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ABSTRACT. This is an introduction to free manifolds, and to analysis on them. The space
RY has no free analogue, but the unit sphere does have a free analogue, SJ{Q’ _7_1. More

generally, we can talk about submanifolds X C Sﬂg ;17 which under suitable assumptions
have a Laplace operator A. We discuss here the basics of free manifolds, then the
Laplace equation Af = 0 in this setting, and then various free analogues of the main
PDE of physics. The mathematics is quite interesting, suggesting the existence of a free
electrodynamics theory, conjecturally related to questions in QCD.



Preface

As you surely know, the main question in theoretical physics is that of improving the
Standard Model for elementary particles, which dates back to the 1970s. Although there
have been many discoveries recently in quantum physics, sometimes accompanied by new
engineering feats, the truth remains that our basic knowledge of quantum theory goes
back to that old model. And as long as we remain unable to improve that model, our
flagship quantum technologies, such as nuclear power, will basically remain stuck.

You probably know too that theoretical physicists are not alone in struggling with
this question, because large branches of mathematics are trying to solve this problem too.
Indeed, this is certainly true for many people doing PDE or probability, who often get
involved, openly, into such questions. As for pure mathematics, that is not as pure as it
might seem, because its main architects from the 70s and 80s, such as Atiyah, Connes,
Jones and others, were having precisely these Standard Model questions in mind.

The aim of the present book is to present one of the many speculations that can be
made, in connection with such questions. Importantly, while not yet really connected to
physics, these speculations are quite fresh, going back to the 2010s and early 2020s, and
so are a sort of a “start-up” operation, whose potential remains to be determined.

The starting point is the start of quantum mechanics, as we know it from Heisenberg
and others. As you zoom down, to the level of protons, electrons and neutrons, things
become noncommutative. And this leads to the natural idea that, maybe, if we zoom
further down, things might perhaps drastically simplify, and become free.

At the first glance, this might sound like a worthless, wild speculation. However, there
is in fact increasing evidence for this. To start with, linguistically at least, it is known
since 1973 that quarks are subject to “asymptotic freedom”, and whether that famous
freedom is the same as mathematical freeness, remains to be determined.

More concretely now, Connes and collaborators have done a lot of work on the Stan-
dard Model in their noncommutative geometry formulation, and one of the features of
their formalism is that it allows the construction of a “free gauge group” of the Standard
Model. Via some standard twisting results, acting on the QED part is S, , and acting on
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4 PREFACE

the QCD part is Sq. This is quite interesting, suggesting that QED and QCD, suitably
twisted, might be some sort of Yang-Mills theories based on S, S5, respectively.

Another approach, with the theory here going back to work of Yang-Baxter, Faddeev
and the Leningrad School, then Drinfeld-Jimbo, and especially Jones and others, is via
statistical mechanics and lattice models. Again, this leads to quantum groups, which are
traditionally deformed with the help of a parameter ¢ € C, but which can be as well
undeformed, and rather free, depending on which precise model you are looking at.

Yet another approach, and facet of the problem, which is the one that we will describe
in this book, is via some sort of “reverse engineering”. Indeed, let us temporarily forget
about physics. Mathematically then, a free sphere Sﬂg ;1 is not hard to construct, and
afterwards you can simply go ahead with mathematics, developed without thinking much:
free manifolds, free Laplace operator, free harmonic functions, free PDE. In short, free
everything, and the question which appears at the end, coming from free PDE, is whether
that new mathematics corresponds to some sort of “free physics”, and then, importantly,
whether that free physics is true physics, at very small scales, or not.

This sounds quite reasonable, and we will have here a look, at all this. The conjecture
at the end will be that there should be a kind of “free electrodynamics” theory, very
related to QCD. However, a bit as before with the above-mentioned other approaches,
this remains just a facet of the problem. Further advancing, and then putting all the
pieces of the puzzle together, remains of course an open problem.

Many thanks go to my colleagues who contributed to the theory discussed here.
Thanks as well to my sister Valeria, who’s a mathematician like me, but doing hard-
line PDE, and I will certainly find a way to talk about her exciting work with Luis, in this
book. Finally, many thanks to my PDE colleagues in Cergy, and cats at home, nothing
better as work environment, than being surrounded by various apex predators.

Cergy, February 2025
Teo Banica
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Part 1

Free space



Plain talking
Take us so far
Broken down cars
Like strung out old stars



CHAPTER 1

Free spheres

la. Free tori

Welcome to freeness. We will be interested in this book in developing free geometry
and analysis, with the hope that all this might be related to physics, at very small scales,
quarks or below. Before anything, all this is well-known to be complicated business, and
technically, it is an open problem. So, we will use a trick, developing first as much free
geometry and analysis as we can, hard work done in the dark, a bit like miners working
in a mine, and only afterwards, towards the end of the book, we will go to the surface,
and look at all this under the light of true physics, see if we have some diamonds or not.
With diamond meaning free PDE having an interesting physical meaning.

In short, expect a lot of mathematics, at least to start with, correct as mathematics
usually comes, but not necessarily very logical, also as mathematics usually comes.

Helping with writing, however, will be my cat assistant, who knows some physics.
Usually cats won'’t tell, at that level of wisdom you admire this world as it was created,
with bigger animals eating smaller animals, evolution and so on. However, I have my own
tricks, and although I'm very slow, and with a lame diet by his standards, cat ranks me
somewhere higher than dogs and bears, and is sometimes willing to help.

And good news, cat is here, so let’s ask him how to get started:

CAT 1.1. Normally for high speed physics and freeness, you need to be fast and free
yourself. But yes, do some math, and start with what you know.

Thanks cat, I was kind of expecting this, but the advice at the end is really helpful. I
was twisting my mind with looking for a free analogue of RY, for developing afterwards
free geometry and analysis inside, sort of a nice program, as any mathematician would
do. But, as cat says, let’s better relax, and start with what we know.

So, what’s free? The simplest free object in mathematics is the free group Fly:

DEFINITION 1.2. The free group Fy is the infinite group

Fy = <91,---79N‘®>

generated by N wvariables gy, ..., gn, with no relations between them.
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12 1. FREE SPHERES

This might look a bit abstract, but no worries, Fiy has some interesting mathematics,
coming right away, if you have some knowledge in discrete groups, and know how to look
for interesting questions. For instance if you want to draw the Cayley graph of Fly, whose
vertices are the elements of Fy, with edges h — k drawn when h = g;tlk: for some i, you
will end up with an interesting picture, which at N = 2 looks like this:

And this type of graph certainly has interesting mathematics. One good question
for instance is that of computing the number of length 2k loops based at the root. An-
other question, which is in fact equivalent, via moments, is that of computing the Kesten
measure of Fy, which is that of the following variable in the group algebra of Fiy:

X=01+...+9gn

All this looks very good, we most likely have here our first object of free geometry,
the above graph, regarded as some sort of “manifold”, and mathematically speaking, this
manifold is as good and interesting as manifolds can get. However, before going ahead
with loops and Kesten, let’s ask the cat, who's still around. Not that I need help with
math, but sometimes a piece of recognition from a fellow physics colleague, for a bright
idea like this, can bring pleasure. To my surprise, however, cat answers:

Cat 1.3. You got it wrong with your math, that graph is not continuous, even by alien
standards. It’s the dual of Fy which is a free manifold.

Thanks cat, and interesting remark, indeed. In fact, I was too quick in developing free
geometry, and forgot to think at classical geometry first. Here, if there is an interesting
formula in relation with free groups and manifolds, this is the following formula, with
Tx = TV being the usual torus, and with Z" being the free abelian group:

Ty = ZN

Thus, getting back now to our free group Fy, which is the free analogue of Z, it is its
dual Fy which is a free manifold, and more specifically the free analogue of T. Which
is a nice finding, so let us formulate our conclusions as follows:
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DEFINITION 1.4. The free torus T} is the dual of the free group Fy,
T} = Fy
in analogy with the fact that the usual torus Tx = TV appears as
Ty = ZN
with on the right the group Z™ being the free abelian group.

It is of course possible to formulate things more precisely, and we will be back to
this in a moment, but before that, isn’t this a bit too abstract? But the point here is
that no, at the level of questions to be solved, these remain the same, as for instance the
computation of the Kesten measure, which is now a “function” on the free torus:

x € C(TY)

In fact, this function is the main character of T}, regarded as a compact quantum
group, and so our Kesten problem suddenly becomes something very conceptual, namely
the computation of the law of the main character of T}. Which is very nice.

Before getting into details regarding all this, recall that RY is as interesting as CV.
So, let us formulate as well the real version of Definition 1.4, as follows:
DEFINITION 1.5. The free real torus, or free cube, Ty is the dual
TV =Ly
of the group Ly = Fy/ < g? = 1 >, in analogy with the fact that the usual cube is
Ty = 7Y
with on the right the group Z being the free real abelian group.

Here the “real” at the end stands for the fact that the generators must satisfy the
real reflection condition ¢g? = 1. As for the fact that “real torus = cube”, as stated, this
needs some thinking, and in the hope that, after such thinking, you will agree with me
that there is indeed a standard torus inside R, and that is the unit cube.

As before with the free complex torus T}, there is some mathematics to be done with
the free real torus Ty, for instance in relation with the law of x = g1 + ...+ gn-.

Summarizing, all this sounds good, we have a beginning of free geometry, both real
and complex, worth developing, by knowing at least what the torus o of each theory is. In
practice now, at the level of details, in order to talk about T} = Fy v and T N = LN we
need an extension of the usual Pontrjagin duality theory for the abelian groups, and this
is best done via operator algebras, and the related notion of compact quantum group.
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1b. Quantum spaces

In view of the above, in order to fully understand what happens, let us start with
operator algebras. You have probably already heard about infinite matrices, operators
and operator algebras, from Heisenberg, Schrodinger, Dirac and others. As a starting
point for this, we need a complex Hilbert space H, with the main example in mind being
the space H = L?(R3) of the wave functions of the electron. So, let us formulate:

DEFINITION 1.6. A Hilbert space is a complex vector space H, given with a scalar
product < x,y >, satisfying the following conditions:
(1) < z,y > is linear in x, and antilinear in y.
(2) <z,y>=<y,x >, for any z,y.
(3) <z,x >>0, for any z # 0.
(4) H is complete with respect to the norm ||z|| = /< x, 2 >.

This looks nice and correct, with the remark that (4) assumes that you know about
Cauchy-Schwarz, but thinking well, I'm using here mathematicians’ convention for scalar
products, linear at left, and aren’t we supposed to do as Dirac and other physicists do,
with the scalar products linear at right. And making a decision here does not seem to be
an easy question, shall we trade the usefulness of Dirac’s bras and kets < x| and |y > for
mathematical simplicity, I mean what’s simple and linear must come first.

I'm afraid I will have to disturb again the cat. And cat says:

CAT 1.7. Bras and kets are made to interact, and love each other, and that vertical
bar is a bad idea, preventing the physics to happen.

Interesting remark, so if I understand well < x|y > being a bad idea, and I fully agree
with this because that vertical bar | slows down computations anyway, we are left with
< x,y >, and free to choose the linearity as we like. So, Definition 1.6 is correct.

Moving ahead, we need to talk about operators. Again, you might have heard of
these from Heisenberg, Schrodinger, Dirac and others, and with the theory being quite
complicated to read and digest, because these operators, while fortunately self-adjoint,
are unfortunately unbounded. However, cat who’s still around, declares:

CAT 1.8. Self-adjoint and unbounded operators are nice, but not fast enough. For fast
physics, you need non-self-adjoint, bounded operators.

Thanks cat, this sounds good, and again agrees with my mathematical intuition, the
bounded operators are the simplest, and who cares about self-adjointness, and I would be
even happier not to get into that, I prefer these bounded operators to be arbitrary.

So, bounded operators. These are in fact quite tricky to study, even when taken
arbitrary, and after some work, we can formulate, as a first theorem for our book:
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THEOREM 1.9. The linear operators T : H — H which are bounded, meaning that

Tl = sup ||Tz|

llz]]<1

is finite, form a complex algebra B(H), having the following properties:

(1) B(H) is complete with respect to ||.||, so we have a Banach algebra.
(2) B(H) has an involution T"— T*, given by < Tx,y >=< x,T*y >.

In addition, the norm and involution are related by the formula ||TT*|| = ||T|[?.

15

ProOF. The fact that we have an algebra is clear, and the completness comes from
the fact that, assuming that {7,,} C B(H) is Cauchy, then {7T,x} is Cauchy for any

x € H, so we can define the limit 7' = lim,,_,, T}, by setting:
Tx = lim T,x

n—o0

Regarding 7' — T*, this comes from the fact that ¢(x) =< Tx,y > being a linear
form ¢ : H — C, we must have ¢(x) =< x,T*y >, for a certain vector T*y € H. Thus

we have a well-defined involution 7' — T*, which stays inside B(H), because:

|T|| = sup sup <Tzx,y>
[lz]|=1 [lyl|=1

= sup sup <z, Ty >
llyll=1l=|[=1

= [|77]]
Regarding now the last assertion, observe first that we have:
||| < IT|] - [|T7]) = ||| ?
On the other hand, we have as well the following estimate:

IT||? = |ISLH11_)1| <Tz,Tx > |
= sup | <z, T"Tx > |
[l]|=1

< [T

By replacing T — T™* we obtain from this ||T||? < ||TT*||, so we are done.

g

Observe that when H comes with an orthonormal basis {¢; };c;, the linear map T' — M

given by M;; =< Tej,e; > produces an embedding as follows:
B(H) € My(C)

Moreover, in this picture the operation T"— T™ takes a very simple form, namely:

(M*)i; = Mj;

However, with examples like Schrodinger’s wave function space H = L*(R?) in mind,

it is better in general not to use bases, and accept Theorem 1.9 as stated.
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Moving ahead, the conditions found in Theorem 1.9 suggest formulating:

DEFINITION 1.10. A C*-algebra is a complex algebra A, having:

(1) A norm a — ||al|, making it a Banach algebra.
(2) An involution a — a*, satisfying ||laa*|| = ||a||*.

As basic examples, we have B(H) itself, as well as any norm closed *-subalgebra
A C B(H). It is possible to prove that any C*-algebra appears in this way, but we will
not need in what follows this deep result, called GNS theorem after Gelfand, Naimark,
Segal. So, let us simply agree that, by definition, the C*-algebras A are some sort of
“generalized operator algebras”, and their elements a € A can be thought of as being
some kind of “generalized operators”, on some Hilbert space which is not present.

In practice, this vague idea is all that we need. Indeed, by taking some inspiration
from linear algebra, we can emulate spectral theory in our setting, as follows:

THEOREM 1.11. Given a € A, define its spectrum as being the set
o(a) = {)\ c C(a g A*l}

and its spectral radius p(a) as the radius of the smallest centered disk containing o(a).

(1) The spectrum of a norm one element is in the unit disk.

(2) The spectrum of a unitary element (a* = a™') is on the unit circle.

(3) The spectrum of a self-adjoint element (a = a*) consists of real numbers.
(4) The spectral radius of a normal element (aa* = a*a) is equal to its norm.

PROOF. Our first claim is that for any polynomial f € C[X], and more generally for
any rational function f € C(X) having poles outside o(a), we have:

This indeed something well-known for the usual matrices. In the general case, assume
first that we have a polynomial, f € C[X]. If we pick an arbitrary number A\ € C, and
write f(X) —A=¢(X —r)...(X —rg), we have then, as desired:

A¢o(f(a)) fla)—reA™
cla—r)...(a—ry) € A
a—T1,...,a—1p €A
T1,..., Tk & o(a)

A ¢ flo(a))

111ty
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Assume now that we are in the general case, f € C(X). We pick A € C, we write
f=P/Q, and we set F' = P — \Q. By using the above finding, we obtain, as desired:

rea(f(a)) F(a) ¢ A
0€o(F(a))
0€ F(o(a))
du € o(a), F(u) =0

A€ flo(a))

Regarding now the assertions in the statement, these basically follows from this:

111ty

(1) This comes from the following formula, valid when ||a|| < 1:

=1l4+a+ad>+...

1—a
(2) Assuming a* = a™ !, if we denote by D the unit disk, we have, by using (1):

lla|]|=1 = o(a) C D

jat|=1 = o(a’)C D
On the other hand, by using the rational function f(z) = 27!, we have:
ola’yc D = o(a) c D!
Now by putting everything together we obtain, as desired:
olayc DND'=T

(3) This follows from (2), by using the rational function f(z) = (z + it)/(z — it).
Indeed, for ¢ >> 0 we have the following computation:

a+it\" a—it  [(a+it\""
a—it) a+it \a—it
Thus the element f(a) is a unitary, and by using (2) its spectrum is contained in T.
We conclude from this that we have:

flo(a)) = o(f(a)) C T

But this shows that we have o(a) C f~!(T) = R, as desired.
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(4) We already know that we have p(a) < |[|a||, for any a € A. For the reverse
inequality, when a is normal, we fix a number p > p(a). We have then:

oo

on
d — nfkflkd
Jormate = [ me

zl=p k=g

— i < /I » z”kldz) a®

k=0

— an—l

By applying the norm and taking n-th roots we obtain from this formula:

p> lim [la”|[V"
n— oo
When a = a* we have ||a"|| = ||a||" for any exponent of type n = 2¥ by using the
C*-algebra condition ||aa*|| = ||a||?, and by taking n-th roots we get, as desired:
pla) = |lal|

In the general normal case now, aa* = a*a, we have a"(a")* = (aa*)", and by using
this, along with the result for self-adjoints, applied to aa*, we obtain:

pla) > lim [[a"]|""
n—oo

=l flar @) [P
n—oo
— ; «\n||1/n
V/ dim [[(aar)|

= Vplaa*)

= |lall
Thus, we are led to the conclusion in the statement. O

Generally speaking, Theorem 1.11 is all that you need for doing further operator
algebras, only military grade weapons there. As a main application, we have:

THEOREM 1.12 (Gelfand). If X is a compact space, the algebra C(X) of continuous
functions f : X — C is a commutative C*-algebra, with structure as follows:

(1) The norm is the usual sup norm, ||f|| = sup,cx |f(z)].

(2) The involution is the usual involution, f*(x) = f(x).

Conversely, any commutative C*-algebra is of the form C(X), with its “spectrum” X =
Spec(A) appearing as the space of characters x : A — C.
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PROOF. Given a commutative C*-algebra A, we can define indeed X to be the set
of characters xy : A — C, with the topology making continuous all the evaluation maps
ev, : x — x(a). Then X is a compact space, and a — ev, is a morphism of algebras:

ev:A— C(X)
We first prove that ev is involutive. We use the following formula:

a+a* . ila—a¥)

2 2

Thus it is enough to prove the equality ev,» = ev) for self-adjoint elements a. But
this is the same as proving that a = a* implies that ev, is a real function, which is in
turn true, because ev,(x) = x(a) is an element of o(a), contained in R. So, claim proved.
Also, since A is commutative, each element is normal, so ev is isometric:

|leval| = p(a) = ||al|
It remains to prove that ev is surjective. But this follows from the Stone-Weierstrass

theorem, because ev(A) is a closed subalgebra of C'(X), which separates the points. O

The Gelfand theorem suggests formulating the following definition:
DEFINITION 1.13. Given a C*-algebra A, not necessarily commutative, we write
A=C(X)
and call the abstract object X a “compact quantum space”.

This might look quite revolutionary, but in practice, this definition changes nothing
to what we have been doing so far, namely studying the C*-algebras. So, we will keep
studying the C*-algebras, but by using the above fancy quantum space terminology. For
instance whenever we have a morphism ® : A — B, we will write A = C(X), B = C(Y),
and rather speak of the corresponding morphism ¢ : Y — X. And so on.

We will be back to all this later, including with a modification, the idea being that
the above definition is in fact quite naive, and needs a fix. More on this later.

Let us discuss now the other basic result regarding the C*-algebras, namely the GNS
representation theorem. We will need some more spectral theory, as follows:

PROPOSITION 1.14. For a normal element a € A, the following are equivalent:

(1) a is positive, in the sense that o(a) C [0,00).
(2) a =102, for some b € A satisfying b = b*.
(3) a = cc*, for some c € A.
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Proor. This is something very standard, as follows:

(1) = (2) Since our element a is normal the algebra < a > that is generates is
commutative, and by using the Gelfand theorem, we can set b = \/a.

(2) = (3) This is trivial, because we can set ¢ = b.

(3) = (1) We can proceed here by contradiction. By multiplying ¢ by a suitable
element of < cc* >, we are led to the existence of an element d # 0 satisfying —dd* > 0.
By writing now d = x + iy with x = 2*,y = y* we have:

dd* + d*d = 2(2* +y*) > 0
Thus d*d > 0. But this contradicts the elementary fact that o(dd*),o(d*d) must

coincide outside {0}, which can be checked by explicit inversion. g

Here is now the GNS representation theorem, along with the idea of the proof:

THEOREM 1.15 (GNS theorem). Let A be a C*-algebra.

(1) A appears as a closed x-subalgebra A C B(H), for some Hilbert space H.
(2) When A is separable (usually the case), H can be chosen to be separable.
(3) When A is finite dimensional, H can be chosen to be finite dimensional.

PROOF. Let us first discuss the commutative case, A = C'(X). Our claim here is that
if we pick a probability measure on X, we have an embedding as follows:

C(X)C B(L*(X)) . f— (9 f9)

Indeed, given a function f € C(X), consider the operator T(g) = fg, acting on
H = L*(X). Observe that T is indeed well-defined, and bounded as well, because:

1 Fgll2 = \//X £ (@)Plg(@)Pdz < [|flloolgll2

Thus, f — Ty provides us with a C*-algebra embedding C'(X) C B(H), as claimed.
In general now, assuming that a linear form ¢ : A — C has some suitable positivity
properties, making it analogous to the integration functionals [ v A — C from the
commutative case, we can define a scalar product on A, by the following formula:

< a,b>= p(ab")
By completing we obtain a Hilbert space H, and we have an embedding as follows:
ACB(H) , a— (b— ab)

Thus we obtain the assertion (1), and a careful examination of the construction A —
H, outlined above, shows that the assertions (2,3) are in fact proved as well. U
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Taking a break now from all this, mathematics endlessly building and self-replicating,
once started, like some sort of monster, shall we perhaps think a bit at the physical
meaning of all this. I am particularly concerned by the fact that our quantum spaces are
compact, if there is one good space for math and physics, that is RY, which is obviously
not compact, so shouldn’t be our quantum spaces not compact either.

This does not look like an obvious question, so time to ask the cat. And cat says:

CAT 1.16. The strong force is confined, expect mathematical freeness to be confined
too. As strange as this might sound, linguistically speaking.

Thanks cat, but this sounds a bit too deep, to the point that I cannot tell if it’s a
joke or not. In any case, I take it as an encouragement, so we’ll go for confinement and
compactness, as a continuation of the above, and may the strong force be with us.

So, getting back now to our operator algebra machinery, what’s next? Actually, now
that we have our definition for the quantum spaces, good time to get back towards Defi-
nitions 1.4 and 1.5. In order to understand what that free tori are, we will need:

THEOREM 1.17. Let T' be a discrete group, and consider the complex group algebra
C[T'], with involution given by the fact that all group elements are unitaries, g* = g~ '.

(1) The mazimal C*-seminorm on C[I'] is a C*-norm, and the closure of C[I'] with
respect to this norm is a C*-algebra, denoted C*(I).

(2) When T" is abelian, we have an isomorphism C*(I') ~ C(G), where G = T is its
Pontrjagin dual, formed by the characters x : I' — T.

Proor. All this is very standard, the idea being as follows:

(1) In order to prove the result, we must find a *-algebra embedding C[I'] C B(H),
with H being a Hilbert space. For this purpose, consider the space H = [*(T'), having
{h}ner as orthonormal basis. Our claim is that we have an embedding, as follows:

m:C[l'lc B(H) , mn(g)(h)=gh

Indeed, since m(g) maps the basis {h}ner into itself, this operator is well-defined,
bounded, and is an isometry. It is also clear from the formula 7(g)(h) = gh that g —
7(g) is a morphism of algebras, and since this morphism maps the unitaries g € T" into
isometries, this is a morphism of x-algebras. Finally, the faithfulness of 7 is clear.

(2) Since I' is abelian, the corresponding group algebra A = C*(I') is commutative.
Thus, we can apply the Gelfand theorem, and we obtain A = C'(X), with:

X = Spec(A)

But the spectrum X = Spec(A), consisting of the characters y : C*(I') — C, can be
identified with the Pontrjagin dual G = I, and this gives the result. O
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The above result suggests the following definition:
DEFINITION 1.18. Given a discrete group I', the compact quantum space G given by
C(G) = ()
15 called abstract dual of T, and is denoted G = T.

Good news, this definition is exactly what we need, in order to understand the meaning
of Definitions 1.4 and 1.5. To be more precise, we have the following result:

THEOREM 1.19. The basic tori are all group duals, as follows,

—

Fn

T T} Ly

TN

Tn Ty Zy

where Fy = 7N is the free group on N generators, and Ly = ZN is its real version.

PrROOF. The basic tori appear indeed as group duals, and together with the Fourier
transform identifications from Theorem 1.17 (2), this gives the result. u

Moving ahead, now that we have our formalism, we can start developing free geometry.
As a first objective, we would like to better understand the relation between the classical
and free tori. In order to discuss this, let us introduce the following notion:

DEFINITION 1.20. Given a compact quantum space X, its classical version is the usual
compact space X ou5s C X obtained by dividing C(X) by its commutator ideal:

C(Xeaass) =C(X) /I , [=<]a,b] >
In this situation, we also say that X appears as a “liberation” of X.

In other words, the space X .55 appears as the Gelfand spectrum of the commutative
C*-algebra C(X)/I. Observe in particular that X, is indeed a classical space.

In relation now with our tori, we have the following result:

THEOREM 1.21. We have inclusions between the various tori, as follows,

Ty Ty

TN Ty

and the free tori on top appear as liberations of the tori on the bottom.
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PRrooOF. This is indeed clear from definitions, because commutativity of a group alge-
bra means precisely that the group in question is abelian. Il

As a conclusion now to all this, we have a beginning of free geometry, both real and
complex, by knowing at least what the torus of each theory is. And with our construction
being definitely the good one, for the simple reason that the main problems in the analysis
of the free groups correspond in this way the main questions in our free geometry.

1c. Free spheres

In order to extend now the free geometries that we have, real and complex, let us
begin with the spheres. Following [11], we have the following notions:

DEFINITION 1.22. We have free real and complex spheres, defined via

xi:x;‘,g xZZ:l)
i

C(Sﬁ{;l) =C" (.1'1, A

C’(Sg;l) =" (acl,...,xN‘ lexj = Zmi‘xz = 1)

where the symbol C* stands for universal enveloping C*-algebra.

Here the fact that these algebras are indeed well-defined comes from the following
estimate, which shows that the biggest C*-norms on these *-algebras are bounded:

i

As a first result now, regarding the above free spheres, we have:

ladl? = lfeiaf]| < ~ 1

THEOREM 1.23. We have embeddings of compact quantum spaces, as follows,

N—-1 N—-1
Sgr — 5S¢

N—-1 N-1
S]R S(C

and the spaces on top appear as liberations of the spaces on the bottom.
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PRrROOF. The first assertion, regarding the inclusions, comes from the fact that at the
level of the associated C*-algebras, we have surjective maps, as follows:

OS5 1) C(5¢i)
C(Sp ™) c(sg™)
For the second assertion, we must establish the following isomorphisms, where the
symbol C7 stands for “universal commutative C*-algebra generated by”:

C(‘S]l]ly_l) C':omm ( Ty T

T :xf,Zx? = 1>
C(Sgil) CZkomm ( "'7:[;]\/’ szx: = Zﬂ?:l‘z = 1)

It is enough to establish the second isomorphism. So, consider the second universal
commutative C*-algebra A constructed above. Since the standard coordinates on S(JCV -t
satisfy the defining relations for A, we have a quotient map of as follows:

A—C(SP

Conversely, let us write A = C(S), by using the Gelfand theorem. The variables
T1, ..., TN become in this way true coordinates, providing us with an embedding S c CV.
Also, the quadratic relations become Y, |z;|> = 1, so we have S C S&~'. Thus, we have
a quotient map C' (S(]CV 1) = A, as desired, and this gives all the results. O

1d. Algebraic manifolds

By using the free spheres constructed above, we can now formulate:

DEFINITION 1.24. A real algebraic manifold X C SN Yis a closed quantum subspace
defined, at the level of the corresponding C*-algebra, by a formula of type

C(X) = C(SY7 )/<fi(x1, L aN) = o>
for certain family of noncommutative polynomaials, as follows:
fieC<uzy,...,oN >
We denote by C(X) the x-subalgebra of C(X) generated by the coordinates x1,...,xy.

As a basic example here, we have the free real sphere S]f{ jrl. The classical spheres

S(JCV -1 S]{g ~1 and their real submanifolds, are covered as well by this formalism. At the
level of the general theory, we have the following version of the Gelfand theorem:
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THEOREM 1.25. If X C Sévjrl is an algebraic manifold, as above, we have

Xiass = {:1: € S(’CV*l filx1, ..., xN) = O}

and X appears as a liberation of X -

ProOF. This is something that we already met, in the context of the free spheres. In
general, the proof is similar, by using the Gelfand theorem. Indeed, if we denote by X/, ..
the manifold constructed in the statement, then we have a quotient map of C*-algebras

as follows, mapping standard coordinates to standard coordinates:
C(XclaSS) - C(Xélass)

Conversely now, from X C S(]CV ;1 we obtain X, C Sév ~1. Now since the relations
defining X/ are satisfied by Xj.ss, we obtain an inclusion Xgass C X, Thus, at

class lass*
the level of algebras of continuous functions, we have a quotient map of C*-algebras as

follows, mapping standard coordinates to standard coordinates:

C( élass) - C(Xclass)
Thus, we have constructed a pair of inverse morphisms, and we are done. U
Finally, once again at the level of the general theory, we have:

DEFINITION 1.26. We agree to identify two real algebraic submanifolds X,Y C S(Jc\fjrl
when we have a x-algebra isomorphism between x-algebras of coordinates

f:CY)—C(X)
mapping standard coordinates to standard coordinates.

We will see later the reasons for making this convention, coming from amenability.
Now back to the tori, as constructed before, we can see that these are examples of algebraic
manifolds, in the sense of Definition 1.24. In fact, we have the following result:

THEOREM 1.27. The four main quantum spheres produce the main quantum tori

N—-1 N—-1 + +

S]R,—i— > S(C,+ Ty Ty
_>

SNl gy Ty Ty

via the formula T = S N'TY,, with the intersection being taken inside ngrl.

PRroOOF. This comes from the above results, the situation being as follows:

(1) Free complex case. Here the formula in the statement reads T} = Sg N T
But this is something trivial, because we have T}, C S o
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(2) Free real case. Here the formula in the statement reads Ty = S]]RX S'NTE. But
this is clear as well, the real version of T}, being T}:.

(3) Classical complex case. Here the formula in the statement reads Ty = SY ' NT4.
But this is clear as well, the classical version of T} being Ty.

(4) Classical real case. Here the formula in the statement reads Ty = S 'NT}. But
this follows by intersecting the formulae from the proof of (2) and (3). O

le. Exercises

Exercises:

EXERCISE 1.28.
EXERCISE 1.29.
EXERCISE 1.30.
EXERCISE 1.31.
EXERCISE 1.32.
EXERCISE 1.33.

Bonus exercise.



CHAPTER 2

Free rotations

2a. Quantum groups

In order to better understand the structure of S]g J_rl, S(]CV jrl, we need to talk about free
rotations. Following Woronowicz [99], let us start with:

DEFINITION 2.1. A Woronowicz algebra is a C*-algebra A, given with a unitary matrix
u € My(A) whose coefficients generate A, such that the formulae

Aluij) = Zuzk Qug; ,  e(uy) =65, Suy) = ujl
k

define morphisms of C*-algebras as follows,
A:A—-ARA |, e:A—-C |, S:A— A%
called comultiplication, counit and antipode.

Obviously, this is something tricky, and we will see details in a moment, the idea being
that these are the axioms which best fit with what we want to do, in this book. Let us
also mention, technically, that ® in the above can be any topological tensor product, and
with the choice of ® being irrelevant, but more on this later. Also, A°P is the opposite
algebra, with multiplication a - b = ba, and more on this later too.

We say that A is cocommutative when YA = A, where ¥(a ® b) = b ® a is the flip.
With this convention, we have the following key result, from Woronowicz [99]:

PROPOSITION 2.2. The following are Woronowicz algebras:
(1) C(G), with G C Uy compact Lie group. Here the structural maps are:

Alp) = (g,h) = @lgh) , elp)=¢(1) , Slp)=g—¢lg")
(2) C*(T"), with Fy — T finitely generated group. Here the structural maps are:
Alg)=g®g , eg)=1 , Slg=g"
Moreover, we obtain in this way all the commutative/cocommutative algebras.

Proor. This is something very standard, the idea being as follows:
27
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(1) Given G C Uy, we can set A = C(G), which is a Woronowicz algebra, together
with the matrix u = (u;;) formed by coordinates of G, given by:
un(g) ... win(9)
9= : ;
uni(g) .. unn(g)

Conversely, if (A,u) is a commutative Woronowicz algebra, by using the Gelfand
theorem we can write A = C'(X), with X being a certain compact space. The coordinates
u;; give then an embedding X C My(C), and since the matrix v = (u;;) is unitary we
actually obtain an embedding X C Uy, and finally by using the maps A, ¢,.S we conclude
that our compact subspace X C Uy is in fact a compact Lie group, as desired.

(2) Consider a finitely generated group Fy — I'. We can set A = C*(I"), which is
by definition the completion of the complex group algebra C[I'], with involution given by
g* = g~ !, for any g € I', with respect to the biggest C*-norm, and we obtain a Woronowicz
algebra, together with the diagonal matrix formed by the generators of I

g1 0
0 gn
Conversely, if (A,u) is a cocommutative Woronowicz algebra, the Peter-Weyl theory
of Woronowicz, to be explained below, shows that the irreducible corepresentations of A

are all 1-dimensional, and form a group I', and so we have A = C*(I'), as desired. Thus,
theorem proved, modulo a representation theory discussion, to come soon. O

In general now, the structural maps A, e, S have the following properties:

PROPOSITION 2.3. Let (A, u) be a Woronowicz algebra.

(1) A e satisfy the usual axioms for a comultiplication and a counit, namely:

(A®id)A = (id®A)A
(e®id)A = (id®e)A=1id

(2) S satisfies the antipode axiom, on the x-subalgebra generated by entries of u:
m(S ®id)A =m(id® S)A =¢(.)1
(3) In addition, the square of the antipode is the identity, S* = id.

PRroOOF. Observe first that the result holds in the case where A is commutative. In-
deed, by using Proposition 2.2 (1) we can write:

A=mt | e=u" , S=1¢
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The 3 conditions in the statement come then by transposition from the basic 3 group
theory conditions satisfied by m, u, i, which are as follows, with d(¢g) = (g, 9):
m(m x id) = m(id x m)
m(id X u) = m(u X id) = id
m(id x i)6 = m(i x id)d = 1
Observe also that the result holds as well in the case where A is cocommutative, by
using Proposition 2.2 (1). In the general case now, the proof goes as follows:

(1) We have the following computation:

(A ®@id)A(uij) Z Aui) @ ugy = Z Uiy @ Uy & Uy
Kl

We have as well the following computatlon which gives the first formula:

(id ® A)A(uy)) Z wik @ A(ugy) Z Uik ® Uy @ Uy

On the other hand, we have the followmg computatlon

(id @ €)A(u;j) Z Ui @ €(Up;)

We have as well the following computatlon, which gives the second formula:

(6 ® Zd)A(u”) = Zs(u,k) ® Uk; = Uiy
k
(2) By using the fact that the matrix u = (u;;) is unitary, we obtain:

m(id® S)Au;) = > uS(uk;)

= ) ugul,
k
= (wu')y
= by
We have as well the following computation, which gives the result:

m(S @id)Auy) = > S(u)uk

_ *
= E Ui Uk
k

= (U u)y

ij

(3) Finally, the formula S? = id holds as well on generators, and so in general too. [
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Let us record as well the following technical result:

1

PROPOSITION 2.4. Given a Woronowicz algebra (A,u), we have u' = a™', so u is

biunitary, in the sense that it is unitary, with unitary transpose.

PRrROOF. We have the following computation, based on the fact that u is unitary:
k

*
- E UgjUp; = 51-]-
k

= (u'd); = &y
Similarly, we have the following computation, once agan using the unitarity of w:

(W) =0 = > Sl(uju) = b
k

*
— E ujkuik = (Sij
k

- (ﬂut>ﬂ = 5ij
Thus, we are led to the conclusion in the statement. Il

Summarizing, the Woronowicz algebras appear to have nice properties. In view of
Proposition 2.2 and Proposition 2.3, we can formulate the following definition:

DEFINITION 2.5. Given a Woronowicz algebra A, we formally write
A=C(G)=CcI)
and call G compact quantum group, and I' discrete quantum group.

When A is commutative and cocommutative, G and I' are usual abelian groups, dual
to each other. In general, we still agree to write G =I',I" = GG, but in a formal sense. As
a final piece of general theory now, let us complement Definition 2.1 with:

DEFINITION 2.6. Given two Woronowicz algebras (A, u) and (B,v), we write
A~B
and identify the corresponding quantum groups, when we have an isomorphism
< Uy >=< v >
of *-algebras, mapping standard coordinates to standard coordinates.

With this convention, which is in tune with our conventions for algebraic manifolds
from chapter 1, and more on this later, any compact or discrete quantum group corre-
sponds to a unique Woronowicz algebra, up to equivalence. Also, we can see now why in
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Definition 2.1 the choice of the exact topological tensor product ® is irrelevant. Indeed,
no matter what tensor product ® we use there, we end up with the same Woronowicz
algebra, and the same compact and discrete quantum groups, up to equivalence.

In practice, we will use in what follows the simplest such tensor product ®, which
is the maximal one, obtained as completion of the usual algebraic tensor product with
respect to the biggest C*-norm. With the remark that this product is something rather
abstract, and so can be treated, in practice, as a usual algebraic tensor product.

Moving ahead now, let us call corepresentation of A any unitary matrix v € M,(A),
where A =< w;; >, satisfying the same conditions are those satisfied by u, namely:

A(vij) = Zvik Qur; , elvy) =205 , Svy)= U;z'
k

These corepresentations can be then thought of as corresponding to the finite di-
mensional unitary smooth representations of the underlying compact quantum group G.
Following Woronowicz [99], we have the following key result:

THEOREM 2.7. Any Woronowicz algebra has a unique Haar integration functional,

(/G®z'd>A:(z'd®/G>A:/G(.)1

which can be constructed by starting with any faithful positive form ¢ € A*, and setting

n

where ¢ x 1) = (¢ @ Y)A. Moreover, for any corepresentation v € M, (C) ® A we have

(id@/G>v:P

where P is the orthogonal projection onto Fix(v) = {£ € C"|v§ = &£},
ProoFr. Following [99], this can be done in 3 steps, as follows:

(1) Given ¢ € A*, our claim is that the following limit converges, for any a € A:

: 1 . *k
fo=tm Y et@
# k=1
Indeed, we can assume, by linearity, that a is the coefficient of a corepresentation:

a=(1T®id)v
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But in this case, an elementary computation shows that we have the following formula,
where P, is the orthogonal projection onto the l-eigenspace of (id @ ¢)v:

(z’d@/)v:P@

(2) Since v€ = ¢ implies [(id ® ¢)v]¢ = &, we have P, > P, where P is the orthogonal
projection onto the following fixed point space:

Fiz(v) = {5 eC”

ve=¢}

The point now is that when ¢ € A* is faithful, by using a standard positivity trick,
one can prove that we have P, = P. Assume indeed P,{ = &, and let us set:

-E(g (g o)

k

We must prove that we have a = 0. Since v is biunitary, we have:

(Sl (Bl )

¢ J

= Zvijv;kgjgk Uzjfjfz - N Zkfsz*‘ 25151

ijk
— Z\@F vaga va&karZ\fz!Q

= |!£||2—<v€€> <v§§>+l|§|\2
= 2(/[¢]]* — Re(< v&, € >))

By using now our assumption F,§ = ¢, we obtain from this:

pla) = 20(|[¢|* — Re(< v, € >))
= 2(|¢lI* = Re(< Pyg, € >))
= 2(/IEI1° = [1€11)
=0
Now since ¢ is faithful, this gives a = 0, and so v€ = £. Thus f(p is independent of ¢,
and is given on coefficients a = (7 ® id)v by the following formula:

(id@[o)v:P

(3) With the above formula in hand, the left and right invariance of [, = feo is clear
on coefficients, and so in general, and this gives all the assertions. See [99]. U
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Consider the dense x-subalgebra A4 C A generated by the coefficients of the funda-
mental corepresentation u, and endow it with the following scalar product:

<a,b >=/ab*
G

We have then the following result, also due to Woronowicz [99]:

THEOREM 2.8. We have the following Peter-Weyl type results:
(1) Any corepresentation decomposes as a sum of irreducible corepresentations.
(2) Each irreducible corepresentation appears inside a certain u®*.
(3) A= D,errr(a) Maimw)(C), the summands being pairwise orthogonal.
(4) The characters of irreducible corepresentations form an orthonormal system.
ProOF. All these results are from [99], the idea being as follows:

(1) Given a corepresentation v € M, (A), consider its interwiner algebra:
End(v) = {T c MR(C)‘TU - vT}

It is elementary to see that this is a finite dimensional C*-algebra, and we conclude
from this that we have a decomposition as follows:

End(v) = M,,(C) & ... & M,,(C)

To be more precise, such a decomposition appears by writing the unit of our algebra
as a sum of minimal projections, as follows, and then working out the details:

l=p1+...+p

But this decomposition allows us to define subcorepresentations v; C v, which are
irreducible, so we obtain, as desired, a decomposition v = vy + ... + vp.

(2) To any corepresentation v € M,(A) we associate its space of coefficients, given
by C(v) = span(v;j). The construction v — C(v) is then functorial, in the sense that it
maps subcorepresentations into subspaces. Observe also that we have:

A=Y Cu®)
keN«N

Now given an arbitrary corepresentation v € M, (A), the corresponding coefficient
space is a finite dimensional subspace C'(v) C A, and so we must have, for certain positive
integers ki, ..., kp, an inclusion of vector spaces, as follows:

C(v) c Clu® @ ... @ u®k)
We deduce from this that we have an inclusion of corepresentations, as follows:
vCuP @ . @ u®

Thus, by using (1), we are led to the conclusion in the statement.
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(3) By using (1) and (2), we obtain a linear space decomposition as follows:
A= D" C)= > Mymw(C)
velrr(A) velrr(A)

In order to conclude, it is enough to prove that for any two irreducible corepresenta-
tions v,w € Irr(A), the corresponding spaces of coefficients are orthogonal:

vobw = C(v) L C(w)

As a first observation, which follows from an elementary computation, for any two
corepresentations v, w we have a Frobenius type isomorphism, as follows:

Hom(v,w) ~ Fiz(v ® w)

Now let us set Py = fG vi;wh,. According to Theorem 2.7, the matrix P is the
orthogonal projection onto the following vector space:

Fiz(v®w) ~ Hom(v,w) = {0}
Thus we have P = 0, and so C(v) L C(w), which gives the result.

(4) The algebra Acenirqr contains indeed all the characters, because we have:
YA(Xy) = Zvji ® vij = A(xw)
ij

The fact that the characters span A.cirq;, and form an orthogonal basis of it, follow
from (3). Finally, regarding the norm 1 assertion, consider the following integrals:

*
Pik,jl:/vijvkl
G

We know from Theorem 2.7 that these integrals form the orthogonal projection onto
Fiz(v® v) ~ End(v) = C1. By using this fact, we obtain the following formula:

* * 1
/vaxv:izj/(}viivjj:;N:1

Thus the characters have indeed norm 1, and we are done. U

We refer to Woronowicz [99] for full details on all the above, and for some applications
as well. Let us just record here the fact that in the cocommutative case, we obtain from
(4) that the irreducible corepresentations must be all 1-dimensional, and so that we must
have A = C*(T") for some discrete group I', as mentioned in Proposition 2.2.

At a more technical level now, we have a number of more advanced results, from
Woronowicz [99], [100] and other papers, that must be known as well. We will present
them quickly, and for details you check my book [7]. First we have:
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THEOREM 2.9. Let Ay be the enveloping C*-algebra of A, and let A,.q be the quotient
of A by the null ideal of the Haar integration. The following are then equivalent:

) The Haar functional of Ay is faithful.

(1

(2) The projection map Afyy — Areq i an isomorphism.

(3) The counit map € : Apy — C factorizes through A, eq.

(4) We have N € o(Re(xy)), the spectrum being taken inside Ay eq.

If this is the case, we say that the underlying discrete quantum group I' is amenable.

ProOOF. This is well-known in the group dual case, A = C*(I'), with I" being a usual
discrete group. In general, the result follows by adapting the group dual case proof:

(1) <= (2) This simply follows from the fact that the GNS construction for the
algebra Ay,; with respect to the Haar functional produces the algebra A,.q.

(2) <= (3) Here = is trivial, and conversely, a counit map ¢ : A,.4 — C produces
an isomorphism A,.; — A, via a formula of type (¢ ® id)®.

(3) <= (4) Here = is clear, coming from (N — Re(x(u))) = 0, and the converse
can be proved by doing some standard functional analysis. U

Yet another important result is Tannakian duality, as follows:

THEOREM 2.10. The following operations are inverse to each other:

(1) The construction A — C, which associates to any Woronowicz algebra A the
tensor category formed by the intertwiner spaces Cyy = Hom(u®*, u®).

(2) The construction C'— A, which associates to a tensor category C' the Woronowicz
algebra A presented by the relations T € Hom/(u®* u®), with T € Cy,.

Proor. This is something quite deep, the idea being as follows:

(1) We have indeed a construction A — C' as above, whose output is a tensor C*-
subcategory with duals of the tensor C*-category of Hilbert spaces.

(2) We have as well a construction C' — A as above, simply by dividing the free
x-algebra on N? variables by the relations in the statement.

Regarding now the bijection claim, after some elementary algebra we are left with
proving C'y., C C. But this latter inclusion can be proved indeed, by doing some algebra,
and using von Neumann’s bicommutant theorem, in finite dimensions. See [100]. U

2b. Free rotations

Good news, with the above general theory in hand, we can go back now to our free
geometry program, as developed in chapter 1, and substantially build on that. Indeed,
the point is that we can talk now about free rotations. Following Wang [89], we have:
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THEOREM 2.11. The following constructions produce compact quantum groups,
C(O;\F/) = C" ((uij)i,jzl,...,N‘U = u, u’ u_1>

CUy) = C* ((Uij)i,jﬂ,...,N

which appear respectively as liberations of the groups Oy and Uy.

wt =t = 1]71)

PRrROOF. This first assertion follows from the elementary fact that if a matrix v = (u;;)
is orthogonal or biunitary, then so must be the following matrices:

A § € _ £ S %
k

Indeed, the biunitarity of u® can be checked by a direct computation. Regarding now
the matrix u® = 1y, this is clearly biunitary. Also, regarding the matrix «®, there is
nothing to prove here either, because its unitarity its clear too. And finally, observe that

if u has self-adjoint entries, then so do the above matrices u®, u®, u®.

Thus our claim is proved, and we can define morphisms A, ¢, .S as in Definition 2.1, by
using the universal properties of C(O}), C(Uy;). As for the second assertion, this follows
exactly as for the free spheres, by adapting the sphere proof from chapter 1. O

The basic properties of Of, Uy can be summarized as follows:

THEOREM 2.12. The quantum groups O, Uy, have the following properties:

(1) The closed subgroups G C Uy are ezactly the N x N compact quantum groups.
As for the closed subgroups G C OF;, these are those satisfying u = .

(2) We have liberation embeddings Ox C OF; and Uy C Uy, obtained by dividing the
algebras C(OF), C(UY) by their respective commutator ideals.

(3) We have as well embeddings Ly C OF and Fy C Uy, where Ly is the free
product of N copies of Zo, and where Fy is the free group on N generators.

PRroOOF. All these assertions are elementary, as follows:

(1) This is clear from definitions, with the remark that, in the context of Definition
2.1, the formula S(u;;) = uj; shows that the matrix & must be unitary too.

(2) This follows from the Gelfand theorem. To be more precise, this shows that we
have presentation results for C(Oy),C(Uy), similar to those in Theorem 2.11, but with
the commutativity between the standard coordinates and their adjoints added:

COn) = Clmm <(uij)z’,j=1w-,N‘“:ﬂ’“t u71>

CUN) = Chmm ((uij)i,jzl,...,N‘u* =yt = ﬂ_1>

Thus, we are led to the conclusion in the statement.
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(3) This follows indeed from (1) and from Proposition 2.2, with the remark that with
u = diag(gi,...,gn), the condition u = @ is equivalent to g? = 1, for any i. O

The last assertion in Theorem 2.12 suggests the following construction:

PROPOSITION 2.13. Given a closed subgroup G C Uy, consider its “diagonal torus”,
which is the closed subgroup T' C G constructed as follows:

O(T) = C(G) / <u3 —0

Vi)
This torus is then a group dual, T = K, where A =< gy1,...,gn > is the discrete group

generated by the elements g; = u;;, which are unitaries inside C(T).

PROOF. Since w is unitary, its diagonal entries g; = w;; are unitaries inside C(T).
Moreover, from A(u;;) = >, uix @ ug; we obtain, when passing inside the quotient:

A(gi) = 9: ® gi

It follows that we have C(T") = C*(A), modulo identifying as usual the C*-completions
of the various group algebras, and so that we have T'= A, as claimed. O

With this notion in hand, Theorem 2.12 (3) reformulates as follows:

THEOREM 2.14. The diagonal tori of the basic unitary groups are the basic tori:

O% Uy Ty

Ty

On

Un TN

Ty
In particular, the basic unitary groups are all distinct.

ProoF. This is something clear and well-known in the classical case, and in the free
case, this is a reformulation of Theorem 2.12 (3), which tells us that the diagonal tori of

O, U, in the sense of Proposition 2.13, are the group duals EN, Fy. O

There is an obvious relation here with the considerations from chapter 1, that we will
analyse later on. As a second result now regarding our free quantum groups, relating
them this time to the free spheres constructed in chapter 1, we have:
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THEOREM 2.15. We have embeddings of algebraic manifolds as follows, obtained in
double indices by rescaling the coordinates, x;; = u;j/vVN:

+ + N2-1 NZ_1
0% Uy Spy ' —— 50,
_>
N2-1 N2-1
On Un Spt ——— Sk

Moreover, the quantum groups appear from the quantum spheres via
G=SnUy
with the intersection being computed inside the free sphere Sévi_l.

PROOF. As explained in Theorem 2.12, the biunitarity of the matrix u = (u;;) gives
an embedding of algebraic manifolds, as follows:

2_
Uy c Sgt

Now since the relations defining Oy, O, Uy C Uy, are the same as those defining

S]f{f_l, Sﬁi‘l, S(]CVQ_l C Sgi_l, this gives the result. g

Summarizing, we have now up and working some free rotation groups, which are
closely related to the free spheres and tori constructed in chapter 1.

2c. Quantum isometries

In order to further discuss now the relation with the spheres, which can only come via
some sort of “isometric actions”, let us start with the following standard fact:

PROPOSITION 2.16. Given a closed subset X C S(.]cv_l, the formula
G(X) = {U c UN)U(X) _ X}

defines a compact group of unitary matrices, or isometries, called affine isometry group
of X. For the spheres S]fgf—l, S(]cv_l we obtain in this way the groups Oy, Uy.

PROOF. The fact that G(X) as defined above is indeed a group is clear, its compact-
ness is clear as well, and finally the last assertion is clear as well. In fact, all this works
for any closed subset X C CV, but we are not interested here in such general spaces. [

Observe that in the case of the real and complex spheres, the affine isometry group
G(X) leaves invariant the Riemannian metric, because this metric is equivalent to the
one inherited from CV, which is preserved by our isometries U € Uy.
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Thus, we could have constructed as well G(X) as being the group of metric isometries
of X, with of course some extra care in relation with the complex structure, as for the
complex sphere X = SY™! to produce G(X) = Uy instead of G(X) = O,x. But, such
things won’t really work for the free spheres, and so are to be avoided.

The point now is that we have the following quantum analogue of Proposition 2.16,
which is a perfect analogue, save for the fact that X is now assumed to be algebraic, for
some technical reasons, which allows us to talk about quantum isometry groups:

THEOREM 2.17. Given an algebraic manifold X C Sg;l, the category of the closed

subgroups G C Uy, acting affinely on X, in the sense that the formula
(I)(.CCZ) = Zl’j ® Ui
J
defines a morphism of C*-algebras ® : C(X) — C(X) ® C(G), has a universal object,
denoted G (X), and called affine quantum isometry group of X.

PROOF. Assume indeed that our manifold X C Sg ;1 comes as follows:

C(X) = OS2 /(Jalor,. . on) = 0)
In order to prove the result, consider the following variables:
Xi=) z;®u; € C(X)®C(US)
J

Our claim is that the quantum group in the statement G = G (X) appears as:

C(G) = CUR) [ {fal X1, Xn) = 0)
In order to prove this, pick one of the defining polynomials, and write it as follows:
falz, ... xN) = Z Z Ar T Typ
Tyl
With X; = > ;T @ uy; as above, we have the following formula:
fa(Xb R ;XN) = Z Z )\r Z ;C]'I e SL’jgr (%9 uffl’{ R quTiZT
PO | O

Since the variables on the right span a certain finite dimensional space, the relations
fo(X1,...,Xn) = 0 correspond to certain relations between the variables u;;. Thus, we
have indeed a closed subspace G' C Uy, with a universal map, as follows:

o O(X) = O(X) ® C(G)
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In order to show now that G is a quantum group, consider the following elements:

A 2 : € __ S _ o *
k

Consider as well the following elements, with v € {A ¢, S}:
Xz = Z Z; ® U}Z
J

From the relations f, (X1, ..., Xy) = 0 we deduce that we have:

fo( X7, 0, X30) = (id@7) fo(X1, ..., Xn) =0
Thus we can map u;; — u;; for any v € {A, ¢, S}, and we are done. O
We can now formulate a result about spheres and rotations, as follows:

THEOREM 2.18. The quantum isometry groups of the basic spheres are

N-1 N-1 + +
SR+ — Sc 1 Oy Ux

St On

Un
modulo identifying, as usual, the various C*-algebraic completions.

Proor. We have 4 results to be proved, the idea being as follows:

S(]C\f jrl. Let us first construct an action Uy ~ Sg ;1. We must prove here that the

variables X; = > ; j @ uy; satisty the defining relations for Sg jrl, namely:
szxf = foxl =1
By using the biunitarity of u, we have the following computation:
ZXZ-XZ»* = Zx]x}; ® UjUy; = Zx]x;‘ ®1l=1®1
i ijk J
Once again by using the biunitarity of u, we have as well:
ZX;‘Xi = Zx;xk ® u;klukz = Zx;x] R1I=1x1
i ijk J

Thus we have an action Uy ~ S¥7!, which gives GT(SE") = Uy, as desired.



2C. QUANTUM ISOMETRIES 41

S]{RX jrl. Let us first construct an action OF ~ S]]RX jrl. We already know that the

variables X; = > ; Tj @uy; satisty the defining relations for S(]CV ;1, so we just have to check

that these variables are self-adjoint. But this is clear from u = u, as follows:
X = 50t = S 0= X
J J

Conversely, assume that we have an action G ~ Sﬁ{ jrl, with G C Uy;. The variables
X; = Zj x; ® uj; must be then self-adjoint, and the above computation shows that we

must have v = @. Thus our quantum group must satisfy G C O}, as desired.

S(év ~! The fact that we have an action Uy ~ Sg ~!is clear. Conversely, assume that

we have an action G ~ S(]CV ! with G c U ~. We must prove that this implies G C Uy,
and we will use a standard trick of Bhowmick-Goswami [11]. We have:

(I)(IEZ) = ZSC]' & 'Lbji
J
By multiplying this formula with itself we obtain:
O(xjay) = Z 5T @ UjiUy
jl
O (zyx;) = Z x5 @ Uy

jl
Since the variables z; commute, these formulae can be written as:

O(zxy) = Z 22 @ (Wi + wity) + Z x? ® Wil

j<l J
(., — A y U 2 s
(xixy) = 22 @ (Wi + wjpuy) + T; & Uikt
i<l J

Since the tensors at left are linearly independent, we must have:
UjiUpg + U U = UikUgs + Ujply;
By applying the antipode to this formula, then applying the involution, and then
relabelling the indices, we succesively obtain:
Uk Uiy + WUy = U Uy + Uiy
Ui Ukl + WU = UgiUsj + UgjUs
UjiUig + WjpUy; = UikUs; + WUk
Now by comparing with the original formula, we obtain from this:

Uy Uje = UjpUl;
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In order to finish, it remains to prove that the coordinates u;; commute as well with
their adjoints. For this purpose, we use a similar method. We have:

* _ * *
O (ziay) = E T @ Ujilyy,
il

* * *
P (zyx;) = E Ty T & U Ui
jl
Since the variables on the left are equal, we deduce from this that we have:
* * * *

E T @ ujiug, = E T @ Uy

Jt Jl
Thus we have wu;;u, = ujuj;, and so G C Uy, as claimed.

SH~1. The fact that we have an action Oy ~ SE ' is clear. In what regards the
converse, this follows by combining the results that we already have, as follows:

G St = GmSﬁ;l,Sév_l
= G C Ok, Uy
— GCO?\}HUN:ON

Thus, we conclude that we have G+ (S ') = Oy, as desired. O

2d. Haar integration

Let us discuss now the correspondence U — S. In the classical case the situation is
very simple, because the sphere S = SV~ appears by rotating the point = = (1,0,...,0)
by the isometries in U = Uy. Moreover, the stabilizer of this action is the subgroup
Un_1 C Uy acting on the last N — 1 coordinates, and so the sphere S = S¥~! appears
from the corresponding rotation group U = Uy as an homogeneous space, as follows:

SN = Uyn/Un_1

In functional analytic terms, all this becomes even simpler, the correspondence U — S
being obtained, at the level of algebras of functions, as follows:

O(SN_I) C C(UN) , X — U

In general now, the straightforward homogeneous space interpretation of S as above
fails. However, we can have some theory going by using the functional analytic viewpoint,
with an embedding x; — uy; as above. Let us start with the following result:
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THEOREM 2.19. For the basic spheres, we have a diagram as follows,

C(S) 2. C(8)®C(U)
c(U) 2. o) eCU)

where on top (x;) = 3, x; @ uji, and on the left a(x;) = uy;.

PrRoOOF. The diagram in the statement commutes indeed on the standard coordinates,
the corresponding arrows being as follows, on these coordinates:

i 25T © Ui
U4 Zj Uy ® Ui
Thus by linearity and multiplicativity, the whole the diagram commutes. U

The point now is that, by further building on the above result, we obtain the desired
correspondence U — S, and some useful integration results as well.

At the level of the fine structure of the free spheres Sﬂg ;1, Sg jrl now, we have some
obvious formal eigenspaces for the Laplace operator, and a Weingarten integration formula
as well, both coming from the representation theory of OF, Uy;. Moreover, it is possible
to get beyond this, with a full construction of a Laplace operator.

Regarding other possible invariants, orientability does not work, the Dirac operator
does not exist, smoothness does not work either, and in what regards K-theory, with our
free objects we are a bit too far away from the traditional “reasonable” range of K-theory,
usually requiring amenability, or at least some form of K-amenability.

However, after some thinking, maybe including some physical thoughts too, in con-
nection with what is smoothness and is that wished or not, in the present situation, all
this is normal. So, no worries, and as we will soon discover, we will get away with the
tools that we have, namely Laplace operator and the Weingarten formula, which are not
that bad, technically speaking, for all the problems that we will choose to solve.
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Exercises:

EXERCISE 2.20.
EXERCISE 2.21.
EXERCISE 2.22.
EXERCISE 2.23.
EXERCISE 2.24.

EXERCISE 2.25.

Bonus exercise.

2. FREE ROTATIONS

2e. Exercises



CHAPTER 3

Fine structure

3a. Diagrams, easiness

We have so far a beginning of free geometry, in the real case with a triple of basic
objects (Sﬁf;l, O%,Ty), and in the complex case with objects (ngrl, Uy, T%). This is
not bad, and our purpose in what follows will be that of expanding these two collections
of objects, from 3 items each, to 10, 100, 1000, or as many as we can, and the more the

merrier, in the name of pure mathematics, where new objects are always welcome.

This being said, what to start with? Leaving aside the tori, which are just duals of
discrete groups, and as old as modern mathematics, we face a choice between spheres
S, and rotation groups U. As a first observation, these two types of objects are closely
related, because in the classical case, given a sphere S, we can recover U as being its
isometry group, and conversely, given a group U, we can recover S just by rotating a
point. And, as seen in chapter 2, the situation is quite similar in the free case.

This being said, spheres S are not the same thing as rotation groups U, and we will
have to make a choice. Normally spheres S look a bit more important, but on the other
hand physics, or even mathematics, tell us that no matter what we want to do, of advanced
type, about either S or U, we will always end up in struggling with U.

So, we will go for U, and our goal in this chapter will be that of better understanding
OF;, Uy, and also look for more free quantum groups, as many as we can find. And
regarding spheres S and other such manifolds, we will leave this for later. Sounds good,
doesn’t it? Before getting into this, however, let us check with physics and cat:

CAT 3.1. Gauge invariance gives you everything. But don’t forget to do some manifolds
too, all our kittens learn that, and it’s good learning.

Thanks cat, this is a pleasure to hear, and in tune with my mathematical intuition.
Getting started now, we would like to have a better understanding of the liberation
operations that we have, Oy — O} and Uy — Uy, and also have more examples of
liberation operations of the same type, Gy — GJ. And then, once we will have enough
theory and examples, look for classification results for the free quantum groups {G} }.

45
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Let us start with the construction of more examples, which is certainly a very exciting
business, and leave the abstractions for later. Following Wang [89], we first have:

PROPOSITION 3.2. Consider the symmetric group Sy, viewed as permutation group of
the N coordinate axes of R™. The coordinate functions on Sy C Oy are given by

Uij = X <0 € G’cr(j) = z)

and the matriz w = (u;;) that these functions form is magic, in the sense that its entries
are projections (p? = p* = p), summing up to 1 on each row and each column.

PROOF. The action of Sy on the standard basis ej,...,exy € RY being given by
0 1 ej — eq(;), this gives the formula of u;; in the statement. As for the fact that the
matrix u = (u;;) that these functions form is magic, this is clear. 4

With a bit more effort, we obtain the following nice characterization of Sy:
PROPOSITION 3.3. The algebra of functions on Sy has the following presentation,
C(Sy)=Cm ((uij)iJ:L,__’N‘u = magic)
and the multiplication, unit and inversion map of Sy appear from the maps

A(ugj) = Zuzk Qug; ,  e(uy) =06y , Sluy) =uy
k

defined at the algebraic level, of functions on Sy, by transposing.

PROOF. The universal algebra A in the statement being commutative, by the Gelfand
theorem it must be of the form A = C'(X), with X being a certain compact space. Now
since we have coordinates u;; : X — R, we have an embedding X C My (R). Also, since
we know that these coordinates form a magic matrix, the elements ¢ € X must be 0-1
matrices, having exactly one 1 entry on each row and each column, and so X = Sy. Thus
we have proved the first assertion, and the second assertion is clear as well. O

Still following Wang [89], we can now liberate Sy, as follows:

THEOREM 3.4. The following universal C*-algebra, with magic meaning as usual
formed by projections (p* = p* = p), summing up to 1 on each row and each column,

O(Sj\_f) =C" ((uij)i,jzl,...,N)U = magic)
1s a Woronowicz algebra, with comultiplication, counit and antipode given by:

A(ugj) = Zuzk Quk; 5(Uz‘j) =0 , S(wiy) = uy
k

Thus the space S¥ is a compact quantum group, called quantum permutation group.



3A. DIAGRAMS, EASINESS 47

PROOF. As a first observation, the universal C*-algebra in the statement is indeed
well-defined, because the conditions p? = p* = p satisfied by the coordinates give:

[Jugl| <1

In order to prove now that we have a Woronowicz algebra, we must construct maps
A e, S given by the formulae in the statement. Consider the following matrices:

A _2 : e _ S.. Sy
k

Our claim is that, since u is magic, so are these three matrices. Indeed, regarding u?,
its entries are idempotents, as shown by the following computation:

A2 A
(uij> = E Uik Ui & UpUy = E Okl @ Oy = U
Kl Kl

These elements are self-adjoint as well, as shown by the following computation:
(u)" = D ui @ uiy = 3 uan ® wg = g
k k

A

The row and column sums for the matrix 4= can be computed as follows:

ZuiAj:ZUik@)ukg‘:Zuik@l:l
J ik k
ZuiAj:Zuik(gukj:Zl@Ukj:l
i ik k

Thus, u® is magic. Regarding now u°, u®, these matrices are magic too, and this for
obvious reasons. Thus, all our three matrices u®, uf, u® are magic, so we can define A, ¢, S
by the formulae in the statement, by using the universality property of C(Sy). O

Our first task now is to make sure that Theorem 3.4 produces indeed a new quantum
group, which does not collapse to Sy. Still following Wang [89], we have:

THEOREM 3.5. We have an embedding Sy C Sy, given at the algebra level by:
Ui —> X (O’ < SN’O'O) = Z)
This is an isomorphism at N < 3, but not at N > 4, where S5, is not classical, nor finite.

PROOF. The fact that we have indeed an embedding as above follows from Proposition
3.3. Observe that in fact more is true, because our results above give:

C(Sy) = C(S%) / <ab - ba>

Thus, the inclusion Sy C Sj; is a “liberation”, in the sense that Sy is the classical
version of SJ;. We will often use this basic fact, in what follows. Regarding now the
second assertion, we can prove this in four steps, as follows:
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Case N = 2. The fact that S5 is indeed classical, and hence collapses to S, is trivial,
because the 2 x 2 magic matrices are as follows, with p being a projection:

-2, 5
I—p p

Indeed, this shows that the entries of U commute. Thus C(S5) is commutative, and
so equals its biggest commutative quotient, which is C'(Ss). Thus, Sy = Ss.

Case N = 3. By using the same argument as in the N = 2 case, and the symmetries
of the problem, it is enough to check that w1, ugs commute. But this follows from:
Unitoe = UniUga(Urn + wio + wg3)
U11U22U11 + U1 U22UL3
= Up Uil + U1 (1 — w2 — ugg)us
= Up1U22U11
Indeed, by applying the involution to this formula, we obtain that we have as well
Ugoll1] = Up1lUzetir. Thus, we obtain uiiusy = usouqq, as desired.
Case N = 4. Consider the following matrix, with p, ¢ being projections:
P 1—p O 0
_|[{1=-p» »p 0 0
U= 0 0 g 1—gq
0 0 1—gq q

This matrix is magic, and we can choose p,q € B(H) as for the algebra < p,q > to be
noncommutative and infinite dimensional. We conclude that C(S;) is noncommutative
and infinite dimensional as well, and so S} is non-classical and infinite, as claimed.

Case N > 5. Here we can use the standard embedding S} C S}, obtained at the level
of the corresponding magic matrices in the following way:

_ U 0
0 1y

Indeed, with this in hand, the fact that S is a non-classical, infinite compact quantum
group implies that S}, with N > 5 has these two properties as well. O

With the above results in hand, we can introduce as well quantum reflections:

THEOREM 3.6. The following constructions produce compact quantum groups,
C(HY) = C” ((uij)i,jzl,...,N ui; = uy, (uf;) = magic)

C(Ky) = C* ((Uz’j)z‘,j=1,m,N‘[Uij>Ufj] =0, (uijuj;) = magic)

which appear as liberations of the reflection groups Hy = Zo ! Sy and Ky =T 0 Sy.
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PRrROOF. This can be proved in the usual way, with the first assertion coming from the

fact that if u satisfies the relations in the statement, then so do the matrices u®, u®, u®,

and with the second assertion being trivial. Let us also mention that, in analogy with
Hy =7501Sy and Ky = T Sy, we have decomposition results as follows:

HY=2Z,0, 55 ., Kt=Tu5S%

To be more precise, here {, is a free wreath product, and these formulae can be
established a bit as in the classical case. For more on all this, we refer to [8]. u

All the above is very nice, and as a conclusion to all this, let us record the following
result, which collects and refines the various liberation statements formulated above:

THEOREM 3.7. The quantum unitary and reflection groups are as follows,
Ky
HY; / O% /
T
HN/ ON/

and in this diagram, any face P C QQ, R C S has the property P = Q N R.

Uy
Uy

PROOF. The fact that we have inclusions as in the statement follows from the defini-
tion of the various quantum groups involved. As for the various intersection claims, these
follow as well from definitions. For some further details on all this, we refer to [8]. O

As a comment here, observe that the symmetric group Sy and its free analogue Sy,
while certainly being very interesting objects, had not made the cut for appearing in
the above almighty cube, called “standard cube” in quantum algebra. However, this is
something quite natural, because Sy and Sy are objects on their own, neither real or
complex, and for practical purposes, like ours with our cube, these quantum groups must
be replaced with Hy, H; in the real case, and with Ky, K3 in the free case.

Actually I'm not quite sure about this, time to ask the cat. Who says:

CAt 3.8. Do not worry, the high speed world is projective anyway, and it is better to
use reflections instead of permutations.

Thanks cat, not that I really understand what you say, but it fits with my purposes
and cube, which looks really cool. But I will keep this in mind, and discuss later the
relation between affine and projective geometry, in the free setting, that is promised.
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With this done, let us get now into the second question that we were having, namely
the conceptual understanding of the various liberation operations Gy — G. In order
to discuss this, we will need Tannakian duality, and Brauer type theorems. Let us start
with Tannakian duality. This is a rather abstract statement, as follows:

THEOREM 3.9. The following operations are inverse to each other:

(1) The construction G — C, which associates to a closed subgroup G C, Uy the
tensor category formed by the intertwiner spaces Cyy = Hom(u®*, u®).

(2) The construction C — G, associating to a tensor category C' the closed subgroup
G C, Uy coming from the relations T € Hom(u®* u®), with T € Cy,.

PrROOF. We have indeed a construction G — Cg, whose output is a subcategory of
the tensor C*-category of finite dimensional Hilbert spaces, as follows:

(Co)u = Hom(u®k, u®l)

We have as well a construction C' — G¢, obtained by setting:
C«%g:cxm®/<Tefmm@ﬁ%u@)thVTecm>

Regarding now the bijection claim, some elementary algebra shows that C' = Cq,,
implies G = G¢,,, and that C' C Cg,, is automatic. Thus we are left with proving:

CGCCC

But this latter inclusion can be proved indeed, by doing some algebra, and using von
Neumann’s bicommutant theorem, in finite dimensions. O

The above result is something quite abstract, yet powerful. We will see applications
of it in a moment, in the form of Brauer theorems for Sy, Oy, Uy and S¥, O%, Uy, and
other quantum groups. In order to formulate these Brauer theorems, let us start with:

DEFINITION 3.10. Let P(k,l) be the set of partitions between an upper row of k points,
and a lower row of | points. A collection of sets

D =| | D(k,1)

k.l

with D(k,1) C P(k,l) is called a category of partitions when it has the following properties:

(
(1) Stability under the horizontal concatenation, (w,0) — [wo].
(2) Stability under the vertical concatenation, (7,0) — [2].
(3) Stability under the upside-down turning, ™ — w*.
(4) Each set P(k,k) contains the identity partition ||...||.
(5) The sets P(D,0e) and P((, 80) both contain the semicircle N.



3A. DIAGRAMS, EASINESS 51

As a basic example, we have the category of all partitions P itself. Other basic
examples are the category of pairings P,, and the categories NC, NCy of noncrossing
partitions, and pairings. We have as well the category P, of pairings which are “matching”,
in the sense that they connect o — o, @ — @ on the vertical, and o — e on the horizontal,
and its subcategory NCy C P, consisting of the noncrossing matching pairings.

There are many other examples, and we will be back to this, gradually, in what follows.
Regarding now the relation with the Tannakian categories, this comes from:

PROPOSITION 3.11. FEach partition m € P(k,l) produces a linear map

T7T . ((CN>®k — ((CN)®I

given by the following formula, with ey, ..., en being the standard basis of CV,
1 ... 1
Tﬁ(eh ®"'®6ik) :]Z; 6” (]1 ]l) “in ®”'®€jl
101

and with the Kronecker type symbols 6, € {0,1} depending on whether the indices fit or
not. The assignement m — T, is categorical, in the sense that we have

T.®1T, = T[WU] , T.T, = NC(W’O)T[%] T — T..

? ™
where c(m,a) are certain integers, coming from the erased components in the middle.
PROOF. The concatenation axiom follows from the following computation:

(T, @T,)(€,®..Q6, ey, ®...R ex,)

B i i ki ... kK
= ZZ(SW<]1 jl;)éa(ll ls)6j1®...®€jq®€l1®...®€ls

J1--Jq l1..ls
il o ]{?1 k‘r
= Z Zé[mﬂ <]1 jl; Iy ... ls>€j1®...®€jq®€ll®...®els
J1Jg li..ds

Tirollen ® ... ®e, ®er, @...Qey,)
As for the composition and involution axioms, their proof is similar. O
In relation now with quantum groups, we have the following result:

THEOREM 3.12. Fach category of partitions D = (D(k,l)) produces a family of com-
pact quantum groups G = (Gy), one for each N € N, via the formula

Hom/(u®*, u®")

= span (T,r m € D(k, l))

which produces a Tannakian category, and so a closed subgroup Gy C, Uy
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PROOF. Let call C}; the spaces on the right. By using the axioms in Definition 3.10,
and the categorical properties of the operation m — T, from Proposition 3.11, we see that
C' = (Cy) is a Tannakian category. Thus Theorem 3.9 applies, and gives the result. [

We can now formulate a key definition, as follows:

DEFINITION 3.13. A compact quantum group Gy is called easy when we have

Hom(u®* u®") = span (T7r T E D(kz,l))

for any colored integers k,l, for a certain category of partitions D C P.

In other words, a compact quantum group is called easy when its Tannakian category
appears in the simplest possible way: from a category of partitions. The terminology is
quite natural, because Tannakian duality is basically our only serious tool. In relation
now with the orthogonal, unitary and symmetric quantum groups, here is the result:

THEOREM 3.14. The basic quantum permutation and rotation groups,

Sn Oy Uy
SN ON UN
are all easy, the corresponding categories of partitions being as follows,
NC NC, NC,y
P Py Po

with 2 standing for pairings, NC for noncrossing, and calligraphic for matching.

Proor. This is something quite fundamental, the proof being as follows:

(1) The quantum group Uy, is defined via the following relations:

* —1

U = , ut=u"!

But, by doing some elementary computations, these relations tell us precisely that the
following two operators must be in the associated Tannakian category C"

T, : 7m=10, 0

oce ) 0

Thus, the associated Tannakian category is C' = span(T,|m € D), with:
D =< gl , :l >= NCQ
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(2) The subgroup O} C Uy, is defined by imposing the following relations:
Ujj = Ugj
Thus, the following operators must be in the associated Tannakian category C"
T. : nm=%,!
We conclude that the Tannakian category is C' = span(T,|r € D), with:
D =< NCy,{,! >= NCs
(3) The subgroup Uy C Uy is defined via the following relations:
[Wij,ui) =0, [wij, Gg) =0
Thus, the following operators must be in the associated Tannakian category C'
T. : n=%,%
Thus the associated Tannakian category is C' = span(T,|m € D), with:
D =< NCy, X, >= P>
(4) In order to deal now with Oy, we can simply use the following formula:
Oy =05 NUy
At the categorical level, this tells us that Oy is indeed easy, coming from:
D =< NCy, Py >= P,
(5) We know that the subgroup S3, C O3 appears as follows:

C(Sy) = C(O;{,)/<u = magic>
In order to interpret the magic condition, consider the fork partition:
Y € P(2,1)

Given a corepresentation u, we have the following formulae:

(Tyu®)ije =Y (TY )i (Ui g = st

im
(uly )ik = Zuil(TY)l,jk = 05 Uij
!
We conclude that we have the following equivalence:
Ty € Hom(u®* u) <= uijugy, = 6;pui5, Vi, j, k
The condition on the right being equivalent to the magic condition, we obtain:

C(SH) = C(O%) / <Ty € Hom(u®2,u)>
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Thus S} is indeed easy, the corresponding category of partitions being:
D =<Y >= NC
(6) Finally, in order to deal with Sy, we can use the following formula:
Sy =S N0y
At the categorical level, this tells us that Sy is indeed easy, coming from:
D =< NC,P, >=P

Thus, we are led to the conclusions in the statement. Il
Moving ahead, we can upgrade what we have into a cube result, as follows:
THEOREM 3.15. The basic quantum unitary and reflection groups,

Ky Uy

On

are all easy, and the corresponding categories of partitions form an intersection diagram.

Hy
Hy

PROOF. The precise claim is that the categories are as follows, with P,,., being the
category of partitions having even blocks, and with Peyen(k, 1) C Poyen(k, 1) consisting of
the partitions satisfying #o = #e in each block, when flattening the partition:

NCeven NC,
e /
NCepen NC,
Peven Py
S /
Peven P

But this is something that we already know for the right face, from Theorem 3.14,
and in what regards the left face, the proof here is similar, by using the results for Sy, Sy
from that same Theorem 3.14. As for the last assertion, this is something trivial. O

The above results are something quite deep, and we will see in what follows countless
applications of them. As a first such application, rather philosophical, we have:
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THEOREM 3.16. The constructions Gy — G with G = O,U, S, H, K are easy quan-
tum group liberations, in the sense that they come from the construction

D—DNNC
at the level of the associated categories of partitions.

ProoF. This is clear indeed from Theorem 3.14 and Theorem 3.15, and from the
following trivial equalities, connecting the categories found there:

NCQZPQONC 5 NCQZPQQNC
NC=PnNnNC
NCeven = PevenmNC ; Nceven = 7Devenﬁ]\[C’

Thus, we are led to the conclusion in the statement. ]

The above result is quite nice, because the various constructions Gy — G}, that we
made so far, although natural, were something quite ad-hoc. Now all this is no longer
ad-hoc, and the next time that we will have to liberate a subgroup G C Uy, we know
what the recipe is, namely check if G is easy, and if so, simply define G}, C U}, as being
the easy quantum group coming from the category D = Dg N NC.

3b. Uniformity, characters

In general, the study of the free quantum groups, in the “easy” sense explained above,
is something quite complex. In order to cut a bit from complexity, we will use:

PROPOSITION 3.17. For an easy quantum group G = (Gy), coming from a category
of partitions D C P, the following conditions are equivalent:
(1) Gno1 = Gy NUR_,, via the embedding Uy;_, C Uy given by uw — diag(u, 1).
(2) Gy-1 =Gy NUN_,, via the N possible diagonal embeddings Uy, C Uy,
(3) D is stable under the operation which consists in removing blocks.

Proor. We use the general easiness theory, as explained above:

(1) <= (2) This is something standard, coming from the inclusion Sy C G, which
makes everything Sy-invariant. The result follows as well from the proof of (1) <= (3)
below, which can be converted into a proof of (2) <= (3), in the obvious way.

(1) <= (3) Given a subgroup K C Uj_,, with fundamental corepresentation u,
consider the N x N matrix v = diag(u, 1). Our claim is that for any 7 € P(k) we have:

& € Fiz(v®) «— & € Fiz(v®), Vo' € P(K),n' C =
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In order to prove this, we must study the condition on the left. We have:
€7r € Fix(v(g)k) <~ (U®k€7r)i1---ik = (gﬂ)ulkvvz
~ Z ®k Jirecisgroin & )rie = (Ex)ircip, Vi

< 25 jla---:jk Ulljl...vikjk:5ﬂ(i1,...,ik),Vi

Now let us recall that our Corepresentation has the special form v = diag(u,1). We
conclude from this that for any index a € {1,...,k}, we must have:

With this observation in hand, if we denote by 4’,j’ the multi-indices obtained from
i,j obtained by erasing all the above i, = j, = N values, and by &’ < k the common
length of these new multi-indices, our condition becomes:

Z(S ]17---7]k ( /)Z/j/:(sﬂ(’il,...,ik),V’i

Here the index j is by definition obtained from j" by filling with N values. In order
to finish now, we have two cases, depending on ¢, as follows:

Case 1. Assume that the index set {a|i, = N} corresponds to a certain subpartition
7' C w. In this case, the N values will not matter, and our formula becomes:

25 jl,...,jk/ ( )1/j’:57r<’i/1,...,7:;€/)

Case 2. Assume now the opposite, namely that the set {a|i, = N} does not correspond
to a subpartition #/ C 7. In this case the indices mix, and our formula reads:

0=0

Thus, we are led to & € F z'a:(v‘@k'), for any subpartition 7’ C 7, as claimed. Thus
our claim is proved, and with this in hand, the result follows from Tannakian duality. [J

Based on the above result, let us formulate the following definition:

DEFINITION 3.18. An easy quantum group G = (Gy), coming from a category of
partitions D C P, is called uniform when we have, for any N € N:

GN,1 - GN N U]—\if_il
Equivalently, D must be stable under the operation which consists in removing blocks.

For classification purposes the uniformity axiom is something very natural and useful,
substantially cutting from complexity, and we have the following result:
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THEOREM 3.19. The classical and free uniform orthogonal easy quantum groups are

Hy O

/ S

Sy By

Hy On

/ /

SN By

with By, By, being the classical and quantum bistochastic groups.
PROOF. There are several things to be proved, the idea being as follows:

(1) We first recall that the bistochastic group By C Oy consists of the orthogonal
matrices whose entries sum up to 1 on each row, or equivalently, sum up to 1 on each
column. Thus, if we denote by ¢ € CV the all-one vector, we have:

By = {U c ON‘Ug - g}

Based on this, we can construct a free analogue of By as follows, and the fact that
we obtain indeed a quantum group follows exactly as for OF, Uy

C(BY) = C(OF) [ (ue = €)

(2) Since the relation u§ = & reads 1) € Fiz(u), with | € P(0,1) being the singleton
partition, we conclude that By, B;{, are easy, coming from the categories P, NCio of
singletons and pairings, and noncrossing singletons and pairings. Thus, all the quantum
groups in the statement are easy, the corresponding categories of partitions being:

NCepen NCs
e /!
NC NCis
Peven 4‘7 P
S /
P Py

(3) Regarding now the classification, consider an easy quantum group Sy C Gy C Oy.
This must come from a category P» C D C P, and if we assume G = (G ) to be uniform,
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then D is uniquely determined by the subset L C N consisting of the sizes of the blocks
of the partitions in D. Our claim is that the admissible sets are as follows:

— L = {2}, producing Oy.

— L ={1,2}, producing By.

- L ={2,4,6,...}, producing Hy.
- L ={1,2,3,...}, producing Sy.

(4) Indeed, in one sense, this follows from our easiness results for Oy, By, Hy, Sy. In
the other sense now, assume that L C N is such that the set P consisting of partitions
whose sizes of the blocks belong to L is a category of partitions. We know from the axioms
of the categories of partitions that the semicircle N must be in the category, so we have
2 € L. We claim that the following conditions must be satisfied as well:

kleL k>l = k—1lelL

kel k>2 — 2k—2€L

(5) Indeed, we will prove that both conditions follow from the axioms of the categories
of partitions. Let us denote by by € P(0, k) the one-block partition:

oo JM T
F7Y12 ..k

For k > [, we can write bx_; in the following way:

I
poo_ 12 LI+l Lk
T Yw oo |

In other words, we have the following formula:
b1 = (bf @ |#" )by,

Since all the terms of this composition are in Pp, we have b,_; € Py, and this proves
our first claim. As for the second claim, this can be proved in a similar way, by capping
two adjacent k-blocks with a 2-block, in the middle.

(6) With these conditions in hand, we can conclude in the following way:
Case 1. Assume 1 € L. By using the first condition with [ = 1 we get:
kelL = k—-1¢€L
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This condition shows that we must have L = {1,2,...,m}, for a certain number
m € {1,2,...,00}. On the other hand, by using the second condition we get:

melL =— 2m—-2¢€l
= 2m—-2<m
= m e {1,2,00}
The case m = 1 being excluded by the condition 2 € L, we reach to one of the two
sets producing the groups Sy, By.
Case 2. Assume 1 ¢ L. By using the first condition with [ = 2 we get:
kel = k—-2¢L

This condition shows that we must have L = {2,4,...,2p}, for a certain number
p €{1,2,...,00}. On the other hand, by using the second condition we get:

2pelL = 4dp—-2¢€lL
= 4p-2<2p
= pe{l,o0}
Thus L must be one of the two sets producing Oy, Hy, and we are done. In the free

case, S}, C Gy C OF, the situation is quite similar, the admissible sets being once again
the above ones, producing this time O}, By, Hy, Sy O

When removing the uniformity axiom things become more complicated, as follows:
THEOREM 3.20. The classical and free orthogonal easy quantum groups are
Hy Oy

A A
Sy By

Sy By

with Sy = Sy X Zy, By = Bn X Za, and with Sy, By being their liberations, where By
stands for the two possible such liberations, By C By'.

PROOF. The idea here is that of jointly classifying the “classical” categories of parti-
tions P, C D C P, and the “free” ones NCy C D C NC:-
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(1) At the classical level this leads, via a study which is quite similar to that from the
proof of Theorem 3.19, to 2 more groups, namely S, Bl .

(2) At the free level we obtain 3 more quantum groups, Sy, By, BaT, with the in-
clusion By C B, which is something a bit surprising, being best thought of as coming
from an inclusion Bj C Bj;, which happens to be an isomorphism. O

It is possible to obtain similar results in the general unitary case, first with a quite
simple statement, regarding the uniform case, and then with something more complicated,
regarding the non-uniform case. We refer here to the paper of Tarrago-Weber [80].

Importantly, the uniformity assumption has some interesting analytic consequences,
making the link with the Bercovici-Pata bijection [19]. In order to discuss this, we first
need to know how to integrate on the easy quantum groups, and we have here:

THEOREM 3.21. Assuming that a closed subgroup G C Uy is easy, coming from a
category of partitions D C P, we have the Weingarten formula

€1 —
/ UGl Ut = E 5 (1) Win (T, 0)
G mo€D(k

where § € {0,1} are the usual Kronecker type symbols, and where the Weingarten matrix
Win = G,;ﬁ, is the inverse of the Gram matriz Gyy(7,0) = NI™vel,

ProOOF. We know from the general theory in chapter 1 that the integrals in the state-
ment form altogether the orthogonal projection P* onto the following space:

Fiz(u®*) = span <£,r
In order to prove the result, consider the following linear map:

E(x)= Y <26 >

meD(k)

e D(k))

By a standard linear algebra computation, it follows that we have P = W E, where W
is the inverse on Fiz(u®*) of the restriction of E. But this restriction is the linear map
given by Gy, and so W is the linear map given by Wy, and this gives the result. U

In relation now with characters, we have the following moment formula:

PROPOSITION 3.22. The moments of truncated characters are given by the formula
/ (s + ...+ 1gs) = Tr(Wiy Gis)
a

where Gy and Win = G,;]b are the associated Gram and Weingarten matrices.
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PRrROOF. We have indeed the following computation:

/G(ull—i_"'_‘_uss)k = ZZ/U““U%%

=1 ix=1

=X W) X 30
(k)

w,0€D i1=1 =1

= Z WkN<7T,U>Gks(07 77)

m,oeD(k)

= TT(WkNGkS>

Thus, we have obtained the formula in the statement. Il

With the above general theory in hand, we can now formulate our character results
for the main examples of uniform easy quantum groups, as follows:

THEOREM 3.23. For the main quantum rotation and reflection groups,

the corresponding truncated characters follow with N — oo the laws
B, ———Iy
/
B L'— Tt
/

which are the main limiting laws in classical and free probability.
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Proor. We know from Theorem 3.15 that the above quantum groups are all easy,
coming from the following categories of partitions:

NCepen NC,
S /
NClepen Ny
Peven 732
S /
Peven p2

Now by using Proposition 3.22, we obtain the following formula:
. kE 7]
RN D DR
N weD(k)

But this gives the laws in the statement, via some standard calculus. U

3c. Temperley-Lieb

All the above is sweet, and there are many other things that can be said, along the
same lines, about the liberation operations Gy — G, using easiness and partitions. This
being said, we are rather interested in free quantum groups, so we do not need partitions
with crossings, and this leads us to a quite puzzling question, as follows:

QUESTION 3.24. Among the many objects which are in bijection with the noncrossing
partitions, which are the most adapted to the study of the free quantum groups?

To be more precise here, in order to give you a taste on what this question is about,
you have surely heard for instance about the Catalan numbers:

1 (2
Ck—k+1<k>

These Catalan numbers count the partitions in NC(k), but they count as well a zillion
other interesting things, just ask and any expert in combinatorics will probably get you
stuck for 1 hour in the coffee room, in explaining you all this, and our problem is, among
these zillion things, what are the best for the study of free quantum groups.

This does not look obvious, and so time to ask the cat. And cat says:

CAt 3.25. You're getting old, double the strings as to have Temperley-Lieb diagrams,
as in the heyday of free quantum group theory.
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Thanks cat, and yes indeed, age does not help much with knowledge and memory, in
fact Question 3.24 is something that I already thought about, some 30 years ago, when
developing the basic theory of free quantum groups. Following Temperley-Lieb, who by
the way were first-class physicists, and then Jones, who was a first-class physicist too,
and many others, including myself when younger, not to forget cat of course, we will of
course go for this, doubling strings and using Temperley-Lieb diagrams.

Let us start with the following result, which is well-known:

PROPOSITION 3.26. We have a bijection NC(k) ~ NC5(2k), as follows:

(1) The application NC(k) — NCy(2k) is the “fattening” one, obtained by doubling
all the legs, and doubling all the strings as well.

(2) Its inverse NCy(2k) — NC(k) is the “shrinking” application, obtained by col-
lapsing pairs of consecutive neighbors.

ProOF. The fact that the above two operations are indeed inverse to each other is
clear, by drawing pictures, and computing the corresponding compositions. U

With the above result in hand, we can axiomatize the free quantum groups, in terms
of Temperley-Lieb diagrams N, and say many interesting things about them, based on
the work of Jones and others on subfactor theory and planar algebras [64].

We can compute representations and their fusion rules, Cayley graphs, growth expo-
nents, laws of characters and more, by using diagrams, and more specifically Temperley-
Lieb diagrams NC5, which are quite often the most adapted, to our questions.

As a basic example for what can be done here, regarding OF;, we have:

THEOREM 3.27. The irreducible representations of OF, with N > 2 can be labelled by
positive integers, v, with k € N, the fusion rules for these representations are

Tk X = r|k—l| + T|k_[|+2 + ...+ Tkl
and the dimensions are dimry, = (¢"' — ¢~ *1) /(¢ — ¢71), with g+ q ' = N.

PRrROOF. The idea is to skilfully recycle the well-known proof for SU,. Our claim is
that we can construct, by recurrence on £ € N, a sequence 7y, r1,73,... of irreducible,
self-adjoint and distinct representations of O}, satisfying:

ro=1 , m=u , 711 @®@ri=rpo+ry

In order to do so, we can use the formula ry_s ®r; = ry_3+7rr_; and Frobenius duality,
and we conclude there exists a certain representation 7, such that:

Tk—1 ®7“1 =Tr_9 + Tk
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As a first observation, r}, is self-adjoint, because its character is a certain polynomial
with integer coefficients in y, which is self-adjoint. In order to prove now that r; is
irreducible, and non-equivalent to r, ..., rs_1, let us split as before u®*, as follows:

k
u®® = CrTE + Cp_oTk_9 + Cp_gTh_4 + ...

The point now is that we have the following equalities and inequalities:

Cr = ¢ < dim(End(u®)) < |NCy(k, k)| = Cy

1

Indeed, the equality at left is clear as before, then comes a standard inequality, then
an inequality coming from easiness, then a standard equality. Thus, we have equality,
so 1y, is irreducible, and non-equivalent to ry_o, 7x_4, ... Moreover, 7 is not equivalent to
Tk—1,Tk_3, - . . either, by using the same argument as for SU,, and the end of the proof is
exactly as for SU,. As for dimensions, by recurrence we obtain, with ¢ + ¢! = N:

dimry = ¢" + ¢4+ 4¢P g
But this gives the dimension formula in the statement, and we are done. U

It is possible to use similar methods for the other main examples of free quantum
groups, and do many other things, in relation with the Temperley-Lieb algebra.

3d. Meander determinants

We discuss now, following Di Francesco [40] and others, the computation of the Gram
determinants for the free quantum groups, which is a very interesting question, related to
many things. But let us start with Sy and other classical groups. We will need:

DEFINITION 3.28. The Moébius function of any lattice, and so of P, is given by

1 fr=c0
IU(T(,O-) = - ng7<cr /’L(ﬂ-77—> lf ™o
0 ifrLo

with the construction being performed by recurrence.
As an illustration here, for P(2) = {||,M}, we have by definition:

pll 1) = p(m,m) =1
Also, || < M, with no intermediate partition in between, so we obtain:

u((],1) = —p(l| 1)) = -1
Finally, we have M £ ||, and so we have as well the following formula:

p(m, ) =0

We will need the Mobius inversion formula, which can be formulated as follows:
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THEOREM 3.29. The inverse of the adjacency matriz of P(k), given by
1 ifr<
Amo) =3 "0
0 frLo
is the Mébius matriz of P, given by My(mw, o) = p(m, o).

Proor. This is well-known, coming from the fact that Ay is upper triangular. Indeed,
when inverting, we are led into the recurrence for p, from Definition 3.28. U

As an illustration, for P(2) the formula M, = A,' appears as follows:
(1 —1) i (1 1)‘1
0 1 01
Now back to our Gram matrix considerations, we have the following result:
PROPOSITION 3.30. The Gram matriz of the vectors &, with m € P(k),
Grp = NIV
decomposes as a product of upper/lower triangular matrices, Gy, = Ay Ly, where
b= {0 e
and where Ay, is the adjacency matriz of P(k).
Proor. We have indeed the following computation:
Gip(m,0) = NI™vel
- #{zlzk c {1,...,N}‘keri 27r\/a}
- ¥ #{z’l,...,ike {1,...,N}‘kerz’:7}

T>1mNVo

= Y N(N-1)...(N-|r|+1)

T>1No

According now to the definition of Ay, Ly, this formula reads:

Gy(m,o0) = Z Ly(t,0)

T>T

= Z A (7, 7)Ly(T,0)

= @Akl%)(ﬁ,a)

Thus, we are led to the formula in the statement. U
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As an illustration for the above result, at k = 2 we have P(2) = {||,M}, and the above
decomposition Gy = Ay Ly appears as follows:

N2 N\ (1 1\ (N?*-N 0
N NJ \0 1 N N
We are led in this way to the following formula, due to Lindstom:

THEOREM 3.31. The determinant of the Gram matriz Gy, is given by

N!
det(Gy) = ] aE

meP(k)

with the convention that in the case N < k we obtain 0.

PRrooF. If we order P(k) as usual, with respect to the number of blocks, and then
lexicographically, Ay is upper triangular, and Ly is lower triangular. Thus, we have:

det(Gk) = det(Ak)det(Lk)
= det(Lk)

= HLk(ﬂ',ﬂ')

= [[NWV =1 ... (N = x| +1)

Thus, we are led to the formula in the statement. Il

Let us discuss as well the case of the orthogonal group Opy. Here the combinatorics is
that of the Young diagrams. We denote by |.| the number of boxes, and we use quantity
f, which gives the number of standard Young tableaux of shape A. We have then:

THEOREM 3.32. The determinant of the Gram matriz of Oy is given by
det(Gew) = [ ()™
I\|=k/2

where the quantities on the right are fn(A) = [ yex(NV +25 —i —1).

ProOF. For the group Oy the Gram matrix is diagonalizable, as follows:
Giv = Z fN(A)P%
I\|=k/2

Here 1 = ) P, is the standard partition of unity associated to the Young diagrams
having k/2 boxes, and the coefficients fy(A) are those in the statement. Now since we
have Tr(Pyy) = f?*, this gives the formula in the statement. O

In order to deal now with O}, S, we will need the following fact:
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PROPOSITION 3.33. The Gram matrices of NCy(2k) ~ NC(k) are related by
Gatn(m,0) = " (A Grn2 AL (7, 0)
where m — 7' is the shrinking operation, and Ay, is the diagonal of Gy,.
PROOF. In the context of the bijection from Proposition 3.26, we have:
|TVo|=k+27'Vd|—||—|o
We therefore have the following formula, valid for any n € N:
nlmvel — pk+2lr’vo'|=|n'[=|o|
Thus, we are led to the formula in the statement. Il

Now back to OF, S, let us begin with some examples. We first have:

PROPOSITION 3.34. The first Gram matrices and determinants for O} are

N? N
det <N N2> = N?*(N? - 1)

N3 N? N? N2 N

N? N3 N N N?

det | N> N N® N N?2|=N°(N?-1)*N?*-2)

N2 N N N3 N?

N N? N2 N?2 N3
with the matrices being written by using the lexicographic order on NCy(2k).

PROOF. The formula at k = 2, where NCy(4) = {1M,[A)}, is clear from definitions.
At k = 3 however, things are tricky. The partitions here are as follows:
NC@) = Al mf,m, [, g
The Gram matrix and its determinant are, according to Theorem 3.31:
N3 N? N? N? N
N? N> N N N
det | N2> N N! N N|=N(N-DYN-2)
N? N N N? N
N N N N N
By using Proposition 3.33, the Gram determinant of NC5(6) is given by:
1 1
N2/N N2/N
= N’(N? - 1)*(N? - 2)

Thus, we have obtained the formula in the statement. U

det(Gen) x N'O(N? — D*H(N? - 2) x
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In general, such tricks won’t work, because NC(k) is strictly smaller than P(k) at
k > 4. However, following Di Francesco [40], we have the following result:

THEOREM 3.35. The determinant of the Gram matriz for OF; is given by
[k/2]
det(Gry) = [ ] B (V)2
r=1

where P, are the Chebycheff polynomials, given by
PB=1, P=X , P,1=XP—P_,
and diy = fir — for+1, With fi, being the following numbers, depending on k,r € Z,
2k 2k
Jir = (kz—r) a (k:—r—l)
with the convention fy. =0 for k ¢ Z.

ProoOF. This is something quite technical, obtained by using a decomposition as fol-
lows of the Gram matrix Gy, with the matrix Tjy being lower triangular:

Gin = Tin T}y

Thus, a bit as in the proof of the Lindstom formula, we obtain the result, but the
problem lies however in the construction of Ty, which is non-trivial. See [40]. O

With this in hand, we have as well a similar formula for Sj3;, obtained from Theorem
3.35 via Proposition 3.33. For the other free quantum groups, the computations can be
done as well. For more on all this, we refer to [40] and related papers.

3e. Exercises

Exercises:

EXERCISE 3.36.
EXERCISE 3.37.
EXERCISE 3.38.
EXERCISE 3.39.
EXERCISE 3.40.
EXERCISE 3.41.

Bonus exercise.



CHAPTER 4

Free space

4a. Projective space

We discuss in this chapter several things that can be done, going beyond the sphere
setting. First we will discuss free projective geometry, which is by definition compact,
and so can be developed in full generality, without norm restrictions. Then, at the end of
the chapter, we will go back to the affine setting, with some further results.

As a first topic that we would like to discuss, which historically speaking, was at the
beginning of everything, we have the following remarkable isomorphism:

PO} = PUY;
In order to get started, let us first discuss the classical case, and more specifically the
precise relation between the orthogonal group Oy, and the unitary group Uy. Contrary
to the passage RN — CV, or to the passage S§ ' — S¥~!, which are both elementary,

the passage Oy — Uy cannot be understood directly. In order to understand this passage
we must pass through the corresponding Lie algebras, a follows:

THEOREM 4.1. The passage On — Uy appears via Lie algebra complexification,
ON — oy — U, — UN
with the Lie algebra uyn being a complezification of the Lie algebra oy .

ProoOF. This is something rather philosophical, and advanced as well, that we will
not really need here, the idea being as follows:

(1) The unitary and orthogonal groups Uy, Oy are both Lie groups, in the sense
that they are smooth manifolds. The corresponding Lie algebras uy, o0y, which are by
definition the respective tangent spaces at 1, can be computed by differentiating the
equations defining Uy, Oy, with the conclusion being as follows:

uy = {A € MN(C)‘A* — —A}

on = {B € MN(R)(Bt - —B}

(2) This was for the correspondences Uy — uy and Oy — oy. In the other sense,
the correspondences uy — Uy and oy — Oy appear by exponentiation, the result here

69
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stating that, around 1, the unitary matrices can be written as U = e?, with A € uy, and
the orthogonal matrices can be written as U = e, with B € oy.

(3) In view of all this, in order to understand the passage Oy — Uy it is enough to
understand the passage oy — uy. But, in view of the above formulae for oy, uy, this is
basically an elementary linear algebra problem. Indeed, let us pick an arbitrary matrix
A € My(C), and write it as follows, with B,C' € My(R):

A=B+iC
In terms of B, C, the equation A* = —A defining the Lie algebra uy reads:
B'=-B , C'=C

(4) As a first observation, we must have B € oy. Regarding now C, let us decompose
this matrix as follows, with D being its diagonal, and C’ being the reminder:

C=D+C"

The matrix C’ being symmetric with 0 on the diagonal, by swithcing all the signs
below the main diagonal we obtain a certain matrix C’ € oy. Thus, we have decomposed
A € uy as follows, with B, C" € oy, and with D € My (R) being diagonal:

A=B+iD+iC"

(5) As a conclusion now, we have shown that we have a direct sum decomposition of
real linear spaces as follows, with A C My (R) being the diagonal matrices:

uNQUN@AGEUN

Thus, we can stop our study here, and say that we have reached the conclusion in the
statement, namely that uy appears as a “complexification” of oy. U

As before with many other things, that we will not really need in what follows, this
was just an introduction to the subject. More can be found in any Lie group book. In
the free case now, the situation is much simpler, and we have:

THEOREM 4.2. The passage Oy — Uy, appears via free complezification,
Uy = 0%
where the free complezification of a pair (G,u) is the pair (é, w) with
C(G) =< zu;; >C O(T) «C(G) , u==zu

where z € C(T) is the standard generator, given by x — x for any x € T.
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PROOF. We have embeddings as follows, with the first one coming by using the counit,
and with the second one coming from the universality property of Uy

0% c 0% C U}

We must prove that the embedding on the right is an isomorphism, and there are
several ways of doing this, all instructive, as follows:

(1) If we denote by v, u the fundamental corepresentations of Oy, Uy, we have:

Fiz(v®") = span (&r

weN@wQ

Fiz(u®*) = span (é}r TE NCz(k‘)>

Moreover, the above vectors &, are known to be linearly independent at N > 2, and
so the above results provide us with bases, and we obtain:

dim(Fiz(v®)) = |[NCy(k)| , dim(Fiz(u®*)) = [NCy(k)|

Now since integrating the character of a corepresentation amounts in counting the
fixed points, the above two formulae can be rewritten as follows:

/ £ = INCy(k)| / X = [NCa()]
o) Ut

+
N N
But this shows, via standard free probability theory, that y, must follow the Winger
semicircle law =7, and that y, must follow the Voiculescu circular law I'y:

Xo~7 5 Xu~ T
On the other hand, by [87], when freely multiplying a semicircular variable by a Haar
unitary we obtain a circular variable. Thus, the main character of (/)\Jj\; is circular:
Xav ~ 111
Now by forgetting about circular variables and free probability, the conclusion is that
the inclusion ON]J(, C Uy}, preserves the law of the main character:

law(x ) = law(u)

Thus by Peter-Weyl we obtain that the inclusion OF; C U, must be an isomorphism,
modulo the usual equivalence relation for quantum groups.

(2) A version of the above proof, not using any prior free probability knowledge, makes
use of the easiness property of Of, Uy only, namely:

Hom/(v®* v®") = span (5,,

wéN@%ﬁ)

Hom/(u®* u®") = span <§,r

weA@th)
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Indeed, let us look at the following inclusions of quantum groups:
0% C 05 C U,
At the level of the associated Hom spaces we obtain reverse inclusions, as follows:
Hom/(v®*,v®) 5 Hom((2v)®*, (20)®") D Hom(u®*, u®")

The spaces on the left and on the right are known from easiness, the result being that
these spaces are as follows:

span (Tn

Regarding the spaces in the middle, these are obtained from those on the left by “col-
oring”, so we obtain the same spaces as those on the right. Thus, by Tannakian duality,

m € NCy(k, l)> D span (T7T

re N@(k,l))

our embedding O3, C U}, is an isomorphism, modulo the usual equivalence relation. [
As an interesting consequence of the above result, we have:
THEOREM 4.3. We have an identification as follows,
PO} = PU},
modulo the usual equivalence relation for compact quantum groups.
PROOF. As before, we have several proofs for this result, as follows:
(1) This follows from Theorem 4.2, because we have:
PU}; = PO} = PO,
(2) We can deduce this as well directly. With notations as before, we have:

Hom ((v®v)¥, (v®v)') = span (T7T T € NCy((oe)F, (oo)l)>

Hom ((u® )", (u® u)') = span (T7r

™ € NCy((00)", (o))

The sets on the right being equal, we conclude that the inclusion PO}, C PU}; pre-
serves the corresponding Tannakian categories, and so must be an isomorphism. Il

As a conclusion, the passage OF, — U} is something much simpler than the passage
Ox — Uy, with this ultimately coming from the fact that the combinatorics of O, Uy
is something much simpler than the combinatorics of Oy, Uy. In addition, all this leads
as well to the interesting conclusion that the free projective geometry does not fall into
real and complex, but is rather unique and “scalarless”. We will be back to this.

Let us discuss now the projective spaces. Our starting point is the following functional
analytic description of the real and complex projective spaces PIéV - P(év -1
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PROPOSITION 4.4. We have presentation results as follows,
CB™) = Chum ((Pz‘j)z‘,j=1,...,N p=p=p" =pTr(p) = 1)

CPi T = Chm ((pij)i,jzl,...,N‘p =p* =piTr(p) = 1)

for the algebras of continuous functions on the real and complex projective spaces.

ProOOF. We use the fact that the projective spaces Pﬂév -1 Pév ~1 can be respectively
identified with the spaces of rank one projections in My (R), Mx(C). With this picture
in mind, it is clear that we have arrows <—. In order to construct now arrows —, consider
the universal algebras on the right, Ar, Ac. These algebras being both commutative, by
the Gelfand theorem we can write, with Xz, X being certain compact spaces:

AR = C(XR) R AC = C(Xc)

Now by using the coordinate functions p;;, we conclude that Xp, X are certain spaces
of rank one projections in My (R), My (C). In other words, we have embeddings:

XpC Pt XecpPl!
By transposing we obtain arrows —, as desired. U
The above result suggests the following definition:

DEFINITION 4.5. Associated to any N € N s the following universal algebra,
C(Pfrv_l) =C" ((pij)i,jzl,..,N‘p =p*=p*Tr(p) = 1)
whose abstract spectrum is called “free projective space”.

Observe that, according to our presentation results for the real and complex projective
spaces Pﬂév 1 and P(év ~! we have embeddings of compact quantum spaces, as follows:

Py tcplitcpit

Our first goal will be that of explaining why, in analogy with the uniqueness of the
quantum group PO}, = PUY;, the free projective space Py ' is unique, and scalarless.

Let us first discuss the relation with the spheres. Given a closed subset X C Sﬂg jrl,
its projective version is by definition the quotient space X — PX determined by the fact

that C(PX) C C(X) is the subalgebra generated by the following variables:
Dij = TiZj

In order to discuss the relation with the spheres, it is convenient to neglect the material
regarding the complex and hybrid cases, the projective versions of such spheres bringing
nothing new. Thus, we are left with the 3 real spheres, and we have:
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THEOREM 4.6. The projective versions of the 3 real spheres are as follows,

N—-1 N—-1 N-1
SR S]R,* SR,Jr

PN—l PN—I PN—I
R — fc T Iy
modulo the standard equivalence relation for the quantum algebraic manifolds.

PROOF. The assertion at left is true by definition. For the assertion at right, we

have to prove that the variables p;; = z;z; over the free sphere Sﬁ jrl satisfy the defining

relations for C(P{ '), from Definition 4.5, namely:
p=p =p> ., Tr(p)=1
We first have the following computation:
(p")ij = P} = (252:)" = 225 = pij
We have as well the following computation:
(p2)ij = Zpikpkj = Z 21;2;323' = ZiZj = Dij
k k
Finally, we have as well the following computation:

Tr(p) IZPMZZZ%: 1
k k

Regarding now PS]]RX — Pév ~1 the inclusion “C” follows from abed = cbad = cbda.
In the other sense now, the point is that we have a matrix model, as follows:

T O(S@f;l) — My(C(S¥YY) oz — (g 'gz)
But this gives the missing inclusion “D>”, and we are done. See [11]. O

In addition to the above result, let us mention that, as already discussed above, passing
to the complex case brings nothing new. This is because the projective version of the free
complex sphere is equal to the free projective space constructed above:

PSSyt =Pyt

And the same goes for the “hybrid” spheres. For details on all this, we refer to [8].

Following [12], we can axiomatize our various projective spaces, as follows:
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DEFINITION 4.7. A monomial projective space is a closed subset P C Pf’l obtained
via relations of type
. . k
pilig A 'pik,lik = pio(l)ia(g) A 'pia(k_l)ia(k)7 V(Z:L? A 7Zk> e {17 AR N}

with o ranging over a certain subset of the infinite symmetric group

S = | J S

ke2N

which is stable under the operation o — |o]|.

Here the stability under the operation 0 — |o| means that if the above relation
associated to o holds, then the following relation, associated to |o|, must hold as well:

Digiy « + + Pigigs1 = Pivig1yPis(ayiom) = Pioe—2)iok—1)Piomw) it

As an illustration, the basic projective spaces are all monomial:

PROPOSITION 4.8. The 3 projective spaces are all monomial, with the permutations

(0] O o [©] O (¢]
(0] O o O ) o

producing respectively the spaces Pﬂév_l, P(év_l, and with no relation needed for Pfrv_l.

PROOF. We must divide the algebra C'(PY ') by the relations associated to the dia-
grams in the statement, as well as those associated to their shifted versions, given by:

(0] o O o o o o o @) o
(0] O O o o O (0] @] (0] o

(1) The basic crossing, and its shifted version, produce the following relations:

Pab = Pba

PabPcd = PacPbd
Now by using these relations several times, we obtain the following formula:

PabPcd = PacPbd = PcaPdb = PedPab

Thus, the space produced by the basic crossing is classical, P C P(év ~!. By using one
more time the relations p,, = ppe We conclude that we have P = Pﬂév ~1 as claimed.

(2) The fattened crossing, and its shifted version, produce the following relations:
PabPed = PedPab
PabPcdPef = PadPebPcf
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The first relations tell us that the projective space must be classical, P C P(év ~1 Now
observe that with p;; = 2;Z;, the second relations read:

ZaZpZcRdZeZf = ZaZdZeZbZ A f

Since these relations are automatic, we have P = Pév ~1 and we are done. Il

Following [12], we can now formulate our classification result, as follows:

THEOREM 4.9. The basic projective spaces, namely

pytc Pt c P!

are the only monomial ones.

Proor. We follow the proof from the affine case. Let R, be the collection of relations
associated to a permutation o € S, with k € 2N, as in Definition 4.7. We fix a monomial
projective space P C PJ]FV ~1 and we associate to it subsets G, C Si, as follows:

G — {o € Sk|R, hold over P} (k even)

“7 ) {o € SR}, hold over P} (k odd)
As in the affine case, we obtain in this way a filtered group G = (Gy), which is
stable under removing outer strings, and under removing neighboring strings. Thus the

computations from the affine case apply, and show that we have only 3 possible situations,
corresponding to the 3 projective spaces in Proposition 4.8. See [12]. O

Let us discuss now similar results for the projective quantum groups. Given a closed
subgroup G' C O, its projective version G — PG is by definition given by the fact that
C(PG) C C(G) is the subalgebra generated by the following variables:

Wij,ab = UiaUjb
In the classical case we recover in this way the usual projective version:
PG =G/(GNZY)
We have the following key result:

THEOREM 4.10. The quantum group Oy s the unique intermediate easy quantum
group On C G C OF,. Moreover, in the non-easy case, the following happen:

(1) The group inclusion TOyx C Uy is mazimal.
(2) The group inclusion POy C PUy is mazimal.
(3) The quantum group inclusion Oy C O% is maximal.

PRrROOF. The first assertion comes by classifying the categories of pairings, and then:
(1) This can be obtained by using standard Lie group methods.

(2) This follows from (1), by taking projective versions.

(3) This follows from (2), via standard algebraic lifting results. O
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Our claim now is that, under suitable assumptions, PUy is the only intermediate
object POy C G C PO}. In order to formulate a precise statement here, we will need:
DEFINITION 4.11. A projective category of pairings is a collection of subsets
NCy(2k,2l) C E(k, 1) C Py(2k,21)
stable under the usual categorical operations, and satisfying o € £ — |o| € E.

As basic examples for this notion, we have the following projective categories of pair-
ings, where Pj is the category of matching pairings:

NCy C Py C Py

This follows indeed from definitions. Now with the above notion in hand, we can
formulate the following projective analogue of the notion of easiness:

DEFINITION 4.12. An intermediate compact quantum group
POy C H C PO},
15 called projectively easy when its Tannakian category
span(NCy(2k, 21)) € Hom(v®*,v®") C span(Py(2k, 21))
comes via via the following formula, using the standard m — T, construction,
Hom(v®* v = span(E(k,1))
for a certain projective category of pairings E = (E(k,1)).

Thus, we have a projective notion of easiness. Observe that, given an easy quantum
group Oy C G C O3, its projective version POy C PG C PO}, is projectively easy in
our sense. In particular the basic projective quantum groups POy C PUy C PO}, are
all projectively easy in our sense, coming from the categories NCy C Py C Ps.

We have in fact the following general result, from [12]:

THEOREM 4.13. We have a bijective correspondence between the affine and projective
categories of partitions, given by the operation

G = PG
at the level of the corresponding affine and projective easy quantum groups.
PROOF. The construction of correspondence D — E is clear, simply by setting:
E(k,l) = D(2k,21)

Indeed, due to the axioms in Definition 4.11, the conditions in Definition 4.12 are
satisfied. Conversely, given E = (E(k,[)) as in Definition 4.12, we can set:

[E®,1) (k,l even)
D(k,l) = {{U o€ BE(k+ 1,1+ 1)} (k1 odd)
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Our claim is that D = (D(k,l)) is a category of partitions. Indeed:

(1) The composition action is clear. Indeed, when looking at the numbers of legs
involved, in the even case this is clear, and in the odd case, this follows from:

lojo'e E = |7€F
= J7€D
(2) For the tensor product axiom, we have 4 cases to be investigated, depending on
the parity of the number of legs of o, 7, as follows:
— The even/even case is clear.
— The odd/even case follows from the following computation:
lo,re E = |oT€FE
— o7€D
— Regarding now the even/odd case, this can be solved as follows:
olreE = |o|,|T€FE
= |o|lr€FE
= |oT€FE
— o7€D
— As for the remaining odd/odd case, here the computation is as follows:
lo,|[Te B = ||o|,|T€E
= |lo||lreFE
— o7€Fl
— o7€D

(3) Finally, the conjugation axiom is clear from definitions. It is also clear that both
compositions D —+ E — D and £ — D — FE are the identities, as claimed. As for the
quantum group assertion, this is clear as well from definitions. U

Now back to uniqueness issues, we have here the following result, also from [12]:

THEOREM 4.14. We have the following results:

(1) Oy is the only intermediate easy quantum group On C G C Oy.
(2) PUy is the only intermediate projectively easy quantum group POy C G C POY.

PRrROOF. The idea here is as follows:

(1) The assertion regarding Oy C O} C Oy is from [14], and this is something that
we already know, explained in chapter 3.

(2) The assertion regarding POy C PUy C POj; follows from the classification result
in (1), and from the duality in Theorem 4.13. O



4A. PROJECTIVE SPACE 79

Summarizing, we have analogues of the various affine classification results, with the
remark that everything becomes simpler in the projective setting.

Our next goal will be that of finding projective versions of the quantum isometry
group results that we have in the affine setting. We use the following action formalism,
which is quite similar to the affine action formalism introduced in chapter 2:

DEFINITION 4.15. Consider a closed subgroup of the free orthogonal group, G C Oy,
and a closed subset of the free real sphere, X C S]{{;l.

(1) We write G ~ X when we have a morphism of C*-algebras, as follows:
o CX)—CX)®C(G)

P(z;) = Z Zg & Ugi

a

(2) We write PG ~ PX when we have a morphism of C*-algebras, as follows:
¢:C(PX)— C(PX)®C(PG)
(I)(ZZZ]) = Z Za2p @ UqiUpj
Observe that the above morphisms ®, if they exist, are automatically coaction maps.

Observe also that an affine action G ~ X produces a projective action PG ~ PX. Let
us also mention that given an algebraic subset X C S]f{y ;1, it is routine to prove that there

exist indeed universal quantum groups G C O}, acting as (1), and as in (2). We have the
following result, from [11] and related papers, with respect to the above notions:

THEOREM 4.16. The quantum isometry groups of basic spheres and projective spaces,

N-1 N—1 N—1
SR —>SR,* —>SR,+

PN—l PN—l PN—I
R — fc —14
are the following affine and projective quantum groups,

O O, o,

POy POY

PUn

with respect to the affine and projective action notions introduced above.
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PRrROOF. The fact that the 3 quantum groups on top act affinely on the corresponding
3 spheres is known since [11], and is elementary, explained before. By restriction, the 3
quantum groups on the bottom follow to act on the corresponding 3 projective spaces.
We must prove now that all these actions are universal. At right there is nothing to prove,
so we are left with studying the actions on S§ !, Sﬂg tand on PYY P

PY~!. Consider the following projective coordinates:

Dij = ziZ5 5 Wijab = UaiUpj

In terms of these projective coordinates, the coaction map is given by:
®(pij) = Zpab ® Wij,ab
ab
Thus, we have the following formulae:

q)(pz]) = Zpab ® (wij,ab + wij,ba) + Zpaa ® Wij,aa

a<b a
(I)(pjz) = Zpab ® (wji,ab + ijba) + Zpaa ® Wyiaa
a<b a

By comparing these two formulae, and then by using the linear independence of the
variables p,, = 2,2, for a < b, we conclude that we must have:

Wij.ab T+ Wijba = Wiiab + Wiiba
Let us apply now the antipode to this formula. For this purpose, observe that:
S(wijap) = S (Uaitivg)
S () S (tas)
= UjbUiq
=  Wea,ji
Thus by applying the antipode we obtain:
Wha,ji T Wap,ji = Wha,ij + Wab,ij
By relabelling, we obtain the following formula:
Wi pa + Wijpa = Wjiab T Wijab
Now by comparing with the original relation, we obtain:
Wijab = Wijiba
But, with w;; 4 = Ugitts;, this formula reads:
UqiUp; = UpjUqg;i

Thus G C Oy, and it follows that we have PG C POy, as claimed.
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Pév ~1. Consider a coaction map, written as follows, with pe = 242

P(pyy) = Zpab & Ug;Upj
ab

The idea here will be that of using the following formula:

PabPed = PadPecb
We have the following formulae:

Q(pijpm) = Zpabpcd &) Ui Upj Uk Udl
abed

Q(pupr;) = Zpadpcb &) Ui UdiUck Ubj
abed

The terms at left being equal, and the last terms at right being equal too, we deduce
that, with [a, b, ¢] = abc — cba, we must have the following formula:

Z Ui [ Uy, Uck, Udt] @ PabPea = 0
abed
Now since the quantities pupped = 2aZpzezq at right depend only on the numbers
{a,c}|,|{b,d}| € {1,2}, and this dependence produces the only possible linear relations
between the variables pgpeq, we are led to 2 x 2 = 4 equations, as follows:

(1) wqi[tpg, Uak, un] = 0, Va,b.

(2) UaiUng, Uak, Uar) + Uai[Uas, Uk, upr) = 0, Va, Vb # d.
(3) Uqi[Upj, Ueks Upt| + Uei[Upj, Uak, Uup] = 0, Ya # ¢, V.
(4) Uqi[Upj, Uek, Uar] +Uai [Uds, ek, Unt) s [Unj, Uaks Uar] +Uci [Ugs, Uak, U] = 0, Va # ¢, b #

d

We will need in fact only the first two formulae. Since (1) corresponds to (2) at
b = d, we conclude that (1,2) are equivalent to (2), with no restriction on the indices. By
multiplying now this formula to the left by u,;, and then summing over i, we obtain:

[Ubj, Uak, Uar] + [Uaj, Uak, Upt] = 0
We use now the antipode/relabel trick from [11]. By applying the antipode we obtain:
[Wids Ukas W] + [Wib, Uka, Uja) = 0
By relabelling we obtain the following formula:
[Uar, Uak, Usj| + [Ugj, Uak, Un] = 0
Now by comparing with the original relation, we obtain:
[Unj, Uak, Uar] = [Uaj, Uak, upr] = 0
Thus G C Oy, and it follows that we have PG C PUy, as desired. O



82 4. FREE SPACE

The above results can be probably improved. As an example, let us say that a closed
subgroup G' C Uy, acts projectively on PX when we have a coaction map as follows:

*
D(z;25) = E ZaZb @ UqiUp;
ab

The above proof can be adapted, by putting * signs where needed, and Theorem 4.16
still holds, in this setting. However, establishing general universality results, involving
arbitrary subgroups H C PO7;, looks like a quite non-trivial question.

4b. Grassmannians

In order to develop free projective geometry, a first piece of work is that of developing
a theory of free Grassmannians, free flag manifolds, and free Stiefel manifolds. To be
more precise, the definition of the free Grassmannians is straightforward, as follows, and
the definition of the free flag manifolds and free Stiefel manifolds is very similar:

C(Griy)=C" <(pij)i,j:1,...,N‘p =p =p°,Tr(p) = L)

Most of the arguments from the affine case carry over in the projective setting. We
will be back to this later, with nmore details, in Part II of the present book.

We would like to end this discussion with something refreshing, namely a preliminary
study of the free analogue of P2. We recall that the projective space Pﬂév ~1is the space
of lines in R passing through the origin, the basic examples being as follows:

(1) At N = 2 each such a line, in R? passing through the origin, corresponds to 2
opposite points on the unit circle T C R?. Thus, Pg corresponds to the upper semicircle
of T, with the endpoints identified, and so we obtain a circle, Pi = T.

(2) At N = 3 the situation is similar, with P2 corresponding to the upper hemisphere
of the sphere S3 C R?, with the points on the equator identified via z = —z. Topologically
speaking, we can deform if we want the upper hemisphere into a square, with the equator
becoming the boundary of this square, and in this picture, the x = —zx identification
corresponds to the “identify opposite edges, with opposite orientations” folding method
for the square, leading to a space B2 which is obviously not embeddable into R3.

In what follows we will be interested in the free analogue P of this projective space
PZ. Our main motivation comes from the fact that, according to the work of Bhowmick-
D’Andrea-Dabrowski [20], later on continued with Das [21], the quantum isometry group
PO = PU; of the free projective space P? acts on the quark part of the Standard Model
spectral triple, in Chamseddine-Connes formulation [26], [27].



4B. GRASSMANNIANS 83

We recall that the free projective space is defined by the following formula:
O(Pffl) =C" ((pij>i,j:1,...,N’p =p'= pQ,Tr(p) = 1)

Let us first discuss, as a warm-up, the 2D case. Here the above matrix of projective
coordinates is as follows, with a = a*, b=0", a4+ b= 1:

(a ¢
P=\e b

We have the following computation:
o (a ¢\ [a ¢\ [a*+cc* ac+ch
P=\e b))\ b)) = \cra+ber e+ 12

Thus, the equations to be satisfied are as follows:
a’+cct =a
b +cfe=b
ac+cb=c
c'a+bc" =c"

The 4th equation is the conjugate of the 3rd equation, so we remove it. By using
a + b =1, the remaining equations can be written as:

cct =c'c=ab
ac+ca=0

We have several explicit models for this, using the spheres Sﬂl& 4 and Sé’ 4+, as well as
the first row spaces of OF and U,, which ultimately lead us to SU; and SU,. These
models are known to be all equivalent under Haar, and the question is whether they are
identical. Thus, we must do computations as above in all models, and compare. These
are all interesting questions, whose precise answers are not known, so far.

In the 3D case now, that of projective space P?, that we are mainly interested in here,
the matrix of coordinates is as follows, with r, s, t self-adjoint, » + s+t = 1:

r a b
p=|a* s c
b* ¢t

r a b r a b
pPP=|a" s ¢ a* s c
b* ¢t b* ¢t
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We obtain the following formula:

r? +aa* +bb*  ra+as+bc*  rb+ ac+ bt
p? = | a*r +sa* +cb* a*a+s*+cct a*b+sctct
b*r + c*a* +tb* b*a + c*s +tc* b*b+ cfc+ t?
On the diagonal, the equations for p? = p are as follows:

aa* +bb* =r —1?

a‘a+cct = s — s°

bo+ce=t—1t2
On the off-diagonal upper part, the equations for p? = p are as follows:
ra+as+bc" =a

rb+ac+0bt =0
a'b+sc+ct=c
On the off-diagonal lower part, the equations for p? = p are those above, conjugated.

Thus, we have 6 equations. The first problem is that of using » + s+t = 1, in order to
make these equations look better. Again, many interesting questions here.

4c. Lifting questions

The are many interesting lifting questions, between affine and projective geometry,
with all sorts of half-liberations involved when lifting, and also within affine geometry
itself, in connection with the free analogue of the stereographic projection.

So, what is ]Rf ? There are several approaches to this problem, and in each case we are
looking for a triple (A, A, h) consisting of an operator algebra A, typically a non-unital
C*-algebra, then a comultiplication A, understood to come accompanied by maps ¢, 5
too, and then a Haar integration functional h. As a starting point, we have:

1. Products. Using RY = (R)". At the algebra level we have Co(RY) = Co(R)®%,
and this suggests setting Co(RY) = Co(R)*. Thus we have a well-defined algebra A,
and we have a comultiplication A too. The problem is with the Haar integration h. Our
belief is that this problem can be solved by using suitable N x N matrix models, with
our algebra A appearing on the diagonal. This looks quite tricky.

2. Polar coordinates. Using [0,00) x S+ — RY. At the algebra level we have
Co(RN) C Cp[0,00) ® C(SY™), and the very first question is that of understanding what
the subalgebra Co(RY) exactly is. Since the quotient map [0,00) x S ' — RY, given
by (r,x) — rz, has the property 0z = Oy for any z,y, this suggests that Co(RY) C
Co[0,00) ® C(SE~1) consists of functions such that f(0,x) does not depend on x. It is
not very clear what this means, algebrically. Once this difficulty solved, we can probably




4C. LIFTING QUESTIONS 85

go ahead and construct something similar in the free case, Co(RY) C Co[0, 00)  C (S]]RX .
then look for a comultiplication A, and a Haar functional h.

2b. An alternative approach here would be by using RY — {0} = (0, 00) x S2~!. Here
we have at the algebra level Co(RY — {0}) = C5(0,00) ® C(S§ 1), so at least we have
a clearly defined algebra, that we can generalize right away to the free settting, in the
form of something of type Co(RY — {0}) = Cp(0, 00) * C(S]fgi;l). However, we cannot
really investigate the A problem in this setting, so we run once again into a difficulty,
namely constructing the correct lifts Co(RY) and Co(RY). This being said, the question
of investigating the Haar functional h seems to make sense, even in this “—{0}” setting,
meaning without solving the lifting problem. This is actually quite unclear.

2c.  Yet another alternative approach would be by using P{J ~1 instead of SI{Q -1
The first question here is that of understanding the precise relation between the spaces
R x Pﬂjg ~1and RY, which is probably something well-known, but looks quite geometric
and tricky. Assuming this geometric problem solved, we can probably have Cy(RY) con-
structed afterwards in terms of Co(R) ® C(Py '), and then at the free level, we can have
Co(RY) constructed in terms of Cy(R) * C(Pﬂévy;l), and then look for A, and for h.

2d. In fact, in modern terms, we are looking for a “free suspension of the free sphere”.

3. Compactification. Using RY = S& — {oo}. To be more precise, we want to use the
fact that S appears as the 1-point compactification of RY, with the isomorphism being
the standard stereographic projection map. This might look like a weird idea, because it
is not group-theoretical at all, the main feature of the stereographic projection being the
fact that it is conformal, preserving angles, and so useful in geometry, but not in group
theory. This being said, this is an idea to be explored too, especially since the formula
for h should be not that complicated, and here are some preliminary computations:

Let us start with some abstract considerations. The 1-point compactification of RY is
indeed the sphere S¥, and for precise formulae and everything, to be given later, the best
is to say that the 1-point compactification of RY = RN x {0} c R¥*! is the unit sphere
S& C RN*T! with the convention that the point which is added is oo = (1,0,...,0). Also,
we make the convention that the coordinates on RV*! are denoted o, ..., zy.

In functional analysis terms, we have a diagram as follows, with all horizontal maps
being inclusions, with the bar on Cy(RY) standing for unitization, and with the 0 subscript
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to C(SY) standing for taking the ideal generated by the first coordinate xq:

Cy(RM) Co(RY) Cy(RN)

C(S%)o

C(SE)

In view of our motivations, this is not bad, because in the free case we can normally
talk as well about the ideal C(Sg', )o C C(Sg',.) generated by the first coordinate 2. The

problem is whether we can declare this ideal to be Co(RY), with a A and h.

In order to comment on this, let us do some computations, in the classical case. We
first need the precise formulae of the isomorphism RY ~ S¥ —{co}, obtained in practice by
identifying RY = RY x {0} € R¥*! with the unit sphere S € RY¥*! with the convention
that the point which is added is oo = (1,0, ...,0), via the stereographic projection. That
is, we need the precise formulae of two inverse maps, as follows:

d:RY — 5§ — {oo}

U:SY —{oo} = RY

In one sense we must have ®(v) = ¢(0,v)+ (1 —1¢)(1,0), with ¢ € (0,1) being such that
[|®(v)|| = 1. The equation here is (1 —t)?+¢?||v||* = 1, which simplifies to t*(1+|[v|]*) =

2t, with solution ¢t = ﬁ, and so the formula of ® is as follows:
B(0) = (1,0) + 5 (~L0)
v = 5 - ,U
1+ |Jo]|?
In the other sense we must have (0,V(c,z)) = a(c,z) + (1 — a)(1,0) for a certain
a € R, and from ac+1—a =0 we get a = 1%0’ so the formula of ¥ is as follows:
x
U -

Here, as before, and in what follows too, we use R¥*! = R x RY, with the coordinate
of R denoted z,, and with the coordinates of RY denoted z1, ..., zx.

Let us discuss now the A problematics. We can transport the group structure of R¥
to a group structure on S§ — {oc}, as follows:

p-q=2¥(p)+ ¥(q))
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In view of the above formulae of ®, ¥, the multiplication on S5’ — {oo} that we obtain
is given by the following formula:

(c,x) - (dyy) = ®(V(e,x)+¥(d,y))

x y
- _J
(1—c+1—d)

2 T Y
= (LO)+— (-1, —+ ——
(’)+1+t( 71—c+1—al)

Here the parameter ¢ is given by the following formula:

T Y 2
1—c+1—d

=

Now by transposing, we obtain a comultiplication map as follows, with C(SE )y C
C(SE) being the ideal generated by the first coordinate g:

A C(SY)o — C(SY)o @ C(SY ),

f= (e, (dy) > f((e) - (dy))]

The problem is that of slowly working out the details of this map A, on various
products of coordinates and so on, and see if we can get a decent formula for A out of
this, and then if this formula has a free generalization or not.

Let us discuss now the Haar problematics, which is the point where we wanted to get,
where things might get simpler. As before with A, we can transport the Haar integration
over RY into an integration over S§ — {oo}, according to the following formula:

[ t@= r@wu
Sz —{oo}

RN

In practice, according to the above formula of ®, the precise formula is:

/%y{oo}f(x) _ /RN f ((1,0) 4 ﬁ (—1,v)> v

Passed the details of this formula, which might look quite complicated, the transport
of the Haar integration over RY into an integration over S& — {oo} looks like something
quite simple. Indeed, the measure on S — {oo} should not be that far from the usual
Haar measure of S&, with just a density added on the z, direction, and this because both
measures, the transported one on S —{oo}, and the Haar one on S¥’, are invariant under
the action of Oy, acting on the coordinates x4, ..., zy.
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In short, we should have a formula as follows, with on the right the integration being
the usual Haar one on S%', and with ¢ : [—1,1] — (0, 00) being a certain density:

/ f@) = [ fa)eo)d
SY—{oo) sy

Assuming all this understood, and ¢ explicitely computed, the extension to the free
case would be probably quite routine, our conjecture being that the integration on RY,
in a “free stereographic picture”, should be just a modification of the usual Weingarten
formula for Sﬂg .+, via a horizontal density ¢ : [-1,1] — (0,00), appearing as the free

version of ¢ : [—1,1] — (0,00), in the sense of the Bercovici-Pata bijection.

4d. Sums of squares

Another way of “escaping” from spheres, in the affine setting, is via various sums
of squares, chosen to be more complicated than those defining the spheres. In order to
discuss this, let us first study the compact hypersurfaces X C ]Rf . These hypersurfaces
fit into the C*-algebra formalism, their definition being as follows:

DEFINITION 4.17. A real compact hypersurface in N variables, denoted X; C ]R]I, 18
the abstract spectrum of a universal C*-algebra of the following type,

C(Xy) =C" (xl,...,xN xi:x;‘,f(xl,...,x]v):()>

with the noncommutative polynomial f € R < zq,...,xn > being such the maximal
C*-norm on the complex x-algebra C < x1,...,xy > /(f) is bounded.

As a first result here, coming from the Gelfand theorem, we have:

THEOREM 4.18. In order for X; to exist, the real algebraic manifold

X5 = {m € RN(f@l,...,xN) - o}
must be compact. In addition, in this case we have ||x;||x < ||xi]|, for any i.

PROOF. Assuming that X exists, the Gelfand theorem shows that the algebra of
continuous functions on the manifold X fX in the statement appears as:

C(X}) = C(Xp) [ ([ w5) = 0)

Thus we have an embedding of compact quantum spaces X fX C Xy, and the norm
estimate is clear as well, because such embeddings increase the norms. U

Let us first discuss the quadratic case. We have here:
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THEOREM 4.19. Given a quadratic polynomial f € R < x1,
ij i
the following conditions are equivalent:
(1) Xy exists.
(2) X[ is compact.

; ; _ A+A*
(3) The symmetric matriz Q = “5*

..., TN >, wriltten as

15 positive or negative.

PrOOF. The implication (1) == (2) being known from Theorem 4.18, and the
implication (2) <= (3) being well-known, we are left with proving (3) = (1). As a

first remark here, by applying the adjoint, our manifold X is defined by:

t t . .
2‘4 and Q = AEA , these equations can be written as:

Z@'j Pijxil'j =0
Zij Qijrivj + Y Bivy + C =0

In terms of P = 4

Let us first examine the second equation. When regarding x as a column vector, and
B as a row vector, this equation becomes an equality of 1 x 1 matrices, as follows:

2'Qr+ Bx+C =0

Now let us assume that @) is positive or negative. Up to a sign change, we can assume
Q > 0. We can write Q = UDU", with D = diag(d;) and d; > 0, and with U € Oy. In
terms of the vector y = U'z, and with E = BU, our equation becomes:

y'Dy+Ey+C=0
By reverting back to sums and indices, this equation reads:

Zdiyf +Zeiyi +C =0
Now by making squares, this equation takes the following form:
2
€
di i + = C
o o)
By positivity, we deduce that we have the following estimate:

€ |C|
< =
2d; || — d;

Thus our hypersurface Xy is well-defined, and we are done.

2

Y +
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We have in fact the following result:

THEOREM 4.20. Up to linear changes of coordinates, the free compact quadrics in ]Rf
are the empty set, the point, the standard free sphere SY ', defined by

R+ 7
2 _

E r; =1

i

and some intermediate spheres Sg’l CcScC S]{Q;l, which can be explicitly characterized.
Moreover, for all these free quadrics, we have ||x;|| = ||x;||x, for any i.

PrRoOOF. We use the computations from the proof of Theorem 4.19. The first equation

there, making appear the matrix P = A;At, is as follows:

Z P»L'jl'iflfj =0
j
As for the second equation, up to a linear change of the coordinates, this reads:

2 _
E zi=c

i

At ¢ < 0 we obtain the empty set. At ¢ = 0 we must have z = 0, and depending on
whether the first equation is satisfied or not, we obtain either a point, or the empty set.
At ¢ > 0 now, we can assume by rescaling ¢ = 1, and our second equation reads:

Xf - S]{g__'_l

As a conclusion, the solutions here are certain subspaces S C S]fgf jrl which appear
via equations of type Zij Pjx;x; = 0, with P € My(R) being antisymmetric, and with
x1,...,TN appearing via zp,...,2zy via a linear change of variables. Now observe that
when redoing the above computation with X fX at the place of X, we obtain Xy = SI{{ -
and this, because the equations ), ; Pjjx;x; = 0 are trivial for commuting variables. We
conclude that our subspaces S C Sﬁ jrl must satisfy:

Sgtcscsyy!

Thus, we are left with investigating which such subspaces can indeed be solutions.
Observe that both the extreme cases can appear as solutions, as shown by:

X

. — Sl

2:62+y2+%xy+%y:r: - R

X _ 1
2224 Haytyr = O R+

Finally, the last assertion is clear for the empty set and for the point, and for the
remaining hypersurfaces, this follows from S§' ' Cc S C SE ;1. O

Here is now yet another version of Theorem 4.19:
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THEOREM 4.21. Given M real linear functions Ly, ..., Ly in N noncommuting vari-
ables x1,...,xn, the following are equivalent:

(1) >, Li(z1, ..., zn)? =1 defines a compact hypersurface in RY .
(2) > Li(z1, ..., 2n)? =1 defines a compact quantum hypersurface.
(3) The matriz formed by the coefficients of Ly, ..., Ly has rank N.

PRrROOF. The equivalence (1) <= (2) follows from the equivalence (1) <= (2) in
Theorem 4.19, because the surfaces under investigation are quadrics. As for the equiva-
lence (2) <= (3), this is well-known. More precisely, our equation read:

1 = ZLk(mla"'axN)Q
k
k i J
= Z(LtL)Z]ZL‘ZCEJ

j
Thus, in the context of Theorem 4.19, the underlying square matrix A € My(R) is
given by A = L'L. Tt follows that we have Q = A = L'L, and so the condition ) > 0 is
equivalent to L'L being invertible, and so to L to have rank N, as claimed. U

In order to construct more examples, we will need the following basic fact:
PROPOSITION 4.22. In a C*-algebra we have
el <1 — Jlofl <1
for any self-adjoint element x.
Proor. With n € N being such that 2" > p, we have:
][ =[] = = [l < ||| - || 7P| < 1l
Thus, we obtain ||z||? < 1, and so ||z|| < 1, as desired. O
As an application, we have the following construction:

PROPOSITION 4.23. Given integers p; € N, the equation
IR
i

defines a noncommutative hypersurface.
Proor. This follows indeed from Proposition 4.22, by positivity. O

More generally, we have the following result, covering our various examples, so far:
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THEOREM 4.24. Given M real linear functions Ly, ..., Ly in N noncommuting vari-
ables x1,...,xN, and exponents p1,...,pu € N, the equation

ZLk(xl, ce ,iL'N)2pi =1
k
defines a quantum hypersurface, provided that the M x N matriz formed by the coefficients
of L1,..., Ly has rank N.

PRrOOF. By positivity, imposing the above equation leads to:
||Lk<l’1,7ZL'N)||§1 s vk

We are therefore left with the problem of uniformly bounding the norms ||z;||, and
normally we can proceed here exactly as in the classical case. U

More generally now, we have the following result:

THEOREM 4.25. General construction of hypersurfaces, via equations of type
Y LiLp =1
k

with L € R < xq,...,xNn >, improving the construction from Theorem 4.24.

PROOF. This does not look obvious at all. As usual, there are some norm estimates
to be worked out too, in relation with the basic inequality ||z;||x < ||z:]|- O

Going beyond the above looks like a non-trivial question.
4e. Exercises

Exercises:

EXERCISE 4.26.

EXERCISE 4.27.

EXERCISE 4.28.

EXERCISE 4.29.

EXERCISE 4.30.

EXERCISE 4.31.

Bonus exercise.
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Free manifolds



In the midnight hour
She cried more, more, more
With a rebel yell

She cried more, more, more



CHAPTER 5

Free manifolds

5a. Quotient spaces

Let us begin with some generalities regarding the quotient spaces, and more general
homogeneous spaces. Regarding the quotients, we have the following construction:

PROPOSITION 5.1. Given a quantum subgroup H C G, with associated quotient map
p:C(G) — C(H), if we define the quotient space X = G/H by setting

C(X) = {f e C(G)‘(p@id)Af 1 f}
then we have a coaction map as follows,
o:C0X)— CX)®C(G)
obtained as the restriction of the comultiplication of C(G). In the classical case, we obtain

in this way the usual quotient space X = G/H.

PROOF. Observe that the linear subspace C'(X) C C(G) defined in the statement is
indeed a subalgebra, because it is defined via a relation of type ¢(f) = ¥(f), with both
©, ¥ being morphisms of algebras. Observe also that in the classical case we obtain the
algebra of continuous functions on the quotient space X = G/H, because:

(pRidAf=10f <= (p®id)Af(h,g)=(1® f)(h,g),Yh € HVgec G
<~ f(hg) = f(g9),Yh € H Vg € G
< f(hg) = f(kg),Vh,k € H Vg € G
Regarding now the construction of ®, observe that for f € C'(X) we have:
(pRid®id)(A @ id)Af = (pRid®id)(id® A)Af

= (id®@A)(pid)Af
= ([de®A)(1®f)
1@ Af
Thus the condition f € C'(X) implies Af € C(X)®C(G), and this gives the existence
of ®. Finally, the other assertions are all clear. U

As an illustration, in the group dual case we have:

95
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PROPOSITION 5.2. Assume that G =T is a discrete group dual.

(1) The quantum subgroups of G are H = A with ' — A bemg a quotient group.
(2) For such a quantum subgroup AC F we have F/A O, where:

O =ker(I' —» A)
ProoF. This is well-known, the idea being as follows:

(1) In one sense, this is clear. Conversely, since the algebra C(G) = C*(I") is cocom-
mutative, so are all its quotients, and this gives the result.

(2) Consider a quotient map r : I' — A, and denote by p : C*(I') — C*(A) its
extension. Consider a group algebra element, written as follows:

f:Z)‘g'gEC*(F)
gel

We have then the following computation:
feCT/N) = (pidA(f)=1®f

= ) N9 @g=) A1

ger gel
= N1(9) =X -1, Vgel
<~ supp(f) C ker(r)

But this means that we have f/K = O, with © = ker(I' — A), as claimed. O

Given two compact quantum spaces X,Y, we say that X is a quotient space of Y
when we have an embedding of C*-algebras o : C(X) C C(Y). We have:

DEFINITION 5.3. We call a quotient space G — X homogeneous when
A(C(X)) c C(X)® C(G)
where A : C(G) — C(G) ® C(G) is the comultiplication map.
In other words, an homogeneous quotient space G — X is a quantum space coming

from a subalgebra C'(X) C C(G), which is stable under the comultiplication. The relation
with the quotient spaces from Proposition 5.1 is as follows:

THEOREM 5.4. The following results hold:

(1) The quotient spaces X = G/H are homogeneous.
(2) In the classical case, any homogeneous space is of type G/H.
(3) In general, there are homogeneous spaces which are not of type G/H.
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PROOF. Once again these results are well-known, the proof being as follows:
(1) This is clear from Proposition 5.1.

(2) Consider a quotient map p : G — X. The invariance condition in the statement
tells us that we must have an action G ~ X, given by:

9(p(9") = p(gg)
Thus, we have the following implication:
p(g') =p(g") = plgg’) =pl99"), Vg € G
Now observe that the following subset H C (G is a subgroup:
H = {g € G(p(g) = p(l)}
Indeed, g,h € H implies that we have:
p(gh) = p(g) = p(1)

Thus we have gh € H, and the other axioms are satisfied as well. Our claim now is
that we have an identification X = G/H, obtained as follows:

p(g) = Hyg

Indeed, the map p(g) — Hg is well-defined and bijective, because p(g) = p(g’) is
equivalent to p(g~'¢’) = p(1), and so to Hg = Hg', as desired.

(3 ) Given a discrete group I' and an arbitrary subgroup © C I', the quotient space
[ - 0is homogeneous. NOW by  using Proposition 5.2, we can see that if © C I' is not
normal, the quotient space T — © is not of the form G / H. U

With the above formalism in hand, let us try now to understand the general properties
of the homogeneous spaces G — X, in the sense of Theorem 5.4. We have:

PROPOSITION 5.5. Assume that a quotient space G — X is homogeneous.

(1) We have a coaction map as follows, obtained as restriction of A:
d:C(X) = CX)CO(G)

(2) We have the following implication:
d(f)=f®wl = feCl

(3) We have as well the following formula:

(id@é)@fz/(}f

(4) The restriction of fG is the unique unital form satisfying:
(T®id)® =7(.)1
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PROOF. These results are all elementary, the proof being as follows:

(1) This is clear from definitions, because A itself is a coaction.

(2) Assume that f € C(G) satisfies A(f) = f ® 1. By applying the counit we obtain:
(e @id)Af = (e ®id)(f 1)

We conclude from this that we have f = ¢(f)1, as desired.

(3) The formula in the statement, (id ® [,)® f Jo f. follows indeed from the left
invariance property of the Haar functlonal of C(G), namely:

(s )1

(4) We use here the right invariance of the Haar functional of C'(G), namely:

([

Indeed, we obtain from this that tr = ( [,)|c(x) is G-invariant, in the sense that:
(tr @id)®f =tr(f)1
Conversely, assuming that 7: C'(X) — C satisfies (7 ® id)®f = 7(f)1, we have:

(T®/G) o(f) — /G(T®z'd)<1>(f)

- /G (r(F)1)
—

On the other hand, we can compute the same quantity as follows:

(T®/G)q)(f) — T(id®/g><1>(f)

= 7(tr(f)1)
= tr(f)
Thus we have 7(f) = tr(f) for any f € C(X), and this finishes the proof. O

Summarizing, we have a notion of noncommutative homogeneous space, which per-
fectly covers the classical case. In general, however, the group dual case shows that our
formalism is more general than that of the quotient spaces G/H.

We discuss now an extra issue, of analytic nature. The pomt indeed is that for one
of the most basic examples of actions, namely OF; ~ Sg 4, the associated morphism
a: C(X) — C(G) is not injective. The same is true for other basic actions, in the free
setting. In order to include such examples, we must relax our axioms:
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DEFINITION 5.6. An extended homogeneous space over a compact quantum group G
consists of a morphism of C*-algebras, and a coaction map, as follows,

a:C(X)— C(G)
d:C(X) = CX)O(G)
such that the following diagram commutes

C(X) . O0(X)®C(G)
« a®id
C(G) 2. 0@)20(G)
and such that the following diagram commutes as well,
C(X) L O0(X)®C(G)
e d® [
0(G) — " C(X)

where [ is the Haar integration over G. We write then G — X.

As a first observation, when the morphism « is injective we obtain an homogeneous
space in the previous sense. The examples with a not injective, which motivate the above
formalism, include the standard action OF ~ Sg'7', and the standard action Uy, ~ SE.
Here are a few general remarks on the above axioms:

PROPOSITION 5.7. Assume that we have morphisms of C*-algebras
a:C(X)— C(G)
o:CX)— CX)®C(G)
satisfying the coassociativity condition (o ® id)® = Aa.
(1) If « is injective on a dense x-subalgebra A C C(X), and ®(A) C A® C(G), then
® is automatically a coaction map, and is unique.
(2) The ergodicity type condition (id ® [)® = [«(.)1 is equivalent to the existence
of a linear form X\ : C(X) — C such that (id @ [)® = \(.)1.

Proor. This is something elementary, the idea being as follows:

(1) Assuming that we have a dense x-subalgebra A C C(X) as in the statement,
satisying ®(A) C A ® C(G), the restriction ®|4 is given by:

(I)‘A = (OqA (%9 id)ilAOqA
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This restriction and is therefore coassociative, and unique. By continuity, the mor-
phism & itself follows to be coassociative and unique, as desired.

(2) Assuming (id ®@ [)® = A(.)1, we have:

(a@/)d):A(.)l

On the other hand, we have as well the following formula:

(a@/)@z(id@/)Aa:/a(.)l

Thus we obtain A = [ «, as claimed. Il

Given an extended homogeneous space G — X in our sense, with associated map
a: C(X) — C(G), we can consider the image of this latter map:

a:C(X)—CY)cCG)

Equivalently, at the level of the associated noncommutative spaces, we can factorize
the corresponding quotient map G — Y C X. With these conventions, we have:
PROPOSITION 5.8. Consider an extended homogeneous space G — X.

(1) o(f)=f®l1l = feCl
(2) tr = [« is the unique unital G-invariant form on C(X).
(3) The image space obtained by factorizing, G — Y, is homogeneous.

ProoFr. We have several assertions to be proved, the idea being as follows:
(1) This follows indeed from (id @ [)®(f) = [ a(f)1, which gives f = [a(f)1.
(2) The fact that tr = [« is indeed G-invariant can be checked as follows:

(tr @id)®f = (fa®id)df
(f ®id)Aaf
[a(f1
— (/)1

As for the uniqueness assertion, this follows as before.
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(3) The condition (@ ®id)® = Aa, together with the fact that ¢ is injective, allows us
to factorize A into a morphism WV, as follows:

C(X) i C(X)® C(G)
a a®id
S R — - C(Y) ® C(G)
i i®id
C(G) 52— 0(G)®C(G)
Thus the image space G — Y is indeed homogeneous, and we are done. O

Finally, we have the following result:

THEOREM 5.9. Let G — X be an extended homogeneous space, and construct quotients
X = X', G — G by performing the GNS construction with respect to [«, [. Then «
factorizes into an inclusion o/ : C(X') — C(G’), and we have an homogeneous space.

Proor. We factorize G — Y C X as above. By performing the GNS construction
with respect to [ia, [, [, we obtain a diagram as follows:

C(X) : C(X')

C(Y) : C(Y") C
i i’ v

C(@) d C(@")

Indeed, with ¢tr = [ «, the GNS quotient maps p, ¢, r are defined respectively by:

kerp = {f € C(X)

tr(f ) =0}
kerg = {fecm)| =0}
kerr = {fec@)| =0}
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Next, we can define factorizations i’, o’ as above. Observe that ¢’ is injective, and that
o/ is surjective. Our claim now is that o’ is injective as well. Indeed:

ap(f)=0 = qa(f)=0
— [alrn=o
= tr(f"f)=0
= p(f)=0
We conclude that we have X’ = Y”, and this gives the result. O

5b. Partial isometries

Our task now will be that of finding a suitable collection of “free homogeneous spaces”,
generalizing at the same time the free spheres S, and the free unitary groups U. This
can be done at several levels of generality, and central here is the construction of the free
spaces of partial isometries, which can be done in fact for any easy quantum group. In
order to explain this, let us start with the classical case. We have here:

DEFINITION 5.10. Associated to any integers L < M, N are the spaces

Oy = {T : B/ — F isometry

EcR%FcM%@mE:L}

Ul y = {T : B/ — F isometry

EchFcCM@mmE:L}
where the notion of isometry is with respect to the usual real/complex scalar products.

As a first observation, at L = M = N we obtain the groups Oy, Uy:

Another interesting specialization is L = M = 1. Here the elements of O}, are the
isometries T : £ — R, with £ C RY one-dimensional. But such an isometry is uniquely
determined by 7-'(1) € RY, which must belong to S§ . Thus, we have O}, = S¥'.
Similarly, in the complex case we have U}y = S(JCV ~!and so our results here are:

1 _ gN-1 1 _ gN-1
OlN_SR ) UlN_S(C

Yet another interesting specialization is L = N = 1. Here the elements of Oj y are the
isometries T : R — F', with ' C RM one-dimensional. But such an isometry is uniquely
determined by T'(1) € RM, which must belong to Sa'~*. Thus, we have O},, = S

Similarly, in the complex case we have U}, = S¢'~!, and so our results here are:
1 _ oM-1 1 _ oM-1
Oi1 = Sk , U =S¢

In general, the most convenient is to view the elements of O%,, UL\ as rectangular
matrices, and to use matrix calculus for their study. We have indeed:
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PROPOSITION 5.11. We have identifications of compact spaces

O]%/[N ~ {U € MMXN(R)

UU" = projection of trace L}

ULy~ {U € MMxN((C)’UU* = projection of trace L}
with each partial isometry being identified with the corresponding rectangular matriz.

PrROOF. We can indeed identify the partial isometries 7' : ' — F' with their corre-
sponding extensions U : RN — RM U : CV — CM, obtained by setting Uz = 0. Then,
we can identify these latter maps U with the corresponding rectangular matrices. O

As an illustration, at L = M = N we recover in this way the usual matrix description
of On,Uy. Also, at L = M = 1 we obtain the usual description of Sg‘l, Sév_l, as row
spaces over the corresponding groups Oy, Uy. Finally, at L = N = 1 we obtain the usual
description of S]fgf -1 S(]CV ~!as column spaces over the corresponding groups O, Uy.

Now back to the general case, observe that the isometries T': £ — F, or rather their
extensions U : KV — KM with K = R, C, obtained by setting UL = 0, can be composed
with the isometries of KM KV, according to the following scheme:

K~ z KN U KM A KM

T

B(E) s - B

) AT - A(F)
With the identifications in Proposition 5.11 made, the precise statement here is:
PROPOSITION 5.12. We have action maps as follows, which are both transitive,
Ou xOn ~OY | (A B)U = AUB!
Uy xUx Uy, (A BU = AUB*

whose stabilizers are respectively O X Opr—r, X On_p and Uy X Upr—p, X Un_p.

ProoF. We have indeed action maps as in the statement, which are transitive. Let
us compute now the stabilizer G of the following point:

()

Since (A, B) € G satisfy AU = U B, their components must be of the following form:

=) ()
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Now since A, B are unitaries, these matrices follow to be block-diagonal, and so:

Gz{(AvB)‘A: (3 2)>B: (‘Zj 2)}

The stabilizer of U is parametrized by triples (x, a, b) belonging to O X Op—p X On_p,
and Uy, X Up;—r, X Uy_r, and we are led to the conclusion in the statement. O

Finally, let us work out the quotient space description of O%,\, UL \,. We have here:

THEOREM 5.13. We have isomorphisms of homogeneous spaces as follows,

O][\/4N = (OM X ON)/(OL X OMfL X ON—L)
U]{ZN = (UMXUN)/(ULXUM_LXUN_L)

with the quotient maps being given by (A, B) — AUB*, where U = (} ).

Proor. This is just a reformulation of Proposition 5.12; by taking into account the
fact that the fixed point used in the proof there was U = ( §). O

Once again, the basic examples here come from the cases L =M = Nand L = M = 1.
At L = M = N the quotient spaces at right are respectively:

Oy , Ux
At L = M =1 the quotient spaces at right are respectively:
On/On—1 , Uy/Un_1
In fact, in the general L = M case we obtain the following spaces:
Oy =On/On-m Uy =Un/Un-um

Similarly, the examples coming from the cases L = M = N and L = N = 1 are
particular cases of the general L = N case, where we obtain the following spaces:

ONiy =0n/On_n , Uy =Ux/Un_n

Summarizing, we have here some basic homogeneous spaces, unifying the spheres with
the rotation groups. The point now is that we can liberate these spaces, as follows:

DEFINITION 5.14. Associated to any integers L < M, N are the algebras

coy) = Cr ((uij)i:l,..A,M,j:L...,N‘u = @, wu' = projection of trace L)
cuky) = o ((Uij)i:17_“7M7j:1 _____ N‘uu*, uu' = projections of trace L)

with the trace being by definition the sum of the diagonal entries.
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Observe that the above universal algebras are indeed well-defined, as it was previously
the case for the free spheres, and this due to the trace conditions, which read:

* *
ij ij
We have inclusions between the various spaces constructed so far, as follows:

L+ L+
OMN UMN

L L
OMN UMN

At the level of basic examples now, at L = M =1 and at L = N = 1 we obtain the
following diagrams, showing that our formalism covers indeed the free spheres:

N-1 N-1 M-1 M-1
Spy —— 5S¢+ Sgy ——5c+

SN—I SN—I SM—I SM—l

R gle R (el

We have as well the following result, in relation with the free rotation groups:
PROPOSITION 5.15. At L = M = N we obtain the diagram

O% Uy

ON UN

consisting of the groups Oy, Uy, and their liberations.

ProOF. We recall that the various quantum groups in the statement are constructed
as follows, with the symbol x standing once again for “commutative” and “free”:

coy) = C; <(uij)i,j:17m7N‘u =a,uu’ = vlu = 1>

cuy) = Cf <(Uij)i,j:1’m7]\[‘uu* =vu*u = 1,0’ = v'a = 1)
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On the other hand, according to Proposition 5.11 and to Definition 5.14, we have the
following presentation results:

C(ON%) = C: ((uij)i,jzl,m,N‘u = 4, uu’ = projection of trace N)

C(Uyx) = C% ((uij)z‘,jzl,...,N
We use now the standard fact that if p = aa* is a projection then ¢ = a*a is a
projection too. We use as well the following formulae:
Tr(uu*) = Tr(u'a) , Tr(uu') = Tr(u*u)

We therefore obtain the following formulae:

uu*, uu' = projections of trace N )

coyx) = ¢ ((uij)i,j:L_,_,N’u = 1, uu’, u'u = projections of trace N)

cugy) = o ((u,-j)i,jzly._,,N’uu*,u*u,ﬂut,utﬂ = projections of trace N)
Now observe that, in tensor product notation, the conditions at right are all of the
form (tr ® id)p = 1. Thus, p must be follows, for the above conditions:
p = wu*, vy, wut, vt
We therefore obtain that, for any faithful state ¢, we have (tr ® ¢)(1 —p) = 0. It
follows from this that the following projections must be all equal to the identity:
p = wu*, vy, wut, vt
But this leads to the conclusion in the statement. O
Regarding now the homogeneous space structure of O}I}XN, U ]%V, the situation here is
a bit more complicated in the free case than in the classical case, due to a number of
algebraic and analytic issues. We first have the following result:
PROPOSITION 5.16. The spaces UIL\ﬁV have the following properties:
(1) We have an action Uy x U ~ U/, given by ugg — >ty @ ag; @ bj;.
(2) We have a map Uy, x U — Uily, given by ui; — > r<r @ri @b

Similar results hold for the spaces O]@XN, with all the x exponents removed.

PRrROOF. In the classical case, consider the following action and quotient maps:

Uy xUx Uy, Uy xUx — Uy

The transposes of these two maps are as follows, where J = (} J):
v — ((UAB)—= ¢(AUBY))
¢ — ((A,B) = ¢(AJB"))
But with ¢ = w;; we obtain precisely the formulae in the statement. The proof in the
orthogonal case is similar. Regarding now the free case, the proof goes as follows:
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(1) Assuming uu*u = u, let us set:

Uj= uu®ay @b},
=

We have then the following computation:

(UUU)y = Z Z Uk Uy st & Wiy Uisg @ bbby

pq klmnst
* k
= g Ukl Uy Ut @ Qg @ by
klmt
&
= E Ukt ® ag; @ by
et
Also, assuming that we have . u;uj; = L, we obtain:
* * * *
ij ij klst
= E ukluzl ® 1 ® 1
il
= L

(2) Assuming uu*u = u, let us set:
Vij = an @b
r<L
We have then the following computation:

(VVV)ig = D ) it g ® bl byb%,

pq z,y,2<L

= Zaxi & b;j

<L
= Vz‘j
Also, assuming that we have Z cuiju;; = L, we obtain:

D ViV o= YD andi @by
i

iy r,s<L

2.1
I<L
= L

By removing all the % exponents, we obtain as well the orthogonal results.

107
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Let us examine now the relation between the above maps. In the classical case, given
a quotient space X = G/H, the associated action and quotient maps are given by:

a:XxG—X : (Hg,h)— Hgh
p:G—=X : g— Hyg

Thus we have a(p(g), h) = p(gh). In our context, a similar result holds:
THEOREM 5.17. With G = Gy x Gn and X = G, where Gy = O%, Uy, we have

G x G s G
pxid P
X x G = X

where a,p are the action map and the map constructed in Proposition 5.16.

PROOF. At the level of the associated algebras of functions, we must prove that the
following diagram commutes, where ®, o are morphisms of algebras induced by a, p:

P

C(X) C(X xG)
« a®id
C(G) 2 C(G % G)

When going right, and then down, the composition is as follows:

(a@id)(uy) = (a@id)D un® ay @b},
kl

= > ) 0 @b ®a @b,

kl r<L

On the other hand, when going down, and then right, the composition is as follows,
where Fys is the flip between the second and the third components:

A?T(Uij) = FQg(A & A) Z Ari & bi]

r<L

= Iy (Z Z arp @ ap; @ by @ b}’})

r<L kl

Thus the above diagram commutes indeed, and this gives the result. U
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5c. Partial permutations
Let us discuss now some discrete extensions of the above constructions. We have:

DEFINITION 5.18. Associated to a partial permutation, o : [ ~ J with I C {1,...,N}
and J C {1,..., M}, is the real/complex partial isometry

1€ I> — span <ej

T, : span (ei j € J)
giwen on the standard basis elements by T, (e;) = €q(;)-

Let SI, v be the set of partial permutations o : I ~ J as above, with range I C
{1,..., N} and target J C {1,..., M}, and with L = |I| = |J|. We have:

PROPOSITION 5.19. The space of partial permutations signed by elements of Zs,
ijN = {T(ei) = Wiey(;)|0 € S]@N,wi € Zs}
s 1.somorphic to the quotient space
(Hy x HY)/(Hp < Hy_p, x HY_p)
via a standard isomorphism.

Proor. This follows by adapting the computations in the proof of Proposition 5.12
and Theorem 5.13. Indeed, we have an action map as follows, which is transitive:

H, x Hy, — Hif . (A, B)U = AUB*

Consider now the following point:

76 o)

The stabilizer of this point follows to be the following group:
Hp < Hy < Hy

To be more precise, this group is embedded via:

o= (5 a)-(6 0)

But this gives the result. U

In the free case now, the idea is similar, by using inspiration from the construction of
the quantum group H3' = Z 1. Sy. The result here is as follows:

PRrROPOSITION 5.20. The compact quantum space H]swLﬁ associated to the algebra
C(Hf\ﬁ;) = C(U]’\:ﬁ,)/ <uiju;<j = uj;u;; = pij = projections, uy; = pij>

has an action map, and is the target of a quotient map, as in Theorem 5.17.
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Proor. We must show that if the variables u;; satisfy the relations in the statement,
then these relations are satisfied as well for the following variables:

Uiy = Zukl Qap @by, V= Zam' ® by,
kl r<L

We use the fact that the standard coordinates a;;, b;; on the quantum groups Hy/, Hy'
satisfy the following relations, for any x # y on the same row or column of a, b:

xy=xy =0
We obtain, by using these relations, the following formula:
UZ]U* Z uk‘lumn & ag;a mi & bl] mj Z ukluk‘l & G/klakl ® bljbl]
klmn kl
On the other hand, we have as well the following formula:
ViiVis = Z ariay; @ by by = Zama ® by ;b
rt<L r<L

. - . . _
In terms of the projections z;; = a;;aj;, yi; = bizbi;, pij = wijuy;, we have:

Ui U = Zpk:l Qur @y , VijVii = Ziﬂm‘ & Yrj
kl r<L

By repeating the computation, we conclude that these elements are projections. Also,

a similar computation shows that U};Uy;, V;;Vi; are given by the same formulae. Finally,

once again by using the relations of type xy = zy* = 0, we have:
:Zuklll e Ukgl, ®ak1i...aksi®b2‘1j.. Zukl@)am blj)
el
On the other hand, we have as well the following formula:
- Z Gryi - -+ Orgi @ brm b:sj - Z tp; & (b:J)S
r <L r<L

Thus the conditions of type uj; = p;; are satisfied as well, and we are done. O
Let us discuss now the general case. We have the following result:

PROPOSITION 5.21. The various spaces G& 5 constructed so far appear by imposing
to the standard coordinates of U J\Lﬂv the relations

es __ 7 |mVol
g E O ( zul"'“isjs_L
1.5 ]1 ]s

with s = (e1, ..., es) ranging over all the colored integers, and with w,0 € D(0, s).
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PROOF. According to the various constructions above, the relations defining the quan-
tum space G%, 5 can be written as follows, with ¢ ranging over a family of generators,
with no upper legs, of the corresponding category of partitions D:

25 11]1" 15]5_5()
.71 .75
We therefore obtain the relations in the statement, as follows:

€s _ 55
E:E:(s ml'uisjs - 2:5 2:5 1131" Zsas

1185 J1---Js 11...1s Ji---Js

= Z 0 ()05 (1)

11...0s

— L|7rVo|

As for the converse, this follows by using the relations in the statement, by keeping 7
fixed, and by making o vary over all the partitions in the category. U

In the general case now, where G = (G y) is an arbitary uniform easy quantum group,
we can construct spaces G4, by using the above relations, and we have:

THEOREM 5.22. The spaces G%JN C UAL/[JIF\, constructed by imposing the relations
Z Z O 11]1 : uf;js = L
U185 J1---Js

with 7,0 ranging over all the partitions in the associated category, having no upper legs,
are subject to an action map/quotient map diagram, as in Theorem 5.17.

PrRoOOF. We proceed as in the proof of Proposition 5.20. We must prove that, if the
variables u;; satisfy the relations in the statement, then so do the following variables:

ij :Zukl@)aki@b?j : ‘/ijzzam'@b:j
kl r<L
Regarding the variables U;;, the computation here goes as follows:

Z Z 5 Ulellh‘ Ulejja

11.ds J1--Js

= DT D g, @003, ()agt, - af, © (b, BT

1105 J1.-Js k1. ks 1.5

— €s
= E , E :5 uk111 U,

ki..ksly..0s
_ L|7rVo'|
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For the variables V;; the proof is similar, as follows:

SN 66V, -V,

11...05 ]1 ]s

o 2 : 2 : 2 : €s €s €1 \*
- allll e alsis ® (blg.js bll.?l)

1.8 J10-Js U1y ls <L
= 2 050
l1,...,ls<L
— L\W\/U|

Thus we have constructed an action map, and a quotient map, as in Proposition 5.20,
and the commutation of the diagram in Theorem 5.17 is then trivial. O
5d. Integration results

Let us discuss now the integration over the various noncommutative spaces constructed
so far, and notably over the spaces G%,,, which are quite general. We first have:

DEFINITION 5.23. The integration functional of G%;y is the composition
/ L O(GYy) = C(Gy x Gy) = C
G

L
MN

of the representation u;; — ngL ar; @ by; with the Haar functional of Gy X Gy.

Observe that in the case L = M = N we obtain the integration over Gy. Also, at
L=M=1,or at L =N =1, we obtain the integration over the sphere.

In the general case now, we first have the following result:

PROPOSITION 5.24. The integration functional of G%, 5 has the invariance property

</G ®id><1>(x):/G .

NN
with respect to the coaction map, namely:

(I) UZ] Z Ukl X Qi X bl]
kl

L
MN

PROOF. We restrict the attention to the orthogonal case, the proof in the unitary case
being similar. We must check the following formula:

/ & Zd @(uiljl . ‘uisjs) = / uiljl .. .uisjs
GL GL
MN

MN
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Let us compute the left term. This is given by:

to </ N Zd) Z Ukyly - - - Ukl ® Qi - ksts ® bll]l te b?sjs
Glrn

kazls
_ * * * *
= E E Alyiy + - - Agig X blljl Ce blsjs / Apikq - - Qpgkyg / lell c. bT‘sls
koly 1o <L Gm Gn
—= a,k”l o« e akszs / arlkl . a/Tsks ® bll]l . g‘]g / Tlll . b
re<L ke Gm G

By using now the invariance property of the Haar functlonals of Gy, G, we obtain:

X = Z (/GM® id) Ay - Qry) @ (/GN® id) Ay, - br )

re<L
- Z / Qrygq - - Qpgig / bil]l e b:ﬂe
re<L Gum Gn
B (/ ®/ ) Z Qryiq - - - Qpgig ® bjl]l T b:sjs
o Jan/ T2
But this gives the formula in the statement, and we are done. U

We will prove now that the above functional is in fact the unique positive unital
invariant trace on C(G%,,). For this purpose, we will need the Weingarten formula:

THEOREM 5.25. We have the Weingarten type formula

/ Uiyt = 3 LTS, (18, () Wart (7, 0) Wan (7, )
GL

MN TOoOTV

where the matrices on the right are given by Wy = Gs_z\14: with Gy (m,0) = MI™Vel,

ProoFr. We make use of the usual quantum group Weingarten formula, that we know
from chapters 2-3. By using this formula for Gj;, Gy, we obtain:

_ . . k k
Uy gy -0« Uigjy = E Aligq -+ - ALy bl1j1 c. blsjs
L
G 11..1s<L Gu Gn

= Z Z(S 9o ( SMWUZ(S N(T, V)

1...l1s<L 7wo

= Z( Z 57r<l)6-,—(l)> §g(i)5u(j)WsM<7rﬂa>WsN(T7V)

motv \ly...1s<L

The coefficient being LI™7! we obtain the formula in the statement. U
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We can now derive an abstract characterization of the integration, as follows:
THEOREM 5.26. The integration of G%, is the unique positive unital trace
C(GEy) —C
which is invariant under the action of the quantum group Gy X Gy.

PROOF. We use a standard method, from [11], the point being to show that we have
the following ergodicity formula:

(id®/aM®/cN>®(x):/cL v

MN

We restrict the attention to the orthogonal case, the proof in the unitary case being
similar. We must verify that the following holds:

<Zd (029 / / ) U“]l . ulsjs) / U’hjl RN uisjs
Gum Gn GL

MN

By using the Weingarten formula, the left term can be written as follows:

X = Ukqly - - - Ukgl, / Alriq « - - Algig / blljl .. blsjs
GM GN

ki...ksly...ls

= E E uklll . Uk ls E (5 sM ™, O' E 5 sN(T V)
ki..ks ly...ls

= E 5 sM(?T O' sN T, V E E (5 uklll v Ukl
ToTV ki..ksly...ls

By using now the summation formula in Theorem 5.25, we obtain:

X = Z Ll’TVT‘é (W (7, 0)Wen (T, V)

TOoOTV

Now by comparing with the Weingarten formula for G%,,, this proves our claim.
Assume now that 7 : C(G%, ) — C satisfies the invariance condition. We have:

(e [ o) )ow = (o [ e[, ) ot
_ (/GM@@/GN) (r @ id)D(x)
_ (/GM®/GN) (r(2)1)

= 7(z)
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On the other hand, according to the formula established above, we have as well:

T(id@/GM®/GN> O(z) = 7(tr(z)1)

= tr(x)
Thus we obtain 7 = tr, and this finishes the proof. U

As a main application of the above results, we have:
PROPOSITION 5.27. For a sum of coordinates of the following type,
XE = Z Ui
(ij)€EE
with the coordinates not overlapping on rows and columns, we have

/ XE = Z K™ LW (7, 0)Wn (T, 1)
a

L
MN ToOTV

where K = |E| is the cardinality of the indexing set.
Proor. With K = |E|, we can write F = {(«(i), 5(7))}, for certain embeddings:
a:{l,....,K}c{l,....M}

g:{1,....,K} C{1,...,N}
In terms of these maps «, 3, the moment in the statement is given by:

M, = / i (Z “a(i)ﬁ(i)>
Gun 1<K

By using the Weingarten formula, we can write this quantity as follows:

M,
B / Z Ua(iy)Bir) - - - Ya(is)B(is)
GL

MN 41...is<K

= > > LYs(alin).. .., alis)d(B(i), .. ., Blis)) W (7, 0) Wen (7, 1)

i1...is<K moTVv

_ Z( > aﬂ<z'>5f<z'>> LW, (, )W (7, )

ToTV \i1...1s <K

But, as explained before, in the proof of Theorem 5.25, the coefficient on the left in
the last formula is C' = K/™7|. We therefore obtain the formula in the statement. Il

At a more concrete level now, we have the following conceptual result, making the
link with the Bercovici-Pata bijection [19]:
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THEOREM 5.28. In the context of the liberation operations
Oy = Oxly » Unn = Uiy, Hiry = Hypy

the laws of the sums of non-overlapping coordinates,

XE = Z Uyj

(ij)ekE
are in Bercovici-Pata bijection, in the
|E| = kN, L = AN, M = uN

regime and N — oo limit.

PRroor. This follows indeed from the formula in Proposition 5.27.

5e. Exercises

Exercises:

EXERCISE 5.29.
EXERCISE 5.30.
EXERCISE 5.31.
EXERCISE 5.32.
EXERCISE 5.33.
EXERCISE 5.34.

Bonus exercise.



CHAPTER 6

Affine spaces

6a. Affine spaces

We discuss now an abstract extension of the constructions of manifolds that we have
so far. The idea will be that of looking at certain classes of algebraic manifolds X C S(C
which are homogeneous spaces, of a certain special type. We have:

+

DEFINITION 6.1. An affine homogeneous space over a closed subgroup G C Uy is a

closed subset X C Sp 1, such that there exists an index set I C{1,..., N} such that

Oé('ri i ®(xz) = T; ® Uj;
\/‘T; J ; J J

define morphisms of C*-algebras, satisfying the following condition,

(id@/G)(I):/Ga(.)l

called ergodicity condition for the action.

As a basic example, O — Sﬂg ~! is indeed affine in our sense, with I = {1}. The
same goes for Ul — SN 1 +, which is affine as well, also with I = {1}. Observe also that
the 1/4/]I| constant appearing above is the correct one, because:

¥ (Su) (Su) - X u

i jeI kel i jkel

= Y (uu)u

7.kel

= |
As a first general result about such spaces, we have:

PROPOSITION 6.2. Consider an affine homogeneous space X, as above.

(1) The coaction condition (® ® id)® = (id ® A)® is satisfied.
(2) We have as well the formula (o ® id)® = Aa.

117
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PROOF. The coaction condition is clear. For the second formula, we first have:

(@@ Be) = 3ata) ®us

= ﬁzzugk@mm

J€el

On the other hand, we have as well the following computation:

Aa(x;) = ZA wji)

= ﬁzzuﬂc@um

Jjel  k

Thus, by linearity, multiplicativity and continuity, we obtain the result. U

As a second result regarding such spaces, which closes the discussion in the case where
« is injective, which is something that happens in many cases, we have:

THEOREM 6.3. When « s injective we must have X = ngiln, where:

C(Xgm) <\/|TEI wji|i = ,...,N>CC(G)

Moreover, Xmm is affine homogeneous, for any G C Uy, and any I C {1,...,N}.

PRrROOF. The first assertion is clear from definitions. Regarding now the second asser-
tion, consider the variables in the statement:

i Z U,ﬂ S C
In order to prove that we have X7’ v S(c ., observe first that we have:

i g,kel

jkGI
=1
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On the other hand, we have as well the following computation:

1

i g,kel

1 _
= mZ(UUt)jk
J,kel
=1

Thus X#7 C Sg ', Finally, observe that we have:

A(X;) = \/%ZZUM@)UM

jel k&
= E Xi ® ug;
i

Thus we have indeed a coaction map, given by ® = A. As for the ergodicity condition,
namely (id® [,)A = [,(.)1, this holds as well, by definition of the integration functional
J. o Thus, our axioms for affine homogeneous spaces are indeed satisfied. U

Now back to the general case, we have the following key result:

PROPOSITION 6.4. The ergodicity condition, namely

<id®/)®:/a(.)1
G G
s equivalent to the condition

1 . .
(P:L'®k)i1.."ik = T Z Py ipgrge > VRN, 0
where P is the matrix formed by the Peter-Weyl integrals of exponent k,

- er ek
P igrdn _/ujlil"'ujkik
G

€1 x?k

®kY., | _
and where (x®%);, 5 = x§! ... 77"

ProOF. We have the following computation:

. el €L _ el €L el €L
(zd@/c) O(xf) .. w5F) = E Ly /Gujlil"'ujk-ik

J1e--Jk
_ L (p®RYy
= § Rl---lkvﬂl---]k(x )]1---]k
J1---Jk

= (Pa®")

i1 g
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On the other hand, we have as well the following computation:

€1 €k —
/Ga(xil s Izk) - § : / J1Z1 T ]k'Lk

Jl Je€l
= B, AksJ1Jk
J1 Je€l
But this gives the formula in the statement, and we are done. U

As a consequence, we have the following result:

THEOREM 6.5. We must have X C X@9", as subsets of S(CJr , where:
C(Xmam) . C(sé\f;l)/ <(P$®k)zllk — |I| Z P’Ll g1 Jk‘Vk VZl, e >
Ji..-gr€l

Moreover, XZ9" is affine homogeneous, for any G C Uy, and any I C {1,...,N}.

PROOF. Let us first prove that we have an action G ~ XZ7". We must show here
that the variables X; =}, x; ® uy; satisfy the defining relations for X&9". We have:

(PX@k)nzk - Z 11,1 lk ®k)l1...l,y€

1.0,

_ o el ek ek
= D Pt D 5wl @ ui,

l1..0g J1---Jk
_ E e1 ek Qkpty
- le s 'Tjk ® (U P )]1-~']k77'1~"7/k
J1---Jk

Since by Peter-Weyl the transpose of Py, i, j,..j. = Jo Wi - - - U, is the orthogonal
projection onto Fiz(u®*), we have u®* Pt = P!. We therefore obtain:

®k _ § ek
(PX )lek - —le Zkv]l ]k Jl “ e l’]k

J1---Jk
= (P:E@k)h g

= \/—| Z B i grein

Ji---Jr€l

Thus we have an action G ~ XZ4*, and since this action is ergodic by Proposition
6.4, we have an affine homogeneous space, as claimed. O

We can now merge the results that we have, and we obtain:
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THEOREM 6.6. Given a closed quantum subgroup G C Uy, and a set I C {1,..., N},
if we consider the following C*-subalgebra and the following quotient C*-algebra,

C(XgT) = <\/\TZ Uji

Jel

C(Xmax) = O(Sgll)/ <(Px®k)i1...ik = Z ittt g | V5 Vi1, - - ’ik>

J1 Jr€l

,...,N>CC(G)

then we have maps as follows,

the space G — X@9" is affine homogeneous and any aﬁine homogeneous space G — X
appears as an intermediate space X¢ i X C X&'

ProoF. This follows indeed from the various results that we have, namely Theorem
6.3 and Theorem 6.5, regarding the minimal and maximal constructions. U

At the level of the general theory, based on Definition 6.1, we will need as well:

THEOREM 6.7. Assuming that G — X is an affine homogeneous space, with index set
I c{1,...,N}, the Haar integration functional [, = [, o is given by

[t = Y K@@, Wn(.0)
X m,0€D

where {&|m € D} is a basis of Fiz(u®*), Win = Gy with Gyn(m,0) =< &, &, > is the
associated Weingarten matriz, and K;(m) = \/Ilﬂ D igeer &)

PROOF. By using the Weingarten formula for the quantum group G, in its abstract
form, coming from Peter-Weyl theory, we have:

1
/xzell‘rf: - T Z Wiy, - ch’Lk
X V. [\

Ji--gk€l

= \/— Z Z (éx) J1--Jk ’fa i.. szkN<7T o)

J1...jx €l mo€D

But this gives the formula in the statement, and we are done. U

With this discussed, let us go back now to the “minimal vs maximal” discussion, in
analogy with the group algebras. Here is a natural example of an intermediate space
Xa e X X ¢'7", which will be of interest for us, in what follows:
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THEOREM 6.8. Given a closed quantum subgroup G C Uy, and a set I C {1,..., N},
if we consider the following quotient algebra

C(XmEd) /<Z§Jl GeLgy - ]k: \/W Z Ejrvin

J1---Jk Ji--Jr€l

Vk,V¢ € Fiz(u ®k)>

we obtain in this way an affine homogeneous space G — X¢ 1.

PRrROOF. We know from Theorem 6.5 that X77" C SN ~! is constructed by imposing
to the standard coordinates the conditions Pz®* = P7, Where

P

. . J— €1 €k
110510k / U’jlil e ujklk
G

I §
Pil“.lk - \/_ Z1 AksJ1---Jk

Jr-Jr€l
According to the Weingarten integration formula for G, we have:

(P50 = Z Z (Em)iron (Eo)iy iy Wan (m, )t

J1-- jk moeD

‘F)lll A = \/_ Z Z 57" J1---Jk gU .. szkN<7T U)

J1.--jx €l mo€D

Thus Xg'9" € X#%*, and the other assertions are standard as well. 4
We can now put everything together, as follows:

THEOREM 6.9. Given a closed subgroup G C Uy, and a subset I C {1,..., N}, the
affine homogeneous spaces over G, with index set I, have the following properties:

(1) These are ezxactly the intermediate subspaces X””” C X C X@9" on which G acts
affinely, with the action being ergodic.

(2) For the minimal and mazimal spaces Xmm and XZ9, as well as for the inter-
mediate space Xmed constructed above, these conditions are satisfied.

(3) By performing the GNS construction with respect to the Haar integration func-
tional fX fGa we obtain the minimal space Xmm

We agree to identify all these spaces, via the GNS construction, and denote them X¢ 1.

Proor. This follows indeed by combining the various results above. U

6b. Basic examples

Let us discuss now some basic examples of affine homogeneous spaces, namely those
coming from the classical groups, and those coming from group duals. We will need:
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PROPOSITION 6.10. Assuming that a closed subset X C Sg;l 1s affine homogeneous
over a classical group, G C Uy, then X itself must be classical, X C Sg_l.

PRrROOF. We use the well-known fact that, since the standard coordinates u;; € C(G)
commute, the corepresentation u°°*® = u®? ® u®? has the following fixed vector:

62261‘@)6]'@61‘@6]'
j
With k£ = o o e e and with this vector £, the ergodicity formula reads:
1
TrTIT; = 1
2t = T

JeI

=1

*
7

Z(xixj — x]xl)(aﬁ;xf — x;kx;‘)

By using this formula, along with >, z,27 = ), zfx; = 1, we obtain:

ij
= Za:zxjx;xf — LT TG — T+ T
ij
= 1-1-1+41
=0
We conclude that for any ¢, j the following commutator vanishes:
[.QTZ', l’j] =0

By using now this commutation relation, plus once again the relations defining the
free sphere Sév ;1, we have as well the following computation:

* * * *
E (wix — wiwy) (zj2] — xixy)
ij
_ * * * * * * * *
= E $i$]~l’jl’i — xil’jﬂfiiﬂj — l'jfﬁil'jl'i + ijl’ifEiZUj
ij

_ * * * * * * * *
= E .leiﬂfj.’Ej.Ti — ilfil'il'j.’ﬂj — :L“jxjxﬂi + ij.’ﬂiﬂ?ix]’
ij
= 1-1-1+4+1
= 0
Thus we have [z;, 7] = 0 as well, and so X C S as claimed. d

We can now formulate the result in the classical case, as follows:
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THEOREM 6.11. In the classical case, G C Uy, there is only one affine homogeneous
space, for each index set I = {1,..., N}, namely the quotient space

X =G/(GNCY)
where CL, C Uy is the group of unitaries fiving the following vector,

1
&r= W(@e])i

which generalizes the complex bistochastic group, Cy C Uy.

ProOOF. Consider an affine homogeneous space G — X. We know from Proposition
6.10 that X is classical. We will first prove that we have X = X", and then we will

prove that X¢' o equals the quotient space in the statement.

(1) We use the well-known fact that the functional £ = (id ® [,,)® is the projection
onto the fixed point algebra of the action, given by:

c(x)*={re c<x>\<1><f> = ret}
Thus our ergodicity condition, namely E = [« o @(.)1, shows that we must have:
C(X)* =Cl1
But in the classical case the condition ®(f) = f ® 1 reformulates as:
flgz) = f(x) , VgeGreX

Thus, we recover in this way the usual ergodicity condition, stating that whenever a
function f € C(X) is constant on the orbits of the action, it must be constant. Now
observe that for an affine action, the orbits are closed. Thus an affine action which is
ergodic must be transitive, and we deduce from this that we have:

X szn

(2) We know that the inclusion C'(X) C C(G) comes via:

€Ty =

T

Thus, the quotient map p: G — X C Sg ~1is given by the following formula:

p(9) (\/F;gﬂ)
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In particular, the image of the unit matrix 1 € G is the following vector:

= (e )

= &
But this gives the quotient space result in the statement.

(3) Finally, regarding the last assertion, stating that our group C4 C Uy generalizes
the complex bishochastic group Cy C Uy, this is more of a comment, coming from
definitions. Indeed, C consists by definition of the unitary matrices ¢ € Uy which are
bistochastic, meaning having the same sums on rows and columns. But this bistochasticity
condition is equivalent to the following condition, with & being the all-1 vector:

g§=¢

Thus, our group CL C Uy generalizes indeed the group Cy C Uy, as claimed. U

Let us discuss now the group dual case. For simplifying, we will discuss the case of the
“diagonal” embeddings only. Given a finitely generated discrete group I' =< g1, ..., gy >,
we can consider the following “diagonal” embedding:

T CUS , =050
With this convention, we have the following result:
THEOREM 6.12. In the group dual case, G = T with T =< gi,...,gn >, we have
X=I; : Ij=<gliel>cT
for any affine homogeneous space X, when identifying full and reduced group algebras.

PROOF. Assume indeed that we have an affine homogeneous space G — X. In terms
of the rescaled coordinates h; = /|I|x;, our axioms for «, ® read:

Oé(hi) = Oic1¥i (I)(hi) =h; ®g;



126 6. AFFINE SPACES

As for the ergodicity condition, this translates as follows:

(id@/) @(hel...hep):/a(hff...hfp)
a ,, G P

= (id@/) (hil . hf @ g5l gih) /5i1€1...5ip€[gfll...gf:
e a

< 1 ) )
(595‘11 glp 1h h — 591611 “gfg’l(s“ej...(szpej

— [91’11 - -gz': =1 = hfll ‘ hfﬁ = djer - -5ipef]
Now observe that from ¢,g] = g7g; = 1 we obtain in this way:

Thus the elements h; vanish for i ¢ I, and are unitaries for ¢ € I. We conclude that

we have X = K, where A =< h;|i € I > is the group generated by these unitaries. In
order to finish now the proof, our claim is that for indices i, € I we have:
gfll...gfzf =1 < h'...h" =1

ip

Indeed, = comes from the ergodicity condition, as processed above, and <= comes
from the existence of the morphism «, which is given by a(h;) = g;, for i € I. O

Let us go back now to the general case, and discuss a number of further axiomatization
issues, based on the examples that we have. We will need the following result:

PROPOSITION 6.13. The closed subspace Ot C Uy defined via
C(CF) = CWUR) [ (ugr = &)

where £ = ﬁ(&g)h is a compact quantum group.

ProoOF. We must check Woronowicz’s axioms, and the proof goes as follows:

(1) Let us set U;; = >, wir ® ugj. We have then:

Uli: Uw
(U&r) ﬁz
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Since the vector &; is by definition fixed by u, we obtain:

(U&= Zuz‘k®(§1)k

= (5})1 ® 1

Thus we can define indeed a comultiplication map, by A(u;;) = Uj;.

(2) In order to construct the counit map, e(u;;) = d;;, we must prove that the identity
matrix 1 = (0;;);; satisfies 1£; = £;. But this is clear.

(3) In order to construct the antipode, S(u;;) = uj;, we must prove that the adjoint
matrix u* = (u};);; satisfies u*§; = ;. But this is clear from ué; = &;. U

Based on the computations that we have so far, we can formulate:

THEOREM 6.14. Given a closed quantum subgroup G C Uy and a set I C {1,..., N},
we have a quotient map and an inclusion map as follows:

G/(GnN C”) — Xmm C X&7"
These maps are both isomorphisms in the classical case. In general, they are both proper.

Proor. Consider the quantum group H = G N C]IV*, which is by definition such that
at the level of the corresponding algebras, we have:

C(H) = C(G) [ (ugs = &)

In order to construct a quotient map G/H — Xg?i]‘, we must check that the defining
relations for C(G/H) hold for the standard generators z; € C'(XZ"). But if we denote
by p: C(G) — C(H) the quotient map, then we have, as desired:

(id® p)Azx; = (id® p) ( u; ®u]>
m ;2}; kU
Zuz‘k®(€l)k
k

In the classical case, Theorem 6.11 shows that both the maps in the statement are
isomorphisms. For the group duals, however, these maps are not isomorphisms, in general.
This follows indeed from Theorem 6.12, and from some basic computations. U

We discuss now a number of further examples. We will need:
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PROPOSITION 6.15. Given a compact matriz quantum group G = (G, ), the pair
G' = (G, u")
where (u');; = wji, is a compact matriz quantum group as well.

PRrROOF. The construction of the comultiplication is as follows, where ¥ is the flip:
Ay =D (u)a @ Wy <= Allup) =Y ki @ uj
k k
— A'=3YA

As for the corresponding counit and antipode, these can be simply taken to be (e, .5),
and the axioms of Woronowicz are then satisfied. O

We will need as well the following result, which is standard too:

PROPOSITION 6.16. Given closed subgroups G C Uy, and H C Uy, with fundamental
corepresentations u = (u;;) and v = (vg), their product is a closed subgroup

G x HcCUyy,
with fundamental corepresentation Wiq j, = Uij @ Vgp.

PROOF. Our claim is that the corresponding structural maps are as follows:
Ala® ) = A(a)13A(8)2
e(a® f) = e(a)e(p)
Sla® ) =S(@)S(p)
Indeed, the verification for the comultiplication goes as follows:
A(wm,jb) = A(uij)13A(Uab)24
= ) Ui ® e ® Uy @ Ve

ke

= E Wia, ke ® Wke,jb
kc

For the counit, we have the following computation:
e(Wiajp) = €(uij)e(vap)
5ij5ab

5ia,jb
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As for the antipode, here we have the following computation:

S(wiagp) = S(uij)S(vap)

i
= (ivea)"

= w

*
Up, U

jb,ia
We refer to Wang’s paper [89] for more details regarding this construction. O

We will need one more ingredient, which is a definition, as follows:

DEFINITION 6.17. We call a closed quantum subgroup G C Uy self-transpose when we
have an automorphism T : C(G) — C(G) given by T'(w;;) = uj;.

With the above notions and general theory in hand, let us go back to the affine
homogeneous spaces. As a first result here, any closed subgroup G' C U appears as an
affine homogeneous space over an appropriate quantum group, as follows:

THEOREM 6.18. Given a closed subgroup G C Uy, we have an identification
Xg“}” ~
gwen at the level of standard coordinates by x;; = j—ﬁuij, where:

(1) 6=G"xG C U;\;g, with coordinates wiq j, = Wji @ Ugp-
(2) I C{1,...,N}? is the diagonal set, I = {(k,k)|k=1,...,N}.

In the self-transpose case we can choose as well G = G x G, with Wiq j, = Uij @ Ugp-

PROOF. As a first observation, our closed subgroup G C U appears as an algebraic
submanifold of the free complex sphere on N? variables, as follows:

N2-1 _ 1
G - S(C,—‘r s ZL‘Z‘]‘ = _uij

VN
Let us construct now the affine homogeneous space structure. Our claim is that, with
G=G"xGand I ={(k,k)} as in the statement, the structural maps are:

a=A , ®=(2®idA?

Indeed, in what regards o« = A, this is given by the following formula:
a(u;j) = Z Uik @ Up; = Zwkk,ij
k k
Thus, by dividing by v/N, we obtain the usual affine homogeneous space formula:

1
o) = S ; Wk, ij
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Regarding now ® = (X ® id)A®), the formula here is as follows:

P(uy) = (E®id) Zuzk & Up D Uy
il

= Zukl @ Uk, & Uy

kl
= Z Ugp & Wi i
kl
Thus, by dividing by v/N, we obtain the usual affine homogeneous space formula:
O (z45) = Z Tt @ Wi 45
kl

The ergodicity condition being clear as well, this gives the first assertion. Regarding
now the second assertion, assume that we are in the self-transpose case, and so that we
have an automorphism 7" : C(G) — C(G) given by T'(u;;) = uj;. With wiq jp = Uij @ Ugp,
the modified map o = (T ® id)A is then given by the following formula:

a(uy) = (T@id)Y  up®
k
= ZUM@UM
k
= Zwkk,ij
k

As for the modified map ® = (id ® T ® id)(X ® id)A?), this is given by:

Oluy) = ([d@T @id) > up @ u ®
kl

= E Ukl @ Upi & Uy

kl
= E Up; Q W45
kl

Thus we have the correct affine homogeneous space formulae, and once again the
ergodicity condition being clear as well, this gives the result. U

Let us discuss now the generalization of the above result. We have:
DEFINITION 6.19. Given a closed subgroup G C Uy, and an integer M < N we set
O(GMN) = <Uij

and we call row space of G the underlying quotient space G — Gy .

ie{l,...,M},je{l,...,N}>CO(G’)
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As a basic example here, at M = N we obtain the quantum group G itself. Also, at
M =1 we obtain the space whose coordinates are those on the first row of coordinates
on G. Finally, in the case of the basic quantum unitary and reflection groups, these are
particular cases of the partial isometry spaces discussed in chapter 5.

Given Gy C Uy and an integer M < N, we can consider the quantum group Gy =
Gy NU,,, with the intersection taken inside U}, and with U,; C Uy given by:

u = diag(v, In—n)

Observe that we have a quotient map C(Gn) — C(Gu), given by w;; — v;;. With
these conventions, we have the following extension of Theorem 6.18:

THEOREM 6.20. Given a closed subgroup Gy C Uy, we have an identification
Xgl}” ~ Gun
gien at the level of standard coordinates by x;; = \/Lﬁuij, where:
(1) G = Gy x Gy C Uy, where Gy = Gy NUY,, with coordinates as follows:
Wiq,jb = Uj; @ Vap
(2) I c{l,...,M} x{1,...,N} is the diagonal set, namely:

I:{(k,k)‘k:zl,...,]\/[}

In the self-transpose case we can choose as well G = Gy X Gy, with Wiq jb = Uij @ Vgp-

PrROOF. Consider the row space X = Gy constructed in Definition 6.19, with its
standard row space coordinates, namely:

In order to prove the result, we have to show that this space coincides with the
space ng}" constructed in the statement, with its standard coordinates. For this pur-
pose, consider the following composition of morphisms, where in the middle we have the

comultiplication, and at left and right we have the canonical maps:

C(X) C C(Gy) = C(Gy) ® C(Gy) = C(Grr) ® C(Gy)
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The standard coordinates are then mapped as follows:
1

Lij = Tl

vM
1
N _zum@%

— Z Uik, & Uk

k<M

- \/— Zwkkz]

k<M
Thus we obtain the standard coordinates on the space X’gf}'”, as claimed. Finally, the
last assertion is standard as well, by suitably modifying the above morphism. O
6¢c. Integration results
In the easy case, we have the following result:

PROPOSITION 6.21. When G C Uy is easy, coming from a category of partitions D,
the space Xq1 C Sg;l appears by imposing the relations

D Oali gt gt = [I|TTA2 ik Ve € D(k)

where D(k) = D(0, k), and where |.| denotes the number of blocks.

PROOF. We know by easiness that Fiz(u®*) is spanned by the vectors &, = T, with
7w € D(k). But these latter vectors are given by:

E 5 21 ’Lk 6“ .® €iy,

01...0g

We deduce that X¢ r C Sg jrl appears by imposing the following relations:

S balir. .. w—m > 0xljr.-Gk), Yk Vr € D(k)

1.0k Ji--Jr€l

Now since the sum on the right equals |I|/™l, this gives the result. U

More generally, it is interesting to work out what happens when G is a product of
easy quantum groups, and the index set I appears as follows, for a certain set J:

I={(c,...,0)|lce J}

The result here, in its most general form, is as follows:
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THEOREM 6.22. For a product of easy quantum groups G = GS\%) X ... X G -, and with
I={(c,...,c)|c € J}, the space X¢, C S(]C\{jrl appears via the relations

D alin . ig)ast L agk = ||k
i
for any k € N and any partition of type 7T € DY (k) x ... x D®(k), where D™ C P is
the category of partitions associated to G e U;{, , and where
7T1\/...\/7TS € P(k)
15 the partition obtained by superposing m, ..., Ts.

PROOF. Since we are in a direct product situation, a basis for Fiz(u®*) is provided
by the vectors p, = &, ® ... ® &,, associated to the following partitions:

7= (my,...,ms) € DO(k) x ... x D¥(k)

We conclude that the space Xq 1 C Sg ;1 appears by imposing the following relations
to the standard coordinates:

1
> balin . ig)at . af = > 6x(ji-- ), VE, V€ DW(K) x ... x DY) (k)

k
‘I’ Ji--gk€l

Since the conditions ji,...,Jx € I read j1 = (I,..., 1), .., Jjx = (g, ..., 1), for
certain elements [y, ...[; € J, the sums on the right are given by:

> Gelide) = D Selb by e 1)

g1 gr€l l...l,€J
= > nlle )b (L )
l...l,€J
- Z 57r1\/...\/7rg (ll s lk)
l1...lx€J
Now since the sum on the right equals |.J|™V=V™| this gives the result. O

We can now discuss probabilistic aspects. We first have:

PROPOSITION 6.23. The moments of the variable
XT = Z Ti..4
i<T
are given by the following formula
TM |7
Jv=am 2 (F)

7eDM) (k)N...nDE) (k) N

in the N; — oo limit, Vi, where M = |I|, and N = Ny ... Nj.
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PRrROOF. We have the following formula:

For the variable in the statement, we therefore obtain:

Zzuzc@) ®uic

z<T ced

Now by raising to the power k and integrating, we obtain:

k
/ X = E E / Uirey -+ Wigep -« - - - / Uiyey - - - Wigep
X lel0)

zl 4p<Tecy..c,e€J

= Fzzém 001 (WiN, (11, 01) - . 0, (D)0, ()W, (5, 02)

’c o

_ \/W Z T|7T1V...V7T5|M|O'1V...V0's‘Wkg]l\;l (m1,01) ... WIS\L (75, 05)

We use now the standard fact that the Weingarten functions are concentrated on the
diagonal. Thus in the limit we must have m; = o; for any 7, and we obtain:

1 —
ko |m1V..V7s| A rlmi V... Vrs| |71 |7s|
~ E | M N ... N,
/x Xr VIMF !

1
~ > M (NN
M*¥ reDMN...ND()
1 3 (TM) il
v M* reDMN...ND() N
But this gives the formula in the statement, and we are done. U

As a consequence, we have the following result:
THEOREM 6.24. In the context of a liberation operation for quantum groups
G 5 o+
the laws of the variables /Mt are in Bercovici-Pata bijection, in the N; — oo limat.

PROOF. Assume indeed that we have easy quantum groups G, ... G, with free
versions GWF, .. G+ At the level of the categories of partitions, we have:

(PPN NC) = (ﬂD”) NNC

i
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Since the intersection of Hom-spaces is the Hom-space for the generated quantum
group, we deduce that at the quantum group level, we have:
<GWF GOt >=< GV ... G¥ >t

Thus the result follows from Proposition 6.23, and from the Bercovici-Pata bijection
result for truncated characters for this latter liberation operation. O

6d. Tannakian duality

As a starting point here, we have the following simple fact:

1

PROPOSITION 6.25. Any affine homogeneous space X 1 C ngr is algebraic, with

e e 1 .
Z I S Z T A Fm(u(g’k)

|1]* by..brel

i1
as defining relations. Moreover, we can use vectors & belonging to a basis of Fix(u®*).

Proor. This follows indeed from the various results above. O

In order to reach to a more categorical description of X ;, the idea will be that of
using Frobenius duality. We use colored indices, and we denote by k — k the operation
on the colored indices which consists in reversing the index, and switching all the colors.
Also, we agree to identify the linear maps T : (CV)®* — (CM)®! with the corresponding
rectangular matrices 7' € My, yr(C), written T = (T}, 4, 4,5, )- With these conventions,
the precise formulation of Frobenius duality that we will need is as follows:

PROPOSITION 6.26. We have an isomorphism of complex vector spaces
T € Hom(u®* u®) < ¢ € Fiz(u® @ u®)
given by the following formulae,
iril.“il,jl...jk = fil...iljk...jl ) gii...iljlu.jk = Til...il,jk...jl
and called Frobenius duality.

PROOF. This is a well-known result, which follows from the general theory in [99]. To
be more precise, given integers K, L € N, consider the following standard isomorphism,
which in matrix notation makes 7' = (T7;) € My« x(C) correspond to & = (&1):

T € L(C®K C®F) & ¢ e COFHE
Given now two arbitrary corepresentations v € Mg (C(G)) and w € M (C(G)), the
abstract Frobenius duality result established by Woronowicz in [99] states that the above
isomorphism restricts into an isomorphism of vector spaces, as follows:
T € Hom(v,w) < € Fiz(w® )

In our case, we can apply this result with v = u®* and w = u®". Since, according to
our conventions, we have v = u®*, this gives the isomorphism in the statement. U
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With the above result in hand, we can enhance the construction of X¢ s, as follows:

THEOREM 6.27. Any affine homogeneous space XGI 1s algebraic, with
f Teye
Z Z El---ilajl---jkmlil e ':L‘l?zl (lel " x]:) \/|]|—k+l Z Z Tbl---blvcl---ck
8180 J1---Jk by..byelcy...c,el
for any k,1, and any T € Hom(u®*,u®'), as defining relations.

PRrROOF. We must prove that the relations in the statement are satisfied, over X¢ ;.
We know from Proposition 6.25 that, with & — [k, the following relation holds:

Z Z 511 Agkeg1 61 ce xflle: ce LU;? = Z Z gbl...blck“.cl
/’]|k+l

8100 J1---Jk bi..bjel cy...c,€1

In terms of the matrix T3, ., ji..je = &ir...ijs..jn from Proposition 6.26, we obtain:

E E el et fr h_ Z Z
nl...ll,jl...jkxil ... xil x]k . le — ’I|k+l Tbl...bl,cl...ck

81...80 J1---Jk bi..bjel cy...c,€1

But this gives the formula in the statement, and we are done. U
The above results suggest the following notion:

DEFINITION 6.28. Given a submanifold X C S(]CVJr and a subset I C {1,..., N}, we
say that X 1s I-affine when C(X) is presented by relations of type

Z Z Til---iz jl---jkxzil . "rz?ll (xfll . x{:) = Z Z Tb1---bz C1...Ck

i1y 1ok bi..bi€l cr...cp€l
with the operators T' belonging to certain linear spaces
F(k,1) C Myt nx(C)
which altogether form a tensor category F' = (F(k,1)).

According to Theorem 6.27, any affine homogeneous space X s is an I-affine manifold,
with the corresponding tensor category being the one associated to the quantum group
G C Uy, which produces it, formed by the following linear spaces:

F(k,l) = Hom(u®*, u®")

Let us study now the quantum isometry groups G*(X) of the manifolds X C Sg o
which are [-affine, in the above sense. We have here the following result:

PROPOSITION 6.29. For an I-affine manifold X C S(g;l we have
G Cc GH(X)

where G C Uy, is the Tannakian dual of the associated tensor category F'.
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PRrROOF. We recall from chapter 5 that the relations defining G* (X)) are those express-
ing the vanishing of the following quantities:

P(Xl, .. E (7% E ulljl e ui;(r)j;(r) X mj{ Ce Ij;(r)
RN

In the case of an I-affine manifold, the defining relations are those from Definition
6.28, with the corresponding polynomials P being indexed by the elements of F. But
the vanishing of the associated relations P(X1,..., Xx) = 0 corresponds precisely to the
Tannakian relations defining G C Uy, and so we obtain G C GT(X), as claimed. O

We have now all the needed ingredients, and we can prove:

THEOREM 6.30. Assuming that an algebraic manifold X C S(]C\fjrl is I-affine, with
associated tensor category F, the following happen:

(1) We have an inclusion G C GT(X), where G is the Tannakian dual of F.
(2) X is an affine homogeneous space, X = X¢ 1, over this quantum group G.

PROOF. In the context of Definition 6.28, the tensor category F' there gives rise, by
the Tannakian duality of Woronowicz [100], to a quantum group G C Uj;. What is left
is to construct the affine space morphisms «, ®, and the proof here goes as follows:

(1) Construction of a. We want to construct a morphism, as follows:

R

In view of Definition 6.28, we must therefore prove that we have:

Z Z Y—Iil...il,jl.A.ijiell s X,Zl (Xjfll e ijc) = \/|I|—]€+l Z Z Tbl...bl,cl...ck

21...80 J1---Jk by1...bjel cy...c €1

By replacing the variables X; by their above values, we want to prove that:
f *
Z Z Z Z 118,01 - Jk 7,6111”1 e U’L?llrl( ]1181 o ]ksk Z Z Tbl brer..cp
%1...00 J1.--Jg 1.7 €L s1...5, €1 bi..byelcy...c,el
Now observe that from the relation 7' € Hom(u®* u®') we obtain:
Z Z ﬂ1.~-iz7j1~-~jkuz¢11r1 s ufllrl<u§1131 - u;:sk)* = Tf“lm?“hslmsk
11290 J1---Jk
Thus, by summing over indices r; € [ and s; € I, we obtain the desired formula.
(2) Construction of ®. We want to construct a morphism, as follows:
J
But this is precisely the coaction map constructed in Proposition 6.29.
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(3) Proof of the ergodicity. If we go back to the general theory developed before, we
see that the ergodicity condition is equivalent to a number of Tannakian conditions, which
are automatic in our case. Thus, the ergodicity condition is automatic. O

The above result, based on the notion of [-affine manifold, remains quite theoretical.
In order to further advance, let us formulate:

DEFINITION 6.31. Given a submanifold X C ngrl and a subset I C {1,...,N}, we
let Fx 1(k,1) C Mpinx(C) be the linear space of linear maps T' such that

§ ' § ’ el er(.f1 feyx § E
11 drgreJe g - 'xil (‘le . ‘$jk) \/‘— Tbl.“bl,cl..‘ck
T[kH

1190 J1---Jk bi..by€l cy...c,eI
holds over X. We say that X is I-saturated when
Fx 1= (Fxu(k,1))
is a tensor category, and the collection of the above relations presents C'(X).

Observe that any I-saturated manifold is automatically I-affine. The known results
seem to suggest that the converse of this fact should hold. We do not have a proof of this
fact, but we would like to present a few observations on this subject. First, we have:

PROPOSITION 6.32. The linear spaces Fx (k,1) C My n:(C) are as follows:

(1) They contain the units.
(2) They are stable by conjugation.
(3) They satisfy the Frobenius duality condition.

PROOF. All these assertions are elementary, as follows:
(1) Consider indeed the unit map. The associated relation is:
Z wiloapt (g rgk)t =1
1.
But this relation holds indeed, due to the defining relations for Sé\{ ;1_
(2) We have indeed the following sequence of equivalences:
T € Fx (L, k)

2t [
A Z Z J1eJrstl-g 311 ..xj:(:rfll...xf;)* \/|]|—k+l Z Z 01 Cl,b1...by

U8 J1e--Jk by...ii€l c1...ck €1

— Z Z Ty iy g Ty -+ - T (x{ll . x{}’:) = Z Z Toy..byc1..cn
’ /|]|k+l

21...00 J1---Jk bi..bjel c1...c,€1
<— T¢€ FX,I<k7 l)

(3) We have indeed a correspondence T' € Fx ;(k,l) «+ & € Fxr(0,1k), given by the
usual formulae for the Frobenius isomorphism. O
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Based on the above result, we can now formulate our observations, as follows:

THEOREM 6.33. Given a closed subgroup G C Uy, and an index set I C {1,..., N},
consider the corresponding affine homogeneous space X C S(]C\fjrl.
(1) X¢.r is I-saturated precisely when the collection of spaces Fx 1 = (Fx (k1)) is
stable under compositions, and under tensor products.
(2) We have Fx = F precisely when we have

Z Z 611 gt 21]1 t lel g]l ]l) =0

Jrgi€l iy
= Z g'bl 'Ll ’Lljl o 'Ll]l 5]1 g1
11...1]
for any choice of the indices jy, ..., Ji.
PROOF. We use the fact, from Theorem 6.27, that with F(k,1) = Hom(u®*, u®'), we
have inclusions of vector spaces F'(k,l) C Fx r(k,l). Moreover, once again by Theorem
6.27, the relations coming from the elements of the category formed by the spaces F(k,1)

present X¢ ;. Thus, the relations coming from the elements of Fx ; present X ; as well.
With this observation in hand, our assertions follow from Proposition 6.32:

(1) According to Proposition 6.32 (1,2) the unit and conjugation axioms are satisfied,
so the spaces Fx r(k,l) form a tensor category precisely when the remaining axioms,
namely the composition and the tensor product one, are satisfied. Now by assuming that
these two axioms are satisfied, X follows to be [-saturated, by the above observation.

(2) Since we already have inclusions in one sense, the equality F'y; = F from the
statement means that we must have inclusions in the other sense, as follows:

FX,I(k7l) C F(k7l>

By using now Proposition 6.32 (3), it is enough to discuss the case k = 0. And here,
assuming that we have £ € Fy 1(0,1), the following condition must be satisfied:

Z §i1~~-il$§11 3 'xfll = Z gjl-njl
91...9] Ji-qi€l
By applying now the morphism « : C'(X¢,;) — C(G), we deduce that we have:
Z 521 K7 Z ulljl st Zl]l = Z 5]1 Ji
1.7 Jr-gqiel Jr-giel
Now recall that F(0,1) = Fiz(u®') consists of the vectors ¢ satisfying:
ZSH 1 ’Lljl" ’Ll]l _5]1 ]uvjlv"'a

01...9]

We are therefore led to the conclusion in the statement. O
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Bonus exercise.
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CHAPTER 7

Projective freeness

7a. Projective spaces

This chapter is an introduction to projective geometry, in our sense. As a first topic
that we would like to discuss, we have the following remarkable isomorphism:

POY = PUY;
In order to get started, let us first discuss the classical case. We have here:
THEOREM 7.1. The passage On — Uy appears via Lie algebra complexification,
Oy oy = u, = Uy
with the Lie algebra uyn being a complezification of the Lie algebra oy .

ProoF. This is something rather philosophical, and advanced as well, that we will
not really need here, the idea being as follows:

(1) The unitary and orthogonal groups Uy, Oy are both Lie groups, in the sense
that they are smooth manifolds. The corresponding Lie algebras uy, oy, which are by
definition the respective tangent spaces at 1, can be computed by differentiating the
equations defining Uy, Oy, with the conclusion being as follows:

Uy = {A € MN((C)’A* - —A}

on = {B € MN(R)(Bt - —B}

(2) This was for the correspondences Uy — uy and Oy — oy. In the other sense,
the correspondences uy — Uy and oy — Op appear by exponentiation, the result here
stating that, around 1, the unitary matrices can be written as U = e?, with A € uy, and
the orthogonal matrices can be written as U = e?, with B € oy.

(3) In view of all this, in order to understand the passage Oy — Uy it is enough to
understand the passage oy — uy. But, in view of the above formulae for oy, uy, this is
basically an elementary linear algebra problem. Indeed, let us pick an arbitrary matrix
A € My(C), and write it as follows, with B,C € My(R):

A=B+iC
141
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In terms of B, C, the equation A* = — A defining the Lie algebra uy reads:
Bt=-B , C'=C

(4) As a first observation, we must have B € oy. Regarding now C, let us decompose
this matrix as follows, with D being its diagonal, and C” being the reminder:

C=D+C'

The matrix C” being symmetric with 0 on the diagonal, by swithcing all the signs
below the main diagonal we obtain a certain matrix C’. € oy. Thus, we have decomposed
A € uy as follows, with B,C" € oy, and with D € My(R) being diagonal:

A=B+iD+iC"

(5) As a conclusion now, we have shown that we have a direct sum decomposition of
real linear spaces as follows, with A C My (R) being the diagonal matrices:

uNZUN@A@UN

Thus, we can stop our study here, and say that we have reached the conclusion in the
statement, namely that uy appears as a “complexification” of oy. U

In the free case now, the situation is much simpler, and we have:
THEOREM 7.2. The passage O — Uy appears via free complexification,
Uy = Ox
where the free complezification of a pair (G,u) is the pair (CNJ, u) with
C(G) =< zu; >C C(T)*C(G) , U=zu
where z € C(T) is the standard generator, given by x — x for any x € T.

ProOOF. We have embeddings as follows, with the first one coming by using the counit,
and with the second one coming from the universality property of Uy

0% c 0% C U}

We must prove that the embedding on the right is an isomorphism, and there are
several ways of doing this, all instructive, as follows:

(1) If we denote by v, u the fundamental corepresentations of OF;, Uy, we have:

Fiz(v®) = span (fﬂ TE NCg(k))

Fiz(u®*) = span (&T T E /\/Cg(k:))

Moreover, the above vectors &, are known to be linearly independent at N > 2, and
so the above results provide us with bases, and we obtain:

dim(Fiz(v®)) = |[INCy(k)| , dim(Fiz(u®*)) = [NCy(k)|
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Now since integrating the character of a corepresentation amounts in counting the
fixed points, the above two formulae can be rewritten as follows:

/ o= [NCy(k)| / X = [NCa(k)]
1) Ut

+
N N
But this shows, via standard free probability theory, that y, must follow the Winger
semicircle law vy, and that y, must follow the Voiculescu circular law I'y:

Xo~m 5 Xu~Id
On the other hand, by [87], when freely multiplying a semicircular variable by a Haar
unitary we obtain a circular variable. Thus, the main character of 6]{“, is circular:
Xzv ~ I
Now by forgetting about circular variables and free probability, the conclusion is that
the inclusion (f)}, C Uy, preserves the law of the main character:

law(x ) = law(u)

Thus by Peter-Weyl we obtain that the inclusion O% C Uy, must be an isomorphism,
modulo the usual equivalence relation for quantum groups.

(2) A version of the above proof, not using any prior free probability knowledge, makes
use of the easiness property of OF;, Uy only, namely:

Hom/(v®* v®") = span (fﬂ

7€ NCy(k, 1)>

Hom/(u®*, u®")

= span (fﬂ € NCay(k, l))
Indeed, let us look at the following inclusions of quantum groups:
O3 C 51% c Uy
At the level of the associated Hom spaces we obtain reverse inclusions, as follows:
Hom/(v®*,v®) 5 Hom((2v)®*, (20)®") > Hom(u®*, u®")

The spaces on the left and on the right are known from easiness, the result being that
these spaces are as follows:

span <T7r

Regarding the spaces in the middle, these are obtained from those on the left by “col-
oring”, so we obtain the same spaces as those on the right. Thus, by Tannakian duality,

m € NCsy(k, l)) D span <T7r

m € NCo(k, z))

our embedding O}, C U}, is an isomorphism, modulo the usual equivalence relation. [

As an interesting consequence of the above result, we have:
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THEOREM 7.3. We have an identification as follows,
PO = PU},
modulo the usual equivalence relation for compact quantum groups.
PROOF. As before, we have several proofs for this result, as follows:
(1) This follows from Theorem 7.2, because we have:
PU}; = POY = POY,

(2) We can deduce this as well directly. With notations as before, we have:

Hom ((v®v)¥, (v®@wv)') = span (T7T T € NCy((oe)F, (oo)l)>

Hom ((u® )", (u® u)') = span (Tw

7 € NCy((00)", (00)))

The sets on the right being equal, we conclude that the inclusion PO} C PU}; pre-
serves the corresponding Tannakian categories, and so must be an isomorphism. U

As a conclusion, the passage OF, — U is something much simpler than the passage
On — Uy, with this ultimately coming from the fact that the combinatorics of O, Uy
is something much simpler than the combinatorics of Oy, Uy. In addition, all this leads
as well to the interesting conclusion that the free projective geometry does not fall into
real and complex, but is rather unique and “scalarless”. We will be back to this.

Let us discuss now the projective spaces. We first have:

PROPOSITION 7.4. We have presentation results as follows,
CB™Y) = Chum ((Pz'j)z‘,j:17...,N‘P =p=p" =p",Tr(p) = 1)

C(Pé\f—l) = O:omm <(pij)i,j:1,...,N b= p* = p2>T7n(p) - 1)

for the algebras of continuous functions on the real and complex projective spaces.

Proor. We use the fact that the projective spaces Pﬂg -1 Pév ~! can be respectively
identified with the spaces of rank one projections in My (R), Mx(C). With this picture
in mind, it is clear that we have arrows <—. In order to construct now arrows —, consider
the universal algebras on the right, Ar, Ac. These algebras being both commutative, by
the Gelfand theorem we can write, with Xz, X being certain compact spaces:

Ap=C(Xg) , Ac=C(Xe)

Now by using the coordinate functions p;;, we conclude that X, X¢ are certain spaces
of rank one projections in My (R), My (C). In other words, we have embeddings:

XpC Pyt XecPi!

By transposing we obtain arrows —, as desired. U
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The above result suggests the following definition:
DEFINITION 7.5. Associated to any N € N is the following universal algebra,
C(py =0 ((Pij)z‘,jzl,...,fv‘p =p =p"Tr(p) = 1>
whose abstract spectrum is called “free projective space”.

Observe that, according to our presentation results for the real and complex projective
spaces Pﬂév 1 and Pév ~! we have embeddings of compact quantum spaces, as follows:

N-—1 N—-1 N-1
PY-'c PN c P}

Let us first discuss the relation with the spheres. Given a closed subset X C Sﬁf :Ll,
its projective version is by definition the quotient space X — PX determined by the fact
that C(PX) C C(X) is the subalgebra generated by the following variables:

Dij = TiZj

In order to discuss the relation with the spheres, it is convenient to neglect the material
regarding the complex and hybrid cases, the projective versions of such spheres bringing
nothing new. Thus, we are left with the 3 real spheres, and we have:

PROPOSITION 7.6. The projective versions of the 3 real spheres are as follows,

N-1 N—-1 N—-1
S]R S]R,* SR,-i—

PN—l PN—l PN—I
R = I'c It
modulo the standard equivalence relation for the quantum algebraic manifolds.

PROOF. The assertion at left is true by definition. For the assertion at right, we
have to prove that the variables p;; = z;z; over the free sphere S]f{ ;1 satisfy the defining

relations for C(PY '), from Definition 7.5, namely:
p=p'=p" , Tr(p)=1
We first have the following computation:
(p*)ij = p;i = (2j21)" = 2i2j = pyj

We have as well the following computation:

(D) = > pubiy = ) 2202 = 512 = Dy
k k
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Finally, we have as well the following computation:
Tr(p) = Zpkk = Zzi =1
k k

Regarding now PS]{{X _— P(év ~! the inclusion “C” follows from abcd = cbad = cbda.
In the other sense now, the point is that we have a matrix model, as follows:

T C’(Sﬁ;l) — My(C(SN1)) 2 — (g 78)

But this gives the missing inclusion “D>”, and we are done. See [11]. O

In addition to the above result, let us mention that, as already discussed above, passing
to the complex case brings nothing new. This is because the projective version of the free
complex sphere is equal to the free projective space constructed above:

PSSyt =Pt

And the same goes for the “hybrid” spheres. For details on all this, we refer to chapters
5-6. In what regards now the tori, we have here the following result:

PROPOSITION 7.7. The projective versions of the 3 real tori are as follows,

Ty T T

PTy PTy PTy

modulo the standard equivalence relation for the quantum algebraic manifolds.
Proor. This follows indeed by using the same arguments as for the spheres. U
In what regards the orthogonal groups, we have here the following result:
PROPOSITION 7.8. The projective versions of the 3 orthogonal groups are

On o7, o,

POy

PUn

PO},
modulo the standard equivalence relation for the compact quantum groups.
Proor. This follows by using the same arguments as for spheres, or tori. U

Finally, in what regards the reflection groups, we have here the following result:
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PROPOSITION 7.9. The projective versions of the 3 reflection groups are

Hy HY, Hj;

PHy PKy PH;;

modulo the standard equivalence relation for the compact quantum groups.
Proor. This follows indeed by using the same arguments as before. U

As a conclusion to this, in the projective geometry setting, we have 3 projective
quadruplets, whose construction and main properties can be summarized as follows:

THEOREM 7.10. We have projective quadruplets (P, PT, PU, PK) as follows,
(1) A classical real quadruplet, as follows,

Py ! ———— PTy

POy — PHy

(2) A classical complex quadruplet, as follows,

Pyt — PTy

PUy —— PKy
(3) A free quadruplet, as follows,

PNt PTY

PO}, ——— PH};

which appear as projective versions of the main 3 real quadruplets.
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Proor. This follows indeed from the results that already have. To be more precise,
the details, that we will we need in what comes next, are as follows:

(1) Consider the classical affine real quadruplet, which is as follows:

SVl oy

Oy ——— Hy
The projective version of this quadruplet is then the quadruplet in (1).

(2) Consider the half-classical affine real quadruplet, which is as follows:

N—-1 *
SR,* TN

Oy — Hy
The projective version of this quadruplet is then the quadruplet in (2).

(3) Consider the free affine real quadruplet, which is as follows:

Spyl — Ty
Oy ——— Hy
The projective version of this quadruplet is then the quadruplet in (3). O

7b. The threefold way

Getting back now to our general projective geometry program, we would like to have
axiomatization and classification results for such quadruplets. In order to do this, follow-
ing [12], we can axiomatize our various projective spaces, as follows:

DEFINITION 7.11. A monomial projective space is a closed subset P C Pf‘l obtained
via relations of type

o . . k
pil’ig . 'pikfl’ik - pig(l)iU@) . 'pia(k_l)ia(k)a v(Zlu e 7’”{)) e {17 sy N}

with o ranging over a certain subset of | J,con Sk, which is stable under o — |o|.
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Observe the similarity with the corresponding monomiality notion for the spheres,
from before. The only subtlety in the projective case is the stability under the operation
o — |o|, which in practice means that if the above relation associated to o holds, then
the following relation, associated to |o|, must hold as well:

Digiy - - - Piging1r = Pivig)Pis2)ios) * * * Piog—2)ioe—1)Piok)int1

As an illustration, the basic projective spaces are all monomial:

PROPOSITION 7.12. The 3 projective spaces are all monomzial, with the permutations

@) ) @) o O @)
©) ) @) O O O

producing respectively the spaces Pﬂév’l, P(év’l, and with no relation needed for Pfr\f’l.

PROOF. We must divide the algebra C(PY ') by the relations associated to the dia-
grams in the statement, as well as those associated to their shifted versions, given by:

(0] (¢] O o (¢] O (¢] [©] @) o
o O O o o O (0] O ) o

(1) The basic crossing, and its shifted version, produce the following relations:
Pab = Pba

PabPcd = PacPbd
Now by using these relations several times, we obtain the following formula:

PabPed = PacPbd = PcaPdb = PcdPab

Thus, the space produced by the basic crossing is classical, P C P(év ~1 By using one
more time the relations p,, = pp, We conclude that we have P = Plév ~1 as claimed.

(2) The fattened crossing, and its shifted version, produce the following relations:
PabPcd = PcdPab

PabPcdPef = PadPebPcf
The first relations tell us that the projective space must be classical, P C P(év ~1 Now
observe that with p;; = 2;2;, the second relations read:

zazbzczdzezf = zazdzezbzcif
Since these relations are automatic, we have P = P(év ~1 and we are done. Il

Following [12], we can now formulate our classification result, as follows:
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THEOREM 7.13. The basic projective spaces, namely
pYytcplitcpit
are the only monomial ones.

Proor. We follow the proof from the affine case. Let R, be the collection of relations
associated to a permutation o € Sy with k£ € 2N, as in Definition 7.11. We fix a monomial
projective space P C PJ]FV ~1 and we associate to it subsets Gj, C Si, as follows:

G — {0 € Sk|R, hold over P} (k even)
* 7 ) {o € Si|R}, hold over P} (k odd)

As in the affine case, we obtain in this way a filtered group G = (G}), which is
stable under removing outer strings, and under removing neighboring strings. Thus the
computations in chapter 13 apply, and show that we have only 3 possible situations,
corresponding to the 3 projective spaces in Proposition 7.12. U

Let us discuss now similar results for the projective quantum groups. Given a closed
subgroup G C O, its projective version G — PG is by definition given by the fact that
C(PG) C C(Q) is the subalgebra generated by the following variables:

Wij,ab = Uiatjb
In the classical case we recover in this way the usual projective version:
PG =G/(GNZY)
We have the following key result:

THEOREM 7.14. The quantum group O% is the unique intermediate easy quantum
group Ox C G C OF,. Moreover, in the non-easy case, the following happen:

(1) The group inclusion TOyx C Uy is mazimal.
(2) The group inclusion POy C PUy is mazimal.
(3) The quantum group inclusion Oy C O% is maximal.

Proor. This is something that we discussed before, the idea being that the first
assertion comes by classifying the categories of pairings, and then:

(1) This can be obtained by using standard Lie group methods.
(2) This follows from (1), by taking projective versions.
(3) This follows from (2), via standard algebraic lifting results. O

Our claim now is that, under suitable assumptions, PUy is the only intermediate
object POy C G C PO};. In order to formulate a precise statement here, we first recall
the following notion, that we have already heavily used in this book:
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DEFINITION 7.15. A collection of sets D = | |, D(k,1) with
Dk, 1)  P(k,1)

is called a category of partitions when it has the following properties:

(1) Stability under the horizontal concatenation, (w,0) — [no].

(2) Stability under vertical concatenation (mw, o) — [2], with matching middle symbols.
(3) Stability under the upside-down turning *, with switching of colors, o <> e.

(4) Each set P(k,k) contains the identity partition ||...||.

(5) The sets P((),0e) and P((), ®0) both contain the semicircle N.

The above definition is something inspired from the axioms of Tannakian categories,
and going hand in hand with it is the following definition:

DEFINITION 7.16. An intermediate compact quantum group
On C G C OF
15 called easy when the corresponding Tannakian category
span(NCs(k, 1)) € Hom(u®*,u®") C span(Py(k,1))
comes via the following formula, using the standard m — T, construction,
Hom/(u®*, u®") = span(D(k,1))
from a certain collection of sets of pairings D = (D(k,1)).

As a key remark here, by “saturating” the sets D(k,l), we can assume that the col-
lection D = (D(k,1)) is a category of pairings, in the sense that it is stable under vertical
and horizontal concatenation, upside-down turning, and contains the semicircle.

In the projective case now, following [12], let us formulate:

DEFINITION 7.17. A projective category of pairings is a collection of subsets

NCy(2k,2l) C E(k,l) C Pa(2k,2l)
stable under the usual categorical operations, and satisfying o € E = |o| € E.

As basic examples here, we have the following projective categories of pairings, where
Py is the category of matching pairings:

NCy, C Py C Py

This follows indeed from definitions. Now with the above notion in hand, we can
formulate the following projective analogue of the notion of easiness:
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DEFINITION 7.18. An intermediate compact quantum group
POy C H C PO},
1s called projectively easy when its Tannakian category
span(NCy(2k, 21)) € Hom(v®*, v®") C span(Py(2k, 21))
comes via via the following formula, using the standard m — T construction,
Hom/(v®* v®Y) = span(E(k,1))
for a certain projective category of pairings E = (E(k,1)).

Thus, we have a projective notion of easiness. Observe that, given an easy quantum
group Oy C G C O3, its projective version POy C PG C PO}, is projectively easy in
our sense. In particular the basic projective quantum groups POy C PUy C PO}, are
all projectively easy in our sense, coming from the categories NCy C Py C Ps.

We have in fact the following general result, from [12]:

THEOREM 7.19. We have a bijective correspondence between the affine and projective
categories of partitions, given by the operation

G — PG
at the level of the corresponding affine and projective easy quantum groups.
PROOF. The construction of correspondence D — FE is clear, simply by setting:
E(k,1) = D(2k,21)

Indeed, due to the axioms in Definition 7.15, the conditions in Definition 7.17 are
satisfied. Conversely, given E = (E(k,[)) as in Definition 7.17, we can set:

E
Dk, 1) = (k1) (k,l even)
{o:|lco€e E(k+1,l4+1)} (k,lodd)
Our claim is that D = (D(k,[)) is a category of partitions. Indeed:

(1) The composition action is clear. Indeed, when looking at the numbers of legs
involved, in the even case this is clear, and in the odd case, this follows from:

oo’ e E = |7€FE
== 7¢eD

(2) For the tensor product axiom, we have 4 cases to be investigated, depending on
the parity of the number of legs of o, 7, as follows:

— The even/even case is clear.
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— The odd/even case follows from the following computation:

lo,T€e B = |oT€FE
= o7€D

— Regarding now the even/odd case, this can be solved as follows:

o ltrel lo|,|T € E

eSS

= |o|lr€eF

= |oT€E

= o7€D

— As for the remaining odd/odd case, here the computation is as follows:
lo,|[Te B = ||o|,|T€E

= ||o||r € FE

— o7€l

= or7€D

(3) Finally, the conjugation axiom is clear from definitions. It is also clear that both
compositions D —+ E — D and £ — D — FE are the identities, as claimed. As for the
quantum group assertion, this is clear as well from definitions. U

Now back to uniqueness issues, we have here the following result, also from [12]:

THEOREM 7.20. We have the following results:

(1) Oy is the only intermediate easy quantum group, as follows:
On C G C O}
(2) PUy is the only intermediate projectively easy quantum group, as follows:
POy C G C POy,
PROOF. The idea here is as follows:

(1) The assertion regarding Ox C O3 C OF; is well-known, and this is something that
we already know, explained in the above.

(2) The assertion regarding POy C PUy C PO}, follows from the classification result
in (1), and from the duality in Theorem 7.19. O

Summarizing, we have analogues of the various affine classification results, with the
remark that everything becomes simpler in the projective setting.
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7c. Projective geometry

We have so far projective analogues of the various affine classification results. In view
of this, our next goal will be that of finding projective versions of the quantum isometry
group results that we have in the affine setting. We use the following action formalism,
which is quite similar to the affine action formalism introduced in chapter 2:

DEFINITION 7.21. Consider a closed subgroup of the free orthogonal group, G C Oy,
and a closed subset of the free real sphere, X C Sﬁ;l.

(1) We write G ~ X when we have a morphism of C*-algebras, as follows:
o:CX)—CX)®C(G)

q)(zl) = Z Za (029 Uai
(2) We write PG ~ PX when we have a morphism of C*-algebras, as follows:
¢:C(PX)— C(PX)®C(PG)
D(z;2;) = Z Za2b @ UgiUp;

a

Observe that the above morphisms @, if they exist, are automatically coaction maps.
Observe also that an affine action G ~ X produces a projective action PG ~ PX. Let
us also mention that given an algebraic subset X C S]fg, jrl, it is routine to prove that there

exist indeed universal quantum groups G C O}, acting as (1), and as in (2). We have the
following result, from [11] and related papers, with respect to the above notions:

THEOREM 7.22. The quantum isometry groups of basic spheres and projective spaces,

N-1 N-1 N—1
SR —>SR,* —>SR,+

PN—l P(é\f—l PN—l
R = =t
are the following affine and projective quantum groups,

O o5, o7,

POy PUy POY,

with respect to the affine and projective action notions introduced above.
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PRrROOF. The fact that the 3 quantum groups on top act affinely on the corresponding
3 spheres is known since [11], and is elementary, explained before. By restriction, the 3
quantum groups on the bottom follow to act on the corresponding 3 projective spaces.
We must prove now that all these actions are universal. At right there is nothing to prove,
so we are left with studying the actions on S§ !, Sﬂg tand on PYY PN

PY~!. Consider the following projective coordinates:

Dij = ziZ5 5 Wijab = UaiUpj

In terms of these projective coordinates, the coaction map is given by:
®(pij) = Zpab ® Wij,ab
ab
Thus, we have the following formulae:

q)(pz]) = Zpab ® (wij,ab + wij,ba) + Zpaa ® Wij,aa

a<b a
(I)(pjz) = Zpab ® (wji,ab + ijba) + Zpaa ® Wyiaa
a<b a

By comparing these two formulae, and then by using the linear independence of the
variables p,, = 2,2, for a < b, we conclude that we must have:

Wij.ab T+ Wijba = Wiiab + Wiiba
Let us apply now the antipode to this formula. For this purpose, observe that:
S(wijap) = S (Uaitivg)
= 5(up;)S(tai)
= UjbUiq
=  Wea,ji
Thus by applying the antipode we obtain:
Wha,ji T Wap,ji = Wha,ij + Wab,ij
By relabelling, we obtain the following formula:
Wi pa + Wijpa = Wjiab T Wijab
Now by comparing with the original relation, we obtain:
Wijab = Wijiba
But, with w;; 4 = Ugitts;, this formula reads:
UqiUp; = UpjUqg;i

Thus G C Oy, and it follows that we have PG C POy, as claimed.
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Pév ~1. Consider a coaction map, written as follows, with pe = 242

P(pyy) = Zpab & Ug;Upj
ab

The idea here will be that of using the following formula:

PabPed = PadPecb
We have the following formulae:

Q(pijpm) = Zpabpcd &) Ui Upj Uk Udl
abed

Q(pupr;) = Zpadpcb &) Ui UdiUck Ubj
abed

The terms at left being equal, and the last terms at right being equal too, we deduce
that, with [a, b, ¢] = abc — cba, we must have the following formula:

Z Ui [ Uy, Uck, Udt] @ PabPea = 0
abed
Now since the quantities pupped = 2aZpzezq at right depend only on the numbers
{a,c}|,|{b,d}| € {1,2}, and this dependence produces the only possible linear relations
between the variables pgpeq, we are led to 2 x 2 = 4 equations, as follows:

(1) wqi[tpg, Uak, un] = 0, Va,b.

(2) UaiUng, Uak, Uar) + Uai[Uas, Uk, upr) = 0, Va, Vb # d.
(3) Uqi[Upj, Ueks Upt| + Uei[Upj, Uak, Uup] = 0, Ya # ¢, V.
(4) Uqi[Upj, Uek, Uar] +Uai [Uds, ek, Unt) s [Unj, Uaks Uar] +Uci [Ugs, Uak, U] = 0, Va # ¢, b #

d

We will need in fact only the first two formulae. Since (1) corresponds to (2) at
b = d, we conclude that (1,2) are equivalent to (2), with no restriction on the indices. By
multiplying now this formula to the left by u,;, and then summing over i, we obtain:

[Ubj, Uak, Uar] + [Uaj, Uak, Upt] = 0
We use now a standard antipode/relabel trick. By applying the antipode we obtain:
[Wids Wkas W] + (Wb, Uka, Uja) = 0
By relabeling we obtain the following formula:
[Uar, Uak, Usj| + [Ugj, Uak, Un] = 0
Now by comparing with the original relation, we obtain:
[Unj, Uak, Uar] = [Uaj, Uak, upr] = 0
Thus G C Oy, and it follows that we have PG C PUy, as desired. O
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The above results can be probably improved. As an example, let us say that a closed
subgroup G' C Uy, acts projectively on PX when we have a coaction map as follows:

*
D(z;2;) = g ZaZb @ UqiUp;
ab

The above proof can be adapted, by putting * signs where needed, and Theorem 7.22
still holds, in this setting. However, establishing general universality results, involving
arbitrary subgroups H C POY;, looks like a quite non-trivial question.

Let us discuss now the axiomatization question for the projective quadruplets of type
(P, PT, PU, PK). We recall that we first have a classical real quadruplet, as follows:

PNt PTy

POy —— PHy

We have then a classical complex quadruplet, which can be thought of as well as being
a real half-classical quadruplet, which is as follows:

Pyt —— PTy

PUy — PKy

Finally, we have a free quadruplet, which can be thought of as being the same time
real and complex, which is as follows:

PNt PTY

PO}, ——— PHj};

The question is that of axiomatizing these quadruplets.
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To be more precise, in analogy with what happens in the affine case, the problem is

that of establishing correspondences as follows:

P PT

PU PK

Modulo this problem, which is for the moment open, things are potentially quite nice,
because we seem to have only 3 geometries, namely real, complex and free. Generally
speaking, we are led in this way into several questions:

(1) We first need functoriality results for the operations <, > and N, in relation with
taking the projective version, and taking affine lifts, as to deduce most of our 7 axioms,
in their obvious projective formulation, from the affine ones.

(2) Then, we need quantum isometry results in the projective setting, for the projective
spaces themselves, and for the projective tori, either established ad-hoc, or by using the
affine results. For the projective spaces, this was done above.

(3) We need as well some further functoriality results, in order to axiomatize the
intermediate objects that we are dealing, the problem here being whether we want to use
projective objects, or projective versions, perhaps saturated, of affine objects.

(4) Modulo this, things are quite clear, with the final result being the fact that we
have only 3 projective geometries. Technically, the proof should be using the fact that,
in the easy setting, POy C PUy C PO}, are the only possible unitary groups.

7d. Small dimensions

We would like to end this chapter with something refreshing, namely a preliminary
study of the free analogue of P2. We recall that the projective space Pﬂév ~1is the space
of lines in R passing through the origin, the basic examples being as follows:

(1) At N = 2 each such a line, in R? passing through the origin, corresponds to 2
opposite points on the unit circle T C R?. Thus, Pg corresponds to the upper semicircle
of T, with the endpoints identified, and so we obtain a circle, Pi = T.

(2) At N = 3 the situation is similar, with P2 corresponding to the upper hemisphere
of the sphere S3 C R?, with the points on the equator identified via z = —z. Topologically
speaking, we can deform if we want the upper hemisphere into a square, with the equator
becoming the boundary of this square, and in this picture, the x+ = —zx identification
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corresponds to the “identify opposite edges, with opposite orientations” folding method
for the square, leading to a space P2 which is obviously not embeddable into R3.

We recall that the free projective space is defined by the following formula:

Let us first discuss, as a warm-up, the 2D case. Here the above matrix of projective
coordinates is as follows, with a = a*, b=0*, a+b = 1:

_(a ¢
P=\e b

We have the following computation:

s [(a c a ¢\ [a*+ct ac+cb
P=\e )\t b)) = \catber ce+b?

Thus, the equations to be satisfied are as follows:
a’ +ect =a
b+ cfe=b
ac+cb=c

cfa+bc* ="

The 4th equation is the conjugate of the 3rd equation, so we remove it. By using
a + b =1, the remaining equations can be written as:

* *

et =c'c=ab

ac+ca=0

We have several explicit models for this, using the spheres Sﬂl& 4 and Sé’ 4, as well as
the first row spaces of OF and U, which ultimately lead us to SU; and SU,. These
models are known to be all equivalent under Haar, and the question is whether they are
identical. Thus, we must do computations as above in all models, and compare. These
are all interesting questions, whose precise answers are not known, so far.

In the 3D case now, that of projective space P?, that we are mainly interested in here,
the matrix of coordinates is as follows, with r, s, ¢ self-adjoint, r + s+t = 1:

r a b
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The square of this matrix is given by:

r a b r a b
pPP=la s c a* s c
b* "t b* ¢t

We obtain the following formula:

r? +aa* +bb*  ra+as+bc*  rb+ ac+ bt
p? = | a*'r +sa* +cb* a*a+s*+cct a*b+sctct
b*r + c*a* + tb* b*a+ c*s+tc* b*b+ e+ ¢
On the diagonal, the equations for p? = p are as follows:
aa* + bb* =1 —1r?
a‘*a+cct =5 —s°
b+ cfe=t—t*
On the off-diagonal upper part, the equations for p? = p are as follows:
ra+as+bc" =a

rb+ac+bt=0>
a*b+sc+ct=c

On the off-diagonal lower part, the equations for p? = p are those above, conjugated.
Thus, we have 6 equations. The first problem is that of using r + s + ¢ = 1, in order to
make these equations look better. Again, many interesting questions here.

7e. Exercises

Exercises:

EXERCISE 7.23.
EXERCISE 7.24.
EXERCISE 7.25.
EXERCISE 7.26.
EXERCISE 7.27.
EXERCISE 7.28.

Bonus exercise.



CHAPTER 8

Matrix models

8a. Matrix models

You can model everything with random matrices, the saying in analysis goes. We
have already seen an instance of this phenomenon in chapter 9, when talking about half-
liberation. To be more precise, for certain manifolds X C S(]C\{ -!, we have constructed
embeddings of algebras of the following type, with Y being a certain classical manifold,

and T, ..., Ty € My(C(Y)) being certain suitable antidiagonal 2 x 2 matrices:
m:C(X)C My(C(Y)) , i —T;

These models, which are quite powerful, were used afterwards in order to establish
several non-trivial results on the original half-classical manifolds X C Sg -!. Indeed, some
knowledge and patience helping, any computation inside the target algebra My(C(Y')) can
only be fun and doable, and produce results about X C S(]C\f -t itself.

We discuss here, following [10], modeling questions for general manifolds X C S(]C\f jrl,
by using the same idea, suitably modified and generalized, as to cover most of the mani-

folds that we are interested in. Let us start with a broad definition, as follows:

DEFINITION 8.1. A model for a real algebraic manifold X C SN71

c. s a morphism of
C*-algebras of the following type,

7:C(X)— B
with B being a C*-algebra, called target of the model. We say that the model is faithful if
7 18 faithful, in the usual sense.

Obviously, this is something too broad, because we can simply take B = C(X), and
we have in this way our faithful model, which is of course something unuseful:

id : C(X) = C(X)

Thus, we must suitably restrict the class of target algebras B that we use, to algebras
that we know well. However, this is something quite tricky, because if we want our model
to be faithful, we cannot use simple algebras like the algebras My(C(Y)) used in the
half-classical setting. In short, we are running into some difficulties here, of functional
analytic nature, and a systematic discussion of all this is needed.

161
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As a first objective, let us try to understand if an arbitrary manifold X C S(]CV’ jrl can
be modelled by using familiar variables such as usual matrices, or operators. The answer
here is yes, when using operators on a separable Hilbert space, with this coming from the
GNS representation theorem, that we know from chapter 1, which is as follows:

THEOREM 8.2. Any C*-algebra A appears as closed x-algebra of operators on a Hilbert
space, A C B(H), in the following way:
(1) In the commutative case, where A = C(X), we can set H = L*(X), with respect
to some probability measure on X, and use the embedding g — (9 — fg).
(2) In general, we can set H = L*(A), with respect to some faithful positive trace
tr: A — C, and then use a similar embedding, a — (b — ab).

PRroOF. This is something that we already know, from chapter 1, coming from basic
measure theory and functional analysis, the idea being as follows:

(1) In the commutative case, where A = C'(X) by the Gelfand theorem, we can pick
a probability measure on X, and then we have an embedding as follows:

C(X)C BL*(X)) . f— (9 [9)

(2) In general, assuming that a linear form ¢ : A — C has suitable positivity proper-
ties, we can define a scalar product on A, by the following formula:

< a,b>= p(ab")

By completing we obtain a Hilbert space H, and we have a representation as follows,
called GNS representation of our algebra with respect to the linear form ¢:

A— B(H) , a— (b— ab)

Moreover, when ¢ : A — C has suitable faithfulness properties, making it analogous
to the integration functionals [ x + A — C from the commutative case, with respect to
faithful probability measures on X, this representation is faithful, as desired. O

Now back to our questions, the above result tells us that we have:

THEOREM 8.3. Given an algebraic manifold X C ngrl, coming via

C(X) = OS2 /(Jaler, . on) = 0)
we have a morphism of C*-algebras as follows,
7:C(X)— B(H) , z—T
whenever the operators T; € B(H) satisfy the following relations:

NIy =) TrTi=1 , fo(Ti,....Ty) =0

Moreover, we can always find a Hilbert space H and operators {T;} such that 7 is faithful.
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PROOF. Here the first assertion is more of an empty statement, explaining the def-
inition of the algebra C'(X), via generators and relations, and the second assertion is
something non-trivial, coming as a consequence of the GNS theorem. U

In practice now, all this is a bit too general, and not very useful. We need a good
family of target algebras B, that we understand well. And here, we can use:

DEFINITION 8.4. A random matriz C*-algebra is an algebra of type
B = Mg(C(T))
with T being a compact space, and K € N being an integer.

The terminology here comes from the fact that, in practice, the space T" usually comes
with a probability measure on it, which makes the elements of B “random matrices”.
Observe that we can write our random matrix algebra as follows:

B = Mg(C) @ C(T)

Thus, the random matrix algebras appear by definition as tensor products of the
simplest types of C*-algebras that we know, namely the full matrix algebras, My (C) with
K € N, and the commutative algebras, C'(T"), with T being a compact space. Getting
back now to our modelling questions for manifolds, we can formulate:

DEFINITION 8.5. A matriz model for a noncommutative algebraic manifold
X cSi!
is a morphism of C*-algebras of the following type,
m: C(X) — Mg(C(T))
with T being a compact space, and K € N being an integer.

As a first observation, when X happens to be classical, we can take K =1 and T = X,
and we have a faithful model for our manifold, namely:

id : C(X) — My(C(X))

In general, we cannot use K = 1, and the smallest value K € N doing the job, if any,
will correspond somehow to the “degree of noncommutativity” of our manifold.

Before getting into this, we would like to clarify a few abstract issues. As mentioned
above, the algebras of type B = Mg (C(T)) are called random matrix C*-algebras. The
reason for this is the fact that most of the interesting compact spaces T' come by definition
with a natural probability measure of them. Thus, B is a subalgebra of the bigger algebra
B" = My (L>®(T)), usually known as a “random matrix algebra”.

This perspective is quite interesting for us, because most of our examples of manifolds
X C X(JCV ;1 appear as homogeneous spaces, and so are measured spaces too. Thus, we
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can further ask for our models C'(X) — Mg (C(T)) to extend into models of the following
type, which can be of help in connection with integration problems:
L=(X) = Mg (L=(T))

In short, time now to talk about L*°-functions, in the noncommutative setting.

8b. Operator algebras

In order to discuss all this, we will need some basic von Neumann algebra theory,
coming as a complement to the basic C*-algebra theory from chapter 1. Let us start with
a key result in functional analysis, as follows:

PROPOSITION 8.6. For an operator algebra A C B(H), the following are equivalent:

(1) A is closed under the weak operator topology, making each of the linear maps
T —<Tz,y > continuous.

(2) A is closed under the strong operator topology, making each of the linear maps
T — Tx continuous.

In the case where these conditions are satisfied, A is closed under the norm topology.

PROOF. There are several statements here, the proof being as follows:

(1) It is clear that the norm topology is stronger than the strong operator topology,
which is in turn stronger than the weak operator topology. At the level of the subsets
S C B(H) which are closed things get reversed, in the sense that weakly closed implies
strongly closed, which in turn implies norm closed. Thus, we are left with proving that
for any algebra A C B(H), strongly closed implies weakly closed.

(2) But this latter fact is something standard, which can be proved via an amplification
trick. Consider the Hilbert space obtained by summing n times H with itself:

K=H®...©0H

The operators over K can be regarded as being square matrices with entries in B(H),
and in particular, we have a representation 7 : B(H) — B(K), as follows:

T
w(T) =
T

Assume now that we are given an operator 7' € A, with the bar denoting the weak
closure. We have then, by using the Hahn-Banach theorem, for any z € K:

TeA = n(T)enr(A)
— 7(T)zr en(A)x

= 7n(1)x € W(A)xH'H
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Now observe that the last formula tells us that for any x = (z1,...,x,), and any £ > 0,
we can find S € A such that the following holds, for any :
||SZEZ — TZEZH <e€
Thus T belongs to the strong operator closure of A, as desired. U
In the above the terminology, while standard, is a bit confusing, because the norm
topology is stronger than the strong operator topology. As a solution, we agree in what
follows to call the norm topology “strong”, and the weak and strong operator topologies

“weak”, whenever these two topologies coincide. With this convention, the algebras from
Proposition 8.6 are those which are weakly closed, and we can formulate:

DEFINITION 8.7. A von Neumann algebra is a x-algebra of operators
AC B(H)
which is closed under the weak topology.

As basic examples, we have the algebra B(H) itself, then the singly generated von
Neumann algebras, A =< T >, with T € B(H), and then the multiply generated von
Neumann algebras, namely A =< T; >, with T; € B(H). At the level of the general
results, we first have the bicommutant theorem of von Neumann, as follows:

THEOREM 8.8. For a x-algebra A C B(H), the following are equivalent:

(1) A is weakly closed, so it is a von Neumann algebra.

(2) A equals its algebraic bicommutant A”, taken inside B(H).

PROOF. Since the commutants are automatically weakly closed, it is enough to show
that weakly closed implies A = A”. For this purpose, we will prove something a bit more
general, stating that given a x-algebra of operators A C B(H), the following holds, with
A" being the bicommutant inside B(H), and with A being the weak closure:

A/l — A
We prove this equality by double inclusion, as follows:

“D” Since any operator commutes with the operators that it commutes with, we have
a trivial inclusion S C S”, valid for any set S C B(H). In particular, we have:

Ac A’

Our claim now is that the algebra A” is closed, with respect to the strong operator
topology. Indeed, assuming that we have T; — T in this topology, we have:

T,c A" = ST,=T,5, vSecA
= ST =TS, VvSecA
= TcA
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Thus our claim is proved, and together with Proposition 8.6, which allows us to pass
from the strong to the weak operator topology, this gives the desired inclusion:

Ac A

“C” Here we must prove that we have the following implication, valid for any T €
B(H), with the bar denoting as usual the weak operator closure:

TeA — TeA

For this purpose, we use the same amplification trick as in the proof of Proposition
8.5. Consider the Hilbert space obtained by summing n times H with itself:

K=H®..0oH

The operators over K can be regarded as being square matrices with entries in B(H ),
and in particular, we have a representation 7 : B(H) — B(K), as follows:
T
m(T) =
T
The idea will be that of doing the computations in this representation. First, in this
representation, the image of our algebra A C B(H) is given by:
T
7(A) = ‘T e A
T

We can compute the commutant of this image, exactly as in the usual scalar matrix
case, and we obtain the following formula:

St ... Sin
m(A) = : : Sij € A
Sp1 oo Spn
We conclude from this that, given an operator T' € A” as above, we have:
T
e n(A)”
T

In other words, the conclusion of all this is that we have:
TeA" = =n(T) en(A)’

Now given a vector x € K, consider the orthogonal projection P € B(K) on the norm
closure of the vector space m(A)z C K. Since the subspace m(A)x C K is invariant under
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the action of w(A), so is its norm closure inside K, and we obtain from this:
P e n(AY
By combining this with what we found above, we conclude that we have:
TeA" = n(T)P=Pr(T)

Now since this holds for any x € K, we conclude that any 7' € A” belongs to the
strong operator closure of A. By using now Proposition 8.5, which allows us to pass from
the strong to the weak operator closure, we conclude that we have A” C A, as desired. O

In order to develop now some general theory, let us start by investigating the finite
dimensional case. Here the ambient operator algebra is B(H) = My(C), and any subspace
A C B(H) is automatically closed, for all 3 topologies from Proposition 8.6. Thus, we
are left with the question of investigating the %-algebras of usual matrices A C My(C).
But this is a purely algebraic question, whose answer is as follows:

THEOREM 8.9. The x-algebras A C My (C) are exactly the algebras of the form
A=M,(C)&...®& M, (C)
depending on parameters k € N and nq,...,n, € N satisfying
n—+...+np=N
embedded into My (C) via the obvious block embedding, twisted by a unitary U € Uy.
Proor. We have two assertions to be proved, the idea being as follows:

(1) Given numbers nq,...,n; € N satisfying ny + ...+ nxy = N, we have an obvious
embedding of x-algebras, via matrix blocks, as follows:

M, (C)@...® M, (C)C My(C)
In addition, we can twist this embedding by a unitary U € Uy, as follows:
M —- UMU"

(2) In the other sense now, consider an arbitrary s-algebra of the N x N matrices,
A C Mpy(C). Let us first look at the center of this algebra, which given by:

Z(A)=AnA
It is elementary to prove that this center, as an algebra, is of the following form:
Z(A) ~ C*

Consider now the standard basis ej,...,ex € C*, and let py,...,pp € Z(A) be the
images of these vectors via the above identification. In other words, these elements
P1,--., Pk € A are central minimal projections, summing up to 1:

Pt =1
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The idea is then that this partition of the unity will eventually lead to the block
decomposition of A, as in the statement. We prove this in 4 steps, as follows:

Step 1. We first construct the matrix blocks, our claim here being that each of the
following linear subspaces of A are non-unital *-subalgebras of A:

A; = p;iAp;

But this is clear, with the fact that each A; is closed under the various non-unital
x-subalgebra operations coming from the projection equations p? = p = p;.

Step 2. We prove now that the above algebras A; C A are in a direct sum position,
in the sense that we have a non-unital *-algebra sum decomposition, as follows:

A=A1¢...® A

As with any direct sum question, we have two things to be proved here. First, by
using the formula p; +...+pr = 1 and the projection equations p? = pf = p;, we conclude
that we have the needed generation property, namely:

Ar+ ...+ A=A

As for the fact that the sum is indeed direct, this follows as well from the formula
p1+ ...+ pr =1, and from the projection equations p? = p} = p;.

Step 3. Our claim now, which will finish the proof, is that each of the x-subalgebras
A; = p;Ap; constructed above is a full matrix algebra. To be more precise here, with
n; = rank(p;), our claim is that we have isomorphisms, as follows:

In order to prove this claim, recall that the projections p; € A were chosen central
and minimal. Thus, the center of each of the algebras A; reduces to the scalars:

But this shows, either via a direct computation, or via the bicommutant theorem, that
the each of the algebras A; is a full matrix algebra, as claimed.

Step 4. We can now obtain the result, by putting together what we have. Indeed, by
using the results from Step 2 and Step 3, we obtain an isomorphism as follows:

A=A .. A, =M, (C)s...® M, (C)

Moreover, a careful look at the isomorphisms established in Step 3 shows that at the
global level, of the algebra A itself, the above isomorphism comes by twisting the standard
multimatrix embedding M, (C) & ... & M, (C) C My(C), discussed in the beginning of
the proof, (1) above, by a certain unitary U € Uy. Thus, we obtain the result. U

As an application of Theorem 8.9, clarifying the relation with linear algebra, or oper-
ator theory in finite dimensions, we have the following result:
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PROPOSITION 8.10. Given an operator T € B(H) in finite dimensions, H = CN, the
von Neumann algebra A =< T > that it generates inside B(H) = My(C) is

A=M,C)®...®o M, (C)

with the sizes of the blocks ry, ..., € N coming from the spectral theory of the associated
matriz M € My(C). In the normal case TT* = T*T, this decomposition comes from
T=UDU"

with D € My(C) diagonal, and with U € Uy unitary.

Proor. This is something standard, by using the basic linear algebra theory and
spectral theory for the usual matrices M € My(C). 0

Let us get now to infinite dimensions, with Proposition 8.10 as our main source of
inspiration. We have here the following result:

THEOREM 8.11. Given an operator T' € B(H) which is normal,
T =TT
the von Neumann algebra A =<T > that it generates inside B(H) is
<T>=L>*(T))
with o(T') being its spectrum, formed of numbers A € C such that T'— X is not invertible.

Proor. This is something standard as well, by using the spectral theory for the
normal operators 7' € B(H), coming from chapter 1. O

More generally, along the same lines, we have the following result, dealing this time
with commuting families of normal operators:

THEOREM 8.12. Given operators T; € B(H) which are normal, and which commute,
the von Neumann algebra A =< T; > that these operators generates inside B(H) is

<T,>= L*(X)
with X being a certain measured space, associated to the family {T;}.

Proor. This is again routine, by using this time the spectral theory for the families
of commuting normal operators 7; € B(H). See for instance Blackadar. U

As an interesting abstract consequence of this, we have:
THEOREM 8.13. The commutative von Neumann algebras are the algebras of type
A= L*(X)

with X being a measured space.
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PrROOF. We have two assertions to be proved, the idea being as follows:

(1) In one sense, we must prove that given a measured space X, we can realize the
commutative algebra A = L*(X) as a von Neumann algebra, on a certain Hilbert space
H. But this is something that we already know, coming from the multiplicity operators
Tt(g) = fg from the proof of the GNS theorem, the representation being as follows:

L¥(X) C B(L*(X))
(2) In the other sense, given a commutative von Neumann algebra A C B(H), we

must construct a certain measured space X, and an identification A = L*°(X). But this
follows from Theorem 8.12, because we can write our algebra as follows:

A=<T;,>
To be more precise, A being commutative, any element 7' € A is normal. Thus, we

can pick a basis {T;} C A, and then we have A =< T; > as above, with T; € B(H) being
commuting normal operators. Thus Theorem 8.12 applies, and gives the result. U

Moving ahead now, we can combine Proposition 8.8 with Theorem 8.13, and by build-
ing along the lines of Theorem 8.9, but this time in infinite dimensions, we are led to the
following statement, due to Murray-von Neumann and Connes:

THEOREM 8.14. Given a von Neumann algebra A C B(H), if we write its center as
Z(A) = L*(X)

then we have a decomposition as follows, with the fibers A, having trivial center:

A:/Amdx
X

Moreover, the factors, Z(A) = C, can be basically classified in terms of the 11y factors,
which are those satisfying dim A = oo, and having a faithful trace tr : A — C.

PRroOOF. This is something that we know to hold in finite dimensions, as a consequence
of Theorem 8.9. In general, this is something heavy, the idea being as follows:

(1) This is von Neumann’s reduction theory main result, whose statement is already
quite hard to understand, and whose proof uses advanced functional analysis.

(2) This is heavy, due to Murray-von Neumann and Connes, the idea being that the
other factors can be basically obtained via crossed product constructions. U

All this is certainly quite advanced, taking substantial time to be fully understood.
For general reading on von Neumann algebras we recommend the book of Blackadar, but
be aware tough that, while being at the same time well-written, condensed and reasonably
thick, that book is only an introduction to Theorem 8.14. So, if we want to learn the
full theory, with the complete proof of Theorem 8.14, you will have to go, every now and
then, through the original papers of Murray-von Neumann and Connes.
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Now back to work, and our noncommutative geometry questions, as a first application
of the above, we can extend our noncommutative space setting, as follows:

THEOREM 8.15. Consider the category of “noncommutative measure spaces”, having
as objects the pairs (A, tr) consisting of a von Neumann algebra with a faithful trace, and
with the arrows reversed, which amounts in writing A = L>°(X) and tr = [.

(1) The category of usual measured spaces embeds into this category, and we obtain
in this way the objects whose associated von Neumann algebra is commutative.

(2) Each C*-algebra given with a trace produces as well a noncommutative measure
space, by performing the GNS construction, and taking the weak closure.

(3) In what regards the finitely generated group duals, or more generally the compact
matrix quantum groups, the corresponding identification is injective.

(4) Even more generally, for noncommutative algebraic manifolds having an inte-
gratiuon functional, like the spheres, the identification is injective.

PRroOOF. This is clear indeed from the basic properties of the GNS construction, from
Theorem 8.2, and from the general theory from Theorem 8.14. U

Before getting back to matrix models, we would like to formulate the following result,
in relation with our axiomatization questions discussed in the above:

THEOREM 8.16. In the context of noncommutative geometries coming from quadruplets
(S,T,U, K), we have von Neumann algebras, with traces, as follows,

L=(S) L=(T)

L>=(U) L=(K)
with L>(S) C L*(U) being obtained by taking the first row algebra.

Proor. This follows indeed from the various results that we already have, from above,
by using the general formalism from Theorem 8.15. U

This statement, which is quite interesting, philosophically speaking, raises the ques-
tion of axiomatizing, or rather re-axiomatizing, the quadruplets (S, 7T, U, K) that we are
interested in directly in terms of the associated von Neumann algebras, as above. Indeed,
in view of our general quantum mechanics motivations, we are after all mostly interested
in integrating over our quantum manifolds, and so with this is mind, the von Neumann
algebra formalism seems to be the one which is best adapted to our questions.

However, this is wrong. The above result is something theoretical, because it assumes
the existence of Haar measures on our spaces S, T, U, K, which itself is something coming
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as a theorem. Thus, while all this is nice, the good way of doing things is with C*-algebras,
as we did before. And the von Neumann algebras from Theorem 8.16 remain something
more advanced and specialized, coming afterwards.

As a side comment here, and for ending with some physics, the question “does the
algebra or the Hilbert space come first” is a well-known one in quantum mechanics, basi-
cally leading to 2 different schools of thought. We obviously adhere here to the “algebra
comes first” school. But let us not get here into this, perhaps enough controversies dis-
cussed, so far in this book. For more on this, get to know about the Bohr vs Einstein
debate, which is the mother of all debates, in quantum mechanics.

8c. Matrix truncations

In relation now with the modelling questions that we are interested in here, with all
the above operator algebra material digested, we can now go ahead with our program,
and discuss von Neumann algebraic extensions. We have the following result:

THEOREM 8.17. Given a matriz model w: C(X) — Mg(C(T)), with both X, T being
assumed to have integration functionals, the following are equivalent:

(1) = is stationary, in the sense that [, = (tr ® [r).
(2) 7 produces an inclusion ' : Creq(X) C Mg (X(T)).
(3) m produces an inclusion 7" : L=(X) C Mg(L>(T)).

Moreover, in the quantum group case, these conditions imply that 7 is faithful.

Proor. This is standard functional analysis, as follows:

(1) Consider the following diagram, with all the solid arrows being by definition the
canonical maps between the algebras concerned:

Mic(C(T) Mie(L=(T)
C(X) 5;ed<X> ()

(2) With this picture in hand, the implications (1) <= (2) <= (3) between the
conditions (1,2,3) in the statement are all clear, coming from the basic properties of the
GNS construction, and of the von Neumann algebras, explained in the above.

(3) As for the last assertion, this is something more subtle, coming from the fact that
if L>(G) is of type I, as required by (3), then G must be coamenable. O
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The above result raises a number of interesting questions, notably in what regards the
extension of the last assertion, to the case of more general homogeneous spaces.

Before going further, we would like to record as well the following key result regarding
the matrix models, valid so far in the quantum group case only:

THEOREM 8.18. Consider a matriz model 7 : C(G) — Mg(C(T)) for a closed sub-
group G C Uy, with T being assumed to be a compact probability space.

(1) There exists a smallest subgroup G' C G, producing a factorization of type:
7:C(G) = C(G') = Mg (C(T))

The algebra C(G") is called Hopf image of 7.
(2) When m is inner faithful, in the sense that G = G', we have the formula

k
f=tm >
where ¢ = (tr @ [p)m, and ¢ x Y = (¢ @ P)A.

PrOOF. All this is well-known, but quite specialized, the idea being as follows:

(1) This follows by dividing the algebra C'(G) by a suitable ideal, namely the Hopf
ideal generated by the kernel of the matrix model map 7 : C(G) — Mg (C(T)).

(2) This follows by suitably adapting Woronowicz’s proof for the existence and formula
of the Haar integration functional from [99], to the matrix model situation. O

The above result is quite important, for a number of reasons. Indeed, as a main
application of it, while the existence of a faithful matrix model = : C(G) C Mg (C(T))
forces the C*-algebra C(G) to be of type I, and so G to be coamenable, as already
mentioned in the proof of Theorem 8.17, there is no known restriction coming from the
existence of an inner faithful model 7 : C(G) — Mg (C(T)).

In the general manifold setting, talking about such things is in general not possible,
unless our manifold X has some extra special structure, as for instance being an homoge-
neous space, in the spirit of the various such spaces discussed in chapters 5-6. However,
in practice, such a theory has not been developed yet.

Let us go back now to our basic notion of a matrix model, from Definition 8.5, and
develop some more general theory, in that setting. We first have:
PROPOSITION 8.19. A 1 x 1 model for a manifold X C S(’C\fjrl must come from a map
p:T%XclassCX

and 7 s faithful precisely when X = X5, and when p is surjective.
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PROOF. According to our conventions, a 1 x 1 model for a manifold X C Sg jrl is
simply a morphism of algebras 7 : C(X) — C(T'). Now since C(T') is commutative, this
morphism must factorize through the abelianization of C(X), as follows:

7w C(X) = C(Xeaass) = C(T)
Thus, our morphism 7 must come by transposition from a map p, as claimed. U
Following [10], in order to generalize the above trivial fact, we can use:
DEFINITION 8.20. Let X C ngrl. We define a closed subspace X ) c X by
C(x™) =0(X)/ Ik
where Ji is the common null space of matriz representations of C(X), of size L < K,
Jx = ﬂ ﬂ ker ()
L<K m:C(X)—My(C)

and we call X5 the “part of X which is realizable with K x K models”.
As a basic example here, the first such space, at K = 1, is the classical version:
X(l) = Xlass
Observe that we have embeddings of quantum spaces, as follows:
XY cx@cx® cX
As a first result now on these spaces, we have the following well-known fact:

THEOREM 8.21. The increasing union of compact quantum spaces

X () — U X (K)

K>1
equals X precisely when the algebra C(X) is residually finite dimensional.

Proor. This is something well-known. We refer to Chirvasitu for a discussion on this
topic, in the context of the quantum groups, and to [10] for more. Il

Getting back now to the case K < oo, we first have, following [10]:

PROPOSITION 8.22. Consider an algebraic manifold X C S(]c\fjrl.

(1) Given a closed subspace Y C X C ngrl, we have Y C X5 precisely when any

irreducible representation of C(Y') has dimension < K.

(2) In particular, we have XE) = X precisely when any irreducible representation
of C(X) has dimension < K.
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PRrROOF. This follows from general C*-algebra theory, as follows:

(1) If any irreducible representation of C'(Y) has dimension < K, then we have
Y c X because the irreducible representations of a C*-algebra separate its points.
Conversely, assuming Y € X it is enough to show that any irreducible representation
of the algebra C(X®)) has dimension < K. But this is once again well-known.

(2) This follows indeed from (1). O
The connection with the previous considerations comes from:
THEOREM 8.23. If X C S(]C\fjrl has a faithful matriz model
C(X) = Mx(C(T)
then we have X = X5,

Proor. This follows from the above and from the standard representation theory for
the C*-algebras. For full details on all this, we refer as before to [10]. g

We can now discuss the universal K x K-matrix model, constructed as follows:

THEOREM 8.24. Given X C Sg;l algebraic, the category of its K X K matriz models,
with K > 1 being fized, has a universal object as follows:

TK - C(X) — MK<C(TK))
That is, given a model p : C(X) — Mg(C(T)), we have a diagram of type
C(X) - Mg (C(Tk))

T

Mg (C(T))

where the map on the right is unique, and arises from a continuous map T — Tk .

PRrOOF. Consider the universal commutative C*-algebra generated by elements z;;(a),
with 1 <i,j < K and a € O(X), subject to the following relations:

Ty (CL + )\b) = iL’Z’j<CZ> + )\l’l](b)
zii(ab) = Y wa(a)ay (b)
zi5(1) = 0y

zij(a)" = xji(a”)
This algebra is indeed well-defined because of the following relations:

SN wule =) = 1



176 8. MATRIX MODELS

Now let Tk be the spectrum of this algebra. Since X is algebraic, we have:
™ C(X) = M (C(Tk))  m(z) = (3(2r))
By construction of T and 7, we have the universal matrix model. See [10]. U
Still following [10], as an illustration for the above, we have:
PROPOSITION 8.25. Let X C S(]C\fjrl with X algebraic and X .55 # 0, and let
m:C(X) = Mg (C(Tk))
be the universal matriz model. Then we have
C(X®H)) = C(X)/Ker(n)
and hence X = X5 if and only if X has a faithful K x K-matriz model.

PRrROOF. We have to prove that Ker(m) = Jk, the latter ideal being the intersection
of the kernels of all matrix representations as follows, with L < K:

C(X) — ML(C)

For a ¢ Ker(mw), we see that a € Jx by evaluating at an appropriate element of
Ty. Conversely, assume that we are given a € Ker(mw). Let p : C(X) — ML(C) be a
representation with L < K, and let € : C'(X) — C be a representation. We can extend p
to a representation p’ : C'(X) — Mg(C) by letting, for any b € C(X):

p(b) = (p E)b> €<b>?KL)

The universal property of the universal matrix model yields that p'(a) = 0, since
m(a) = 0. Thus p(a) = 0. We therefore have a € Jg, and Ker(rw) C Jg, and the first
statement is proved. The last statement follows from the first one. See [10]. O

Next, we have the following result, also from [10]:
PROPOSITION 8.26. Let X C S(]C\fjrl be algebraic, and satisfying:
Xetass 7 0
Then X5 is algebraic as well.

PrROOF. We keep the notations above, and consider the following map:

7o O(X) = Mg(C(Tk)) ., 21— (zi5(z))
This induces a *x-algebra map, as follows:

7o : C*(O(X)/Ker(m)) - Mg (C(Tk))

We need to show that 7 is injective. For this purpose, observe that the universal
model factorizes as follows, where p is canonical surjection:

m:C(X) 5 CH(O(X)/Ker(m)) =% My(C(Tk))
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We therefore obtain Ker(m) = Ker(p), and we conclude that:
C(x™) = C(X)/Ker(p) = C*(O(X)/Ker(m))

Thus X %) is indeed algebraic. Since O(X)/Ker(m,) is isomorphic to a *-subalgebra
of Mg(C(Tk)), it satisfies the standard Amitsur-Levitski polynomial identity:

SQK(Il, e ,LL’QK) = 0

By density, so does C*(O(X)/Ker(m)). Thus any irreducible representation of the
algebra C*(O(X)/Ker(m)) has dimension < K. Consider now an element as follows:

a € C*(O(X)/Ker(m))

Assuming a # 0 we can, by the same reasoning as in the previous proof, find a
representation as follows, such that p(a) # 0:

p:C*(O(X)/Ker(my)) — Mg (C)
Indeed, a given algebra map ¢ : C'(X) — C induces an algebra map as follows:
C(TK) —C y  Tij (CL) — (52']‘8(&)

But this map enables us to extend representations, as before. By construction the
universal model space yields an algebra map as follows:

Mg (C(Tk)) = Mk(C)
The composition with 7yp = 7 is then pp, so 7y(a) # 0, and 7y is injective. O
Summarizing, we have proved the following result:

THEOREM 8.27. Let X C Sé\fjrl be algebraic, satisfying X ass 7 0. Then we have an
increasing sequence of algebraic submanifolds

Xeass = XD c X@D cx® ... cX
where X5 is given by the fact that
C(X") € Mg(C(Tx))
is obtained by factorizing the universal matrix model.
ProoF. This follows indeed from the above results. See [10]. O

There are many other things that can be said about the above matrix truncations
X ) " and we refer here to [10] and related papers. However, the main problem remains
that of suitably fine-tuning this theory, as to make it compatible with the theory of matrix
models for the Woronowicz algebras, which itself is something quite advanced, and rather
satisfactory. To be more precise here, the situation is as follows:

(1) As a first observation, when taking as input a quantum group, X = G, the
above truncation procedure does not produce a quantum group at K > 2, because the
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compultiplication A does not factorize. Thus, Theorem 8.27 as stated remains something
a bit orthogonal to what is known about the matrix models for quantum groups.

(2) Conversely, as already said before, the main results on the matrix models for
quantum groups regard the notion of inner faithfulness from Theorem 8.18. And such
results cannot extend to general manifolds X C S(Jc\f ;1, unless we are dealing with special
classes of homogeneous spaces, in the spirit of those discussed in chapters 5-6.

Summarizing, many things to be done. The main problem is probably that of talking
about inner faithful models for affine homogeneous spaces, but the general theory here
is unknown, at least so far. Finally, let us mention that, in the quantum group setting,
the known theory of matrix models was heavily inspired by the work of Jones [62], [63],
[64], in connection with general problems in statistical mechanics, and in what regards
the extension of this to the case of more general homogeneous spaces, or other algebraic
manifolds, the motivations remain a bit too advanced to be fully understood.

8d. Half-liberation

As a nice illustration for the above modeling theory, let us discuss now the half-
liberation operation, which is connected to X @, as a continuation of the material from
above. We first restrict the attention to the real case. Let us start with:

DEFINITION 8.28. The half-classical version of a manifold X C Sﬁ;l 1S given by:

C(X™) = C’(X)/ <abc = cba

Va,b,c € {xz}>
We say that X is half-classical when X = X*.

Observe the obvious similarity with the construction of the classical version. In fact,
philosophically, this definition is some sort of “next level” definition for the classical
version, assuming that you managed, via some sort of yoga, to be as familiar with half-
commutation, abc = cba, as you are with usual commutation, ab = ba.

In order to understand now the structure of X*, we can use an old matrix model
method, which goes back to Bichon and Dubois-Violette, and then to Bichon [23]. This
is based on the following observation, that we already met in the above:

PROPOSITION 8.29. For any z € CV, the matrices

0 Zi
Xi = (21» 0)

are self-adjoint, and half-commute.
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PROOF. The matrices X; are indeed self-adjoint, and their products are given by:

A o O Zi 0 Zj o ziéj 0
XZX] o (ZZ O) (2]- O) o ( 0 Zizj)

Also, we have as well the following formula:

A ‘ o ZiZj 0 0 Z o O ZiZjZk
XikiXn = ( 0 zizj> (zk 0) a (zizjzk 0

Now since this latter quantity is symmetric in i, k, we obtain from this that we have
the half-commutation formula X;X,;X; = X, X;X;, as desired. ]

The idea now will be that of using the matrices in Proposition 8.29 in order to model
the coordinates of arbitrary half-classical manifolds. In order to connect the algebra of
the classical coordinates z; to that of the noncommutative coordinates X;, we will need:

DEFINITION 8.30. Given a noncommutative polynomial f € R < xy,...,zxy > in N
variables, we define a usual polynomial in 2N wvariables

fo S R[Zl,...,ZN,El,...,EN]
according to the formula
f =TjTjyTisTiy - .. —> fo = Zi12i22i32i4 e
in the monomial case, and then by extending this correspondence, by linearity.

As a basic example here, the polynomial defining the free real sphere S]fg ;1 produces
in this way the polynomial defining the complex sphere Sév -1

f:q:f—i—...#—x?v — foz\zl|2—|—...+|zN|2

Also, given a polynomial f € R < x1,...,xx >, we can decompose it into its even and
odd parts, f = g + h, by putting into g/h the monomials of even/odd length. Observe
that with z = (21,..., 2n), these odd and even parts are given by:

flz)+ f(—= f(z)— f(—=
FRNNICESC IR CRY (e

With these conventions, we have the following result:

PROPOSITION 8.31. Given a manifold X, coming from a family of noncommutative
polynomials {fo} CR < x1,..., x5 >, we have a morphism algebras

7 C(X) = My(C) ”(xi):(g f))

precisely when z = (21,...,zy) € CV belongs to the real algebraic manifold
Y = {z € CNgo(z1,...,2n) = ho(21, ..., 2n) = O,Va}

where fo = go + he is the even/odd decomposition of f..
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PRrROOF. Let X, be the matrices in the statement. In order for z; — X, to define a
morphism of algebras, these matrices must satisfy the equations defining X. Thus, the
space Y in the statement consists of the points z = (21, ..., zy) € CV satisfying:

fo(X1,....XN)=0 |, Va

Now observe that the matrices X; in the statement multiply as follows:

) ) ) o ziléjl e zikéjk 0
X“le o XZkX]k < 0 Zz‘l Zjy e Ziijk>
o 0 zil,?jl e zik,?jkzikH
X“le e szX]k Y+1 T (zilzjl . Zikzjkzik+1 0

We therefore obtain, in terms of the even/odd decomposition f, = go + hq:

9o(z1, ..y 2n) ho(z1,...,2N)
fo(Xi, .o, XN) =

hS(z1,. .. 2n) 9221, .., 2N)

Thus, we obtain the equations for Y from the statement. U

As a first consequence, of theoretical interest, a necessary condition for X to exist is
that the manifold Y € CV constructed above must be compact, and we will be back to
this later. In order to discuss now modelling questions, we will need as well:

DEFINITION 8.32. Assuming that we are given a manifold Z, appearing via
O(Z> - O* <Zl7"'7ZN foc(zla"';zN> = O)

we define the projective version of Z to be the quotient space Z — PZ corresponding to
the subalgebra C(PZ) C C(Z) generated by the variables xy; = 22} .

The relation with the half-classical manifolds comes from the fact that the projective
version of a half-classical manifold is classical. Indeed, from abc = cba we obtain:

ab-cd = (abc)d
= (cba)d
= c¢(bad)
= c¢(dab)
= cd-ab

Finally, let us call as before “matrix model” any morphism of unital C*-algebras
f A — B, with target algebra B = Mg (C(Y)), with K € N, and Y being a compact
space. With these conventions, following Bichon [23], we have the following result:
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THEOREM 8.33. Given a half-classical manifold X which is symmetric, in the sense
that all its defining polynomials f, are even, its universal 2 x 2 antidiagonal model,
m:C(X) = My(C(Y))
where Y s the manifold constructed in Proposition 8.31, is faithful. In addition, the

construction X — Y 1is such that X exists precisely when Y is compact.

PROOF. We can proceed as in [23]. Indeed, the universal model 7 in the statement
induces, at the level of projective versions, a certain representation:

C(PX) — My(C(PY))

By using the multiplication formulae from the proof of Proposition 8.31, the image of
this representation consists of diagonal matrices, and the upper left components of these
matrices are the standard coordinates of PY. Thus, we have an isomorphism:

PX ~ PY
We can conclude then by using a grading trick. See [23]. O

As a first observation, this result shows that when X is symmetric, we have X* ¢ X®),
Going beyond this observation is an interesting problem.

In what follows, we will rather need a more detailed version of the above result. For
this purpose, we can use the following definition:

DEFINITION 8.34. Associated to any compact manifold Y C CV is the real compact
half-classical manifold [Y], having as coordinates the following variables,

0 Zi
=2 5)

where z1,...,zn are the standard coordinates on Y. In other words, [Y] is given by the
fact that C([Y]) C Ma(C(Y)) is the algebra generated by these matrices.

Here the fact that the manifold [Y] is indeed half-classical follows from the results
above. As for the fact that [Y] is indeed algebraic, this follows from Theorem 8.33. Now
with this notion in hand, we can reformulate Theorem 8.33, as follows:

THEOREM 8.35. The symmetric half-classical manifolds X appear as follows:

(1) We have X = [Y], for a certain conjugation-invariant subspace Y C CV.
(2) PX = P[Y], and X is mazximal with this property.
(3) In addition, we have an embedding C([X]) C C(X) X Zs.

PROOF. This follows from Theorem 8.33, with the embedding in (3) being constructed
as in [23], by z; = z; ® T, where 7 is the standard generator of Z,. See [23]. O
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And this is all, on this subject. In the unitary case things are a bit more complicated,
and in connection with this, there are also some higher analogues of the above developed,
using K x K matrix models. We refer to [10], [23] for more on these topics.

8e. Exercises

Exercises:

EXERCISE 8.36.
EXERCISE 8.37.
EXERCISE 8.38.
EXERCISE 8.39.
EXERCISE 8.40.
EXERCISE 8.41.

Bonus exercise.



Part 111

Free equations



The time has come
To say fair’s fair
To pay the rent
To pay our share



CHAPTER 9

Laplace operator

9a.
9b.
9c.
9d.
9e. Exercises

Exercises:

EXERCISE 9.1.

EXERCISE 9.2.

EXERCISE 9.3.

EXERCISE 9.4.

EXERCISE 9.5.

EXERCISE 9.6.

Bonus exercise.

185






CHAPTER 10

Harmonic functions

10a.
10b.
10c.
10d.
10e. Exercises

Exercises:

EXERCISE 10.1.

EXERCISE 10.2.

EXERCISE 10.3.

EXERCISE 10.4.

EXERCISE 10.5.

EXERCISE 10.6.

Bonus exercise.

187






CHAPTER 11

Free equations

11a.
11b.
1lc.
11d.
11le. Exercises

Exercises:

EXERCISE 11.1.

EXERCISE 11.2.

EXERCISE 11.3.

EXERCISE 11.4.

EXERCISE 11.5.

EXERCISE 11.6.

Bonus exercise.

189






CHAPTER 12

Analytic aspects

12a.
12b.
12c.
12d.
12e. Exercises

Exercises:

EXERCISE 12.1.

EXERCISE 12.2.

EXERCISE 12.3.

EXERCISE 12.4.

EXERCISE 12.5.

EXERCISE 12.6.

Bonus exercise.

191






Part IV

Free physics



It has to start somewhere
It has to start sometime
What better place than here
What better time than now



CHAPTER 13

Free mechanics

13a.
13b.
13c.
13d.
13e. Exercises

Exercises:

EXERCISE 13.1.

EXERCISE 13.2.

EXERCISE 13.3.

EXERCISE 13.4.

EXERCISE 13.5.

EXERCISE 13.6.

Bonus exercise.

195






CHAPTER 14

Electrodynamics

14a.
14b.
14c.
14d.
14e. Exercises

Exercises:

EXERCISE 14.1.

EXERCISE 14.2.

EXERCISE 14.3.

EXERCISE 14.4.

EXERCISE 14.5.

EXERCISE 14.6.

Bonus exercise.

197






CHAPTER 15

Twisted electrodynamics

15a.
15b.
15c.
15d.
15e. Exercises

Exercises:

EXERCISE 15.1.

EXERCISE 15.2.

EXERCISE 15.3.

EXERCISE 15.4.

EXERCISE 15.5.

EXERCISE 15.6.

Bonus exercise.

199






CHAPTER 16

Free electrodynamics

16a.
16b.
16c¢.
16d.
16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
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bounded operator, 14

bras and kets, 14

Brauer theorem, 52

cabling, 66
Catalan number, 63

207

category of partitions, 50
Cayley graph, 12

center of algebra, 167, 170
central limit, 61

Cesaro limit, 31

characters, 18

Chebycheff polynomials, 68
circular law, 142

circular variable, 142
classical version, 22
Clebsch-Gordan rules, 63
Clifford torus, 146

coaction map, 97
coassociativity, 99
cocommutative algebra, 27
commutative algebra, 18, 27, 46, 169
commutator ideal, 22
compact hypersurface, 88
compact Lie group, 27
compact quadric, 90
compact quantum group, 30
compact quantum space, 19
complete reducibility, 33
complex Bessel law, 61
complex normal law, 61
complex projective space, 72, 144
complexification, 69, 141
comultiplication, 27, 28
concatenation of partitions, 50
confinement, 21
corepresentation, 31
cosemisimplicity, 33

counit, 27, 28

Di Francesco formula, 68
diagonal torus, 37
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Dirac notation, 14 free unitary group, 35, 70, 142

discrete quantum group, 30 free wreath product, 48

doubling strings, 63 freeness, 11, 21

dual of graph, 12 Frobenius duality, 135
Frobenius isomorphism, 135

casiness, 52 Frobenius trick, 63

easy liberation, 54 full group algebra, 21

easy quantum group, 52 full reflection group, 48

equality of manifolds, 25

function algebra, 18
ergodic action, 42

ergodicity, 99 Gaussian law, 61
ergodicity axiom, 117 Gelfand spectrum, 18
extended homogeneous space, 98 Gelfand theorem, 18, 46
generalized bistochastic group, 123

fa.ctor , 170 generalized easiness, 132
fa%thful model, 161, 162, 172 GNS construction, 20, 101, 171
faithful trace, 162, 170 GNS embedding, 162
family of operators, 169 GNS representation, 162
fattening of partitions, 63 GNS theorem. 20. 162
finite dimensional algebra, 167 Gram determi’nan’t 66. 68
finitely generated group, 27 Gram matrix, 42, 60, 66
g?ced pom;? 31, 95 group algebra, 21

1p map, group dual, 22, 37, 125
free abelian group, 13
free Bessel law, 61 Haar functional, 31, 60
free compact quadric, 90 Haar integration, 31, 112
free complex sphere, 23 Haar measure, 31
free complexification, 70, 142 Haar unitary, 70, 142
free coordinates, 23 half-classical, 76
free cube, 13 half-classical manifold, 178
free group, 11 half-classical version, 178
free manifold, 12, 24 half-commutation, 178
free orthogonal group, 35, 63 half-commutative, 76
free partial isometry, 104 half-liberation, 76
free partial permutation, 109 high speed, 11
free permutation group, 46 Hilbert space, 14
free Poisson law, 61 homogeneous space, 42, 96
free projective space, 73 Hopf algebra, 28
free quadric, 90 Hopf algebra axioms, 28
free quantum group, 35, 48 Hopf image, 173
free real sphere, 23 horizontal concatenation, 50
free real tqrus, 13 hyperoctahedral quantum group, 48
free reﬁect}on, 48 hypersurface, 88
free reflection group, 48
free rotation, 35, 70, 142 inner faithfulness, 173
free sphere, 23 integral of factors, 170
free symmetric group, 46 intermediate spheres, 90

free torus, 13 intersection diagram, 49



involutive algebra, 16
irreducible corepresentation, 33
isomorphism of manifolds, 25

joint diagonalization, 169

Kesten amenability, 34
Kesten measure, 13
Kronecker symbol, 51

left invariance, 112

liberation, 22-24, 47, 54, 134

Lie algebra, 69

Lie algebra complexification, 69, 141
Lie group, 69

Lindstom formula, 66

linear at left, 14

linear operator, 14

Mbobius function, 64

Mobius inversion, 64

Mobius matrix, 64

magic matrix, 46

magic unitary, 46

maps associated to partitions, 51
Marchenko-Pastur law, 61
matching pairing, 50

matrix model, 161, 163

matrix model truncations, 177
maximal inclusion, 76

maximal quotient space, 120
maximal seminorm, 21

meander determinant, 68
measured space, 169

minimal quotient space, 118
moments, 60

monomial projective space, 74, 148
monomial space, 74, 148
multimatrix algebra, 167

non-overlapping coordinates, 115
noncommutative manifold, 24
noncommutative measured space, 171
noncrossing pairing, 52

noncrossing pairings, 54

noncrossing partition, 52

norm closed, 164

norm of operators, 14

norm topology, 164

INDEX

normal element, 16
normal law, 61

normal matrix, 168
normal operator, 16, 169
normed algebra, 14, 16

operator algebra, 16, 165

orbits, 123

orbits of action, 123

orthogonal quantum group, 35, 59
overlapping coordinates, 115

partial isometry, 102

partial permutation, 109
permutation matrices, 46
Peter-Weyl decomposition, 33
Peter-Weyl integrals, 119
Peter-Weyl representation, 33
Peter-Weyl theory, 33

Poisson law, 61

Pontrjagin dual, 21

positive operator, 19

projective action, 79

projective affine isometry, 79
projective category of pairings, 77
projective easiness, 77
projective isometry, 79, 146
projective isometry group, 79
projective orthogonal group, 146
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projective orthogonal quantum group, 72, 143

projective quadruplet, 147

projective quantum group, 72, 77, 143
projective quantum isometry, 79
projective reflection, 146

projective rotation, 146

projective space, 72

projective torus, 146

projective unitary quantum group, 72, 143

projective version, 72, 73
projective versions of spheres, 73, 145
projective versions of tori, 146

quadric, 90

quantum group, 30

quantum hypersurface, 92
quantum isometry, 39

quantum isometry group, 39, 40
quantum manifold, 24
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quantum measured space, 171
quantum permutation group, 46
quantum reflection group, 48
quantum space, 19

quantum subgroup, 95
quantum symmetric group, 46
quotient space, 42, 95

random matrix, 163

random matrix algebra, 163
random matrix model, 163
rational calculus, 16

real algebraic manifold, 24
real Bessel law, 61

real hypersurface, 88

real projective space, 72, 144
reduction theory, 170
reflection group, 48
removing blocks, 55, 56
representation, 31

residually finite dimensional, 174
right invariance, 112

row space, 130

saturated manifold, 138
scalar product, 14
Schur-Weyl duality, 52
self-adjoint operator, 14, 16
self-transpose, 129
semicircle partition, 50
semicircular variable, 142
shrinking of partitions, 63
singletons and pairings, 56
snowflake graph, 12
spectral radius, 16

spectral theorem, 169
spectrum, 16

square of antipode, 28
square root of operators, 19
standard coordinates, 27
standard cube, 49, 61
stationary model, 172
strong force, 21

strong operator topology, 164
strong topology, 164
strongly closed, 164

sum of coordinates, 115
superposing partitions, 132

symmetric group, 46

Tannakian category, 50
Tannakian duality, 35, 50, 51
target of model, 161

tensor category, 35, 50, 136
truncated character, 60, 61
truncations, 177

unbounded operator, 14
uniform integration, 31, 42
uniform measure, 31

uniform quantum group, 55, 56
unitary quantum group, 35
universal algebra, 35
upside-down turning, 50

vertical concatenation, 50
Voiculescu law, 142

von Neumann algebra, 165
von Neumann factor, 170

weak operator topology, 164
weak topology, 164, 165

weakly closed, 164

Weingarten formula, 42, 60, 113
Weingarten matrix, 42, 60
Wigner law, 142

Woronowicz algebra, 27

wreath product, 48

Young tableaux, 66
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