send an impulse, and we zoom on one ball. The
situation here is as follows, with l being the spring length:

•φ(x,y+l)

•φ(x−l,y) •φ(x,y) •φ(x+l,y)

•φ(x,y−l)

We have two forces acting at (x, y). First is the Newton motion force, mass times
acceleration, which is as follows, with m being the mass of each ball:

Fn = m · φ̈(x, y)

And second is the Hooke force, displacement of the spring, times spring constant.
Since we have four springs at (x, y), this is as follows, k being the spring constant:

Fh = F r
h − F l

h + F u
h − F d

h

= k(φ(x+ l, y)− φ(x, y))− k(φ(x, y)− φ(x− l, y))

+ k(φ(x, y + l)− φ(x, y))− k(φ(x, y)− φ(x, y − l))

= k(φ(x+ l, y)− 2φ(x, y) + φ(x− l, y))

+ k(φ(x, y + l)− 2φ(x, y) + φ(x, y − l))

We conclude that the equation of motion, in our model, is as follows:

m · φ̈(x, y) = k(φ(x+ l, y)− 2φ(x, y) + φ(x− l, y))

+ k(φ(x, y + l)− 2φ(x, y) + φ(x, y − l))

(4) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of B2 >> 0 balls, having a total mass M , and
spanning a total area L2. Thus, our previous infinitesimal parameters are as follows, with
K being the spring constant of the total system, taken to be equal to k:

m =
M

B2
, k = K , l =

L

B

With these changes, our equation of motion found in (3) reads:

φ̈(x, y) =
KB2

M
(φ(x+ l, y)− 2φ(x, y) + φ(x− l, y))

+
KB2

M
(φ(x, y + l)− 2φ(x, y) + φ(x, y − l))
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Now observe that this equation can be written, more conveniently, as follows:

φ̈(x, y) =
KL2

M
× φ(x+ l, y)− 2φ(x, y) + φ(x− l, y)

l2

+
KL2

M
× φ(x, y + l)− 2φ(x, y) + φ(x, y − l)

l2

With N → ∞, and therefore l → 0, we obtain in this way:

φ̈(x, y) =
KL2

M

(
d2φ

dx2
+
d2φ

dy2

)
(x, y)

As a conclusion to this, we are led to the following wave equation in two dimensions,
with v =

√
K/M · L being the propagation speed of our wave:

φ̈(x, y) = v2
(
d2φ

dx2
+
d2φ

dy2

)
(x, y)

But we recognize at right the Laplace operator, and we are done. As before in 1D,
there is of course some discussion to be made here, arguing that our spring model in (3)
is indeed the correct one. But do not worry, experiments confirm our findings.

(5) In 3 dimensions now, which is the case of the main interest, corresponding to our
real-life world, the same argument carries over, and the wave equation is as follows:

φ̈(x, y, z) = v2
(
d2φ

dx2
+
d2φ

dy2
+
d2φ

dz2

)
(x, y, z)

(6) Finally, the same argument, namely a lattice model, carries on in arbitrary N
dimensions, and the wave equation here is as follows:

φ̈(x1, . . . , xN) = v2
N∑
i=1

d2φ

dx2i
(x1, . . . , xN)

Thus, we are led to the conclusion in the statement. □

Summarizing, done with our second mathematical proof of the wave equation, and
with this being certainly a good thing. Observe however that there are some subtleties in
the above, for instance in relation with our conventions for the total spring constant K,
which varies with the dimension N . We will be back to these issues, later.

As another comment, once we are in N ≥ 2 dimensions, modifying the springs in our
lattice model, as to allow a dissymmetry between horizontal and vertical, either at the
level of spring lengths, or spring constants, will most likely lead to different results.

In order to reach now to some further insight into our spring models above, we must
get deeper into elasticity. Indeed, the Hooke law that we used has behind it some trivial
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elasticity, of “linear” type, and understanding all this, and further modifying our models,
according to what elasticity theory exactly says, is certainly an interesting question.

Observe that all this can only lead us too into a better understanding of the fact that
the propagation speed is finite, v < c. Indeed, the Hooke law is something static, and for
better understanding what happens dynamically, we must certainly go into elasticity.

As a starting point for all this, we have the following result:

Theorem 1.13. The wave equation can be understood as well directly, as a wave
propagating through a linear elastic medium, via stress.

Proof. This is indeed something very standard, with the N = 1 picture involving a
pulse propagating through a bar, and with at N ≥ 2 something of a similar type:

(1) In the 1D case, assume that we have a bar of length L, made of linear elastic
material. The stiffness of the bar is then the following quantity, with A being the cross-
sectional area, and with E being the Young modulus of the material:

K =
EA

L
Now when sending a pulse, this propagates as follows, M being the total mass:

φ̈ =
EAL

M
· φ′′(x)

Bur since V = AL is the volume, with ρ =M/V being the density, we have:

φ̈ =
E

ρ
· φ′′(x)

Thus, as a conclusion, the wave propagates with speed v =
√
E/ρ.

(2) In two or more dimensions, the study, and final result, are similar. □

As mentioned in the above, the next question which appears is that of understanding
how exactly the various mechanical waves propagate through solids, liquids and gases,
and what corrections to the wave equation are needed, in each case. We will defer the
discussion here, which needs some thermodynamics preliminaries, to chapter 2 below.

1d. Basic solutions

We have seen so far that the mechanical waves propagate according to the wave
equation, which is as follows, with ∆ being the Laplace operator:

φ̈ = v2∆φ

Let us do now some math. As explained in the beginning of this chapter, our general
policy in the present Part I will be that of not solving our PDE, unless we have something
really simple to say. And in what regards the wave equation, in 1D, we first have:
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Theorem 1.14. The 1D wave equation, with speed v, namely

φ̈ = v2
d2φ

dx2

has as basic solutions the following functions,

φ(x) = A cos(kx− wt+ δ)

with A being called amplitude, kx−wt+δ being called the phase, k being the wave number,
w being the angular frequency, and δ being the phase constant. We have

λ =
2π

k
, T =

2π

kv
, ν =

1

T
, w = 2πν

relating the wavelength λ, period T , frequency ν, and angular frequency w. Moreover, any
linear combination of such basic solutions is a solution of the wave equation.

Proof. There are several things going on here, the idea being as follows:

(1) Our first claim is that the function φ in the statement satisfies indeed the wave
equation, with speed v = w/k. For this purpose, observe that we have:

φ̈ = −w2φ ,
d2φ

dx2
= −k2φ

Thus, the wave equation is indeed satisfied, with speed v = w/k:

φ̈ =
(w
k

)2 d2φ
dx2

= v2
d2φ

dx2

(2) Regarding now the other things in the statement, all this is basically terminology,
which is very natural, when thinking how φ(x) = A cos(kx− wt+ δ) propagates.

(3) Finally, the last assertion is clear. We will see later in this book, using Fourier
analysis, that any solution of the 1D wave equation appears in fact in this way. □

As a first observation, the above result invites the use of complex numbers. Indeed,
we can write the solutions that we found in a more convenient way, as follows:

φ(x) = Re
[
Aei(kx−wt+δ)

]
And we can in fact do even better, by absorbing the quantity eiδ into the amplitude

A, which becomes now a complex number, and writing our formula as:

φ = Re(φ̃) , φ̃ = Ãei(kx−wt)

In fact, with a bit more work, we can fully solve the 1D wave equation. In order to
explain this, we will need a standard calculus result, as follows:
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Proposition 1.15. The derivative of a function of type

φ(x) =

∫ h(x)

g(x)

f(s)ds

is given by the formula φ′(x) = f(h(x))h′(x)− f(g(x))g′(x).

Proof. Consider a primitive of the function that we integrate, F ′ = f . We have:

φ(x) =

∫ h(x)

g(x)

f(s)ds

=

∫ h(x)

g(x)

F ′(s)ds

= F (h(x))− F (g(x))

By using now the chain rule for derivatives, we obtain from this:

φ′(x) = F ′(h(x))h′(x)− F ′(g(x))g′(x)

= f(h(x))h′(x)− f(g(x))g′(x)

Thus, we are led to the formula in the statement. □

Now back to the 1D waves, the general result here, due to d’Alembert, along with a
little more, in relation with our lattice models above, is as follows:

Theorem 1.16. The solution of the 1D wave equation with initial value conditions
φ(x, 0) = f(x) and φ̇(x, 0) = g(x) is given by the d’Alembert formula, namely:

φ(x, t) =
f(x− vt) + f(x+ vt)

2
+

1

2v

∫ x+vt

x−vt
g(s)ds

In the context of our previous lattice model discretizations, what happens is more or less
that the above d’Alembert integral gets computed via Riemann sums.

Proof. There are several things going on here, the idea being as follows:

(1) Let us first check that the d’Alembert solution is indeed a solution of the wave
equation φ̈ = v2φ′′. The first time derivative is computed as follows:

φ̇(x, t) =
−vf ′(x− vt) + vf ′(x+ vt)

2
+

1

2v
(vg(x+ vt) + vg(x− vt))

The second time derivative is computed as follows:

φ̈(x, t) =
v2f ′′(x− vt) + v2f(x+ vt)

2
+
vg′(x+ vt)− vg′(x− vt)

2
Regarding now space derivatives, the first one is computed as follows:

φ′(x, t) =
f ′(x− vt) + f ′(x+ vt)

2
+

1

2v
(g′(x+ vt)− g′(x− vt))
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As for the second space derivative, this is computed as follows:

φ′′(x, t) =
f ′′(x− vt) + f ′′(x+ vt)

2
+
g′′(x+ vt)− g′′(x− vt)

2v

Thus we have indeed φ̈ = v2φ′′. As for the initial conditions, φ(x, 0) = f(x) is clear
from our definition of φ, and φ̇(x, 0) = g(x) is clear from our above formula of φ̇.

(2) Conversely now, we must show that our solution is unique, but instead of going
here into abstract arguments, we will simply solve our equation, which among others will
doublecheck the computations in (1). Let us make the following change of variables:

ξ = x− vt , η = x+ vt

With this change of variables, which is quite tricky, mixing space and time variables,
our wave equation φ̈ = v2φ′′ reformulates in a very simple way, as follows:

d2φ

dξdη
= 0

But this latter equation tells us that our new ξ, η variables get separated, and we
conclude from this that the solution must be of the following special form:

φ(x, t) = F (ξ) +G(η) = F (x− vt) +G(x+ vt)

Now by taking into account the intial conditions φ(x, 0) = f(x) and φ̇(x, 0) = g(x),
and then integrating, we are led to the d’Alembert formula in the statement.

(3) In regards now with our discretization questions, by using a 1D lattice model with
balls and springs as before, what happens to all the above is more or less that the above
d’Alembert integral gets computed via Riemann sums, in our model, as stated. □

In N ≥ 2 dimensions things are more complicated. We will be back to this.

1e. Exercises

Exercises:

Exercise 1.17.

Exercise 1.18.

Exercise 1.19.

Exercise 1.20.

Exercise 1.21.

Exercise 1.22.

Exercise 1.23.

Exercise 1.24.

Bonus exercise.



CHAPTER 2

Electromagnetic waves

2a. Radiation, light

Quite remarkably, the wave equation, which was something mechanical so far, appears
as well in the context of electromagnetism. In order to talk about this, we will need:

Theorem 2.1. Electrodynamics is governed by the formulae

< ∇, E >=
ρ

ε0
, < ∇, B >= 0

∇× E = −Ḃ , ∇×B = µ0J + µ0ε0Ė

called Maxwell equations.

Proof. This is something fundamental, appearing as a tricky mixture of physics facts
and mathematical results, the idea being as follows:

(1) To start with, electrodynamics is the science of moving electrical charges. And
this is something quite complicated, because unlike in classical mechanics, where the
Newton law is good for both the static and the dynamic setting, the Coulomb law, which
is actually very similar to the Newton law, does the job when the charges are static, but
no longer describes well the situation when the charges are moving.

(2) The problem comes from the fact that moving charges produce magnetism, and
with this being visible when putting together two electric wires, which will attract or repel,
depending on orientation. Thus, in contrast with classical mechanics, where static or dy-
namic problems are described by a unique field, the gravitational one, in electrodynamics
we have two fields, namely the electric field E, and the magnetic field B.

(3) Fortunately, there is a full set of equations relating the electric field E and the
magnetic field B, those above. Regarding the math, the dots denote derivatives with
respect to time, and ∇ is the gradient operator, or space derivative, given by:

∇ =

 d
dx
d
dy
d
dz


(4) Regarding the physics, the first formula is the Gauss law, ρ being the charge, and

ε0 being a constant, and with this Gauss law more or less replacing the Coulomb law

29
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from electrostatics. The second formula is something basic, and anonymous. The third
formula is the Faraday law. As for the fourth formula, this is the Ampère law, as modified
by Maxwell, with J being the volume current density, and µ0 being a constant. □

We will need the following consequence of the Maxwell equations:

Theorem 2.2. In regions of space where there is no charge or current present the
Maxwell equations for electrodynamics read

< ∇, E >=< ∇, B >= 0

∇× E = −Ḃ , ∇×B = Ė/c2

and both the electric field E and magnetic field B are subject to the wave equation

φ̈ = c2∆φ

where ∆ =
∑

i d
2/dx2i is the Laplace operator, and c is the speed of light.

Proof. Under the circumstances in the statement, namely no charge or current
present, the Maxwell equations in Theorem 2.1 simply read:

< ∇, E >=< ∇, B >= 0

∇× E = −Ḃ , ∇×B = Ė/c2

Here we have used the following famous formula, due to Biot and Savart:

µ0ε0 =
1

c2

Now by applying the curl operator to the last two equations, we obtain:

∇× (∇× E) = −∇× Ḃ = −(∇×B)′ = −Ë/c2

∇× (∇×B) = ∇× Ė/c2 = (∇× E)′/c2 = −B̈/c2

But the double curl operator is subject to the following formula:

∇× (∇× φ) = ∇ < ∇, φ > −∆φ

Now by using the first two equations, we are led to the conclusion in the statement. □

So, what is light? Light is the wave predicted by Theorem 2.2, traveling in vacuum at
the maximum possible speed, c, and with an important extra property being that it de-
pends on a real positive parameter, that can be called, upon taste, frequency, wavelength,
or color. And in what regards the creation of light, the mechanism here is as follows:

Fact 2.3. An accelerating or decelerating charge produces electromagnetic radiation,
called light, whose frequency and wavelength can be explicitly computed.
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This phenomenon can be observed is a variety of situations, such as the usual light
bulbs, where electrons get decelerated by the filament, acting as a resistor, or in usual fire,
which is a chemical reaction, with the electrons moving around, as they do in any chemical
reaction, or in more complicated machinery like nuclear plants, particle accelerators, and
so on, leading there to all sorts of eerie glows, of various colors.

Getting back now to Fact 2.3, in its general form, as stated above, this is something
which can be deduced via some math, based on the Maxwell equations.

Moving ahead, let us go back to the wave equation φ̈ = v2∆φ from Theorem 2.2, and
try to understand its simplest solutions. In 1D, we know that we have:

Theorem 2.4. The 1D wave equation, with speed v, namely

φ̈ = v2
d2φ

dx2

has as basic solutions the following functions,

φ(x) = A cos(kx− wt+ δ)

with A being called amplitude, kx−wt+δ being called the phase, k being the wave number,
w being the angular frequency, and δ being the phase constant. We have

λ =
2π

k
, T =

2π

kv
, ν =

1

T
, w = 2πν

relating the wavelength λ, period T , frequency ν, and angular frequency w. Moreover, any
solution of the wave equation appears as a linear combination of such basic solutions.

Proof. This is something that we know from chapter 1, and we refer to the discussion
there for details. As for the last assertion, this is something standard, coming from Fourier
analysis, that we will not really need, in what follows next. We will be back to this. □

As a first observation, the above result invites the use of complex numbers. Indeed,
we can write the solutions that we found in a more convenient way, as follows:

φ(x) = Re
[
Aei(kx−wt+δ)

]
And we can in fact do even better, by absorbing the quantity eiδ into the amplitude

A, which becomes now a complex number, and writing our formula as:

φ = Re(φ̃) , φ̃ = Ãei(kx−wt)

Moving ahead now towards electromagnetism and 3D, let us formulate:

Definition 2.5. A monochromatic plane wave is a solution of the 3D wave equation
which moves in only 1 direction, making it in practice a solution of the 1D wave equation,
and which is of the special from found in Theorem 2.4, with no frequencies mixed.
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In other words, we are making here two assumptions on our wave. First is the 1-
dimensionality assumption, which gets us into the framework of Theorem 2.4. And second
is the assumption, in connection with the Fourier decomposition result from the end of
Theorem 2.4, that our solution is of “pure” type, meaning a wave having a well-defined
wavelenght and frequency, instead of being a “packet” of such pure waves.

All this is still mathematics, and making now the connection with physics and elec-
tromagnetism, and more specifically with Theorem 2.2 and Fact 2.3, we have:

Fact 2.6. Physically speaking, a monochromatic plane wave is the electromagnetic
radiation appearing as in Theorem 2.2 and Fact 2.3, via equations of type

E = Re(Ẽ) : Ẽ = Ẽ0 e
i(<k,x>−wt)

B = Re(B̃) : B̃ = B̃0 e
i(<k,x>−wt)

with the wave number being now a vector, k ∈ R3. Moreover, it is possible to add to this
an extra parameter, accounting for the possible polarization of the wave.

To be more precise, what we are doing here is to import the conclusions of our math-
ematical discussion so far, from Theorem 2.4 and Definition 2.5, into the context of our
original physics discussion, from Fact 2.3. And also to add an extra twist coming from
physics, and more specifically from the notion of polarization. More on this later.

In any case, we have now a decent intuition about what light is, and more on this
later, and let us discuss now the examples. The idea is that we have various types
of light, depending on frequency and wavelength. These are normally referred to as
“electromagnetic waves”, but for keeping things simple and luminous, we will keep using
the familiar term “light”. The classification, in a rough form, is as follows:

Frequency Type Wavelength
−

1018 − 1020 γ rays 10−12 − 10−10

1016 − 1018 X− rays 10−10 − 10−8

1015 − 1016 UV 10−8 − 10−7

−
1014 − 1015 blue 10−7 − 10−6

1014 − 1015 yellow 10−7 − 10−6

1014 − 1015 red 10−7 − 10−6

−
1011 − 1014 IR 10−6 − 10−3

109 − 1011 microwave 10−3 − 10−1

1− 109 radio 10−1 − 108
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Observe the tiny space occupied by the visible light, all colors there, and the many
more missing, being squeezed under the 1014 − 1015 frequency banner. Here is a zoom on
that part, with of course the remark that all this, colors, is something subjective:

Frequency THz = 1012 Hz Color Wavelength nm = 10−9 m
−

670− 790 violet 380− 450
620− 670 blue 450− 485
600− 620 cyan 485− 500
530− 600 green 500− 565
510− 530 yellow 565− 590
480− 510 orange 590− 625
400− 480 red 625− 750

Outside visible light we have, as you probably know it, UV on higher frequencies,
and IR on lower frequencies. At the high frequency end we have X-rays, that you surely
know about too, and γ rays, which are usually associated with various bad things, such
as thunderstorms, solar flares, and small bugs with our nuclear energy technology.

As for the lower frequency end of the scale, first we have microwaves, but if you love
physics and chemistry you should learn some cooking, that’s first-class chemistry, that
you can practice every day. And then we have all sorts of radio wavelenghts, including
FM, followed by AM, and then by several more obscure low-frequency waves.

Importantly, both ends of the table are a bit loose. At the high frequency end there
are some restrictions coming from quantum mechanics, and more on them later. As for
the low frequency end, what’s wave and what’s not is a bit of a philosophical question,
but which is actually not that philosophical, because waves having huge wavelengths can
easily turn around mountains, full countries and so on, and so are of military interest.
Secret research here, more of engineering type of course, is still ongoing.

Importantly, we can talk as well about polarized light, by making a few modifications
in the above. We will be back to this, after discussing some basic optics.

2b. Snell law, optics

Back now to our business, with all the above in hand, we can do some optics. Light
usually comes in “bundles”, with waves of several wavelenghts coming at the same time,
from the same source, and the first challenge is that of separating these wavelenghts.

In order to discuss this, let us start with the following fact:
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Fact 2.7. Inside a linear, homogeneous medium, where there is no free charge or
current present, the Maxwell equations for electrodynamics read

< ∇, E >=< ∇, B >= 0

∇× E = −Ḃ , ∇×B = εµĖ

with E,B being as before the electric and the magnetic field, and with ε > ε0 and µ > µ0

being the electric permittivity and magnetic permeability of the medium.

Observe that this statement is precisely the first part of Theorem 2.2, with the vacuum
constants ε0, µ0 being now replaced by their versions ε, µ, concerning the medium in
question. In what regards now the second part of Theorem 2.2, we have:

Theorem 2.8. Inside a linear, homogeneous medium, where there is no free charge
or free current present, both E and B are subject to the wave equation

φ̈ = v2∆φ

with v being the speed of light inside the medium, given by

v =
c

n
: n =

√
εµ

ε0µ0

with the quantity on the right n > 1 being called refraction index of the medium.

Proof. This is something that we know well in vacuum, from the above, and the
proof in general is identical, with the resulting speed being:

v =
1

√
εµ

But this formula can be written is a more familiar from, as above. □

As a first observation here, while the above is something quite trivial, mathematically
speaking, from the physical viewpoint we are here into complicated things. Materials can
be transparent or opaque, with the distinction between them being something very subtle,
and advanced, and Theorem 2.8 obviously deals with the transparent case.

In short, we are here inside advanced materials theory, that we cannot really under-
stand, with our knowledge so far. In what follows we will be interested in transparent
materials only, such as glass. Regarding the other materials, such as rock, let us just
mention that light dissapears inside them, converted into heat. Of course glass heats too
when light crosses it, with this being related to v < c inside it. More on this later.

Polarized light, collisions, other topics.

Next in line, and of interest for us, we have:
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Fact 2.9. When traveling through a material, and hitting a new material, some of the
light gets reflected, at the same angle, and some of it gets refracted, at a different angle,
depending both on the old and the new material, and on the wavelength.

Again, this is something deep, and very old as well, and there are many things that
can be said here, ranging from various computations based on the Maxwell equations, to
all sorts of considerations belonging to advanced materials theory.

As a basic formula here, we have the famous Snell law, which relates the incidence
angle θ1 to the refraction angle θ2, via the following simple formula:

sin θ2
sin θ1

=
n1(λ)

n2(λ)

Here ni(λ) are the refraction indices of the two materials, adjusted for the wavelength,
and with this adjustment for wavelength being the whole point, which is something quite
complicated. For an introduction to all this, we refer for instance to Griffiths [43].

As a simple consequence of the above, we have:

Theorem 2.10. Light can be decomposed, by using a prism.

Proof. This follows from Fact 2.9. Indeed, when hitting a piece of glass, provided
that the hitting angle is not 90◦, the light will decompose over the wavelenghts present,
with the corresponding refraction angles depending on these wavelengths. And we can
capture these split components at the exit from the piece of glass, again deviated a bit,
provided that the exit surface is not parallel to the entry surface. And the simplest device
doing the job, that is, having two non-parallel faces, is a prism. □

With this in hand, we can now talk about spectroscopy:

Fact 2.11. We can study events via spectroscopy, by capturing the light the event
has produced, decomposing it with a prism, carefully recording its “spectral signature”,
consisting of the wavelenghts present, and their density, and then doing some reverse
engineering, consisting in reconstructing the event out of its spectral signature.

This is the main principle of spectroscopy, and applications, of all kinds, abound. In
practice, the mathematical tool needed for doing the “reverse engineering” mentioned
above is the Fourier transform, which allows the decomposition of packets of waves, into
monochromatic components. Finally, let us mention too that, needless to say, the event
can be reconstructed only partially out of its spectral signature.

As a basic application of this, we can study the hydrogen atom, and we are led to:
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Fact 2.12 (Rydberg, Ritz). The spectral lines of the hydrogen atom are given by the
Rydberg formula, as follows, depending on integer parameters n1 < n2:

1

λn1n2

= R

(
1

n2
1

− 1

n2
2

)
These spectral lines combine according to the Ritz-Rydberg principle, as follows:

1

λn1n2

+
1

λn2n3

=
1

λn1n3

Similar formulae hold for other atoms, with suitable fine-tunings of the constant R.

We refer to any introductory quantum mechanics book for the full story with all this,
which is theory based on some key observations of Lyman, Balmer, Paschen, around 1890-
1900. The point now is that the above combination principle reminds the multiplication
formula en1n2en2n3 = en1n3 for the elementary matrices eij : ej → ei, which leads to:

Principle 2.13 (Heisenberg). Observables in quantum mechanics should be some sort
of infinite matrices, generalizing the Lyman, Balmer, Paschen lines of the hydrogen atom,
and multiplying between them as the matrices do, as to produce further observables.

We will see a bit later that this principle does hold, indeed.

2c. Wave functions

Following now Schrödinger, let us forget about exact things, and try to investigate the
hydrogen atom statistically. We have here the following question:

Question 2.14. In the context of the hydrogen atom, assuming that the proton is
fixed, what is the probability density φt(x) of the position of the electron e, at time t,

Pt(e ∈ V ) =

∫
V

φt(x)dx

as function of an intial probability density φ0(x)? Moreover, can the corresponding equa-
tion be solved, and will this prove the Bohr claims for hydrogen, statistically?

In order to get familiar with this question, let us first look at examples coming from
classical mechanics. In the context of linear motion, with speed v, we have:

φt(x) = φ0(x) + vt

More generally, assuming that we have a particle whose position at time t is given by
x0 + γ(t), the evolution of the probability density will be given by:

φt(x) = φ0(x) + γ(t)

These examples are somewhat trivial, of course not in relation with the computation
of γ, usually a difficult question, but in relation with our questions, and do not apply to
the electron. The point indeed is that, in what regards the electron, we have:
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Fact 2.15. In respect with various simple interference experiments:

(1) The electron is definitely not a particle in the usual sense.
(2) But in most situations it behaves exactly like a wave.
(3) But in other situations it behaves like a particle.

So, here we go again with puzzles. These experiments are nicely described, with
extensive comments, in Feynman’s book [36]. In what follows, we will present them
quickly. We will just need, for our purposes here, the first 4 experiments in the series,
which are the most important. These are performed with a machinery as follows:

◦
◦
◦
◦

⋆ //

44

**

%%

::

◦
◦
◦
◦
◦

To be more precise, on the left we have a multi-purpose gun ⋆, which can shoot bullets,
water waves, or electrons. On the middle we have a wall with two holes in it. On the
right we have a solid wall, with sensors ◦, adapted to the matter that we are shooting.

The first experiment, performed with 22 cal ammo, assumed to be idealized, as to be
indestructible, and we refer again to Feynman [36] for full details, goes as follows:

Experiment 2.16. When shooting bullets, the density function on the right wall,
stopping them, as recorded by our sensors there, is given by

φ = φ1 + φ2

where φ1 is the same density, but measured with the lower hole closed, and φ2 is also the
same density, but measured with the upper hole closed.

Nothing surprising so far. Now let us shoot water waves, or rather assume that our
gun ⋆ is a wave source. For this experiment, the sensors at right are set to measure the
energy of the incoming wave, which is proportional to the square of the height.

The experiment, best performed with our favorite drinkable, tap water, gives:
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Experiment 2.17. When shooting waves, the energy density functions at right, mea-
sured with one or the other hole open, or both holes open, are related by

φ1 = |ψ1|2 , φ2 = |ψ1|2 , φ = |ψ1 + ψ2|2

where ψ1, ψ2 ∈ C are the amplitudes of the waves passing through one hole, with the other
hole closed. This phenomenon and formula of φ are due to interference.

This is again, something not surprising, that we know, coming from the fact that two
colliding waves can add up in various ways, depending on their phases.

Now let us shoot electrons. At first sight, these behave like particles, because our
sensors beep for them one at the time. However, when examining the results regarding
probability distributions, these don’t add up as for bullets, the conclusions being:

Experiment 2.18. When shooting electrons, these come up one at the time, exactly
as bullets. However, in what regards the density functions, these don’t add up:

φ ̸= φ1 + φ2

Thus, we have some interference, and most likely the correct formula is

φ1 = |ψ1|2 , φ2 = |ψ1|2 , φ = |ψ1 + ψ2|2

with ψ1, ψ2 ∈ C being certain amplitudes, exactly as for the waves.

This is a bit surprising, showing that the electrons have a mix of particle and wave
behavior, at least with respect to this experiment. Let us also mention too that, contrary
to the previous two experiments which are simple and real, this is rather a Gedankenex-
periment, and so the wave formulae are to be taken with care. See Feynman [36].

Finally, as a last experiment, again with electrons, we have:

Experiment 2.19. When shooting electrons as before, but by putting a light bulb
behind one hole, whose light is scattered by electrons passing through that hole:

φ = φ1 + φ2

That is, observing the electrons passing through one hole, via them scattering light, has
killed the interference process, and we have now usual particles, like bullets.

And this is probably the most surprising experiment of them all. Indeed, the fact that
in Experiment 2.18 we have particles when counting and waves when looking at densities
might seem odd, but after all, why not. So these are our beasts, electrons, and this is how
their properties are, a bit odd, but at least we know one thing. However, what happens
now seems to defy any logic. Observing the electrons has changed their properties, and
that’s how things are. Welcome to quantum mechanics.
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Getting back now to the Schrödinger question, all this suggests to use, as for the
waves, an amplitude function ψt(x) ∈ C, related to the density φt(x) > 0 by the formula
φt(x) = |ψt(x)|2. So, let us reformulate Question 2.14, in the following way:

Question 2.20. In the context of the hydrogen atom, assuming that the proton is
fixed, what is the amplitude function ψt(x) of the position of the electron e, at time t,

Pt(e ∈ V ) =

∫
V

|ψt(x)|2dx

as function of an intial amplitude function ψ0(x)? Moreover, can the corresponding equa-
tion be solved, and will this prove the Bohr claims for hydrogen, statistically?

Mathematically, what we did here is to replace the density φt(x) > 0 by the amplitude
function ψt(x) ∈ C. Not that a big deal, you would say, because the two are related by
simple formulae as follows, with θt(x) being an arbitrary phase function:

φt(x) = |ψt(x)|2 , ψt(x) = eiθt(x)
√
φt(x)

However, experience with math shows that such manipulations can be crucial, raising
for instance the possibility that the amplitude function satisfies some simple equation,
while the density itself, maybe not. So, let us hope for this to happen.

And this is what happens indeed. Schrödinger was led in this way to:

Claim 2.21 (Schrödinger). In the context of the hydrogen atom, the amplitude function
of the electron ψ = ψt(x) is subject to the Schrödinger equation

ihψ̇ = − h2

2m
∆ψ + V ψ

m being the mass, h the modified Planck constant, and V the Coulomb potential of the
proton. The same holds for movements of the electron under an arbitrary potential V .

Observe the similarity with the wave equation φ̈ = v2∆φ. There might be of course
some speculations to be made here, and more on this later.

2d. Light and heat

For our discussion to be complete, we must talk as well about thermodynamics, and
heat diffusion. Here the main equation is a bit different from the wave one, namely
φ̇ = α∆φ, but we will agree to adopt it, as being a “heat wave” equation

The simplest heat diffusion question, studied and understood since long, concerns a
container containing two gases, having initial different temperatures T1 < T2, separated
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by a membrane. Heat transfer goes on, in this setting, and obviously, we can model this
by focusing on the membrane, with a basic grid model for it, as follows:

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦ ◦ ◦
There is some sort of “game” played by the two gases, over this grid, and we can

model this, and then recover the known results about heat diffusion, in this setting.

At a more advanced level, we can remove the membrane. Again, there is some sort of
“game” here, played by the two gases, which can be 2D or 3D, depending on modelling.
Also, in this setting, we can actually keep the membrane, but allow it to inflate.

Let us go now into heavier, fully powerful models and equations for the heat diffusion
mechanism, involving this time more advanced mathematics and physics.

The general equation here is quite similar to the one for the waves, as follows:

Theorem 2.22. Heat diffusion in RN is described by the heat equation

φ̇ = α∆φ

where α > 0 is the thermal diffusivity of the medium, and ∆ is the Laplace operator.

Proof. The study here is quite similar to the study of waves, as follows:

(1) To start with, as an intuitive explanation for the equation, since the second de-
rivative φ′′ in one dimension, or the quantity ∆φ in general, computes the average value
of a function φ around a point, minus the value of φ at that point, the heat equation as
formulated above tells us that the rate of change φ̇ of the temperature of the material at
any given point must be proportional, with proportionality factor α > 0, to the average
difference of temperature between that given point and the surrounding material.

(2) The heat equation as formulated above is of course something approximative, and
several improvements can be made to it, first by incorporating a term accounting for heat
radiation, and then doing several fine-tunings, depending on the material involved. But
more on this later, for the moment let us focus on the heat equation above.

(3) In relation with our modeling questions, we can recover this equation a bit as we
did for the wave equation in chapter 1, by using a basic lattice model. Indeed, let us first



2D. LIGHT AND HEAT 41

assume, for simplifying, that we are in the one-dimensional case, N = 1. Here our model
looks as follows, with distance l > 0 between neighbors:

◦x−l
l ◦x

l ◦x+l
In order to model heat diffusion, we have to implement the intuitive mechanism ex-

plained above, namely “the rate of change of the temperature of the material at any given
point must be proportional, with proportionality factor α > 0, to the average difference
of temperature between that given point and the surrounding material”.

(4) In practice, this leads to a condition as follows, expressing the change of the
temperature φ, over a small period of time δ > 0:

φ(x, t+ δ) = φ(x, t) +
αδ

l2

∑
x∼y

[φ(y, t)− φ(x, t)]

To be more precise, we have made several assumptions here, as follows:

– General heat diffusion assumption: the change of temperature at any given point x
is proportional to the average over neighbors, y ∼ x, of the differences φ(y, t) − φ(x, t)
between the temperatures at x, and at these neighbors y.

– Infinitesimal time and length conditions: in our model, the change of temperature
at a given point x is proportional to small period of time involved, δ > 0, and is inverse
proportional to the square of the distance between neighbors, l2.

(5) Regarding these latter assumptions, the one regarding the proportionality with the
time elapsed δ > 0 is something quite natural, physically speaking, and mathematically
speaking too, because we can rewrite our equation as follows, making it clear that we
have here an equation regarding the rate of change of temperature at x:

φ(x, t+ δ)− φ(x, t)

δ
=
α

l2

∑
x∼y

[φ(y, t)− φ(x, t)]

As for the second assumption that we made above, namely inverse proportionality
with l2, this can be justified on physical grounds too, but again, perhaps the best is to do
the math, which will show right away where this proportionality comes from.

(6) So, let us do the math. In the context of our 1D model the neighbors of x are the
points x± l, and so the equation that we wrote above takes the following form:

φ(x, t+ δ)− φ(x, t)

δ
=
α

l2

[
(φ(x+ l, t)− φ(x, t)) + (φ(x− l, t)− φ(x, t))

]
Now observe that we can write this equation as follows:

φ(x, t+ δ)− φ(x, t)

δ
= α · φ(x+ l, t)− 2φ(x, t) + φ(x− l, t)

l2
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(7) As it was the case with the wave equation in chapter 1, we recognize on the right
the usual approximation of the second derivative, coming from calculus. Thus, when
taking the continuous limit of our model, l → 0, we obtain the following equation:

φ(x, t+ δ)− φ(x, t)

δ
= α · φ′′(x, t)

Now with t→ 0, we are led in this way to the heat equation, namely:

φ̇(x, t) = α · φ′′(x, t)

Summarizing, we are done with the 1D case, with our proof being quite similar to the
one for the wave equation, from chapter 1.

(8) In practice now, there are of course still a few details to be discussed, in relation
with all this, for instance at the end, in relation with the precise order of the limiting
operations l → 0 and δ → 0 to be performed, but these remain minor aspects, because
our equation makes it clear, right from the beginning, that time and space are separated,
and so that there is no serious issue with all this. And so, fully done with 1D.

(9) With this done, let us discuss now 2 dimensions. Here, as before for the waves, we
can use a lattice model as follows, with all lengths being l > 0, for simplifying:

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

◦ ◦ ◦ ◦

(10) We have to implement now the physical heat diffusion mechanism, namely “the
rate of change of the temperature of the material at any given point must be proportional,
with proportionality factor α > 0, to the average difference of temperature between that
given point and the surrounding material”. In practice, this leads to a condition as follows,
expressing the change of the temperature φ, over a small period of time δ > 0:

φ(x, y, t+ δ) = φ(x, y, t) +
αδ

l2

∑
(x,y)∼(u,v)

[φ(u, v, t)− φ(x, y, t)]

In fact, we can rewrite our equation as follows, making it clear that we have here an
equation regarding the rate of change of temperature at x:

φ(x, y, t+ δ)− φ(x, y, t)

δ
=
α

l2

∑
(x,y)∼(u,v)

[φ(u, v, t)− φ(x, y, t)]
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(11) So, let us do the math. In the context of our 2D model the neighbors of x are
the points (x± l, y ± l), so the equation above takes the following form:

φ(x, y, t+ δ)− φ(x, y, t)

δ

=
α

l2

[
(φ(x+ l, y, t)− φ(x, y, t)) + (φ(x− l, y, t)− φ(x, y, t))

]
+

α

l2

[
(φ(x, y + l, t)− φ(x, y, t)) + (φ(x, y − l, t)− φ(x, y, t))

]
Now observe that we can write this equation as follows:

φ(x, y, t+ δ)− φ(x, y, t)

δ
= α · φ(x+ l, y, t)− 2φ(x, y, t) + φ(x− l, y, t)

l2

+ α · φ(x, y + l, t)− 2φ(x, y, t) + φ(x, y − l, t)

l2

(12) As it was the case when modelling the wave equation in chapter 1, we recognize on
the right the usual approximation of the second derivative, coming from calculus. Thus,
when taking the continuous limit of our model, l → 0, we obtain the following equation:

φ(x, y, t+ δ)− φ(x, y, t)

δ
= α

(
d2φ

dx2
+
d2φ

dy2

)
(x, y, t)

Now with t→ 0, we are led in this way to the heat equation, namely:

φ̇(x, y, t) = α ·∆φ(x, y, t)
Finally, in arbitrary N dimensions the same argument carries over, namely a straight-

forward lattice model, and gives the heat equation, as formulated in the statement. □

Observe that we can use if we want different lengths l > 0 on the vertical and on
the horizontal, because these will simplify anyway due to proportionality. Also, for some
further mathematical fun, we can build our model on a cylinder, or a torus.

Also, as mentioned before, our heat equation above is something approximative, and
several improvements can be made to it, first by incorporating a term accounting for heat
radiation, and also by doing several fine-tunings, depending on the material involved.
Some of these improvements can be implemented in the lattice model setting.

There are some corrections to the heat equation to be made, due to Stefan-Boltzmann,
and we will explain this now, with the story being something quite exciting.

Our discussion so far implicitly used the fact that heat is light too, and so time now,
before getting into further quantum mechanics, to get back to the theory of heat, as
developed before, and see what our new viewpoint on it can bring. The main problem
here is to compute the radiation of black bodies, and we will discuss this now.
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Consider a black body, that is to say, a body at thermal equilibrium, assumed to be at
temperature T . This body radiates heat, and we are interested in computing the energy
density of the radiation E(ν, T ), around a given frequency ν of this radiation.

Quite surprisingly, the intuitive and honest modelling of the problem, and the subse-
quent math, done honestly too, lead to a spectacularly wrong result, as follows:

Theorem 2.23. We have the Rayleigh-Jeans formula for the energy density

E(ν, T ) = 8πbT

c3
ν2

where b is the Boltzmann constant, leading globally to the divergent integral

E =
8πbTV

c3

∫ ∞

0

ν2 dν

over a volume V , with this divergence phenomenon being called UV catastrophe.

Proof. This is arguably the most famous wrong result in the history of physics, so
we will spend some time in trying to understand its proof. And with the comment that
this will be no waste of time, because the fix, found later by Max Planck, uses exactly
the same ideas and computations, but with an unexpected twist at the end.

(1) Our starting point are the equations for the electromagnetic radiation, that we
will now regard as heat, as formulated before, namely:

E = Re(Ẽ) : Ẽ = en e
i(<kn,x>−wnt)

B = Re(B̃) : B̃ = bn e
i(<kn,x>−wnt)

Here n is a certain parameter, that will appear later on, and that we can for the
moment ignore. Now inserting this data into the Maxwell equations gives the following
formulae, connecting the parameters, that we will use several times in what follows:

kn × bn +
wn
c
en = 0

kn × en −
wn
c
bn = 0

< kn, en >=< kn, bn >= 0

(2) Let us compute the electromagnetic energy in a finite volume V = L3. We will use
here the well-known fact, coming from classical electrodynamics, that the energy density
in radiation is (||E||2 + ||B||2)/8π. Thus, the energy we are looking for is given by:

E =
1

8π

∫
V

||E||2 + ||B||2
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(3) In order to compute this integral, let us better model our question. Due to obvious
periodicity reasons, the wave number k and the angular frequency w must be of the
following form, with n ∈ Z3 being a vector with integer components:

kn =
2π

L
· n , wn = c||kn||

Thus, the electric and magnetic fields in our enclosure V = L3 appear as linear com-
binations as follows, for certain vectors en, bn ⊥ n, related by the formulae in (1):

E = Re(Ẽ) : Ẽ =
∑
n

en e
i(<kn,x>−wnt)

B = Re(B̃) : B̃ =
∑
n

bn e
i(<kn,x>−wnt)

(4) According to the above formula of E, we have:

||E||2 = ||Re(Ẽ)||2

=
1

4

∣∣∣∣∣
∣∣∣∣∣∑
n

en e
i(<kn,x>−wnt) + ēn e

−i(<kn,x>−wnt)

∣∣∣∣∣
∣∣∣∣∣
2

=
1

4

∑
nm

< en, em > ei(<kn−km,x>−(wn−wm)t)

+
1

4

∑
nm

< en, ēm > ei(<kn+km,x>−(wn+wm)t)

+
1

4

∑
nm

< ēn, em > ei(−<kn+km,x>+(wn+wm)t)

+
1

4

∑
nm

< ēn, ēm > ei(−<kn−km,x>+(wn−wm)t)

(5) Now by integrating, we obtain the following formula:

1

V

∫
V

||E||2 =
1

4

∑
n

< en, en > +
1

4

∑
n

< en, ē−n > e−2iwnt

+
1

4

∑
n

< ēn, e−n > e2iwnt +
1

4

∑
n

< ēn, ēn >

(6) Similarly, according to the above formula of B, we have:

1

V

∫
V

||B||2 =
1

4

∑
n

< bn, bn > +
1

4

∑
n

< bn, b̄−n > e−2iwnt

+
1

4

∑
n

< b̄n, b−n > e2iwnt +
1

4

∑
n

< b̄n, b̄n >
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(7) Before summing the integrals that we found, let us use the formulae connecting
the parameters kn, en, bn found in (1) above, namely:

kn × bn +
wn
c
en = 0

kn × en −
wn
c
bn = 0

< kn, en >=< kn, bn >= 0

By using these formulae, we first obtain the following identity:

< bn, bn > =
c2

w2
n

< kn × en, kn × en >

=
c2||kn||2

w2
n

< en, en >

= < en, en >

Similarly, we have we well the following identity:

< bn, b̄−n > =
c2

w2
n

< kn × en, k−n × ēn >

= −c
2||kn||2

w2
n

< en, ē−n >

= − < en, ē−n >

Also similarly, we have as well the following identity:

< b̄n, b−n > =
c2

w2
n

< kn × ēn, k−n × en >

= −c
2||kn||2

w2
n

< ēn, e−n >

= − < ēn, e−n >

Finally, we have as well the following identity:

< b̄n, b̄n > =
c2

w2
n

< kn × ēn, kn × ēn >

=
c2||kn||2

w2
n

< ēn, ēn >

= < ēn, ēn >

(8) We conclude that when summing the integrals computed in (5) and (6), all the
terms involving phases will cancel, and we obtain the following formula:

1

V

∫
V

||E||2 + ||B||2 = 1

2

∑
n

< en, en > +
1

2

∑
n

< ēn, ēn >
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Now by multiplying everything by V/8π, as explained in (2), we obtain:

E =
V

16π

∑
n

(< en, en > + < ēn, ēn >)

(9) The point now is that, by computing this sum, we are led to the Rayleigh-Jeans
formula in the statement for the corresponding radiation energy density, namely:

E(ν, T ) = 8πbT

c3
ν2

(10) And this is certainly wrong, because the total energy which is radiated by our
black body, all over the frequency spectrum, follows to be:

E =
8πbTV

c3

∫ ∞

0

ν2 dν = ∞

More precisely, the Rayleigh-Jeans formula works quite well all across the frequency
spectrum, in particular fitting well with the known data, expect for the UV range, where
things diverge. And with this phenomenon being called “UV catastrophe”. □

Fortunately, the solution to the UV catastrophe, and to the black body problem in
general, was found a few years later by Max Planck, his result being as follows:

Theorem 2.24. The correct formula for the black body radiation, obtained by assuming
that energy is quantized, is the Planck formula

E(ν, T ) dν =
8πh

c3
· ν3dν

ehν/bt − 1

with h being a new constant, called Planck constant, given by

h = 6.626 070 15× 10−34

as per the latest SI regulations. The Planck formula fits with all known data, fits as well
with the Rayleigh-Jeans formula outside the UV range, and globally leads to

E =

∫ ∞

0

E(ν, T ) dν = aT 4

with the radiation energy constant on the right being given by

a =
16π8b4

15h3c3

with b being the Boltzmann constant, and c being the speed of light.

Proof. This is something quite technical, obtained along the lines of the proof of
Theorem 2.23, by counting in a new way, by assuming that energy is quantized. □
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Regarding applications, a very interesting continuation of Planck’s work concerns the
black body radiation of the early universe, with the microwave part of it, via a Doppler
shift, still permeating the space that we live in. And with this phenomenon, called “cosmic
microwave background”, being at the origin of all modern cosmology.

2e. Exercises

Exercises:

Exercise 2.25.

Exercise 2.26.

Exercise 2.27.

Exercise 2.28.

Exercise 2.29.

Exercise 2.30.

Exercise 2.31.

Exercise 2.32.

Bonus exercise.



CHAPTER 3

Fourier analysis

3a. Function spaces

In order to study the equations that we found, we will need a bit of functional analysis.
Let us start with something very general, as follows:

Definition 3.1. A normed space is a complex vector space V , which can be finite or
infinite dimensional, together with a map

||.|| : V → R+

called norm, subject to the following conditions:

(1) ||x|| = 0 implies x = 0.
(2) ||λx|| = |λ| · ||x||, for any x ∈ V , and λ ∈ C.
(3) ||x+ y|| ≤ ||x||+ ||y||, for any x, y ∈ V .

As a basic example here, which is finite dimensional, we have the space V = CN , with
the norm on it being the usual length of the vectors, namely:

||x|| =
√∑

i

|xi|2

Indeed, for this space (1) is clear, (2) is clear too, and (3) is something well-known,
which is equivalent to the triangle inequality in CN , and which can be deduced from the
Cauchy-Schwarz inequality. More on this, with some generalizations, in a moment.

Getting back now to the general case, we have the following result:

Proposition 3.2. Any normed vector space V is a metric space, with

d(x, y) = ||x− y||
as distance. If this metric space is complete, we say that V is a Banach space.

Proof. This follows from the definition of the metric spaces, as follows:

(1) The first distance axiom, d(x, y) ≥ 0, and d(x, y) = 0 precisely when x = y, follows
from the fact that the norm takes values in R+, and from ||x|| = 0 =⇒ x = 0.

(2) The second distance axiom, which is the symmetry one, d(x, y) = d(y, x), follows
from our condition ||λx|| = |λ| · ||x||, with λ = −1.

49
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(3) As for the third distance axiom, which is the triangle inequality d(x, y) ≤ d(x, z)+
d(y, z), this follows from our third norm axiom, namely ||x+ y|| ≤ ||x||+ ||y||. □

Very nice all this, and it is possible to develop some general theory here, but before
everything, however, we need more examples, besides CN with its usual norm.

However, these further examples are actually quite tricky to construct, needing some
inequality know-how. Let us start with a very basic result, as follows:

Theorem 3.3 (Jensen). Given a convex function f : R → R, we have the following
inequality, for any x1, . . . , xN ∈ R, and any λ1, . . . , λN > 0 summing up to 1,

f(λ1x1 + . . .+ λNxN) ≤ λ1f(x1) + . . .+ λNxN

with equality when x1 = . . . = xN . In particular, by taking the weights λi to be all equal,
we obtain the following inequality, valid for any x1, . . . , xN ∈ R,

f

(
x1 + . . .+ xN

N

)
≤ f(x1) + . . .+ f(xN)

N

and once again with equality when x1 = . . . = xN . We have a similar statement holds for
the concave functions, with all the inequalities being reversed.

Proof. This is indeed something quite routine, the idea being as follows:

(1) First, we can talk about convex functions in a usual, intuitive way, with this
meaning by definition that the following inequality must be satisfied:

f

(
x+ y

2

)
≤ f(x) + f(y)

2

(2) But this means, via a simple argument, by approximating numbers t ∈ [0, 1] by
sums of powers 2−k, that for any t ∈ [0, 1] we must have:

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

Alternatively, via yet another simple argument, this time by doing some geometry
with triangles, this means that we must have:

f

(
x1 + . . .+ xN

N

)
≤ f(x1) + . . .+ f(xN)

N

But then, again alternatively, by combining the above two simple arguments, the
following must happen, for any λ1, . . . , λN > 0 summing up to 1:

f(λ1x1 + . . .+ λNxN) ≤ λ1f(x1) + . . .+ λNxN

(3) Summarizing, all our Jensen inequalities, at N = 2 and at N ∈ N arbitrary, are
equivalent. The point now is that, if we look at what the first Jensen inequality, that we
took as definition for the convexity, means, this is simply equivalent to:

f ′′(x) ≥ 0
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(4) Thus, we are led to the conclusions in the statement, regarding the convex func-
tions. As for the concave functions, the proof here is similar. Alternatively, we can say
that f is concave precisely when −f is convex, and get the results from what we have. □

As a basic application of the Jensen inequality, we have:

Proposition 3.4. For p ∈ (1,∞) we have the following inequality,∣∣∣∣x1 + . . .+ xN
N

∣∣∣∣p ≤ |x1|p + . . .+ |xN |p

N

and for p ∈ (0, 1) we have the following reverse inequality,∣∣∣∣x1 + . . .+ xN
N

∣∣∣∣p ≥ |x1|p + . . .+ |xN |p

N

with in both cases equality precisely when |x1| = . . . = |xN |.

Proof. This follows indeed from Theorem 3.3, because we have:

(xp)′′ = p(p− 1)xp−2

Thus xp is convex for p > 1 and concave for p < 1, which gives the results. □

Observe that, more generally, Theorem 3.3 applied with f(x) = xp with p ∈ (1,∞)
shows that we have the following inequality, whenever λi > 0 sum up to 1:

(λ1x1 + . . .+ λNxN)
p ≤ λ1x

p
1 + . . .+ λNx

p
N

For exponents p ∈ (0, 1) we have the same inequality, reversed, namely:

(λ1x1 + . . .+ λNxN)
p ≥ λ1x

p
1 + . . .+ λNx

p
N

Observe also that at p = 2 we obtain as particular case of the above inequality the
Cauchy-Schwarz inequality, or rather something equivalent to it, namely:(

x1 + . . .+ xN
N

)2

≤ x21 + . . .+ x2N
N

We will be back to this later on in this book, when talking scalars products and Hilbert
spaces, with some more conceptual proofs for such inequalities.

As another basic application of the Jensen inequality, we have:

Theorem 3.5 (Young). We have the following inequality,

ab ≤ ap

p
+
bq

q

valid for any a, b ≥ 0, and any exponents p, q > 1 satisfying 1
p
+ 1

q
= 1.
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Proof. We use the logarithm function, which is concave on (0,∞), due to:

(log x)′′ =

(
−1

x

)′

= − 1

x2

Thus we can apply the Jensen inequality, and we obtain in this way:

log

(
ap

p
+
bq

q

)
≥ log(ap)

p
+

log(bq)

q

= log(a) + log(b)

= log(ab)

Now by exponentiating, we obtain the Young inequality. □

Moving forward now, as a consequence of the Young inequality, we have:

Theorem 3.6. Given two functions f, g : X → C and an exponent p ≥ 1, we have(∫
X

|f + g|p
)1/p

≤
(∫

X

|f |p
)1/p

+

(∫
X

|g|p
)1/p

called Minkowski inequality. Also, assuming that p, q ≥ 1 satisfy 1/p+ 1/q = 1, we have∫
X

|fg| ≤
(∫

X

|f |p
)1/p(∫

X

|g|q
)1/q

called Hölder inequality. These inequalities hold as well for ∞ values of the exponents.

Proof. This is something very standard, the idea being as follows:

(1) Let us first prove Hölder, in the case of finite exponents, p, q ∈ (1,∞). By linearity
we can assume that f, g are normalized, in the following way:∫

X

|f |p =
∫
X

|g|q = 1

In this case, we want to prove that the following inequality holds:∫
X

|fg| ≤ 1

For this purpose, we use the Young inequality, which gives, for any x ∈ X:

|f(x)g(x)| ≤ |f(x)|p

p
+

|g(x)|q

q
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By integrating now over x ∈ X, we obtain from this, as desired:∫
X

|fg| ≤
∫
X

|f(x)|p

p
+

∫
X

|g(x)|q

q

=
1

p
+

1

q
= 1

(2) Let us prove now Minkowski, again in the finite exponent case, p ∈ (1,∞). We
have the following estimate, using the Hölder inequality, and the conjugate exponent:∫

X

|f + g|p =

∫
X

|f + g| · |f + g|p−1

≤
∫
X

|f | · |f + g|p−1 +

∫
X

|g| · |f + g|p−1

≤
(∫

X

|f |p
)1/p(∫

X

|f + g|(p−1)q

)1/q

+

(∫
X

|g|p
)1/p(∫

X

|f + g|(p−1)q

)1/q

=

[(∫
|f |p
)1/p

+

(∫
X

|g|p
)1/p

](∫
X

|f + g|p
)1−1/p

Thus, we are led to the Minkowski inequality in the statement.

(3) Finally, in the infinite exponent cases we have similar results, with the convention
that an ∞ exponent produces an essential supremum, according to:

lim
p→∞

(∫
X

|f |p
)1/p

= ess sup|f |

Thus, we are led to the conclusion in the statement. □

As a consequence of Theorem 3.6, we can now formulate:

Theorem 3.7. Given a measured space X, and p ∈ [1,∞], the following space, with
the convention that functions are identified up to equality almost everywhere,

Lp(X) =

{
f : X → C

∣∣∣ ∫
I

|f(x)|pdx <∞
}

is a vector space, and the following quantity

||f ||p =
(∫

X

|f(x)|p
)1/p

is a norm on it, making it a Banach space.
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Proof. This follows indeed from Theorem 3.6, with due attention to the null sets,
and this because of the first normed space axiom, namely:

||x|| = 0 =⇒ x = 0

To be more precise, in order for this axiom to hold, we must identify the functions up
to equality almost everywhere, as indicated in the statement. □

3b. Fourier transform

Going ahead now with our study of functions f : R → C, let us define an interesting
operation on such functions, called convolution, which is useful for many purposes:

Definition 3.8. The convolution of two functions f, g : R → C is the function

(f ∗ g)(x) =
∫
R
f(x− y)g(y)dy

provided that the function y → f(x− y)g(y) is indeed integrable, for any x.

As a basic example, with g = χ[0,1] we have the following formula, which shows that,
with this choice of g, the operation f → f ∗ g has some sort of “regularizing effect”:

(f ∗ g)(x) =
∫ 1

0

f(x− y)dy

Going ahead with more theory, let us try to understand when the convolution operation
is well-defined. We have here the following basic result:

Theorem 3.9. The convolution operation is well-defined on the space

Cc(R) =
{
f ∈ C(R)

∣∣∣supp(f) = compact
}

of continuous functions f : R → C having compact support.

Proof. We have several things to be proved, the idea being as follows:

(1) First we must show that given two functions f, g ∈ Cc(R), their convolution f ∗ g
is well-defined, as a function f ∗ g : R → C. But this follows from the following estimate,
where l denotes the length of the compact subsets of R:∫

R
|f(x− y)g(y)|dy =

∫
supp(g)

|f(x− y)g(y)|dy

≤ max(g)

∫
supp(g)

|f(x− y)|dy

≤ max(g) · l(supp(g)) ·max(f)

< ∞
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(2) Next, we must show that the function f ∗ g : R → C that we constructed is indeed
continuous. But this follows from the following estimate, where Kf is the constant of
uniform continuity for the function f ∈ Cc(R):

|(f ∗ g)(x+ ε)− (f ∗ g)(x)| =

∣∣∣∣∫
R
f(x+ ε− y)g(y)dy −

∫
R
f(x− y)g(y)dy

∣∣∣∣
=

∣∣∣∣∫
R
(f(x+ ε− y)− f(x− y)) g(y)dy

∣∣∣∣
≤

∫
R
|f(x+ ε− y)− f(x− y)| · |g(y)|dy

≤ Kf · ε ·
∫
R
|g|

(3) Finally, we must show that the function f ∗ g ∈ C(R) that we constructed has
indeed compact support. For this purpose, our claim is that we have:

supp(f + g) ⊂ supp(f) + supp(g)

In order to prove this claim, observe that we have, by definition of f ∗ g:

(f ∗ g)(x) =

∫
R
f(x− y)g(y)dy

=

∫
supp(g)

f(x− y)g(y)dy

But this latter quantity being 0 for x /∈ supp(f) + supp(g), this gives the result. □

Here are now a few remarkable properties of the convolution operation:

Proposition 3.10. The following hold, for the functions in Cc(R):
(1) f ∗ g = g ∗ f .
(2) f ∗ (g ∗ h) = (f ∗ g) ∗ h.
(3) f ∗ (λg + µh) = λf ∗ g + µf ∗ h.

Proof. These formulae are all elementary, the idea being as follows:

(1) This follows from the following computation, with y = x− t:

(f ∗ g)(x) =

∫
R
f(x− y)g(y)dy

=

∫
R
f(t)g(x− t)dt

=

∫
R
g(x− t)f(t)dt

= (g ∗ f)(x)
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(2) This is clear from definitions.

(3) Once again, this is clear from definitions. □

In relation with derivatives, we have the following result:

Theorem 3.11. Given two functions f, g ∈ Cc(R), assuming that g is differentiable,
then so is f ∗ g, with derivative given by the following formula:

(f ∗ g)′ = f ∗ g′

More generally, given f, g ∈ Cc(R), and assuming that g is k times differentiable, then so
is f ∗ g, with k-th derivative given by (f ∗ g)(k) = f ∗ g(k).

Proof. In what regards the first assertion, with y = x− t, then t = x− y, we get:

(f ∗ g)′(x) =
d

dx

∫
R
f(x− y)g(y)dy

=
d

dx

∫
R
f(t)g(x− t)dt

=

∫
R
f(t)g′(x− t)dt

=

∫
R
f(x− y)g′(y)dy

= (f ∗ g′)(x)
As for the second assertion, this follows form the first one, by recurrence. □

Finally, getting beyond the compactly supported continous functions, we have the
following result, which is of particular theoretical importance:

Theorem 3.12. The convolution operation is well-defined on L1(R), and we have:

||f ∗ g||1 ≤ ||f ||1||g||1
Thus, if f ∈ L1(R) and g ∈ Ck

c (R), then f ∗ g is well-defined, and f ∗ g ∈ Ck
c (R).

Proof. The first assertion follows from the following computation:∫
R
|(f ∗ g)(x)|dx ≤

∫
R

∫
R
|f(x− y)g(y)|dydx

=

∫
R

∫
R
|f(x− y)g(y)|dxdy

=

∫
R
|f(x)|dx

∫
R
|g(y)|dy

As for the second assertion, this follows from this, and from Theorem 3.11. □



3B. FOURIER TRANSFORM 57

Let us discuss now the construction and main properties of the Fourier transform,
which is the main tool in analysis, and even in mathematics in general. We first have:

Definition 3.13. Given f ∈ L1(R), we define a function f̂ : R → C by

f̂(ξ) =

∫
R
eixξf(x)dx

and call it Fourier transform of f .

As a first observation, even if f is a real function, f̂ is a complex function, which is

not necessarily real. Also, f̂ is obviously well-defined, because f ∈ L1(R) and |eixξ| = 1.

Also, the condition f ∈ L1(R) is basically needed for constructing f̂ , because:

f̂(0) =

∫
R
f(x)dx

Generally speaking, the Fourier transform is there for helping with various computa-

tions, with the above formula f̂(0) =
∫
f being something quite illustrating.

Here are some basic properties of the Fourier transform, all providing some good
motivations for the study of this transform, adding to the above one:

Proposition 3.14. The Fourier transform has the following properties:

(1) Linearity: f̂ + g = f̂ + ĝ, λ̂f = λf̂ .

(2) Regularity: f̂ is continuous and bounded.

(3) If f is even then f̂ is even.

(4) If f is odd then f̂ is odd.

Proof. These results are all elementary, as follows:

(1) The additivity formula is clear from definitions, as follows:

f̂ + g(ξ) =

∫
R
eixξ(f + g)(x)dx

=

∫
R
eixξf(x)dx+

∫
R
eixξf(x)dx

= f̂(ξ) + ĝ(ξ)

As for the formula λ̂f = λf̂ , this is clear as well.
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(2) The continuity of f̂ follows indeed from:

|f̂(ξ + ε)− f̂(ξ)| ≤
∫
R

∣∣(eix(ξ+ε) − eixξ)f(x)
∣∣ dx

=

∫
R

∣∣eixξ(eixε − 1)f(x)
∣∣ dx

≤ |eixε − 1|
∫
R
|f |

As for the boundedness of f̂ , this is clear as well.

(3) This follows from the following computation, assuming that f is even:

f̂(−ξ) =

∫
R
e−ixξf(x)dx

=

∫
R
eixξf(−x)dx

=

∫
R
eixξf(x)dx

= f̂(ξ)

(4) The proof here is similar to the proof of (3), by changing some signs. □

We will be back to more theory in a moment, but let us explore now the examples.
Here are some basic computations of Fourier transforms:

Proposition 3.15. We have the following Fourier transform formulae,

f = χ[−a,a] =⇒ f̂(ξ) =
2 sin(aξ)

ξ

f = e−axχ[0,∞](x) =⇒ f̂(ξ) =
1

a− iξ

f = eaxχ[−∞,0](x) =⇒ f̂(ξ) =
1

a+ iξ

f = e−a|x| =⇒ f̂(ξ) =
2a

a2 + ξ2

f = sgn(x)e−a|x| =⇒ f̂(ξ) =
2iξ

a2 + ξ2

valid for any number a > 0.
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Proof. All this follows from some calculus, as follows:

(1) In what regards first formula, assuming f = χ[−a,a], we have, by using the fact
that sin(xξ) is an odd function, whose integral vanishes on centered intervals:

f̂(ξ) =

∫ a

−a
eixξdx

=

∫ a

−a
cos(xξ)dx+ i

∫ a

−a
sin(xξ)dx

=

∫ a

−a
cos(xξ)dx

=

[
sin(xξ)

ξ

]a
−a

=
2 sin(aξ)

ξ

(2) With f(x) = e−axχ[0,∞](x), the computation goes as follows:

f̂(ξ) =

∫ ∞

0

eixξ−axdx

=

∫ ∞

0

e(iξ−a)xdx

=

[
e(iξ−a)x

iξ − a

]∞
0

=
1

a− iξ

(3) Regarding the third formula, this follows from the second one, by using the fol-
lowing fact, generalizing the parity computations from Proposition 3.14:

F (x) = f(−x) =⇒ F̂ (ξ) = f̂(−ξ)
(4) The last 2 formulae follow from what we have, by making sums and differences,

and the linearity properties of the Fourier transform, from Proposition 3.14. □

We will see many other examples, in what follows. Getting back now to theory, we
have the following result, adding to the various general properties in Proposition 3.14,
and providing more motivations for the Fourier transform:

Proposition 3.16. Given f, g ∈ L1(R) we have f̂ g, f ĝ ∈ L1(R) and∫
R
f(ξ)ĝ(ξ)dξ =

∫
R
f̂(x)g(x)dx

called “exchange of hat” formula.
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Proof. Regarding the fact that we have indeed f̂ g, f ĝ ∈ L1(R), this is actually a bit
non-trivial, but we will be back to this later. Assuming this, we have:∫

R
f(ξ)ĝ(ξ)dξ =

∫
R

∫
R
f(ξ)eixξg(x)dxdξ

On the other hand, we have as well the following formula:∫
R
f̂(x)g(x)dx =

∫
R

∫
R
eixξf(x)g(ξ)dxdξ

Thus, with x↔ ξ, we are led to the formula in the statement. □

As a key result now, showing the power of the Fourier transform, this transforms the
derivative into something very simple, namely the multiplication by the variable:

Theorem 3.17. Given f : R → C such that f, f ′ ∈ L1(R), we have:

f̂ ′(ξ) = −iξf̂(ξ)
More generally, assuming f, f ′, f ′′, . . . , f (n) ∈ L1(R), we have

f̂ (k)(ξ) = (−iξ)kf̂(ξ)
for any k = 1, 2, . . . , n.

Proof. These results follow by doing a partial integration, as follows:

(1) Assuming that f : R → C has compact support, we have indeed:

f̂ ′(ξ) =

∫
R
eixξf ′(x)dx

= −
∫
R
iξeixξf(x)dx

= −iξ
∫
R
eixξf(x)dx

= −iξf̂(ξ)
(2) Regarding the higher derivatives, the formula here follows by recurrence. □

Importantly, we have a converse statement as well, as follows:

Theorem 3.18. Assuming that f ∈ L1(R) is such that F (x) = xf(x) belongs to L1(R)
too, the function f̂ is differentiable, with derivative given by:

(f̂)′(ξ) = iF̂ (ξ)

More generally, if Fk(x) = xkf(x) belongs to L1(R), for k = 0, 1, . . . , n, we have

(f̂)(k)(ξ) = ikF̂k(ξ)

for any k = 1, 2, . . . , n.
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Proof. These results are both elementary, as follows:

(1) Regarding the first assertion, the computation here is as follows:

(f̂)′(ξ) =
d

dξ

∫
R
eixξf(x)dx

=

∫
R
ixeixξf(x)dx

= i

∫
R
eixξxf(x)dx

= iF̂ (ξ)

(2) As for the second assertion, this follows from the first one, by recurrence. □

As a conclusion to all this, we are on a good way with our theory, and we have:

Conclusion 3.19. Modulo normalization factors, the Fourier transform converts the
derivatives into multiplications by the variable, and vice versa.

And isn’t this interesting, because isn’t computing derivatives a difficult task. Here is
now another useful result, of the same type, this time regarding convolutions:

Theorem 3.20. Assuming f, g ∈ L1(R), the following happens:

f̂ ∗ g = f̂ · ĝ

Moreover, under suitable assumptions, the formula f̂ g = f̂ ∗ ĝ holds too.

Proof. This is something quite subtle, the idea being as follows:

(1) Regarding the first assertion, this is something elementary, as follows:

f̂ ∗ g(ξ) =

∫
R
eixξ(f ∗ g)(x)dx

=

∫
R

∫
R
eixξf(x− y)g(y)dxdy

=

∫
R
eiyξ

(∫
ei(x−y)ξf(x− y)dx

)
g(y)dy

=

∫
R
eiyξ

(∫
eitξf(t)dt

)
g(y)dy

=

∫
R
eiyξf̂(ξ)g(y)dy

= f̂(ξ)ĝ(ξ)
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(2) As for the second assertion, this is something more tricky, and we will be back to
this later. In the meantime, here is however some sort of proof, not very honest:

(f̂ ∗ ĝ)(ξ) =

∫
R
f̂(ξ − η)ĝ(η)dη

=

∫
R

∫
R

∫
R
eix(ξ−η)f(x)eiyηg(y)dxdydη

=

∫
R

∫
R

∫
R
eixηei(y−x)ηf(x)g(y)dxdydη

=

∫
R
eixηf(x)g(x)dx

= f̂ g(η)

To be more precise, the point here is that we can pass from the triple to the single
integral by arguing that “we must have x = y”. We will be back to this later. □

As an updated conclusion to all this, we have, modulo a few bugs, to be fixed:

Conclusion 3.21. The Fourier transform converts the derivatives into multiplications
by the variable, and convolutions into products, and vice versa.

We will see applications of this later, after developing some more general theory.

3c. Inversion formula

Let us develop now more theory for the Fourier transform. We first have:

Theorem 3.22. Given f ∈ L1(R), its Fourier transform satisfies

lim
ξ→±∞

f̂(ξ) = 0

called Riemann-Lebesgue property of f̂ .

Proof. This is something quite technical, as follows:

(1) Given a function f : R → C and a number y ∈ R, let us set:
fy(x) = f(x− y)

Our claim is then is that if f ∈ Lp(R), then the following function is uniformly
continuous, with respect to the usual p-norm on the right:

R → Lp(R) , y → fy

(2) In order to prove this, fix ε > 0. Since f ∈ Lp(R), we can find a function of type
g : [−K,K] → C which is continuous, such that:

||f − g||p < ε
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Now since g is uniformly continuous, we can find δ ∈ (0, K) such that:

|s− t| < δ =⇒ |g(s)− g(t)| < (3K)−1/pε

But this shows that we have the following estimate:

||gs − gt||p =

(∫
R

∣∣g(x− s)− g(x− t)
∣∣pdx)1/p

<
[
(3K)−1εp(2k + δ)

]1/p
< ε

By using now the formula ||f ||p = ||fs||p, which is clear, we obtain:

||fs − ft||p ≤ ||fs − gs||p + ||gs − gt||p + ||gt − ft||p
< ε+ ε+ ε

= 3ε

But this being true for any |s− t| < δ, we have proved our claim.

(3) Let us prove now the Riemann-Lebesgue property of f̂ , as formulated in the
statement. By using eπi = −1, and the change of variables x→ x− π/ξ, we have:

f̂(ξ) =

∫
R
eixξf(x)dx

= −
∫
R
eixξeπif(x)dx

= −
∫
R
eiξ(x+π/ξ)f(x)dx

= −
∫
R
eixξf

(
x− π

ξ

)
dx

On the other hand, we have as well the following formula:

f̂(ξ) =

∫
R
eixξf(x)dx

Thus by summing, we obtain the following formula:

2f̂(ξ) =

∫
R
eixξ

(
f(x)− f

(
x− π

ξ

))
dx

But this gives the following estimate, with notations from (1):

2|f̂(ξ)| ≤ ||f − fπ/ξ||1
Since by (1) this goes to 0 with ξ → ±∞, this gives the result. □
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Quite remarkably, and as a main result now regarding Fourier transforms, a function

f : R → C can be recovered from its Fourier transform f̂ : R → C, as follows:

Theorem 3.23. Assuming f, f̂ ∈ L1(R), we have

f(x) =

∫
R
e−ixξf̂(ξ)dξ

almost everywhere, called Fourier inversion formula.

Proof. This is something quite tricky, due to the fact that a direct attempt by double
integration fails. Consider the following function, depending on a parameter λ > 0:

φλ(x) =

∫
R
e−ixξ−λ|ξ|dξ

We have then the following computation:

(f ∗ φλ)(x) =

∫
R
f(x− y)φλ(y)dy

=

∫
R

∫
R
f(x− y)e−iyξ−λ|ξ|dξdy

=

∫
R
e−λ|ξ|

(∫
R
f(x− y)e−iyξdy

)
dξ

=

∫
R
e−λ|ξ|e−ixξf̂(ξ)dξ

By letting now λ→ 0, we obtain from this the following formula:

lim
λ→0

(f ∗ φλ)(x) =
∫
R
e−ixξf̂(ξ)dξ

On the other hand, by using Theorem 3.22 we obtain that, almost everywhere:

lim
λ→0

(f ∗ φλ)(x) = f(x)

Thus, we are led to the conclusion in the statement. □

As an application, we can now fully prove the formula f̂ g = f̂ ∗ ĝ, via Fourier inversion.
Also, there are many more things that can be said about Fourier transforms, a key result
being the Plancherel formula, allowing us to talk about the Fourier transform over the
space L2(R). Also, we can talk about the Fourier transform over the space S of functions
all whose derivatives are rapidly decreasing, called Schwartz space.
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3d. Distributions

Let us discuss now a related topic, the mathematical distributions. These are some-
thing quite smart, and as an advertisement for what we will be doing, we have:

Advertisement 3.24. With a suitable theory of distributions, covering both the func-
tions and the Dirac masses, the basic step function, namely

H(x) =

{
0 (x ≤ 0)

1 (x > 0)

is differentiable when viewed as distribution, with derivative H ′ = δ0.

And isn’t this crazy, hope you agree with me. Getting started now, there is a price to
pay for doing such things, namely formulating a technical definition, as follows:

Definition 3.25. A distribution on an open interval I ⊂ R is a functional

φ : C∞
c (I) → C

such that for any K ⊂ I compact, there exist n ∈ N and c > 0 such that

|φ(f)| ≤ c||f ||Cn(K)

for any f ∈ C∞
c (I) having support in K, where ||f ||Cn(K) = supx∈K

∑n
i=0 |f (i)(x)|.

Obviously, this is something quite technical, but believe me, every little thing in the
above is there for a reason, in order to the whole theory to work fine.

At the level of main examples of distributions, we have the integration functionals
associated to the measures, and in particular to the measures having a density. In view of
this, we can consider any function f ∈ L1(I), viewed as density, as being a distribution.
Other basic examples include the Dirac masses δx at the points x ∈ I.

Regarding the general theory of distributions, that is quite similar to the theory of
functions. Algebrically, the distributions form a vector space, and are subject to a number
of supplementary operations. Analytically, we can talk about convergence of distributions,
φn → φ, and about their support too, supp(φ) ⊂ I, in a quite straightforward way.

Getting now to what we wanted to do, derivatives, we have here:

Theorem 3.26. We can talk about the derivatives of distributions, given by

φ′(f) = −φ(f ′)

and with this notion in hand, the following happen:

(1) When φ is a usual differentiable function, φ′ is the usual derivative.
(2) For the basic step function we have H ′ = δ0, as previously advertised.
(3) In fact, for a function φ = g with jumps at {xi}, we have φ′ = g′ +

∑
i Jg(xi)δxi.
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Proof. The first assertion, which by the way explains the need for the − sign, follows
from the Leibnitz rule for derivatives. Regarding the second assertion, this follows from:

H ′(f) = −H(f ′)

= −
∫ ∞

0

f ′(x)dx

= −f(∞) + f(0)

= f(0)

= δ0(f)

As for the third assertion, which generalizes (1,2), we will leave this as an exercise. □

Summarizing, quite interesting all this. Many other things can be said about dis-
tributions, notably with a convolution theory for them too, generalizing what we know
about functions and Dirac masses, and we will leave some thinking or learning here as an
exercise. Importantly, all this generalizes to several dimensions too, by making a use of
the Jacobian where needed, and again, we will leave some learning here as an exercise.

3e. Exercises

Exercises:

Exercise 3.27.

Exercise 3.28.

Exercise 3.29.

Exercise 3.30.

Exercise 3.31.

Exercise 3.32.

Exercise 3.33.

Exercise 3.34.

Bonus exercise.



CHAPTER 4

Spherical coordinates

4a. Calculus, Jacobian

Time for some further mathematics, this time by using a different idea, namely spher-
ical coordinates. Let us first recall that we have the following key result:

Theorem 4.1. Given a transformation φ = (φ1, . . . , φN), we have∫
E

f(x)dx =

∫
φ−1(E)

f(φ(t))|Jφ(t)|dt

with the Jφ quantity, called Jacobian, being given by

Jφ(t) = det

[(
dφi
dxj

(x)

)
ij

]
and with this generalizing the usual formula from one variable calculus.

Proof. This is something quite tricky, the idea being as follows:

(1) Observe first that this generalizes indeed the change of variable formula in 1 dimen-
sion, from basic calculus, the point here being that the absolute value on the derivative
appears as to compensate for the lack of explicit bounds for the integral.

(2) As a second observation, we can assume if we want, by linearity, that we are dealing
with the constant function f = 1. For this function, our formula reads:

vol(E) =

∫
φ−1(E)

|Jφ(t)|dt

In terms of D = φ−1(E), this amounts in proving that we have:

vol(φ(D)) =

∫
D

|Jφ(t)|dt

Now since this latter formula is additive with respect to D, it is enough to prove it
for small cubes D. And here, as a first remark, our formula is clear for the linear maps
φ, by using the definition of the determinant of real matrices, as a signed volume.

(3) However, the extension of this to the case of non-linear maps φ is something which
looks non-trivial, so we will not follow this path, in what follows. So, while the above
f = 1 discussion is certainly something nice, our theorem is still in need of a proof.

67
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(4) In order to prove the theorem, as stated, let us rather focus on the transformations
used φ, instead of the functions to be integrated f . Our first claim is that the validity of
the theorem is stable under taking compositions of such transformations φ.

(5) In order to prove this claim, consider a composition, as follows:

φ : E → F , ψ : D → E , φ ◦ ψ : D → F

Assuming that the theorem holds for φ, ψ, we have the following computation:∫
F

f(x)dx =

∫
E

f(φ(s))|Jφ(s)|ds

=

∫
D

f(φ ◦ ψ(t))|Jφ(ψ(t))| · |Jψ(t)|dt

=

∫
D

f(φ ◦ ψ(t))|Jφ◦ψ(t)|dt

Thus, our theorem holds as well for φ ◦ ψ, and we have proved our claim.

(6) Next, as a key ingredient, let us examine the case where we are in N = 2 dimen-
sions, and our transformation φ has one of the following special forms:

φ(x, y) = (ψ(x, y), y) , φ(x, y) = (x, ψ(x, y))

By symmetry, it is enough to deal with the first case. Here the Jacobian is dψ/dx, and
by replacing if needed ψ → −ψ, we can assume that this Jacobian is positive, dψ/dx > 0.
Now by assuming as before that D = φ−1(E) is a rectangle, D = [a, b] × [c, d], we can
prove our formula by using the change of variables in 1 dimension, as follows:∫

E

f(s)ds =

∫
φ(D)

f(x, y)dxdy

=

∫ d

c

∫ ψ(b,y)

ψ(a,y)

f(x, y)dxdy

=

∫ d

c

∫ b

a

f(ψ(x, y), y)
dψ

dx
dxdy

=

∫
D

f(φ(t))Jφ(t)dt

(7) But with this, we can now prove the theorem, in N = 2 dimensions. Indeed, given
a transformation φ = (φ1, φ2), consider the following two transformations:

ϕ(x, y) = (φ1(x, y), y) , ψ(x, y) = (x, φ2 ◦ ϕ−1(x, y))

We have then φ = ψ ◦ϕ, and by using (6) for ψ, ϕ, which are of the special form there,
and then (3) for composing, we conclude that the theorem holds for φ, as desired.
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(8) Thus, theorem proved in N = 2 dimensions, and the extension of the above proof
to arbitrary N dimensions is straightforward, that we will leave this as an exercise. □

At the level of applications, let us start with something well-known, namely:

Proposition 4.2. We have polar coordinates in 2 dimensions,{
x = r cos t

y = r sin t

the corresponding Jacobian being J = r.

Proof. This is elementary, the Jacobian being:

J =

∣∣∣∣∣∣
d(r cos t)

dr
d(r cos t)

dt

d(r sin t)
dr

d(r sin t)
dt

∣∣∣∣∣∣
=

∣∣∣∣cos t −r sin t
sin t r cos t

∣∣∣∣
= r cos2 t+ r sin2 t

= r

Thus, we have indeed the formula in the statement. □

We can now compute the Gauss integral, which is the best calculus formula ever:

Theorem 4.3. We have the following formula,∫
R
e−x

2

dx =
√
π

called Gauss integral formula.

Proof. Let I be the above integral. By using polar coordinates, we obtain:

I2 =

∫
R

∫
R
e−x

2−y2dxdy

=

∫ 2π

0

∫ ∞

0

e−r
2

rdrdt

= 2π

∫ ∞

0

(
−e

−r2

2

)′

dr

= 2π

[
0−

(
−1

2

)]
= π

Thus, we are led to the formula in the statement. □
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Moving now to 3 dimensions, we have here the following result:

Proposition 4.4. We have spherical coordinates in 3 dimensions,
x = r cos s

y = r sin s cos t

z = r sin s sin t

the corresponding Jacobian being J(r, s, t) = r2 sin s.

Proof. The fact that we have indeed spherical coordinates is clear. Regarding now
the Jacobian, this is given by the following formula:

J(r, s, t)

=

∣∣∣∣∣∣
cos s −r sin s 0

sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t

∣∣∣∣∣∣
= r2 sin s sin t

∣∣∣∣ cos s −r sin s
sin s sin t r cos s sin t

∣∣∣∣+ r sin s cos t

∣∣∣∣ cos s −r sin s
sin s cos t r cos s cos t

∣∣∣∣
= r sin s sin2 t

∣∣∣∣cos s −r sin s
sin s r cos s

∣∣∣∣+ r sin s cos2 t

∣∣∣∣cos s −r sin s
sin s r cos s

∣∣∣∣
= r sin s(sin2 t+ cos2 t)

∣∣∣∣cos s −r sin s
sin s r cos s

∣∣∣∣
= r sin s× 1× r

= r2 sin s

Thus, we have indeed the formula in the statement. □

Let us work out as well the general spherical coordinate formula, in arbitrary N
dimensions. The formula here, which generalizes those at N = 2, 3, is as follows:

Theorem 4.5. We have spherical coordinates in N dimensions,

x1 = r cos t1
x2 = r sin t1 cos t2
...

xN−1 = r sin t1 sin t2 . . . sin tN−2 cos tN−1

xN = r sin t1 sin t2 . . . sin tN−2 sin tN−1

the corresponding Jacobian being given by the following formula,

J(r, t) = rN−1 sinN−2 t1 sin
N−3 t2 . . . sin

2 tN−3 sin tN−2

and with this generalizing the known formulae at N = 2, 3.



4C. LAPLACE OPERATOR 71

Proof. As before, the fact that we have spherical coordinates is clear. Regarding
now the Jacobian, also as before, by developing over the last column, we have:

JN = r sin t1 . . . sin tN−2 sin tN−1 × sin tN−1JN−1

+ r sin t1 . . . sin tN−2 cos tN−1 × cos tN−1JN−1

= r sin t1 . . . sin tN−2(sin
2 tN−1 + cos2 tN−1)JN−1

= r sin t1 . . . sin tN−2JN−1

Thus, we obtain the formula in the statement, by recurrence. □

4b. Wave basics

Basic analysis of the various wave type equations found before.

4c. Laplace operator

In order to reformulate our equations in spherical coordinates, we will need:

Theorem 4.6. The Laplace operator in spherical coordinates is

∆ =
1

r2
· d
dr

(
r2 · d

dr

)
+

1

r2 sin s
· d
ds

(
sin s · d

ds

)
+

1

r2 sin2 s
· d

2

dt2

with our standard conventions for these coordinates, in 3D.

Proof. There are several proofs here, a short, elementary one being as follows:

(1) Let us first see how ∆ behaves under a change of coordinates {xi} → {yi}, in
arbitrary N dimensions. Our starting point is the chain rule for derivatives:

d

dxi
=
∑
j

d

dyj
· dyj
dxi

By using this rule, then Leibnitz for products, then again this rule, we obtain:

d2f

dx2i
=

∑
j

d

dxi

(
df

dyj
· dyj
dxi

)
=

∑
j

d

dxi

(
df

dyj

)
· dyj
dxi

+
df

dyj
· d

dxi

(
dyj
dxi

)

=
∑
j

(∑
k

d

dyk
· dyk
dxi

)(
df

dyj

)
· dyj
dxi

+
df

dyj
· d

2yj
dx2i

=
∑
jk

d2f

dykdyj
· dyk
dxi

· dyj
dxi

+
∑
j

df

dyj
· d

2yj
dx2i
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(2) Now by summing over i, we obtain the following formula, with A being the deriv-
ative of x→ y, that is to say, the matrix of partial derivatives dyi/dxj:

∆f =
∑
ijk

d2f

dykdyj
· dyk
dxi

· dyj
dxi

+
∑
ij

df

dyj
· d

2yj
dx2i

=
∑
ijk

AkiAji
d2f

dykdyj
+
∑
ij

d2yj
dx2i

· df
dyj

=
∑
jk

(AAt)jk
d2f

dykdyj
+
∑
j

∆(yj)
df

dyj

(3) So, this will be the formula that we will need. Observe that this formula can be
further compacted as follows, with all the notations being self-explanatory:

∆f = Tr(AAtHy(f))+ < ∆(y),∇y(f) >

(4) Getting now to spherical coordinates, (x, y, z) → (r, s, t), the derivative of the
inverse, obtained by differentiating x, y, z with respect to r, s, t, is given by:

A−1 =

 cos s −r sin s 0
sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t


The product (A−1)tA−1 of the transpose of this matrix with itself is then: cos s sin s cos t sin s sin t

−r sin s r cos s cos t r cos s sin t
0 −r sin s sin t r sin s cos t

 cos s −r sin s 0
sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t


But everything simplifies here, and we have the following remarkable formula, which

by the way is something very useful, worth to be memorized:

(A−1)tA−1 =

1 0 0
0 r2 0
0 0 r2 sin2 s


Now by inverting, we obtain the following formula, in relation with the above:

AAt =

1 0 0
0 1/r2 0
0 0 1/(r2 sin2 s)


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(5) Let us compute now the Laplacian of r, s, t. We first have the following formula,
that we will use many times in what follows, and is worth to be memorized:

dr

dx
=

d

dx

√
x2 + y2 + z2

=
1

2
· 2x√

x2 + y2 + z2

=
x

r

Of course the same computation works for y, z too, and we therefore have:

dr

dx
=
x

r
,

dr

dy
=
y

r
,

dr

dz
=
z

r

(6) By using the above formulae, twice, we can compute the Laplacian of r:

∆(r) = ∆
(√

x2 + y2 + z2
)

=
d

dx

(x
r

)
+

d

dy

(y
r

)
+

d

dz

(z
r

)
=

r2 − x2

r3
+
r2 − y2

r3
+
r2 − z2

r3

=
2

r

(7) In what regards now s, the computation here goes as follows:

∆(s) = ∆
(
arccos

(x
r

))
=

d

dx

(
−
√
r2 − x2

r2

)
+

d

dy

(
xy

r2
√
r2 − x2

)
+

d

dz

(
xz

r2
√
r2 − x2

)
=

2x
√
r2 − x2

r4
+
r2(z2 − 2y2) + 2x2y2

r4
√
r2 − x2

+
r2(y2 − 2z2) + 2x2z2

r4
√
r2 − x2

=
2x

√
r2 − x2

r4
+
x(2x2 − r2)

r4
√
r2 − x2

=
x

r2
√
r2 − x2

=
cos s

r2 sin s
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(8) Finally, in what regards t, the computation here goes as follows:

∆(t) = ∆

(
arctan

(
z

y

))
=

d

dx
(0) +

d

dy

(
− z

y2 + z2

)
+

d

dz

(
y

y2 + z2

)
= 0− 2yz

(y2 + z2)2
+

2yz

(y2 + z2)2

= 0

(9) We can now plug the data from (4) and (6,7,8) in the general formula that we
found in (2) above, and we obtain in this way:

∆f =
d2f

dr2
+

1

r2
· d

2f

ds2
+

1

r2 sin2 s
· d

2f

dt2
+

2

r
· df
dr

+
cos s

r2 sin s
· df
ds

=
2

r
· df
dr

+
d2f

dr2
+

cos s

r2 sin s
· df
ds

+
1

r2
· d

2f

ds2
+

1

r2 sin2 s
· d

2f

dt2

=
1

r2
· d
dr

(
r2 · df

dr

)
+

1

r2 sin s
· d
ds

(
sin s · df

ds

)
+

1

r2 sin2 s
· d

2f

dt2

Thus, we are led to the formula in the statement. □

4d. Advanced results

Advanced study of the various wave type equations found before.

4e. Exercises

Exercises:

Exercise 4.7.

Exercise 4.8.

Exercise 4.9.

Exercise 4.10.

Exercise 4.11.

Exercise 4.12.

Exercise 4.13.

Exercise 4.14.

Bonus exercise.
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Exercise 11.8.

Bonus exercise.
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CHAPTER 12

12a.

12b.

12c.

12d.

12e. Exercises

Exercises:

Exercise 12.1.

Exercise 12.2.

Exercise 12.3.

Exercise 12.4.

Exercise 12.5.

Exercise 12.6.

Exercise 12.7.

Exercise 12.8.

Bonus exercise.
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Part IV

Nonlinearity





CHAPTER 13

13a.

13b.

13c.

13d.

13e. Exercises

Exercises:

Exercise 13.1.

Exercise 13.2.

Exercise 13.3.

Exercise 13.4.

Exercise 13.5.

Exercise 13.6.

Exercise 13.7.

Exercise 13.8.

Bonus exercise.
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CHAPTER 14

14a.

14b.

14c.

14d.

14e. Exercises

Exercises:

Exercise 14.1.

Exercise 14.2.

Exercise 14.3.

Exercise 14.4.

Exercise 14.5.

Exercise 14.6.

Exercise 14.7.

Exercise 14.8.

Bonus exercise.
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CHAPTER 15

15a.

15b.

15c.

15d.

15e. Exercises

Exercises:

Exercise 15.1.

Exercise 15.2.

Exercise 15.3.

Exercise 15.4.

Exercise 15.5.

Exercise 15.6.

Exercise 15.7.

Exercise 15.8.

Bonus exercise.
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CHAPTER 16

16a.

16b.

16c.

16d.

16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
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convolution, 54
cosmic microwave background, 47
cosmology, 47
Coulomb law, 29
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distribution, 65
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electromagnetic radiation, 30

electromagnetic wave, 11, 30
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Fourier analysis, 25, 31
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heat diffusion, 40
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light, 30
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longitude, 70
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magnetic permeability, 33
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