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ABSTRACT. This is an introduction to the gamma function I'(s), and the mathemat-
ics that it produces, with all the needed preliminaries included. We first discuss the
construction and basic properties of gamma, following the hierarchy s € N, s € N/2,
s € R, s € C. Then, with the help of the generalized binomial coefficients, we discuss
the probability theory that can be developed, using the gamma function. We then go
on a similar discussion, this time more algebraic and speculative, in relation with geom-
etry and analysis. Finally, we discuss a number of more advanced algebraic aspects, in
relation with symmetries, classical and quantum, and with arithmetic.



Preface

Where does mathematics come from? Leaving aside all sorts of philosophical things
that can be said here, mathematics comes from the binomial formula, namely:

" /n

a h)"* = kbnfk

@ror =3 (})o
k=0

Indeed, thinking well, it is this magic formula that produces most of the numbers

appearing in mathematics, be that of algebraic, geometric, analytic or probabilistic flavor.

And so, in a certain sense, it is this formula that produces mathematics itself.

In the binomial formula, the main objects of interest are the binomial coefficients on
the right, which are given by the following formula, with n! =1-2-3...n:

(1) = mm

Quite remarkably, Newton’s calculus shows that the binomial formula holds as well at
non-integer values of the exponent, n € R, with the sum being infinite, and under mild
assumptions on a,b € R, as to have convergence, with the coefficients being:

(n) _nn—1)..(n—k+1)

k k!

Moreover, there is a second twist to the story, coming from the gamma function. Again
by Newton’s calculus, an iterated partial integration shows that we have:

oo
/ z"e *dr = n!
0

And the point is that the integral on the left, called gamma function, converges for
any n > —1. Thus, what we have here is a definition for n!, for the real numbers n > —1,
which is truly remarkable, and is compatible with the above. Moreover, with a bit of
analytic know-how, we can even talk about n! for the complex numbers n € C.

Quite interesting all this, and you would probably wonder, if mathematics is produced
by the usual binomial coefficients, coming themselves from n! with n € N, then what is
the science produced by n! with n € N/2, or n € Q, or n € R, or n € C?
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4 PREFACE

In answer, advanced mathematics, I guess. To start with, by using the gamma function
we can certainly talk about factorials and binomials, so we have combinatorics, somehow
with the sets themselves missing, but technically this is not a problem. But now that we
have next-level combinatorics, we certainly have next-level probability too, and there are
many things to be done here. As for the rest of mathematics, namely algebra, geometry
and analysis, many things can be said here too, of quite solid nature in what concerns
algebra and analysis, and of more speculative nature in what concerns geometry.

This book is an introduction to this, namely gamma function, which is traditionally
denoted I'(s) with s = n + 1, and the mathematics that it produces, with all the needed
preliminaries included. The book is organized in 4 parts, as follows:

I. We first discuss the construction and basic properties of gamma, following the
standard hierarchy s € N, s e N/2) s € R, s € C.

I1. Then, with the help of the generalized binomial coefficients, we discuss the proba-
bility theory that can be developed, using the gamma function.

ITI. We then go on a similar discussion, this time more algebraic and speculative, in
relation with questions from geometry and analysis.

IV. Finally, we discuss a number of more advanced algebraic aspects, in relation with
symmetries, classical and quantum, and with arithmetic.

In the hope that you will find this book useful. The book is quite self-contained, but
as complements, for some help with algebra and arithmetic you have my book [10], for
calculus you have my book [11], and for probability you have my book [12].

Many thanks to my cats, for some help with advanced set theory, probability, and
hypergeometric functions. However, many interesting things can be learned from mice
too, and the escape procedure at the end, into R™ with n > 0, is due to them.

Cergy, July 2026
Teo Banica
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Part 1

Gamma function



Tout est chaos a cote
Tous mes ideaux, des mots abimes
Je cherche une ame qui pourra m’aider
Je suis d’une generation desenchantee



CHAPTER 1

Binomials, factorials

la. Binomial formula

Welcome to probability, and question for the two of us, how to start this book, and
our learning? Normally we will be talking here about lots of things, touching many of the
aspects of mathematics, and its applications. And so, as a starting point for this book,
we should have the starting theorem of mathematics, taken in a large sense.

But, what is this theorem? When thinking about mathematics at large, the first
thought goes to numbers and counting, which are needed pretty much everywhere, no
matter what you want to do. And, regarding numbers and counting, if there is something
which is extremely useful in practice, and at the same time easy enough to be understood,
and hard enough to deserve the name Theorem, this is the following result:

THEOREM 1.1. The number of possibilities of choosing k objects among n objects is

(4)

called binomial number, where n! =1-2-3...(n —2)(n — 1)n, called “factorial n”.

Proor. This is something quite tricky, when met for the first time, as follows:

(1) Imagine a set consisting of n objects. We have then n possibilities for choosing our
1st object, then n — 1 possibilities for choosing our 2nd object, out of the n — 1 objects
left, and so on up to n—k+ 1 possibilities for choosing our k-th object, out of the n—k+1
objects left. Since the possibilities multiply, the total number of choices is:

N = nn-1)...(n—k+1)
m—k)n—k—-1)...2-1

= nn=1). =k 4 1) o ) e

B nn—1)...2-1

- n—k)n—-k-1)...2-1
n!

" (n—k)

(2) But, is this correct. Normally a mathematical formula coming with mathematical
proof is guaranteed to be 100% correct, or at least that’s what mathematicians say. This

11



12 1. BINOMIALS, FACTORIALS

being said, who knows, so let us doublecheck our formula, by taking for instance:
n=3 , k=2

Here we have to choose 2 objects among 3 objects, and this is something easily done,
because what we have to do is to dismiss one of the objects, and N = 3 choices here, and
keep the 2 objects left. Thus, the total number of choices for our problem is N = 3. On
the other hand, our computation in (1) gives a wrong answer, namely:

3!

(3) So, where is the mistake? Thinking a bit, the number N that we computed is in
fact the number of possibilities of choosing k ordered objects among n objects. Thus, we
must divide everything by the number M of orderings of the k objects that we chose:

(1) =

(4) In order to compute now the missing number M, imagine a set consisting of k
objects. There are k choices for the object to be designated #1, then k — 1 choices for
the object to be designated #2, and so on up to 1 choice for the object to be designated
#k. We conclude that the missing number M is given by the following formula:

M=k(k—1)...2-1=Fk
(5) Now by getting back to what we wanted to compute, we are led to:

(n) _ N _nl/(n—k) nl

k M k! kl(n — k)!
And this is the correct answer, because, well, that is how things are. In case you
doubt, at n = 3,k = 2 for instance we obtain 3!/2!1! = 3, which is correct. O

Quite interesting all the above, we have some nice mathematics going on, and more
on this in a moment, and in addition, we have learned that producing correct theorems
with correct proofs is not an easy business. Actually, Theorem 1.1 as stated is not exactly
in final form, because as an important adding to it, which must be made, we have:

CONVENTION 1.2. By definition, 0! = 1, and this in order for the computation

n n! n!
= — = = 1
n nl0l nlx1

based on Theorem 1.1 to work, yielding the correct value of (Z), which s 1.

Going ahead now with more mathematics and less philosophy, with Theorem 1.1
complemented by Convention 1.2 being in final form (trust me), we have:
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THEOREM 1.3. We have the binomial formula

(a+b)" = i (Z) a"b"k

k=0

valid for any two numbers a,b € R.
ProOOF. We have to compute the following quantity, with n terms in the product:
(a+b)"=(a+b)(a+b)...(a+0)

When expanding, we obtain a certain sum of products of a, b variables, with each such
product being a quantity of type a*b"*. Thus, we have a formula as follows:

(a+b)" =Y Cpab"™*
k=0

In order to finish, it remains to compute the above coefficients Cj. But, according to
our product formula, C} is the number of choices for the k needed a variables among the
n available a variables. Thus, according to Theorem 1.1, we have:

()

We are therefore led to the formula in the statement. O

Theorem 1.3 is something quite interesting, so let us doublecheck it with some numer-
ics. At small values of n we obtain the following formulae, which are all correct:

(a+b)°=1
(a+b)'=a+b
(a+0b)* = a® + 2ab + b
(a+0)* = a® + 3a*b + 3ab® + b’
(a+0b)* = a* + 4a’b + 6a*V* + 4ab® + b*
(a+b)® = a® + 5a’b + 10a>b* + 10ab® 4 5ab* + b°

Now observe that in these formulae, say for memorization purposes, the powers of the
a, b variables are something very simple, that can be recovered right away. What matters
are the coefficients, which are the binomial coefficients (Z), which form a triangle. So, it
is enough to memorize this triangle, and this can be done by using:
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THEOREM 1.4. The Pascal triangle, formed by the binomial coefficients (Z),

has the property that each entry is the sum of the two entries above it.
PROOF. In practice, the theorem states that the following formula holds:
n n—1 n—1
()= (o) ()
There are many ways of proving this formula, all instructive, as follows:

(1) Brute-force computation. We have indeed, as desired:

(Z: D * (n k 1) - & —(711 '_(;)L A k!(?in—_klz! 0l

n
- (i
(2) Algebraic proof. We have the following formula, to start with:
(a+b)"=(a+b)""(a+b)

By using the binomial formula, this formula becomes:

n n—1
Y\ kyn—k n—1 rgn—1-r
a"b" " = b b
> (1)t [ (o e
k=0 r=0
Now let us perform the multiplication on the right. We obtain a certain sum of terms
of type a*b"*, and to be more precise, each such a*b"* term can either come from the
(7~}]) terms a"~'b"* multiplied by a, or from the (") terms ab" '~ multiplied by b.
Thus, the coefficient of a*b"~* on the right is (Zj) + (n;1)7 as desired.

(3) Combinatorics. Let us count k objects among n objects, with one of the n objects
having a hat on top. Obviously, the hat has nothing to do with the count, and we obtain
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(Z) On the other hand, we can say that there are two possibilities. Either the object

with hat is counted, and we have (Zj) possibilities here, or the object with hat is not

counted, and we have (";1) possibilities here. Thus (Z) = (Zj) + (n;1)7 as desired. [

There are many more things that can be said about binomial coefficients, with all
sorts of interesting formulae, and more on this in a moment, but the idea is always the
same, namely that in order to find such formulae you have a choice between algebra and
combinatorics, and that when it comes to proofs, the brute-force computation method is
useful too. In practice, the best is to master all 3 techniques. Among others, you will have
in this way 3 different methods, for making sure that your formulae are correct indeed.

1b. Binomial coefficients

The binomial numbers, as constructed above, are quite fascinating objects, and the
more you know about them, the better your mathematics will be. Trust me here. To
start with, here are the first few factorials, that you should definitely memorize:

=1 20=2 , 3l=6 , 4=24 ., 5=120 , 6/=720

Y

Next, here are some basic formulae for binomial coefficients, that you should definitely
memorize too, and pull right away, when needed in your computations:

(3)-"

(n) n(n —1)(n — 2)

3 6
n\ n(n—1)(n—2)(n—3)
4) 24
Here are as well some numerics, with n = k,k 4+ 1,k + 2,... in each case, that you

should know well too, and pull out instantly, when needed in your computations:

(Z) —1,3,6,10,15,21,28, . ..

(Z) —1,4,10,20, 35,56, ..

(Z) —1,5,15,35,70, . ..

Still talking basics, there are as well a number of useful general formulae relating the
binomial coefficients, that you should know too. Let us start with a simple fact:
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ProOPOSITION 1.5. We have the following formula,

n\ n
k] \n—k
valid for any integers n € N and k < n.

ProoF. This is pretty much obvious, but as an illustration for the advice in the
previous section, let us try to prove this by as many methods as we can:

(1) Combinatorics. We know that (}) is the number of possibilities of choosing k
objects among n objects. But, by looking at the n — k objects which are dismissed, this
is the same as the number (nfk) of possibilities of choosing n — k objects among n.

(2) Computation. Here is the computation, using the formula from Theorem 1.1:

(Z) a k!(nni K (n —nzi;)!k;! - (n i k>

(3) Algebra. Let us have a look at the binomial formula from Theorem 1.3:

(a+0)" = zn: (Z) ak b

k=0

With the replacement k£ — n — k, this formula takes the following form:
(a+0b)" = i ( " )a"'“b'C
n—=k
k=0
Next, by interchanging a <> b, this latter formula takes the following form:
wrop =3 (" Vet
—\n— k

Now by comparing with the original formula above, we obtain the result.

(4) Pascal triangle. We can argue here that the Pascal triangle from Theorem 1.4 is
symmetric with respect to vertical, and with this being formally provable for instance by
recurrence on n. And I will leave the details here to you, have fun with this. U

Next, here are two more useful formulae, relating the binomial coefficients:
PROPOSITION 1.6. The binomial coefficients are subject to the formulae

£()-+ - S

k=0 k=0

both coming from the binomial formula.
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PRroor. The above formulae come indeed from the binomial formula from Theorem
1.3. Indeed, at a = b =1 that formula gives the first formula in the statement:

(1+1)" = Zn: (Z) Lokt

k=0
Also, with a = 1 and b = —1 we obtain the second formula in the statement:
" /n
1—1)" = 1k -1 n—k
- =3 ()
k=0
Alternatively, we can use a = —1 and b = 1, which gives right away that formula:
" /n
=3 ()

Thus, we are led to the above conclusions. Of course, there are many other such
formulae, look up and learn some, that can only improve your mathematics. U

Getting now to more advanced things regarding the binomial coefficients, let us for-
mulate, as a complement to the various particular cases discussed before:

DEFINITION 1.7. The central binomial coefficients are the following numbers,

(2

which are not to be confused with the middle binomial coefficients,

b = ([n%J)

with [.] standing as usual for the integer part.

Observe that we can recover the central binomial coefficients as particular cases of the
middle binomial coefficients, due to the following formula:

Dn = E2n

However, in practice, the central binomial coefficients D,, are the truly interesting
quantities, and the middle binomial coefficients F,, remain something secondary. Regard-
ing now the numerics for the central binomial coefficients, these are as follows:

D, =1,2,6,20,70,252,924, 3432, 12870, 48620, . . .
This sequence is actually something quite fascinating, and if you are a number theory

nerd, and hope so are you, one of the first things that you will discover, by playing with
it, is that these central binomial coefficients factorize as follows:

D, = 1x1,2x1,3x2,4x5,5x14,6x 42,
7 x 132,8 x 429,9 x 1430, 10 x 4862, ...
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Thus, we are led in this way to the following conjecture:
CONJECTURE 1.8. The central binomial coefficients factorize as
D, =(n+1)C,
with C, = 1,1,2,5,14,42,132,429, 1430, 4862, . .. being certain integers.

However, this is something which is not trivial to prove, with bare hands, and we will
leave it for later in this chapter, once we will know more things.

More modestly now, but along the same lines, let us attempt to work out some basic
arithmetic properties of the general binomial coefficients. We first have:

PROPOSITION 1.9. Given a prime number p > 2, we have
p 2y P
P ( k) , v/ (k>

Proor. This is something that you can come upon by examining the Pascal triangle,
and in what regards the formal proof, this comes from the following formula:

(p> _pp=1).. . (p—k+1)

for any integer 1 < k < p.

k k!
Indeed, due to our assumption 1 < k < p, the numerator is divisible by p, and not by
p?, while the denominator is not divisible by p, and this gives the result. O

Along the same lines, at a more advanced level, we have the following result, which is
something very useful, in practice, for various arithmetic purposes:

THEOREM 1.10. Given a prime number p > 2, the exponent of p inside n! is

-]+ 2] o)

and so the exponent of p inside (Z) 1s given by the formula
bp i = an — @ — Qp_p,
with [.] standing as usual for the integer part.
PRrooOF. This is indeed something quite self-explanatory, the idea being as follows:

(1) Regarding the first assertion, about factorials, which is the main one, we must
compute the exponent of p inside the following product:

nl=1-2-3-4...n
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But here, as a first contribution to the exponent, we have a 1 factor for each of the
multiples of p of type 0 < pa < n, and so this first contribution is given by:

-[2

Next, as a second contribution, we must add a supplementary 1 factor for each of the
multiples of p* of type 0 < p?a < n, and this second contribution is given by:

-3

But then, we have as well a third contribution, coming by adding a supplementary 1
factor for each of the multiples of p* of type 0 < p*a < n, which is given by:

o-[3

And so on, and we are led in this way to the formula in the statement, namely:

o 3] 3]

By the way, observe that this sum is finite, stopping where p* > n.

(2) In what regards now the second assertion, we must compute the exponent of p
inside the binomial coefficients, which are given by the following formula:

(4)

But this gives right away b, , = a, — a — a,—_, as claimed.
(3) Finally, as an illustration for this, for any number s < p we have:
s s s
o = Ll )
= 0p+0+0+...
= 4,
We conclude that for n = p and 1 < k < p we have the following formula:
by = ap—ap— ap_y
= 1-0-0
=1
Thus, the present result generalizes what we previously had, in Proposition 1.9. [

As a basic application now of our binomial formula technology, we have:



20 1. BINOMIALS, FACTORIALS

THEOREM 1.11. We have the following congruence, for any prime p,

a’ = a(p)
called Fermat’s little theorem.

ProoOF. We can prove this by recurrence on a € N, by using Proposition 1.9:

(a+1)p = zp: (i)ak

k=0
= da’+1(p)
= a+1(p)
Thus, we have the result for any a € N, and with the case p = 2 being trivial, we can
assume p > 3, and here by using a — —a we get it for any a € 7Z, as desired. O

lc. Analysis, estimates

In practice, in order to get some applications out of our counting results, we will need
some estimates for the binomials. Let us start with something very basic, namely:

THEOREM 1.12. We have the following estimates for the binomial coefficients,
n\k n n*
<_> < (") <™
k/ —\k) ~ k!

PrROOF. We have two estimates to be proved, the idea being as follows:

both coming from definitions.

(1) Regarding the first estimate, this can be established as follows:

n _n n—1 n—=Fk+1
k) k k—1"" 1
non n
> -
-k k k

nA k
- )
(2) The proof of the second estimate is similar, as follows:

n _n n—1 n—k+1
k) k—1""" 1

n
1

<

n
1

S 3w

k

|

3

Thus, we are led to the conclusions in the statement. U
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The problem is now, how to do better? Leaving aside the fact that both our estimates
were quite rough, so job for us later to improve our method, what is quite bothering is
the upper bound n*/k!, and more specifically, the number k! appearing there.

In order to deal with this latter problem, we can use the number e. We have:

THEOREM 1.13. We can define a number e = 2.71828 ... as the following limit:

: 1\"
e = lim <1+—>
n—oo n

Alternatively, we have the following formula, equivalent to the above one:
1
e=2
n=0
More generally, the exponential of any number x can be computed as follows:

e® = lim (1 + £>n
n

n—oo

Alternatively, we have the following formula, equivalent to the above one:

o0 n

T
ey
n!

n=0
Also, e is irrational, that is, impossible to write as e = a/b, with a,b € N.
Proor. All this is well-known, first class mathematics, the idea being as follows:

(1) The fact that (1+1/n)™ increases, and converges towards a certain limit e € [2, 3],
follows by using the binomial formula, and the arithmetic-geometric inequality.

(2) The fact that > 1/n! converges is elementary, and some estimates show that the
limit must be e. Moreover, this can be used for reaching to the figure e = 2.71828. ..

(3) Regarding the first formula for the exponential, namely (1 + z/n)" — e”, this
follows from the first formula for e, from (1), in a straightforward way.

(4) Regarding e* = 2" /n!, the idea is that the function f(x) =) 2"/n! satisfies
flx+y) = f(z)f(y), so we must have f(x) = a", with a = f(1) =e.

(5) Assuming e = a/b with a,b € N, set x = bl(e — ZZ:O 1/n!). Obviously, z > 0 and
r € N. On the other hand z < 1/(b+1) +1/(b+1)*+ ... =1/b < 1, contradiction. [

Quite interesting all this, hope you agree with me. As a conclusion, e is something
quite subtle, and this will be our mathematical weapon of choice, in what follows.

Although calculus is not really on the menu, in this book doing discrete probability,
let us record as well some calculus results regarding e, which are good to know:
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THEOREM 1.14 (continuation). More conceptually, regarding the number e:
(1) e is the unique number satisfying e* ~ 1+ x for x ~ 0.
(2) x — €” is the unique power function satisfying (e*) = e*.
(3) In fact, e” is the unique function satisfying f(0) =1 and f' = f.

PROOF. As mentioned, this is something more advanced, that we will not really need,
in what follows, but this being important, and good to know, here is the story with it:

(1) We certainly have e” o~ 1 4 z for  ~ 0, coming from e* = ) 2"/n!, by keeping
the first two terms, and ignoring the rest. So good, at least we know one thing.

(2) In what regards the converse, if we denote by log the inverse of x — e* we have
a® = e*1°8% ~ 1 + xloga for x ~ 0, so a® ~ 1 + x requires indeed a = e, as desired.

(3) Next, we can talk about the derivatives of functions f : R — R, with f(z) being
the slope of f at z, that is, according to f(z +1t) ~ f(x) + f'(x)t with ¢t ~ 0.

(4) Now consider the function f( ) = e”. Then (1) tells us that f/(0) = 1 = f(0).
More generally, from et = e®e! ~ e*(1 + ) we obtain f'(z) = e” = f(z), for any x.

(5) Alternatively, it follows from the binomial formula that we have (z") = na""!,
and by using e* = )" 2" /n! we obtain right away (e*)’ = e”, as desired.

(6) Regarding the converse, completing the proof of the assertion (2) in the statement,
this simply follows from the uniqueness in the assertion (1) in the statement.

(7) As for the last assertion, when looking for f(x) =) c,2™ satisfying f(0) = 1 and
f" = f, by using the rule (z")" = na""! from (5) we get f(z) =, x"/n!=e€".

(8) However, not done with this, because we must prove that f(z) = e* is the unique
abstract function satisfying f(0) = 1 and f’ = f. Thus, we have to work some more.

(9) So, let us develop some more calculus. Following Leibnitz, we have the differenti-
ation rule (fg) = f'g + f¢', coming straight from the definitions in (3).

(10) We will need as well the fact, which is quite intuitive, and formally comes by
looking at the minima and maxima, that f/ = 0 implies that f is constant.

(11) Good news, we can now finish. Indeed, assuming f(0) = 1 and f = f we have
(e7*f) =—e*f+e*f =0, which gives e *f = 1, and so f(x) = e*, as desired.

(12) And with this, end of our calculus excursion. Do not hesitate of course to learn
more about all this, and trust me here, learning calculus is an excellent investment. [

Good news, we can go back now to our previous estimates from Theorem 1.12, for the
binomials, and improve them into something truly useful, as follows:
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THEOREM 1.15. We have the following estimates for the binomials,

)= (2) < )
k) — \k k
with e = 2.71828 ... being the usual constant from analysis.

ProoOF. We have indeed the following estimate, based on Theorem 1.13:

k 00
k! n!
n=0

But with this, we can go back to the upper bound in Theorem 1.12, and we have:

n” n” neyk
2 < e ()
k! kk/ek k
Thus, we are led to the conclusions in the statement. Il

The problem is now, how to improve Theorem 1.157 In order to solve this question,
which is something non-trivial, let us start with the following key result:

THEOREM 1.16. We have the following estimate,
N\" N\
(—) e<N!<<—> e(N+1)
e e

ProoF. This is something quite tricky, the idea being as follows:

valid for any N € N.

(1) To start with, yes I know that calculus is not on the menu for this book, dealing
with discrete probability, but still, we can learn some interesting things on the way, and
prove the present theorem. So, have a second look at Theorem 1.14, and stay with me.

(2) In order to get our estimate, the idea is to integrate the logarithm. Indeed, we can

talk about the integral fab f(z)dz of any continuous function f : [a,b] — R, as being the
signed area below its graph. By drawing rectangles, the relevant formula is:

b n—1
b—a b—a
dr = li E . k-
/a f<x) ! nggo k=0 n f (a+ n )

(3) Now let us do this for log : [1,00) — [0, 00), inverse of exp : [0, 00) — [1, 00). Since
exp is increasing, log is increasing too, and by drawing rectangles, we obtain:

N
10g1+...+10g(N—1)</ logzdr <log2+...+log N
1
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(4) Which is good news, because we get the following estimate, involving factorials:

N
log((N —1)!) < / log z dx < log(N!)
1

Equivalently, by exponentiating, we have the following estimate:

N
(N —1)! <exp (/ logxda:> < N!
1

(5) The problem is now, how to integrate log? For this purpose, let us go back to the
differentiation theory developed in the proof of Theorem 1.14. As a continuation, we have
the following straightforward formula, called fundamental theorem of calculus:

b
/ F'(w)dz = F(b) — F(a)

(6) So, in the end it all comes to finding a function F' satisfying F’ = log. Now for
this purpose, let us start with a formula that we know from Theorem 1.14, namely:
exp’ = exp

It is easy to see that we have (f o g)'(z) = f'(g9(x))g (x), and this gives:

1
logz) = ~
(log x) .

(7) In order to make now appear log on the right, the idea is quite clear, namely
multiplying on the left by x. We obtain in this way the following formula:

(xlogz) =1-logx + x - i =logz +1
We are almost there, all we have to do is to substract x from the left, as to get:
(xlogz —x) =logx
(8) Summarizing, integration problem solved, and by using this, we have:
/Nlogxdx = (NlogN —N)—(llogl—1)
1 = NlogN — N +1
(9) But with this, by going back to the estimate found in (4), we obtain:

(N-1!< (E>N6<N!

e

Equivalently, with N — N + 1 on the left, we have the following estimate:

N\ N+ 1\
(—) 6<N!<( +) e
€ €
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(10) Now observe that the upper bound on the right satisfies:

<N:1)N+16: (¥)N (g>N(N+1) < <§)N6(N+1)

Thus, we are led to the formula in the statement. U

Still with me I hope, after all these computations. Actually, although this book was
advertised to be about discrete mathematics, not based on calculus, we ended up in
learning a massive number of calculus things. Nevermind. That’s how mathematics is.

Coming next, as a consequence of Theorem 1.16, let us formulate:

THEOREM 1.17. We have the following estimate, in the N — oo limit,

A\ Y
N ~ (—) e
e

with the =~ sign meaning that the quotient is much smaller than both factors.

ProoOF. This is clear from what we have in Theorem 1.16, which tells us that the
quotient of the functions in the statement satisfies the following estimate:

N/ (5)Nee[1,N+1]

e
Thus, with the above convention for &, we are led to the formula in the statement. [J
Good news, we can now approximate the binomial coefficients, as follows:

THEOREM 1.18. We have the following estimate for the binomial coefficients,

(i) = (eatams)

in the K ~tN — oo limit, with t € (0,1]. In particular we have
2N
~ 4N
(%)
in the N — oo limit, for the central binomial coefficients.

PrOOF. We know from Theorem 1.17 that we have N! ~ (%)Ne, and in practice,

with our convention for ~, this can be replaced by N! ~ (%)N Now by using this:
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(1) The first estimate follows from the definition of the binomial coefficients:

(k) =

(2) G (v %)
NN
KK(N — K)N-K
NN
(N (1= ON)=

- ()

(2) The second estimate follows from a similar computation, as follows:

Q

2N (2N)!
(N) ~ NIN!
IN\N /e 2N
~ (—) (%)
= 4N
Alternatively, we can take ¢ = 1/2 in (1), then rescale via N — 2N. O

Shall we stop here? You must be kidding. The & sign that we have in Theorems 1.17
and 1.18 is quite annoying, but we can improve that, in the following way:

THEOREM 1.19. We have the Stirling formula

NI~ (ﬂ)Nm

e

valid in the N — oo limit.
PRrooOF. This is something quite tricky, the idea being as follows:

(1) We recall, from the proof of Theorem 1.16, that with rectangles we get:
N
log(N!) ~ / logzdex = NlogN — N +1
1

By exponentiating, this gives the following estimate, which is not bad:

N\
N!%(—) e
e
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(2) We can improve this by replacing the rectangles with trapezoids. We get:

log 1+ log N
2
log N
2
By exponentiating, this gives the following estimate, which gets us closer:

()

(3) In order to conclude, we must take some kind of mathematical magnifier, and
carefully estimate the error made in (2). Fortunately, this mathematical magnifier exists,
called Euler-Maclaurin formula, and after some computations, this leads to Stirling.

N
log(N!) =~ / log x dx +
1

= NlogN —-N+1+

N!

Q

(4) Alternatively, we have the following computation, which is non-trivial either:

Nl = / Ne=2dy
N

) e

Y [

12

12

IZ ®|2 z

\/_ e dz
_ (E) JIrN

e
(5) In short, quite complicated, all this. We will be back to this, later in this book. [
Good news, we can now professionally estimate the binomials, as follows:

THEOREM 1.20. We have the following estimate for binomial coefficients,

()= () o=

in the K ~tN — oo limit, with t € (0,1]. In particular we have

(v) ==

in the N — oo limit, for the central binomial coefficients.
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PRrOOF. All this is very standard, by using the Stirling formula, as follows:

(1) This follows from the definition of the binomial coefficients, namely:

(k) = ww—m

12

N\ e\ K 1 e N-K 1
2} VorN (-) ( )
<e> K) 2rk \N-K or(N — K)
NN N
KE(N — K)N K\ 2rK(N — K)

12

(tN)tN(( N)A-ON \/meN 1—t)N
1

1 N
N (tt(l — )" ) 2nt(1 —t)N
Thus, we are led to the conclusion in the statement.

(2) This estimate follows from a similar computation, as follows:

« (%) V() s

Alternatively, we can take ¢ = 1/2 in (1), then rescale via N — 2N.

g

And with this, good news, we have all the needed tools in our bag for converting the

past, present and future counting results into something useful, in practice.

1d. Catalan numbers

With the above discussed, done with the binomials? Certainly not. There are far
more things that can be said, about them, and as a most pressing task, we would like to

prove Conjecture 1.8, which states that the following numbers are integers:

1 (2
Ck—k+1<k>
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Aa explained earlier in this chapter, numerically this seems to hold indeed, with the
sequence {Ck|k > 0} consisting indeed of integers only, as follows:

Cr=1,1,2,5,14,42,132,429, 1430, 4862, . ..

But, how to prove this? In answer, this is undoable with bare hands, and we will have
to trick. Obviously, we need to know what the above numbers C) count, and for this
purpose, we can use the following fact, which fits with the above numerics:

THEOREM 1.21. The following objects are counted by the same numbers Cy, called
Catalan numbers, given by Co = C1 =1 and Cry1 = Y, 1 CaCy:

(1) The length 2k loops on N, based at 0.

(2) The noncrossing pairings of 1,...,2k.
(3) The noncrossing partitions of 1, ... k.
(4) The length 2k Dyck paths in the plane.

Proor. All this is standard combinatorics, the idea being as follows:

(1) To start with, in what regards the various objects involved, the length 2k loops
on N are the usual length 2k loops on N, and the same goes for the noncrossing pairings
of 1,...,2k, and for the noncrossing partitions of 1,..., k, the idea here being that you
must be able to draw the pairing or partition in a noncrossing way.

(2) Regarding now the length 2k Dyck paths in the plane, these are by definition
the paths from (0,0) to (k, k), marching North-East over the integer lattice Z? C R?
by staying inside the square [0, k] x [0, k], and staying as well under the diagonal of this
square. As an example, here are the 5 possible Dyck paths at n = 3:

o O O O O O O O O O O O O O O O o O O O
o O O é O O oO é o O O—CI) O O o©O (I) o O O—(I)
o O O (ID o O O—(ID o O (I) (0] [©] O—O—(ID O O—(I) (¢]
O—O—O—CI) O—O—CI) o O—O—(I) (0] O—(ID o O O—(I) o O

(3) Thus, we have definitions for all objects involved, and in each case, if you start
counting them, you end up with the same sequence, namely that in Conjecture 1.8:

1,1,2,5, 14,42, 132,429, 1430, 4862, . . .

(4) In order to prove now that (1-4) produce indeed the same numbers, many things
can be said. The idea is that, leaving aside mathematical brevity, and more specifically
abstract reasonings of type a = b,b = ¢ = a = ¢, what we have to do, in order to fully
understand what is going on, is to etablish (3) = 6 equalities, via bijective proofs.

(5) But this can be done, indeed. As an example here, the noncrossing pairings of
1,...,2k from (2) are in bijection with the noncrossing partitions of 1, ...,k from (3), via
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fattening the pairings and shrinking the partitions. Consider a noncrossing partition:

‘|||‘|_|‘
1 2 3 4 5 6 7 8

Now let us “fatten” this partition, by doubling everything, as follows:

117 227 33 44" 55 66" 77 8%
We can see emerging here a noncrossing pairing, and by relabeling the points 1,.. ., 16,
and properly redrawing the picture, what we have is indeed a noncrossing pairing;:

1 ‘ ‘ o ‘
123 45 6 7 8 9 10 11 12 13 14 15 16
As for the reverse operation, that is obviously obtained by “shrinking” our pairing, by
collapsing pairs of consecutive neighbors, that is, by identifying 1 = 2, then 3 = 4, then
5 = 6, and so on. We will leave the details here as an instructive exercise, and exercise as
well, to add the loops in (1) and the Dyck paths in (4) to the bijective picture.

(6) This being said, as a matter of having our theorem formally proved, I mean by
me professor and not by you student, here is a less elegant argument, which is however
quick, and does the job. The point is that, in each of the cases (1-4) under consideration,
the numbers C) that we get are easily seen to be subject to the following recurrence:

Now the initial data being the same, namely Cy = C} = 1, in each of the cases (1-4)
under consideration, we get indeed the same numbers, as desired. Il

Now we can pass to the second step, namely selecting in the above list the objects
that we find the most convenient to count, and count them. This leads to:

THEOREM 1.22. The Catalan numbers are given by the formula

1 (2
Ck_k+1<k)

with this being best seen by counting the length 2k Dyck paths in the plane.



1D. CATALAN NUMBERS 31

Proor. This is something quite tricky, the idea being as follows:

(1) Let us count indeed the Dyck paths in the plane. For this purpose, we use a trick.
Indeed, if we ignore the assumption that our path must stay under the diagonal of the
square, we have (2:) such paths. And among these, we have the “good” ones, those that
we want to count, and then the “bad” ones, those that we want to ignore.

(2) So, let us count the bad paths, those crossing the diagonal of the square, and
reaching the higher diagonal next to it, the one joining (0,1) and (k, k + 1). In order to
count these, the trick is to “Hip” their bad part over that higher diagonal, as follows:

(0] O O O

(0] OO(l)O O
(0] O O é O o
(0] E—O—Cl) o o

o
|

o o o o o o
I
o o o o o

(3) Now observe that, as it is obvious on the above picture, due to the flipping, the
flipped bad path will no longer end in (k, k), but rather in (k — 1, k4 1). Moreover, more
is true, in the sense that, by thinking a bit, we see that the flipped bad paths are precisely
those ending in (k — 1,k + 1). Thus, we can count these flipped bad paths, and so the
bad paths, and so the good paths too, and so good news, we are done.

(4) To finish now, by putting everything together, we have:
2k 2k
- (3)-(2)
2k k[2k
- (1)-7a (i)
1 2k
T k+1 < k )

Thus, we are led to the formula in the statement. And good work that we did, among
others with Conjecture 1.8 being now proved. Nothing can resist us. U

Quite interesting all this, but you might wonder, after all, is there any simpler proof
for Conjecture 1.87 I mean, do we really need all the combinatorics above.

In answer, not clear, so I guess I'll have to catch a cat, and ask. And with now as
I type being Summer, during a heat wave, with all the cats lying dormant around the
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house, on the grass, nothing easier for a slow animal like me, which however lacks fur,
than quickly catching one, and asking my mathematical questions. And cat answers:

CAT 1.23. Calculus, baby, using f(z) =Y, Crz".

Thanks cat, this sounds like a good idea. So, thinking a bit at all this, we are led to
the following new approach to the Catalan numbers, based this time on calculus:

THEOREM 1.24. The Catalan numbers have the following properties:
(1) They satisfy Cre1 = Doy CaCh.
(2) The series f(z) =Y 50 Ck2" satisfies zf* — f +1=0.
- S - 114z
(3) This series is given by f(z) = —5—.
(4) We have the formula C), = (Qk)

k+1\Ek

PRroOOF. Here (1) is something that we know from Theorem 1.21, then (2) comes from
(1), then (3) comes from (2), and finally (4) can only come from (3), right, [ mean if there
is a tricky formula for /1 — x, that certainly must be known, and coming via calculus.
We will be back to this later in this book, when knowing more calculus. U

le. Exercises
This chapter was a standard introduction to counting, and as exercises, we have:
EXERCISE 1.25. Further meditate on 0! = 1, but not too much.
EXERCISE 1.26. Memorize as many binomials and factorials you can.
EXERCISE 1.27. Look up and learn other interesting formulae relating binomials.
EXERCISE 1.28. Learn some more, about the arithmetic of the binomaials.
EXERCISE 1.29. Review if needed the full theory of the number e.
EXERCISE 1.30. Review also the basics of derivatives and integrals.
EXERCISE 1.31. Learn the various proofs of the Stirling formula.
EXERCISE 1.32. Learn more about the Catalan numbers, and their properties.

As bonus exercise, learn some programming too. You will need this, later.



CHAPTER 2

Gamma function

2a. Gamma function

Let us start with the following basic fact, which is something elementary:

THEOREM 2.1. The following integral converges for any real number s > 0,

satisfies T'(s + 1) = sI'(s), and extends the usual factorial, I'(n) = (n — 1)! for n € N.
PROOF. There are several assertions here, the idea being as follows:

(1) Regarding the convergence claim, the integral converges at 0o, due to the presence
of the exponential, and converges at 0 too, because z°~! with s > 0 is integrable at 0.

(2) Next, by partial integration we have the following formula, as claimed:

I'(s+1) = / e dx
0

o
= / st te ™ dx
0

= sI'(s)

(3) Regarding now the case n € N, for the initial value n = 1 we have:

(1) = / e fdr =1
0

Thus, by recurrence we obtain I'(n) = (n — 1)! for any n € N, as claimed. O

The above result is something quite magic, because it allows to talk about the factorial
of any real number n > 0, according to the following formula:

nl=T(n+1)

Many interesting things can be said about the gamma function, notably with an
explicit computation at the half-integers, which leads to the following result:

33
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THEOREM 2.2. The gamma function is given at half-integers by

I'(n)=(n—1) | F(n+%) :(22#3”\/%

and we have the following almost uniform formula for it, valid for any N € N,

() -,

2 2(N—1)/2
with M = (M —1)(M —3) ... as usual, and c = \/2,\/7 for N even, odd.
PROOF. There are several things going on here, the idea being as follows:

(1) Regarding the first formula, values of the gamma function at the positive integers,
we know indeed, from Theorem 2.1, that for n € N we have:

I'(n)=(n—-1)!

(2) Regarding now the half-integers, we first have the following computation:

©) - [
[
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Thus, we can solve the problem by recurrence, and we obtain in this way, with our
usual convention N!l = (N — 1)(N — 3)(N —5) ... for the double factorials:

Plpel) - 2-1 2m-3 53 1.(1
"o T T 2 27227 \2

135...(2n—1)

= N VT
(@)t

= N3

(3) Regarding now the unification of the formulae that we have in (1) and (2), let us
first rewrite the formula that we just found in (2), in the following way:

Which looks good and in final form, no questions about this, so for a unification we
are left with refurbishing the nice formula found in (1), in the following way:

r(%”) ~ ()

= (n—1)!
2.4.6...(2n —2)

2n71
(2n —1)N
ol
(2n —1)N
= T on-12 V2
And with this, job done, we are led to the uniform formula in the statement. O

2b. Volumes of spheres

As an interesting comment now, the above formulae are related to the well-known
formulae for the volumes of spheres. In order to discuss this, let us start with:

PROPOSITION 2.3. We have the following formulae,

/2 w/2 £(p) I
/ cosP tdt = / sin tdt = <E> _ P
0 0 2 (p+ D!

where e(p) = 1 if p is even, and £(p) = 0 if p is odd, and where
mll=(m—1)(m—3)(m—>5)...

with the product ending at 2 if m is odd, and ending at 1 if m is even.
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PROOF. Let us first compute the integral on the left I,. We have:
(cosPtsint) = pcosP ' t(—sint)sint + cos’ t cost
= pcosPTt —pcosP ™t + cosPT ¢
= (p+1)cos?™t —pcost~ 't
By integrating between 0 and 7/2, we obtain the following formula:

(p + 1)[p+1 =pl,1
Thus we can compute [, by recurrence, and we obtain:

—1
)
D

p p—2

p—1 p—3
p p-2""
p—1 p—3 p—5

. . I, ¢
p p—2 p—4

p!!
(p+ D! hiep

Thus, we obtain the result, by recurrence. As for the second formula, regarding sin ¢,

this follows from the first formula, with the change of variables t = § — s. g

More generally now, we have the following result:
THEOREM 2.4. We have the following formula,
/2 e(p)e(a) gl
/ cosP tsin?t dt = <E> R i L
0 2 (p+qg+ 1)
where e(p) = 1 if p is even, and £(p) = 0 if p is odd, and where
mll=(m—1)(m—3)(m—2>5)...
with the product ending at 2 if m is odd, and ending at 1 if m is even.

PROOF. Let I,, be the integral in the statement. In order to do the partial integration,
a bit as we previously did at p = 0 or ¢ = 0, observe that we have:

(cosPtsin?t) = pcosP ! t(—sint)sin?t
+ cosPt-gsin? ' tcost
= —pcosP ttsin?™ t + gcosP tsin? ¢t
By integrating between 0 and /2, we obtain, for p,q > 0:

pIpfl,qul = q[erl,qfl
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Thus, we can compute I, by recurrence. When ¢ is even we have:

qg—1
Ly, = mlpm,m
q—1 q—3

Ny S
p+1 p+3 Pt
g—1 ¢—3 q—5
p+1 p+3 p+5 6,46

Cpligl!
_'(p+qﬂV%“

But the last term comes from Proposition 2.3, and we obtain the result:

~ pllg!!
e = g e
_ pllg!! (7T>€(P+Q) (p+ !
(gt \2 (p+q+1)!
<7T>5(P)€(Q) pllg!!
\2 (p+q+ 1)

Observe that this gives the result for p even as well, by symmetry. Indeed, we have

I, = I, by using the following change of variables:

i T
=—-—5
2

In the remaining case now, where both p, ¢ are odd, we can use once again the formula

plp—14+1 = qlpt1,4-1 established above, and the recurrence goes as follows:

a-1,

pq p—i—l p+2,g—2

a=1 q¢=3,

p+1 pt3 Prhat
¢—1 ¢=3 ¢=5,
p+1 p+3 p+5 p+6,4-6

pllig! I
S (prg-ptTH
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In order to compute the last term, observe that we have:

w/2
I, = / cosP tsintdt
0

1 /2
— ] (Coserl t) dt
p 0
1

p+1

Thus, we can finish our computation in the case p, ¢ odd, as follows:

plligh

Iy = mjpﬂrl,l
pllig 1
 (p+e-D! p+g
pllig!
 (prg+ 1)

Thus, we obtain the formula in the statement, the exponent of 7/2 appearing there
being £(p)e(q) = 0-0 = 0 in the present case, and this finishes the proof. O

Getting now to the volumes of the spheres, we have the following result:

THEOREM 2.5. The volume of the unit sphere in RY is given by

r-(5)"

2N

N+
with the convention
NIl=(N-1)(N-=3)(N-5)...
with the product ending at 2 if N is odd, and ending at 1 if N is even.

PROOF. Let us denote by BT the positive part of the unit sphere, or rather unit ball
B, obtained by cutting this unit ball in 2V parts. At the level of volumes, we have:

V=2Vt
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We have the following computation, using spherical coordinates:

V+z/1
Bt

1 pr/2 w/2
= / / . / TN_l SiIlN_2 tl ...sin tN_g d?"dtl Ce dtN_l
0 Jo 0
1 2

w/ /2 /2
T‘N_l d’f‘/ SiIlN_2 tl dtl e / sin tN_thN_Q / 1dtN_1
0 0 0

I
S~

1 (W)[N/Q] (N—2)l (N3l 21 11
= —x (= X : T
N \2 (N -1l (N —2)l""" 31 2l
1 (W)[N/Q] 1
N3 (N — )l
B (ﬂ)[w 1
2 (N + 1)

Here we have used the following formula for computing the exponent of 7/2, where
e(r) =1if r is even and e(r) = 0 if r is odd, as in Theorem 2.4:

e(0)+e(l)+e2)+...4e(N—-2) = 14+0+1+0+...+&(N—2)

- []

N
2
Thus, we are led to the conclusion in the statement. [l

As main particular cases of the above formula, we have:

PROPOSITION 2.6. The volumes of the low-dimensional spheres are as follows:

(1) At N =1, the length of the unit interval is V = 2.
(2) At N =2, the area of the unit disk is V = m.
(3) At N = 3, the volume of the unit sphere is V = 4?”

(4) At N =4, the volume of the corresponding unit sphere is V = %2

PRrROOF. These formulae, which are all well-known, are all particular cases of the
formula in Theorem 2.5, with the computations being as follows:

(1) At N =1 we obtain V = (7/2)"-2/1 = 2.

(2) At N =2 we obtain V = (7/2)! - 4/2 = 7.

(3) At N =3 we obtain V = (7/2)! - 8/3 = 47/3.

(4) At N =4 we obtain V = (7/2)?-16/8 = 72/2. O
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We can compute in the same way the area of the sphere, as follows:
THEOREM 2.7. The area of the unit sphere in RY is given by
. <z>[N/2} L
2 (N =1
with the our usual convention for double factorials, namely:
NIl =(N—-1)(N—=3)(N—-5)...
In particular, at N = 2, 3,4 we obtain respectively A = 27, 4w, 272,

PRrROOF. Regarding the first assertion, there is no need to compute again, because the
formula in the statement can be deduced from Theorem 2.5, as follows:

(1) We can either use a standard “pizza” argument, as in 2D, which shows that the
area and volume of the sphere in RY are related by the following formula:

A=N-V

(2) Or, we can start the computation in the same way as we started the proof of
Theorem 2.5, the beginning of this computation being as follows:

/2 w/2
UOl(S+> = / / SinN_Qtl...SintN_Q dtl...dt]v_l
0 0

Now by comparing with the beginning of the proof of Theorem 2.5, the only thing
that changes is the following quantity, which now dissapears:

! N-1 1
Ly — —
/O r r N

Thus, we have vol(ST) = N - vol(B"), and so we obtain the following formula:
vol(S) = N - vol(B)

But this means A = N -V, and together with the formula in Theorem 2.5 for V,
this gives the result. As for the last assertion, this can be either worked out directly, or
deduced from the results for volumes that we have so far, by multiplying by N. U

Getting back now to the gamma function, we have the following result:
THEOREM 2.8. The volume and area of the unit sphere in RN, given by
v <E>[N/2] 2N B (E)[N/Q] 2N
2 (N+D! 2 (N —1)!!
can be expressed in terms of the gamma function, the formulae being

m\[V/2] 2(N=D/2¢ m\ /2] 9IN+1D/2¢

-2) ey 476G Tam
with ¢ = /2, /T for N even, odd, as before.
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PROOF. There are several things going on here, the idea being as follows:

(1) The first formulae of V, A are something that we know, from Theorems 2.5 and
2.7. Getting now to the second series of formulae, involving gamma, recall from Theorem
2.2 that we have the following formula, with ¢ = /2, /7 for N even, odd:

N\ (N -1
I (5) = oz ©

Thus, the double factorials can be expresed as follows, in terms of gamma:

9(N-1)/2 N
e 2 ()

c 2

(2) But with this in hand, the previous volume formula for the sphere becomes:

Vo (E>[N/2] N

2 (N +1)!!
B (ﬂ)[w oN c 1
\2 2N+1)/2 (N/2 + 1)

m\ [V/2) 9WN=1)/2,
(5) I(N/2+1)

As for the formula for the area of the sphere, this becomes, again as claimed:

A (E>[N/2] 2N
2 (N —1)!
T\ /2] N c 1
(5) “2(N-D/2 T(N/2)
(7T>[N/2] 2IN+D/2¢.

2 T'(N/2)

(3) Time perhaps for some numerics? At N = 2 we have ¢ = v/2, and we get:

T V2-V2 T 2v2-V2

2 TR " ATy T TR

V:

Also, at N = 3 we have ¢ = /7, and we obtain, again as we should:

VT 2-\/m  4n 4T 4-\m

2 3w/ 3 T2 w2

(4) Thus, formulae proved and doublechecked. And with the remark, however, that
the original formulae, in terms of double factorials, are quite often better in practice. [J

47
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2c. Stirling, estimates

The formulae in Theorem 2.8 are certainly nice, but in practice, we would like to have
estimates for that sphere volumes and areas too. For this purpose, we will need:

THEOREM 2.9. We have the Stirling formula
N\
N! ~ (—) V2t N
e
valid in the N — oo limit.
Proor. This is something quite tricky, the idea being as follows:
(1) Let us first see what we can get with Riemann sums. We have:
N N
log(N1) =) "logh = / logzdez = Nlog N — N + 1
k=1 1

By exponentiating, this gives the following estimate, which is not bad:

N\ N
N!z(—) e
e

(2) We can improve our estimate by replacing the rectangles from the Riemann sum
approach to the integrals by trapezoids. In practice, this gives the following estimate:

log1 + log N log N
2 2
By exponentiating, this gives the following estimate, which gets us closer:

(ﬂ)N.e.\/ﬁ

(&

= NlogN - N+1+

N
log(N!)%/ log x dx +
1

N!

Q

(3) In order to conclude, we must take some kind of mathematical magnifier, and
carefully estimate the error made in (2). Fortunately, this mathematical magnifier exists,
called Euler-Maclaurin formula, and after some computations, this leads to:

NI~ (£>N\/27T—N

e

(4) However, all this remains a bit complicated, so we would like to present now
an alternative approach to (3), which also misses some details, but better does the job,
explaining where the /27 factor comes from. First, by partial integration we have:

N!:/ 2Ne  dx
0
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Since the integrand is sharply peaked at x = N, as you can see by computing the
derivative of log(xz™e™?), this suggests writing x = N + y, and we obtain:

log(z¥e™) = Nlogz —x
Nlog(N +y)— (N +y)
_ N10gN+Nlog(1+£)—(N+y)

N
y oy N
~ NlogN+N (2L _-2_)_—
og N + (N. mw) (N +y)
y2
— NlogN — N — 2
o8 IN

By exponentiating, we obtain from this the following estimate:

N
Ve ™ ~ (ﬂ) e V' /2N

(&

(5) Now by integrating, and using the Gauss formula, we obtain from this:

N! = / 2Ne Tdx
0

N N
/ E eV’ /2N dy
_N €
N N
(—) /e_y2/2N dy
€ R

_ (ﬂ)N\/m

e

12

12

Thus, we have proved the Stirling formula, as formulated in the statement. O
Getting back now to the gamma function, we have:

THEOREM 2.10. The gamma function is given at half-integers by

o= (25 e (eg) = () v

and we have the following uniform approximation formula for it,

"(3)=() VF

valid for N € N, in the N — oo limat.
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Proor. This is very standard, based on the formulae in Theorem 2.2:

(1) At the usual integers n € N we have the following Stirling estimate:

I'(n) =

(n—1)!

(” - 1)n1 or(n —1)

(g i <";1)n_1 2n(n — 1)

)
(n)n—l 2mn

e

ORE

(2) At the half-integers, n + 1/2 with n € N, we have the following estimate:

-}

(2n)!

- T E
B fn?iﬁ
() e
- (v

(3) Regarding the uniform formula, with N = 2n the estimate in (1) reads:

"(3)=() VF

(4) Also, with N = 2n + 1, the estimate that we found in (2) reads:

12

~

N1\ (VD2
( e > V2T

N\ D12 s\ (VD)2
) (F)

N\WN-D/2 o
) T

N\M?  [ar
() %

We are therefore led to the uniform formula in the statement.
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(5) Finally, let us mention that the uniform approximation formula that we found
works in fact in general, with the formula being as follows, for s >> 0:

o= (2 &

And we will leave some further learning here as an exercise. U

Many other things can be said about the gamma function, some in relation with the
usual factorial of the integers, and some other being analysis specific. We will be back to
this, in what follows. For the moment, what we have in the above will do.

2d. Beta function

Good news, we can talk now about the beta binomial distributions, that we wanted
to talk about, in this chapter. These distributions are defined as follows:

DEFINITION 2.11. The beta binomial distributions are given by

Pls) = (n)B(3+a,n—S+b)

s B(a,b)
with B being the beta function, defined as follows,
['(a)l'(b)
B(a,b) = ——~
(a,5) ['(a+0b)

with T being the gamma function.

As a first comment, such things obviously look like something quite specialized, that
will probably take us some time to digest. So, let us get now into this, understanding
what Definition 2.11 exactly says, and no hurry with anything, of course.

We first have the following fact, which is the key to understanding all this:

PROPOSITION 2.12. At integer values of the parameters, a,b € N, we have

(e
(n+a+b—1)

n

P(s) =

and our beta binomial distribution is a negative hypergeometric law.

Proor. We recall from Theorem 2.1 that for the integers n € N, we have:
['(n)=(n—1)!

Thus, at integer values of the parameters a, b, the beta function is given by:
C(a@)'()  (a—1)Y(b—1)!

Bla,b) = T(a+b)  (a+b—1)
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By using this, the formula of the beta binomial distribution is as follows:
n\ B(s+a,n —s+b)
re = ()" 5

n! (s+a—Dln—s+b—-1)! (a+b—1)!
sl(n — )l (n+a+b—1) (a—1)I(b—1)!
nlla+b—1)! (s+a—1) (n—s+b—1)!
(n+a+b—1)1 sla—1) (n—s)(b—1)
(O

(n+a+b—1)

n

But this is a negative hypergeometric law, of parameters as follows:
(N,m,r)=(n+a+b—1,n,a)
Thus, we are led to the conclusion in the statement. Il

We can see now the interest in Definition 2.11, the point being that, in certain situa-
tions where the negative hypergeometric laws do not produce accurate results, we can use
the beta binomial distributions, instead. It is possible to be a bit more precise here, the
idea being that the uniform sampling used in order to define the negative hypergeometric
laws can be replaced with a sampling based on a continuous beta distribution, and this
is what produces the beta binomial laws from Definition 2.11.

However, all this remains something quite complicated, going beyond the purposes of
the present book. So, let us summarize this discussion as follows, and for more regarding
the phenomenology of the beta binomial laws, recommend a solid statistics book:

Fact 2.13. The beta binomial distributions are useful in advanced statistics, as a
handy technical version of the negative hypergeometric laws.

In what follows we will be mostly interested in the abstract mathematics of the beta
binomial laws, which is something quite interesting. So, as a continuation of Proposition
2.12, let us see what happens when the parameters a, b are half-integers. We have:

THEOREM 2.14. At half-integer parameters, a,b € N/2, we still have the formula

(n—o—a;—b—l)

with the following convention for the quantities in brackets,

n\ (2n + 1!
k) (2k+1)1(2n — 2k + 1)!!
where M!!' = (M — 1)(M — 3) ... for any integer M € N, as usual.
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Proor. This is something standard, based on Theorem 2.2, as follows:

(1) To start with, we have the following formula, valid for any n € N:

(2n+ )N
2n

| =

Thus, at n, k € N, the quantities in brackets in the statement are indeed binomials:

n\ n! B (2n + )N
(k> okl (n—k)! T (2k+ 1D)1(2n — 2k + 1)!!

(2) Next, we recall from Theorem 2.2 that we have the following formula for the gamma
function at the half-integers, with ¢ = v/2, V/7 for N even, odd:

() -,

9(N-1)/2

Thus, at half-integer values of the parameters, a,b € N/2, say a = A/2 and b = B/2
with A, B € N, the beta function is given by the following formula:

[(a)l'(b)
I'(a+b)
[(A/2)L(B/2)
I['((A+ B)/2)
(A—1)! (B—1)!! 2(A+B-1)/2 1
2(A-1)/2 ca- 9(B—1)/2 B- (A+ B -1 ' CALB
(A—=DN(B -1 V2cucp
(A+B—-DI'  cayp

B(a,b) =
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(3) By using now (1) and (2), the formula of the beta binomial distribution is:

P(s) = (D B(s+a,n—s+b)

B(a,b)
(2n + 1! (2s +A—1D)2n —25+ B —1)!! 2cacp
(2s + D!(2n — 25 + 1) (2n+ A+ B -1 CALB
(A+B—1) CALB

(A=DIN(B =D eqcy
@n+1D)N2s+A—1)(2n—25+ B — DA+ B —1)!!
(25 + D)N(2n — 25+ )I(2n+ A+ B — DA — D)II(B — 1!l
Cn+DNA+B-1I!  (2s+ A -1 (2n —2s+ B - 1)!l
Cn+A+B-DI s+ DIA-DI (2n—2s+ HI(B - DI
()
(n-&-a;—b—l)

Thus, we are led to the conclusion in the statement. Il

Getting now the study of the beta binomial distributions in general, as introduced
in Definition 2.11, as a first job for us, let us verify that we have indeed are probability
measures, of mass 1. For this purpose, we will need the following standard fact:

PROPOSITION 2.15. We have the following formula,

i(n>B(s+a,n—s+b) = B(a,b)

s=0 \7

generalizing the usual Vandermonde formula for binomaials.

Proor. This is very standard, as for the usual Vandermonde formula, as follows:

(1) At n = 0 the formula to be proved is B(a,b) = B(a,b), true.

(2) At n = 1 now, the formula to be proved is as follows, called Pascal formula:

B(a,b+ 1)+ B(a+1,b) = B(a,b)

But this can be proved by using the identity I'(s + 1) = sI'(s), as follows:

D@r(b+1) | M+ DI
)

Bla,b+ 1) + B(a+1,b)

Fa+b+1) T(a+b+1)
bI'(a)T'(D) al'(a)T'(b)
(a+0)T(a+b)  (a+bT(a+Db)
_ D))
I'(a+0b)
= B(a,b)
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(3) At n = 2 now, the formula to be proved is as follows:
B(a,b+2)+2B(a+1,b+1)+ B(a+2,b) = B(a,b)
But this can be proved by using the above Pascal formula three times, as follows:
B(a,b+2)+2B(a+1,b+1)+ B(a+2,b)
= [B(a,b+2)+B(a+1,0+1)]+[B(a+1,b+1)+ B(a+2,b)]
= B(a,b+1)+ B(a+1,b)
= B(a,b)
(4) And so on, with the general case following by iterating Pascal, as above. U

Good news, we can now complement Definition 2.11 with:

PROPOSITION 2.16. The beta binomial distributions, given by
n\ B(s+a,n—s+0b) ['(a)T(b)
B(a,b) = ——~+

() B(a,b) - pled

are indeed probability distributions, of mass 1, as they should.

P(s) =

PrRoOOF. We have indeed the following computation, using Proposition 2.15:
= "~ (n\ B(s+a,n—s+b)
P(s) =
200 = 2 ()5

_ B(Clb )Z(Z)B(s+a,n—s+b)
(a,b)

Thus, we are led to the conclusion in the statement. Il
Regarding now the mean and variance of the beta binomial laws, we have:

THEOREM 2.17. The mean and variance of the beta binomial laws are
na nab(n +a + b)

a+b ’ (a+b)2(a+b+1)
in terms of the parameters (n,a,b).
Proor. This is something quite straightforward, the idea being as follows:

(1) We recall that the computation of the mean for the negative hypergeometric laws
is based on the following trick, and the Vandermonde formula:

s=(s+r)—r
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To be more precise, in terms of our new parameters

(n,a,b) here, which are given by

(N,m,r) = (n+a+b—1,n,a) the computation is as follows:

n+b—s—1

ot

}:m+ﬂy—@(

s

)

n—s

n+a+b71)

n
s+a—1
S

(

) (T
n+a+b71)
n

)

- [ S
- ﬁ“%“ﬁ_z;sza(s+z_l)<
e [
_ ?ﬁ%ﬁg(n+z+b)_a

_ . nllatd - (ntatb)!
7 (n+a+b-—1)! nl(a+d)

b
(n+a+ )a_a

a+b
na

a+b

But the same trick works in general, at any a,b > 0,

n+b—s—1

n—s

-

)|

-1

by using the generalized Vander-

monde formula from Proposition 2.15 for the summation, as desired.

(2) Next, in order to compute My — M;, we can use

a similar trick, as follows:

s?—s=(s+r)(s+r+1)=2(r+1)(s+7)+r(r+1)
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To be more precise, in terms of our new parameters (n, a,b) here, which are given by
(N,m,r) = (n+a+b—1,n,a) the computation is as follows:

My — My

Z(SQ o S) ( s(n—za(—’—b_nl)s )

n

s
(e
(n—&-a;ﬁl—b—l)

= ) [(s+a)(s+a+1)—2(a+1)(s+a)+ala+1)]

S

B ﬁ2(8+a)(8+a+1)(5+i—1> <n+z:i—1)

n S

_%Z(sjﬁ)(sﬂl_l) (n+2:2_1) +ala+1)

n

_ % (s+a+1><n+z:2_1)

—?gj;:g <S+a) +2:2_1)+a(a+1)
— ni:)ll (n+a+b+1)—%(TH_Z—H?)%—@(OMLD
-l xﬁiiﬁ)fﬁéiii R e R R
= ala+1) :(n+(212221211b)+1)_Q'Hjl_i:bﬂ}
e[t been ey
= (Q+Z§(a+g+1)[(n+a+b)(n+a+b+1)—(2n+a+b)(a+b+1)]
a(a+1)

= @rbarbr ™ n* = n)

n(n —1)a(a+ 1)
(a+b)(a+b+1)

But the same trick works in general, at any a,b > 0, by using the generalized Vander-
monde formula from Proposition 2.15 for the summation. Thus, we have My — Mj.
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(3) We conclude that the second moment is given by the following formula:

My = (My— M)+ M
n(n —1)a(a+ 1) na
(a+b)(a+b+1) a+bd
na(na +n+b)
(a+b)(a+b+1)

(4) Getting now to the variance, this is given by the following formula:

V o= My,— M;

na(na +n +b) n?a?
(a+b)at+b+1) (a+b)?
~ nab(n+a+b)
 (a+b)2(a+b+1)
Thus, we are led to the formulae in the statement. U

Regarding the higher moments, again in view of what we know for the negative hy-
pergeometric laws, things are more complicated. In order to deal with this question, let
us introduce the following notion, which is something quite subtle:

DEFINITION 2.18. The factorial moments of f : X — R are the numbers
My =EB[f(f =1)...(f —k+1)
with the convention J\% =1.

As a first comment here, you would probably say, we already have moments My,
central moments M, and normalized central moments M}, so why complicating things
with one more definition. In answer, there is some magic in Definition 2.18, the idea being
that the normalization there “kills the underlying partitions”.

As an illustration for this principle, for the Poisson law p;, which is the central object
in discrete probability theory, we have the following remarkable result:
THEOREM 2.19. The factorial moments of the Poisson law p; are
My, = t*
and with this being something infinitely simpler than the formula of Mj,.

Proor. This is something quite fundamental, which can be viewed in several ways,
which are all worth learning, the idea with all this being as follows:
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(1) A first approach is via limits of binomial laws. Indeed, for the binomial law b, of

parameters n € N and p € [0,

Mk@ﬂp)

1], we have the following formula:

n

Zs(S—1)...(s—k+1)(2)p5(1_p)n_s

s=k

“ s! n!

. 5(1 — p)—s

;(s—k)! s!(n—s)!p (1-p)

u n!

pr(l—p)*
Sz:; (s —k)!(n—s)!
n—k n'
: 'pk+r( o p>n—k—r

nlph A (n—k)!
(n—k)!rz;r!(n—k—r)

n—k—r

0" (1—p)

Now recall from the Poisson Limit Theorem that we have b,, — p;, when p = t/n
with ¢t > 0 fixed. Thus, by doing a Poisson limit we obtain, as claimed:

]\A/[/k(pﬁ

3 (Jim b
| k
lim n!(t/n)
n—oo (n — k)!
nn—1)...(n—k+1)
nk

t* lim
n—oo

tk
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(2) A second approach is via the standard moment formula for Poisson laws, which is
as follows, with |.| being as usual the number of blocks:

Z 7l
weP (k)

Now in order to convert this into a formula regarding the factorial moments, we need
a general conversion formula, connecting the usual and the factorial moments. So, let us
recall the following magic formula, valid for any number s € N:

sP = iil

i1=1  ip=1

= Z #{21,...,z'k)E{l,...,s}k‘keri:ﬂ}

weP(k
o
- (s — [

Now since this is an equality of polynomials in s, we can replace our s € N by anything,
and in particular, by an arbitrary random variable f : X — R. We obtain:

= > =0 (f=Inl+1)
weP(k)

By taking now the expectation, on both sides, we obtain the following conversion
formula, connecting the usual and the factorial moments of a variable f : X — R:

= > My
reP(k)

But with this formula in hand, back to the Poisson law, we can convert our formula
above for the moments of p; into a formula for the factorial moments, and we obtain:

My (pr) = t*
(3) Thus, one way or another, we are led to the formula in the statement. We will be
back to such things later in this book, when discussing partitions and cumulants. U

Getting now to the negative hypergeometric laws, the result for them is:

THEOREM 2.20. The factorial moments of the negative hypergeometric laws are
m! 7! (N —k)!
(m—Fk)! (r—k)! N!

with (N, m,r) being as usual the parameters.

M, =
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PRrROOF. We recall that the moments of the negative hypergeometric law of parameters
(N, m,r) are given by the following formula:

B m! ‘ (r+ |m| = 1)! (N —m)!
My, = Z (m — |m])! (r—1)! (N —m + |r|)!

neP(k)
Now recall from the proof of Theorem 2.19 that we have the following formula:
My= ) Mg
wEP(k)
Thus, we are led via some combinatorics to the formula in the statement, namely:

—  ml rl (N —k)
A“‘(m—kﬂ{r—mr NI

We will leave the details here as an exercise, and we will be back to such things later
in this book, when discussing partitions and cumulants. O

Getting now to what we wanted to do, for the beta binomial distribution, we have:

THEOREM 2.21. The factorial moments of the beta binomial distribution are

n! B(a+k,b)
(n—k)!  B(a,b)

M, =
with B being as usual the beta function.

PROOF. Many things can be said here, the idea being as follows:

(1) To start with, let us record the following more digest formulation of the moment
formula in the statement, in terms of the gamma function only:

—~ n! B(a+k,b)
My = G Bl
nl  T(a+k)I'(b) T(a+bd)
(n—Fk)! T'(a+b+k) T(a)(b)
n! [(a+k) T(a+bd)

(n—k)!  T(a) T(atbtk)

(2) Equivalently, by using the formula I'(s + 1) = sI'(s) from Theorem 2.1, we have
the following formula, directly in terms of the parameters a,b > 0:
nn—1)...(n—k+1ala+1)...(a+k—1)

(a+b)la+b+1)...(a+b+k—1)

M, =
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(3) But with this we can see, as a first observation, that our formula fits with the
moment formulae at £ = 1,2 from Theorem 2.17 and its proof, which were as follows:

_na_ T n(n—1)a(a+1)
a+b 7 (a+b)(a+b+1)

(4) Next, in the case of integer parameters, what we have fits with the formula in
Theorem 2.20, for the negative hypergeometric laws. Indeed, let us set:

(N,m,r)=(n+a+b—1,n,a)

M, =

But with this, we obtain indeed the formulae from Theorem 2.20.

(5) In general now, this is indeed something quite standard, by using the various tricks
from the proof of Theorem 2.17, exactly as for the negative hypergeometric laws. U

2e. Exercises
This was a quite technical chapter, and as exercises, all technical, we have:
EXERCISE 2.22. Learn about the gamma function at z € C, with Re(z) > 0 or not.
EXERCISE 2.23. Learn the proof of the generalized Stirling formula, for gamma.
EXERCISE 2.24. Learn more about the phenomenology of the beta binomial laws.
EXERCISE 2.25. Learn more about the factorial moments, and their properties.
EXERCISE 2.26. Compute the skewness and kurtosis of the beta binomial laws.
EXERCISE 2.27. Learn about the phenomenology of negative beta binomial laws.
EXERCISE 2.28. Do the moment computations for the negative beta binomial laws.
EXERCISE 2.29. Compute the kurtosis of the negative beta binomial laws.

As bonus exercise, quite frightening, read about hypergeometric functions.



CHAPTER 3

Complex analysis

3a. Complex functions

In order to further advance on our various questions, we are in need of more calculus
input. And here, passed many ad-hoc things that can be said, we are mostly in need of
complex analysis. For instance, as we will soon discover, the zeta function naturally lives
over C, so the ground field for analytic number theory is C.

Be said in passing, as a remarkable coincidence, C is also the ground field for many
other interesting theories, such as quantum mechanics, and advanced physics in general.
So, with complex analysis, we will be learning here very useful mathematics.

Getting started now, we already met complex functions f : C — C before, when
talking complex numbers, so let us begin with a quick review of that material. The
simplest such functions are the polynomials, and to be known about them is:

THEOREM 3.1. Fach polynomial P € C[X] can be regarded as a complex function
P : C — C, which is continuous. Also, we can write

Plz)=alx —r))...(x — 1)
with a € C, and with the numbers ry,...,r, € C being the roots of P.

PROOF. The problem is that of proving that our polynomial has at least one root,
because afterwards we can proceed by recurrence. We prove this by contradiction. So,
assume that P has no roots, and pick a number z € C where |P| attains its minimum:

|P(2)] = min[P(z)[ >0
Since Q(t) = P(z+t) — P(z) is a polynomial which vanishes at ¢ = 0, this polynomial

must be of the form ct® + higher terms, with ¢ # 0, and with k > 1 being an integer. We
obtain from this that, with ¢ € C small, we have the following estimate:

P(z+1t) ~ P(2) + ct
Now let us write t = rw, with » > 0 small, and with |w| = 1. Our estimate becomes:
P(z +rw) ~ P(z) + crfu”
57



58 3. COMPLEX ANALYSIS

Now recall that we assumed P(z) # 0. We can therefore choose w € T such that cw®
points in the opposite direction to that of P(z), and we obtain in this way:

|P(z +rw)| ~ |P(2)+ crfuwk|
[P(2)| (1= |elr®)

Now by choosing r > 0 small enough, as for the error in the first estimate to be small,
and overcame by the negative quantity —|c|r*, we obtain from this:

|P(z 4+ rw)| < |P(2)]

But this contradicts our definition of z € C, as a point where |P| attains its minimum.
Thus P has a root, and by recurrence it has N roots, as stated. U

Next in complexity come the rational functions. And here, as a first surprise, in what
regards the basic geometric series, things are quite complicated over C, as follows:

PROPOSITION 3.2. We have the following formula, valid for any |z| < 1,

1 2
—=14+ax+2°+...
1—2

but, unlike in the real case, the geometric meaning of this formula is quite unclear.

PRrROOF. Here the formula in the statement holds indeed, by multiplying and cancelling
terms, and with the convergence being justified by the following estimate:

o oo 1
D <) =
n=0 n=0

As for the last assertion, this is something quite informal. To be more precise, for
x = 1/2 our formula is clear, by cutting the interval [0, 2] into half, and so on:
1 1 1
I+-+—-+=-+...=2
2 4 8
More generally, for z € (—1,1) the meaning of the formula in the statement is some-
thing quite clear and intuitive, by using a similar argument. However, when z is complex,
and not real, we are led into a mysterious spiral there, and the only case where the for-
mula is “obvious”, geometrically speaking, is that when x = rw, with r € [0, 1), and with
w™ =1, for some N € N. Indeed, in this case we have the following formula:

L+rw+r?w?+... = I+rw+.. .+ ¥
(rN 4+ Nty 4 2NN

_l’_
+ (2N PNy 3N TN
_l’_
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Thus, by grouping the terms with the same argument, our infinite sum is:

L+rw+r*w?+... = QA+ +2V 4 .0)
+ (N 2N
+ .
o (PN 2N 3N N

But the sums of each ray can be computed with the real formula for geometric series,
that we know and understand well, and with an extra bit of algebra, we get:

L+rw+r*w?+... = ! T +...+M
1—rN 1 —pN 1—rN
1 1— (rw)V
-7V 1—rw
1

1—rw

Summarizing, as claimed above, the geometric series formula can be understood, in
a purely geometric way, for variables of type x = rw, with r € [0, 1), and with w being
a root of unity. In general, however, this formula tells us that the numbers on a certain
infinite spiral sum up to a certain number, which remains something quite mysterious. [J

Then, we have the general rational functions, to be discussed. We already talked
about these, over R, before, and over C the basics are similar, as follows:

PROPOSITION 3.3. The quotients of complex polynomials, called rational funtions,
when written in reduced form, as follows, with P, Q) prime to each other,

P
Q
are well-defined and continuous outside the zeroes Py C C of Q), called poles of f:
f :C — Pf —C

Also, these functions are stable under summing, making products and taking inverses,

P R PS+QR P R PR <P>_1 Q

Q'S Qs QS Q5 \@Q
so they form a field C(X), called field of real rational functions.

P

PROOF. As already mentioned, this is something that we know, now formulated over
C, and with everything being self-explanatory, and trivial from definitions. U

Still regarding the rational functions, by taking now advantage of the fact that we are
over C, where all polynomials have roots, we can say more about them, as follows:
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THEOREM 3.4. The complex rational functions can be written as follows,

flx) = ZM

(r; —x)m

with A; € C[X], and r; € C being the poles. Also, we have the following formula,

1 1l (n+k-1 (wk
(r—x)”_r”k:0 n—1 r

valid for |z| < r, which computes these rational functions, in practice.

ProOF. Consider indeed a rational function f = P/Q, with P,Q € C[X] chosen
prime to each other. By factorizing @) we have a formula as follows, with P(r;) # 0:

P(z)
J(x) = (ri—x)™ ... (rg —x)™
Now comes the trick. Assuming that S,7 € C[X]| are prime to each other, we can

find, a bit as for the usual numbers, by performing successive divisions, polynomials
A, B € C[X] such that AT 4+ BS = 1, and so that the following happens:

1 A B
ST 5T T
Thus, we are led to the first formula in the statement. As for the second formula, this
is something that we know from before, binomial formula with negative exponent. O

Getting now to more complicated functions, such as sin, cos, exp, log, again many
things extend well from real to complex, the basic theory here being as follows:

THEOREM 3.5. The functions sin, cos, exp, log have complex extensions, given by

00 00
ZL‘2I+1 2l

sina — Z(_l)zm , COST = Z(—l)z o

1=0 =0

T - mk - k—l—lxk
e’ = Z o log(1+xz) = Z(—l) -
k=0 k=1

with |x| < 1 needed for log, which are continuous over their domain, and satisfy the
formulae e* Y = e*e¥ and € = cosx + isinz.

PROOF. This is a mixture of trivial and non-trivial results, as follows:

(1) We already know about e”, the idea being that the convergence of the series, and
then the continuity of e*, come from the following estimate:

— |z|*
|€x‘ ﬁZFZBII‘ < 0
k=0
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Regarding sin x, the same method works, with the following estimate:
g g g
| x‘2l+1 0 ’ $‘k

ol <9 o S 2w =
=0 k=0

||

The same goes for cosx, the estimate here being as follows:
21

L
|cosx]<z2l‘_z = ¢l

Finally, regarding the basic formulae satisfied by sin, cos, exp, we know that:
etV =¢%Y | % =cosx+isinx

(2) In order to discuss now the complex logarithm function log, let us first study some
more the complex exponential function exp. By using e”™¥ = e”e¢? we obtain e” # 0 for
any x € C, so the complex exponential function is as follows:

exp: C— C— {0}

Now since we have e*™ = e%e® for x,y € R, with e” being surjective onto (0, 00),
and with e” being surjective onto the unit circle T, we deduce that exp : C — C — {0} is
surjective. Also, again by using e**% = e%e®, we deduce that we have:

e =¢¥ <<= xr—ye2ml

(3) With these ingredients in hand, we can now talk about log. Indeed, let us fix a
horizontal strip in the complex plane, having width 27:

S:{x—l—iy

reRy € [a,a+27r)}

We know from the above that the restriction map exp : S — C — {0} is bijective, so
we can define log as to be the inverse of this map:

log=exp ':C—{0} =S

(4) In practice now, the best is to choose for instance a = 0, or a = —, as to have
the whole real line included in our strip, R C S. In this case on R, we recover the usual
logarithm, while on R_ we obtain complex values, as for instance log(—1) = mi in the
case a = 0, or log(—1) = —mi in the case a = —7, coming from ™ = —1.

(5) Finally, assuming |z| < 1, we can consider the following series, which converges:

fta) = (~1

k=1
But, a direct computation, using Theorem 3.4, shows that we have:

f(A+2)1+y) = fA+z)+ f(1+y)

Thus f satisfies the functional equation of log, and so f(z) = logx, as claimed. O
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Moving on, Theorem 3.5 leads us into the question on whether the other formulae
that we know about sin, cos, such as the values of these functions on sums x + y, or on
doubles 2z, extend to the complex setting. Things are quite tricky here, and in relation
with this, we have the following result, which is something of general interest:

THEOREM 3.6. The following functions, called hyperbolic sine and cosine,
) er —e " e’ +e "
sinhz = —5 > coshx = —
are subject to the following formulae:
(1) e® = coshx + sinh x.
(2) sinh(iz) = isinx, cosh(ix) = cosz, for x € R.
(3) sinh(z + y) = sinh z coshy + cosh x sinh y.
(4) cosh(xz + y) = coshx coshy + sinh z sinh y.
(5

2041

. T 22l
) sinhz =3, G cosha = > -
PrOOF. The formula (1) follows from definitions. As for (2), this follows from:

e cosxT +isinx Ccosx —isinx

e
sinh(iz) = = — =isinx
(i) 2 2 2
. e 4 e COSX +isinx cosx —1sinx
cosh(iz) = 5 = 5 + 5 = CoSx

Regarding now (3,4), observe first that the formula e**¥ = e* 4 eV reads:
cosh(z + y) + sinh(z + y) = (cosh x 4 sinh x)(cosh y + sinh y)

Thus, we have some good explanation for (3,4), and in practice, these formulae can
be checked by direct computation, as follows:

etV —e Y et —e Vte ¥ ef4e? eV —e?

2 2 2 T2 T2
eTty + e %Y B et +e Tt Y eV T —e T oY _ eV
2 ST T2 T T
Finally, (5) is clear from the definition of sinh, cosh, and from e* =}, xk—l,c O

Finally, we can talk as well about powers, in the following way:

Fact 3.7. Under suitable assumptions, we can talk about x¥ with x,y € C, and in
particular about the complex functions a* and x®, with a € C.

To be more precise, in what regards z¥, we already know from basic calculus that
things are quite tricky, even in the real case. In the complex case the same problems
appear, along with some more, but these questions can be solved by using the above
theory of exp,log. To be more precise, in order to solve the first question, we can set:

¥ = evloge
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We will be back to these functions later, when we will have more tools for studying
them. In fact, all of a sudden, we are now into quite complicated mathematics, and we
cannot really deal with such questions, with bare hands. More later.

3b. Holomorphic functions

Let us study now the differentiability of the complex functions f : C — C. Things
here are quite tricky, but let us start with a straightforward definition, as follows:

DEFINITION 3.8. We say that a function f : X — C is differentiable in the complex
sense when the following limit is defined for any v € X :

o) — i LD = @)

t—0 t

In this case, we also say that f is holomorphic, and we write f € H(X).

As basic examples, we have the power functions f(z) = z". Indeed, the derivative of
such a power function can be computed exactly as in the real case, and we get:
(x+t)" —am nz" "t

(") = lim = lim
t—0 t t—0 t

_ nxn—l

We will see later more computations of this type, similar to those from the real case.
To summarize, our definition of differentiability seems to work nicely.

So, let us start developing now some general theory for the complex derivatives, in the
sense of Definition 3.8. The basic results from the real case extend well, as follows:

PROPOSITION 3.9. We have the following results:
(1) (f+9)=f+4"
(2) (Af) = Af.
(3) (f9)'=f'g+fg
(4) (fog) =r(9)d
PROOF. These formulae are all clear from definitions, following exactly as in the real
case. Thus, we are led to the conclusions in the statement. Il

As an obvious consequence of (1,2) above, any poynomial P € C[X] is differentiable,
with its derivative being given by the same formula as in the real case, namely:

P(x) = Z cpat = P'(x) = Z kepah ™t
k=1

k=0
More generally, any rational function f € C(X) is differentiable on its domain, that
is, outsides its poles, because if we write f = P/Q with P,Q € C[X], we have:

o (5)’_ PQ-PQ
o) @
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Let us record these conclusions in a statement, as follows:

ProprosIiTION 3.10. The following happen:

(1) Any polynomial P € C[X] is holomorphic, and in fact infinitely differentiable in
the complex sense, with all its derivatives being polynomaials.

(2) Any rational function f € C(X) is holomorphic, and in fact infinitely differen-
tiable, with all its derivatives being rational functions.

PRroor. This follows indeed from the above discussion. O

Let us look now into more complicated complex functions that we know. And here,
surprise, things are quite tricky, the result being as follows:

THEOREM 3.11. The following happen:

(1) sin, cos,exp,log are holomorphic, and in fact are infinitely differentiable, with
their derivatives being given by the same formulae as in the real case.

(2) However, functions like T or |x| are not holomorphic, and this because the limit
defining f'(x) depends on the way we choose t — 0.

PROOF. There are several things going on here, the idea being as follows:

(1) Here the first assertion is standard, because our functions sin, cos, exp,log have
Taylor series that we know, and the derivative can be therefore computed by using the
same rule as in the real case, similar to the one for polynomials, namely:

flz) = i it = fl(z) = f: kepaht
k=0 k=1

(2) Regarding now the function f(x) = z, the point here is that we have:

flx+t)— f(x) _ T
t

-

SRS
| o

But this limit does not converge with ¢ — 0, for instance because with ¢ € R we obtain
1 as limit, while with ¢ € iR we obtain —1 as limit. In fact, with ¢ = rw with |w| =1
fixed and r € R, r — 0, we can obtain as limit any number on the unit circle:

i fEtrw) = fl2) . rd
r—0 rw r—0 rw

(3) The situation for the function f(x) = |z| is similar. To be more precise, we have:

flx+rw) — f(z) |z+rw|— |z .
rw - T
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Thus with |w| = 1 fixed and 7 — 0 we obtain a certain multiple of w, with the
multiplication factor being computed as follows:
lz+rw|—|z] o+ rwf —|z)?
r (| + rw| + |z|)r

rrw + rrw

12

2|x|r

()

Now by making w vary on the unit circle, as in (2) above, we can obtain in this way
limits pointing in all possible directions, so our limit does not converge, as stated. U

The above result is quite surprising, because we are so used, from the real case, to the
notion of differentiability to correspond to some form of “smoothness” of the function,
and to be more precisely, “smoothness at first order”. Or, if you prefer, to correspond to
the “non-bumpiness” of the function. So, we are led to the following dilemma:

DILEMMA 3.12. [t’s either that T and |x| are smooth, as the intuition suggests, and
we are wrong with our definition of differentiability. Or that T and |x| are bumpy, while
this being not very intuitive, and we are right with our definition of differentiability.

And we won’t get discouraged by this. After all, this is just some empty talking,
and if there is something to rely upon, mathematics and computations, these are the
computations from the proof of Theorem 3.11. So, based on that computations, let us
formulate the following definition, coming as a complement to Definition 3.8:

DEFINITION 3.13. A function f: X — C is called differentiable:

(1) In the real sense, if the following two limits converge, for any x € X :

PP () B (€0 BN (CRS I ()

teR=50 t ’ teiR—0 t

(2) In a radial sense, if the following limit converges, for any x € X, and w € T:

)t D 1@

tewR—0 t

(3) In the complex sense, if the following limit converges, for any x € X :

o) — pim LD = 1)

t—0 t

If f is differentiable in the complex sense, we also say that f is holomorphic.

With this, we have (3) = (2) = (1), and most of the functions that we know,
namely the polynomials, the rational functions, and sin, cos, exp, log, satisfy (3). However,
the functions z, |z| satisfy (2), which is not bad, but do not satisfy (3).
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Back to business now, all the examples of holomorphic functions that we have are
infinitely differentiable, and this raises the question of finding a function such that f’
exists, while f” does not exist. Quite surprisingly, we will see that such functions do not
exist. In order to get into this latter phenomenon, let us start with:

THEOREM 3.14. Each power series f(z) = c,x" has a radius of convergence
R €0, 0]
which is such that f converges for |z| < R, and diverges for |x| > R. We have:
R:é , O:h?rzn—i}ip m
Also, in the case |z| = R the function f can either converge, or diverge.

Proor. This follows from the Cauchy criterion for series, from chapter 5, which says
that a series ) x, converges if ¢ < 1, and diverges if ¢ > 1, where:

¢ = limsup {/|z,|

n—00

Indeed, with x,, = |¢,2™| we obtain that the convergence radius R € [0, oo| exists, and
is given by the formula in the statement. Finally, for the examples and counterexamples
at the end, when |z| = R, the simplest here is to use f(z) =) ", where R = 1. O

Back now to our questions regarding derivatives, we have:

THEOREM 3.15. Assuming that a function f: X — C is analytic, in the sense that it
1 a series, around each point x € X,

flx+1) cht"

it follows that f is infinitely differentiable, in the complex sense. In particular, [’ exists,
and so f is holomorphic in our sense.

PROOF. Assuming that f is analytic, as in the statement, we have:

f(z+1t) chnt" !

Moreover, the radius of convergence is the same, as shown by the following computa-
tion, using the Cauchy formula for the convergence radius, and C/ﬁ — 1:

R’ = limsup v/|nc,| = limsup /|c,| =

n—0o0 n—oo

Thus f’ exists and is analytic, on the same domain, and this gives the result. U
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3c. Cauchy formula

Our goal in what follows will be that of proving that any holomorphic function is
analytic. This is something quite subtle, which cannot be proved with bare hands, and
requires lots of preliminaries. Getting to these preliminaries now, our claim is that a lot
of useful knowledge, in order to deal with the holomorphic functions, can be gained by
further studying the analytic functions, and even the usual polynomials P € C[X].

So, let us further study the polynomials P € C[X], and other analytic functions.
We already know from before that in the polynomial case, P € C[X], some interesting
things happen, because any such polynomial has a root, and even deg(P) roots, after a
recurrence. Keeping looking at polynomials, with the same methods, we are led to:

THEOREM 3.16. Any polynomial P € C[X] satisfies the maximum principle, in the
sense that given a domain D, with boundary v, we have:

ey, |P@)| = max|P)l

That is, the maximum of |P| over a domain is attained on its boundary.

PROOF. In order to prove this, we can split D into connected components, and then
assume that D is connected. Moreover, we can assume that D has no holes, and so is
homeomorphic to a disk, and even assume that D itself is a disk. But with this assumption
made, the result follows from by contradiction, by using the same arguments as in the
proof of the existence of a root. To be more precise, assume deg P > 1, and that the
maximum of |P| is attained at the center of a disk D = D(z,r):

|[P(2)] = max|P(z)]

We can write then P(z +t) ~ P(z) + ctf with ¢ # 0, for ¢ small, and by suitably
choosing the argument of ¢ on the unit circle we conclude, as in the proof for the existence
of the roots, that the function |P| cannot have a local maximum at z, as stated. U

A good explanation for the fact that the maximum principle holds for polynomials
P € C[X] could be that the values of such a polynomial inside a disk can be recovered
from its values on the boundary. And fortunately, this is indeed the case, and we have:

THEOREM 3.17. Given a polynomial P € C[X], and a disk D, with boundary ~, we
have the following formulae, with the integrations being the normalized, mass 1 ones:
(1) P satisfies the plain mean value formula P(x) = [, P(y)dy.
(2) P satisfies the boundary mean value formula P(x) = f7 P(y)dy.

PRrROOF. As a first observation, the two mean value formulae in the statement are
equivalent, by restricting the attention to disks D, having as boundaries circles ~y, and
using annuli and polar coordinates for the proof of the equivalence. As for the formulae
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themselves, these can be checked by direct computation for a disk D, with the formulation
in (2) being the most convenient. Indeed, for a monomial P(z) = ™ we have:

1 27 )
/y”dy = (z + re™)"dt
gl

27 Jo

2r N

1 W\ ko it\n—k
= o5 Z (k)ac (re®)" " dt
0 k=0
2

n xkrnki/ pin—k)t gy

k 2m Jo
— (Z) xkrnfkékn

0

I
El
s M:
[a=]

i

8
3

Here we have used the following key identity, valid for any exponent m € Z:

1 2r 1 2m
— et = — cos(mt) + isin(mt)dt
2w Jo 2m Jo
Omo +1 -0
- 5m0

Thus, we have the result for monomials, and the general case follows by linearity. [J

All the above is very nice, but we can in fact do even better, with a more powerful
integration formula. Let us start with some preliminaries. We first have:

PROPOSITION 3.18. We can integrate functions f over curves 7y by setting

Lﬂ@h:[?@@ﬂﬁﬂt

with this quantity being independent on the parametrization v : [a,b] — C.

ProoOF. We must prove that the quantity in the statement is independent on the
parametrization. In other words, we must prove that if we pick two different parametriza-
tions v, n : [a,b] — C of our curve, then we have the following formula:

b b
/fMWWW=/ﬂWMWﬁ

But for this purpose, let us write v = n¢, with ¢ : [a,b] — [a,b] being a certain
function, that we can assume to be bijective, via an elementary cut-and-paste argument.
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By using the chain rule for derivatives, and the change of variable formula, we have:
b

b
/ FOy@)W @dt = [ f(no(t))(ng)'(t)dt

Thus, we are led to the conclusions in the statement. U
The main properties of the above integration method are as follows:

PROPOSITION 3.19. We have the following formula, for a union of paths:

/wnf(x)dx:/Vf(x)dx-y/nf(x)dx

Also, when reversing the path, the integral changes its sign.

PROOF. Here the first assertion is clear from definitions, and the second assertion
comes from the change of variable formula, by using Proposition 3.18. O

Now by getting back to polynomials, we have the following result:
THEOREM 3.20. Any polynomial P € C[X] satisfies the Cauchy formula

Pla) = 5 [ ay

C2mi )y —=x

with the integration over vy being constructed as above.

Proor. This follows by using abstract arguments and computations similar to those
in the proof of Theorem 3.17. Indeed, by linearity we can assume P(x) = z™. Also, by
using a cut-and-paste argument, we can assume that we are on a circle:

v:[0,27] = C , () =x+re

By using now the computation from the proof of Theorem 3.17, we obtain:

n 2 it\n
/ i dy = / —(x + Tte ) rie’dt
~Yy—x 0 re’

27
= 1/ (z + re)dt
0

= ¢-2mx"

Thus, we are led to the formula in the statement. U



70 3. COMPLEX ANALYSIS

All this is quite interesting, and obviously, we are now into some serious mathematics.
Importantly, Theorem 3.16, Theorem 3.17 and Theorem 3.20 provide us with a path for
proving the converse of Theorem 3.15. Indeed, if we manage to prove the Cauchy formula
for any holomorphic function f : X — C, then it will follow that our function is analytic,
and so infinitely differentiable. So, let us start with the following result:

THEOREM 3.21. The Cauchy formula, namely
L[ fy)
=— | —=d
1) = gz [ 5
holds for any holomorphic function f : X — C.

ProoF. This is something standard, which can be proved as follows:

(1) Our first claim is that given f € H(X), with f' € C(X), the integral of f’ vanishes
on any path. Indeed, by using the change of variable formula, we have:

/ f@)de = / v (1)t
= f(v(b) = f(v(a))
= 0

(2) Our second claim is that given f € H(X) and a triangle A C X, we have:

/Af(x)dx =0

Indeed, let us call A = ABC our triangle. Now consider the midpoints A’, B’,C" of
the edges BC,C A, AB, and then consider the following smaller triangles:

A =AC'B |, Ay=BAC , Ay=CBA ., A,=ABC

These smaller triangles partition then A, and due to our above conventions for the
vertex ordering, which produce cancellations when integrating over them, we have:

/A f(@)de = Z /A s

Thus we can pick, among the triangles A;, a triangle AM such that:
IRCE f(a)de
A A)

In fact, by repeating the procedure, we obtain triangles A™ such that:

IRCEEATREE

<4

<4"
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(3) Now let z be the limiting point of these triangles A and fix ¢ > 0. By using
the fact that the functions 1,z integrate over paths up to 0, coming from (1), we obtain
the following estimate, with n € N being big enough, and L being the perimeter of A:

f(x)dx (x) = f(2) = f'(2) (@ — 2)dx

An)

< [ W@ -2

< / el — z|dx
An)

< e(27"L)?

Now by combining this with the estimate in (2), this proves our claim.

An)

(4) The rest is quite routine. First, we can pass from triangles to boundaries of convex
sets, in a straightforward way, with the same conclusion as in (2), namely:

/Wf(x)dx =0

Getting back to what we want to prove, namely the Cauchy formula for an arbitrary
holomorphic function f € H(X), let € X, and consider the following function:

f)—f(=x) (y # )
9W) =9 .,/
f@)  (y=x)
Now assuming that v encloses a convex set, we can apply what we found, namely
vanishing of the integral, to this function g, and we obtain the Cauchy formula for f.

(5) Finally, the extension to general curves is standard, and standard as well is the
discussion of what exactly happens at z, in the above proof. See Rudin [80]. O

As a main application now of the Cauchy formula, we have:

THEOREM 3.22. The following conditions are equivalent, for a function f: X — C:
(1) f is holomorphic.
(2) f is infinitely differentiable.
(3) f is analytic.
(4) The Cauchy formula holds for f.
PRroOF. This is routine from what we have, the idea being as follows:
(1) = (4) is non-trivial, but we know this from Theorem 3.21.

(4) = (3) is something trivial, because we can expand the series in the Cauchy
formula, and we conclude that our function is indeed analytic.

(3) = (2) = (1) are both elementary, known from Theorem 3.15. O
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As another application of the Cauchy formula, we have:

THEOREM 3.23. Any holomorphic function f : X — C satisfies the mazimum princi-
ple, in the sense that given a domain D, with boundary v, we have:

drey , [f(@)] = max|f(y)
"=

That is, the maximum of |f| over a domain is attained on its boundary.

PRrooOF. This follows indeed from the Cauchy formula. Observe that the converse is
not true, for instance because functions like Z satisfy too the maximum principle. We will
be back to this later, when talking about harmonic functions. U

As before with polynomials, a good explanation for the fact that the maximum prin-
ciple holds could be that the values of our function inside a disk can be recovered from
its values on the boundary. And fortunately, this is indeed the case, and we have:

THEOREM 3.24. Given an holomorphic function f : X — C, and a disk D, with
boundary v, the following happen:

(1) f satisfies the plain mean value formula f(x fD
(2) f satisfies the boundary mean value formula f f f

PROOF. As usual, this follows from the Cauchy forrnula, with of course some care in
passing from integrals constructed as in Proposition 3.18 to integrals viewed as averages,
which are those that we refer to, in the present statement. Il

Finally, as yet another application of the Cauchy formula, which is something nice-
looking and conceptual, we have the following statement, called Liouville theorem:
THEOREM 3.25. An entire, bounded holomorphic function
fiC—C , |fl<M

must be constant. In particular, knowing f — 0 with z — oo gives f = 0.

PrOOF. This follows as usual from the Cauchy formula, namely:

=5 [

Alternatively, we can view this as a consequence of Theorem 3.24, because given two
points x # y, we can view the values of f at these points as averages over big disks
centered at these points, say D = D,(R) and E = D,(R), with R >> 0:

0= [ e /f

Indeed, the point is that when the radius goes to oo, these averages tend to be equal,
and so we have f(z) ~ f(y), which gives f(z) = f(y) in the limit. O
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3d. Harmonic functions

With the Cauchy formula proved, and applied, done with complex analysis, you might
say? You must be kidding, that was just the tip of the iceberg, and many things remain
to be discussed. In order to reach to a continuation of the above, let us formulate:

DEFINITION 3.26. The Laplace operator in 2 dimensions is:

a*f  d*f
M@ty

A function f:R? — C satisfying Af = 0 will be called harmonic.

Here the Laplace operator is something very standard, coming from virtually all
branches of physics, and its presence here remains to be explained, yes I know. So,
let us try to find the functions f : R? — C which are harmonic. And here, as a good
surprise, we have an interesting link with the holomorphic functions:

THEOREM 3.27. Any holomorphic function f : C — C, when regarded as function
f:R*=C
is harmonic. Moreover, the conjugates f of holomorphic functions are harmonic too.

PROOF. The first assertion follows from the following computation, for the power
functions f(z) = 2", with the usual notation z = x + iy:

A2z P

At = dx? + dy?
~d(nz"h) N d(inz""1)
dx dy
= n(n—12"2—n(n—1)z""?
=0

As for the second assertion, this follows from Af = Af, which is clear from definitions,
and which shows that if f is harmonic, then so is its conjugate f. O

All this is quite interesting, and the idea in what follows will be that of developing
the theory of harmonic functions, as a generalization of the theory that we know for the
holomorphic functions, but covering as well functions of type Z.

As a first goal, in order to understand the harmonic functions, we can try to find the
homogeneous polynomials P € R[z,y] which are harmonic. In order to do so, the most
convenient is to use the variable z = x + iy, and think of these polynomials as being
homogeneous polynomials P € R[z, z]. With this convention, the result is as follows:
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THEOREM 3.28. The degree n homogeneous polynomials P € R[x,y| which are har-
monic are precisely the linear combinations of

pP=z , P=2z"
with the usual identification z = x + 1y.

PROOF. As explained above, any homogeneous polynomial P € R[z,y| can be re-
garded as an homogeneous polynomial P € Rz, z], with the change of variables z = z+1iy,
and in this picture, the degree n homogeneous polynomials are as follows:

z) = E 2tz
k+l=n

In oder to solve now the Laplace equation AP = 0, we must compute the quantities
A(2*2!), for any k,l. But the computation here is routine. We first have the following
formula, with the derivatives being computed with respect to the variable z:

d k=l
(sz) _ (Zk)/zl +Zk(21>/
— ]{? k—1 l+le =11

By taking one more time the derivative with respect to x, we obtain:
d?(2*2h)

dx2 — k( k—1 l) +l( k l—l)/

= k [(Zk_l)/,?l 4 Zk—l(—l)/} +1 [( k)/—l—l + Zk(_l_l),]
— k[(k—l) k—2 l—l—lzk 1 l 1} +l[kzk 1 l 1+<l 1>Zk§l,2:|
= k(k—1)2"22 4 2kl A 11— 1)

With respect to the variable y, the computations are similar, but some =+ factors
appear, due to 2/ =7 and Z’ = —i, coming from z = x + iy. We first have:

d(zk'gl) —_ (zk)lil—l—zk(,?l)/

dy
= ik — gkt

By taking one more time the derivative with respect to y, we obtain:
d2 k=l
Eizyzz ) Z-k(zk—lzl)/ _ il(zkil_l)/
— ik [(Zk 1)/ZZ+ZI<; 1( )} [(Zk) Sl— 1+Z ( l—l)/]
= ik [i(k — 1)2F 22 — il 12 1] il [ik2F 2T — (1= 1)
= —k(k—1)z"%2 + 2klzk A (RS VA
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We can now sum the formulae that we found, and we obtain:
d?(2F2)  d?(2FF)
dz? dy?
= k(k— 128220 4 2k1 12 U1 - 1)2RE
—k(k — 1)2" 7220 4 2k 12 — (1 — 1) 2R E 2

A(ZFF =

= 4kl
In other words, we have reached to the following nice formula:
4kl
f=2"7 = Af= /
|2?

Now let us get back to our homogeneous polynomial P, written as follows:
z) = Z 2tz
k+l=n

By using the above formula, it follows that the Laplacian of P is given by:

z|2 Z kley 257

k+l=n
We conclude that the Laplace equation for P takes the following form:
AP=0 <= klcy =0,Vk,l
— [kI1#0 = ¢y =0]
<— P =cpz" +conz"
Thus, we are led to the conclusion in the statement. And with the observation that

the real formulation of the final result is something quite complicated, and so, for one
more time, the use of the complex variable z = x + iy is something very useful. O

As a conclusion to what we have so far, we know that the holomorphic functions, and
so their real and imaginary parts too, are harmonic. That is, if f is holomorphic, then
the following function is harmonic, for any values of the parameters «, 8 € C:

fap = aRe(f) + BIm(f)

Observe that this situation covers all the examples that we have so far, for instance
with the function z, that we know to be harmonic, appearing as follows:

z = Re(z) —ilm(z)

And more on this phenomenon, later in this chapter. As a next objective, let us try
now to find the harmonic functions which are radial, in the following sense:

f(z) = o(lz])
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However, things are quite tricky here, involving a blowup phenomenon at the dimen-
sion value N = 2, which is precisely the one that we are interested in. In view of this
phenomenon, it makes sense to move now to arbitrary N € N dimensions. So, let us
introduce the Laplace operator, acting on the functions f : RV — C, as follows:

As before in 2 dimensions, we can say that a function f : RY — C is harmonic when
Af = 0. With these conventions, the result about radial harmonics is as follows:

THEOREM 3.29. The fundamental radial solutions of Af =0 are
P (s
logllz]| (N =2)
with the log at N = 2 basically coming from log’ = 1/x.

ProOOF. Consider indeed a radial function, defined outside the origin x = 0. This
function can be written as follows, with ¢ : (0,00) — C being a certain function:

frRY {0} = C . f(z)= ()
Our first goal will be that of reformulating the Laplace equation Af = 0 in terms of
the one-variable function ¢ : (0,00) — C. For this purpose, observe that we have:

dle] Ay Xl
dl’i

dlEi

1
2 N dQZZ
it T

By using this formula, we have the following computation:

& dg(llel)
|||
= (el - A2
Z;

= ¢'(Il=Il)
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By differentiating one more time, we obtain the following formula:

dzf . d ’ ZT;
= (Sl )

(el e, d (o
ol TR AU <||x||)

O N R TINGN [ EPoRPovI
= (el 25 ) - 2+ il

|| ][

2 2 2

Vi T ’ H:EH — T

= ¢"(I=) - 7=z + P Ul]) - ——
||| ||[?

Now by summing over i € {1,..., N } this gives the following formula:
- ) el —at
Af = ZSD,(“xH ||w||3

i=1
" E H / (N —D]=[]”

= ¢ ([[=]]) - +o () =

|z |? ||z
N -1

= &"(Il) + ¢ (J]l]) -
Thus, with r = ||z||, the Laplace equation Af = 0 can be reformulated as follows:

(N = D' (r)

||

O'(r) + =0
Equivalently, the equation that we want to solve is as follows:
re” + (N —=1)¢' =0
Now observe that we have the following formula:
(YTl = (N = eV Y
= (N = D¢ +re)

Thus, the equation to be solved can be simply written as follows:

(r e’y =0
We conclude that V=1’ must be a constant K, and so, that we must have:

¢ = Kr'™V
But the fundamental solutions of this latter equation are as follows:

r2=N (N #£2
o) = {logr EN i 2;

Thus, we are led to the conclusion in the statement. U
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Back now to the general theory of harmonic functions, the above passage to arbitrary
N € N dimensions, that we will adopt, proves to be something fruitful, allowing us to see
many things obscured by various N = 2 phenomena. Among others, we have:

THEOREM 3.30. The harmonic functions in N dimensions obey to the same general
principles as the holomorphic functions, namely:

(1) The plain mean value formula.

(2) The boundary mean value formula.
(3) The mazimum modulus principle.
(4) The Liouwville theorem.

Proor. This is something quite straightforward, the idea being as follows:

(1) Regarding the plain mean value formula, here the statement is that given an
harmonic function f : X — C, and a ball B, the following happens:

f(x) = /B £ (v)dy

In order to prove this formula, we can assume that our ball B is centered at 0, say of
radius 7 > 0. Now if we denote by Y, the characteristic function of this ball, nomalized
as to integrate up to 1, we want to prove that we have the following formula:

f:f*Xr

To be more precise, here * is the standard convolution operation, given by:

(Frae) = [ fa =iy
For proving the above formula, pick 0 < s < r, and a solution w of the following
equation, on B, which can be constructed explicitly, say as a radial function:
Aw = Xr = Xs
By using the basic properties of the convolution operation *, we have:
frxe=fxxs = [+ —Xs)
= f*xAw
= Afxw
=0
Thus f * x, = f * xs, and by letting now s — 0, we get f * x, = f, as desired.

(2) Regarding the boundary mean value formula, here the statement is that given an
harmonic function f: X — C, and a ball B, with boundary =, the following happens:

f(x) = / f(v)dy
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But this follows as a consequence of the plain mean value formula in (1), with our two
mean value formulae, the one there and the one here, being in fact equivalent, by using
annuli and radial integration for the proof of the equivalence, in the obvious way.

(3) Regarding the maximum modulus principle, the statement here is that any holo-
morphic function f: X — C has the property that the maximum of |f| over a domain is
attained on its boundary. That is, given a domain D, with boundary =, we have:

dreq , [f(@)] =max|f(y)]

But this is something which follows again from the mean value formula in (1), first
for the balls, and then in general, by using a standard division argument.

(4) Finally, regarding the Liouville theorem, the statement here is that an entire,
bounded harmonic function must be constant:

f-RY=-C , Af=0 , |f|[<M = f=constant

As a slightly weaker statement, again called Liouville theorem, we have the fact that
an entire harmonic function which vanishes at co must vanish globally:

f:RYN -C , Af=0 |, 1me(:c):0 — =0

But can view these as a consequence of the mean value formula in (1), because given
two points = # y, we can view the values of f at these points as averages over big balls
centered at these points, say B = B,(R) and C = B,(R), with R >> 0:

_ /B f(2)d= / (=

Indeed, the point is that when the radius goes to oo, these averages tend to be equal,
and so we have f(z) ~ f(y), which gives f(z) = f(y) in the limit, as desired. O

Getting back now to 2D, as a useful complement to Theorem 3.30, we have:

THEOREM 3.31. The real harmonic functions f : X — R with X C C are locally the
real parts of the holomorphic functions g : X — C.

PROOF. The precise claim here is that a real harmonic function on the unit disk
f D — R must equal the real part of the following function, which is holomorphic:

o) =5 | TEEE peityr

2w J_ et — 2

Indeed, observe for instance that this holds for f(z) = Re(z"). However, the proof in
general is non-trivial, and we refer to Rudin [80] for details on this. U
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3e. Exercises

This was a quite standard calculus chapter, and as exercises on this, we have:

EXERCISE 3.32.
EXERCISE 3.33.
EXERCISE 3.34.
EXERCISE 3.35.
EXERCISE 3.36.
EXERCISE 3.37.
EXERCISE 3.38.

EXERCISE 3.39.

Experiment some more with the geometric series, over C.

Learn more about the logarithm, as a complex function.

Learn as well about a® and x*, as complex functions.

Learn more about hyperbolic functions, and the need for them.
Clarify the relation between the various notions of differentiability.
Fill in the various details, in the proof of the Cauchy formula.
Learn more about harmonic functions, and their properties.

Read the proof of the last theorem, f = Re(qg), locally.

As bonus exercise, read some quantum mechanics, the scalars there being C too.



CHAPTER 4

Complex gamma

4a. Complex gamma

We know many interesting things about the zeta function, but that study was mostly
at real exponents s > 1, not really in relation with complex analysis, where the zeta
function is really useful, in relation with questions from arithmetic.

So, time to discuss this now, what happens for complex exponents s, how the zeta
function can be constructed there, and what its properties are. Let us start with:

THEOREM 4.1. We can talk about the Riemann zeta function
= 1
C(s) =) —

ns
n=1

when Re(s) > 1, and we have the following formula, with product over primes:

(-

Also, the generating function of the numbers ((2k) with k € N is given by

1 — 7wz cot(mx)
g C(2k)x? =
k=1

2
which gives the following formula, with B, being the Bernoulli numbers,

T 2k ok
c(oh) = (- G

which generalizes the Euler formula ((2) = n%/6, solving the Basel problem.

PROOF. In what concerns the first assertion, convergence at Re(s) > 1, we have
indeed the following computation, assuming s = r + it, with r > 1:

=1 =1 | 1
< = — <1 —dr=1
|<(5)|—;’n5‘ ;W +/1 " € +7’—1

The second assertion follows from the prime factorization of the integers. As for the
computation of ((2k), this is something quite tricky. O

81
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There are many other interesting supplementary facts regarding zeta, notably with
the following inversion formula, where p is the Mobius function of the integers:
1 pln)

¢(s) 4= n
In order to present now a number of more advanced results regarding zeta, the idea will

be that of relating it to another well-known function from complex analysis, the gamma
one. Let us start with the following fact, which is something elementary:

THEOREM 4.2. The following integral converges absolutely when Re(s) > 0,

['(s) :/ ¥ e " dx
0
satisfies I'(s + 1) = sI'(s), and extends the usual factorial of integers, I'(s) = (s — 1)\
PROOF. There are several assertions here, the idea being as follows:

(1) Regarding the convergence claim, we have the following trivial estimate, with
s = r +it, coming from the formula |z*~!| = |z~ = 771

IT(s)] S/ |$5_1|e_xdx:/ v le  dr
0 0

Now regarding the integral on the right, which is T'(r), that converges at oo, due to the
presence of the exponential, and converges at 0 too, because 2" ! with r > 0 is integrable
at 0. Thus, we have indeed absolute convergence at Re(s) > 0, as stated.

(2) Next, by partial integration we have the following formula, as claimed:

['(s+1) = / x’e Cdx
0

o0
= / se¥ e % dx
0

= sl'(s)

(3) Regarding now the case s € N, for the initial value s = 1 we have:

I'l) = / e de =1
0
Thus, by recurrence we obtain I'(s) = (s — 1)! for any s € N, as claimed. O

The above result is something quite magic, because it allows to talk about the factorial
of any complex number z with Re(z) > —1, according to the following formula:
21=T(z+1)

More on this in a moment, but before that, let us point out the fact that the assumption
Re(z) > —1 can be in fact removed, due to the following extension of Theorem 4.2:
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THEOREM 4.3 (update). We can talk about the gamma function

[(s) :/ ¥ e " da
0
with the integral converging absolutely when Re(s) > 0, which satisfies the formula
I'(s+1)=sI(s)
which can stand as a definition for T, for s ¢ —=N. Also, I'(s) = (s — 1)! for s € N.
Proor. This is indeed something self-explanatory, based on Theorem 4.2, the idea

being that once we have I'(s) via the integral in the statement, for Re(s) > 0, we can
succesively extend it to the case Re(s) > —1, then Re(s) > —2 and so on, by using:

ryy = T+ 1)

s

To be more precise, this recursive procedure will certainly work, providing us with a
formula for I'(s) at any s € C, provided that the various denominators which are involved
do not vanish, leading to the assumption s ¢ —N from the statement. U

As a comment now, the above result obviously involves some trickery, because what
we are saying, in the end, is that the divergent integrals at Re(s) < 0 can be regarded
as producing bounded quantities, via the formula I'(s + 1) = sI'(s), used as indicated.
You might probably say that this sounds like physics, and in answer, this is in fact
mathematics, called “analytic continuation”. More on such things later.

Many interesting things can be said about the gamma function, notably with an
explicit computation at the half-integers, which leads to the following result:

THEOREM 4.4. The gamma function is given at half-integers by

T(n) = (n—1) | r(ml):(%)”ﬁ

2 2n

and we have the following almost uniform formula for it, valid for any N € N,

() -,

2 2(N—1)/2
with M = (M — 1)(M —3) ... as usual, and ¢ = \/2,\/7 for N even, odd.
PROOF. There are several things going on here, the idea being as follows:

(1) Regarding the first formula, values of the gamma function at the positive integers,
we know indeed, from Theorem 4.2, that for n € N we have:

I'(n)=(n—1)!
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(2) Regarding now the half-integers, we first have the following computation, using at
the end the formula of the Gauss integral:

1 o
r (—> = / a2 7 dy
2 0

Thus, we can solve the problem by recurrence, and we obtain in this way, with our
usual convention N!l = (N — 1)(N — 3)(N —5) ... for the double factorials:

| m—1 21-3 5 3 1_(1
Mnts) = 2. v=2 2.2 2 r(=
2 2 2 222 \2

1.35...(2n — 1)

on
CI

2n

(3) Regarding now the unification of the formulae that we have in (1) and (2), let us
first rewrite the formula that we just found in (2), in the following way:

p <2n+1) _ (2n)! Jr

2 2n
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Which looks good and in final form, no questions about this, so for a unification we
are left with refurbishing the nice formula found in (1), in the following way:

f(2) - o

= (n—1)!
2.4.6...(2n —2)
- 2n—1
(2n — 1!
- 2n—1
(2n — 1!
— T on-12 V2
And with this, job done, we are led to the uniform formula in the statement. O

As an interesting comment now, the above formulae remind those for the volumes of
spheres. In relation with this, we have the following result:

THEOREM 4.5. The volume and area of the unit sphere in RY, given by

B (Z>[N/2] L . (E>[N/2] L
2 (N+1D! 7 2 (N —1)!!
can be expressed in terms of the gamma function, the formulae being
m\ N2l 2(IN=1)/2 7\ V2] 2N+1)/2
- (E) T(N2+1) (5) T(N/2)

with ¢ = /2, /7 for N even, odd, as before.

PROOF. There are several things going on here, the idea being as follows:

(1) To start with, the first formula of V' is something that we know, obtained via
multiple integrals, and the Wallis formula. It is of course possible to use the same method
for computing A, but there is in fact no need for this, because we have:

A=N.V

(2) So, question now, why does this latter formula hold? In answer, recall from chapter
5, when first talking about the number 7, that at N = 2 we can cut the unit disk, or
rather a regular M-gon approximating it, with M >> 0, as a pizza, as follows:

VAVAN
\/\/




86 4. COMPLEX GAMMA

The volume to be eaten can be then computed as follows, where H is the height of
the slices, S is the length of their sides, and A = M S is the total length of the sides:

HS HP A
V=Mx—=—~—
2 2 2
(3) Let us see as well what happens in N = 3 dimensions. In order to compute
three-dimensional volumes, consider a tetrahedron, in 3D space:

The volume of this tetrahedron is then given by the following formula, coming for
instance by constructing a triangular prism, out of 3 copies of this tetrahedron:

1
volume = 3 X basis area X height

But with this in hand, the pizza argument from (2) will apply as well in 3D, with a 3
factor, giving the following formula, connecting the volume and area of the sphere:
A

V=—
3

(4) And so on, the idea being that in N dimensions, the same pizza argument applies,
and gives A = NV. But with this, we can compute the area of the sphere, as follows:
2N

(N — 1)

7r>[N/2} N <7r>[N/2}
2

A=N-(3 (N

(5) Getting now to the second series of formulae, involving gamma, recall from Theo-
rem 4.4 that we have the following formula, with ¢ = v/2, /7 for N even, odd:

() -,

2 2(N—1)/2

Thus, the double factorials can be expresed as follows, in terms of gamma:

(N-1)/2
(N — 1)1 = 2 r(ﬁ)
c 2
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(6) But with this in hand, the previous volume formula for the sphere becomes:

Vo (E>[N/2] N
2 (N +1)N
B (W)[N/Q] oN c 1
\2 2N+D/2 T(N/2 + 1)

T\ V2 2N=1/2¢
(5) T(N/2+1)

As for the formula for the area of the sphere, this becomes, again as claimed:

4 = (E)UV/Q] oN
2 (N —1)!!
B <7r> [N/2] N c 1
—\2 2N-1)/2 T(N/2)

m\ /2 2N HD/2¢
B (5) T(N/2)
(7) Time perhaps for some numerics? At N = 2 we have ¢ = v/2, and we get:

T V2-v2 T 2v2-V2

2 T " ATy Ty T

Also, at N = 3 we have ¢ = /7, and we obtain, again as we should:

T 2.7 4m 4" 4-\m

4

T2 3/7/4 3 0 T2 w2
(8) Thus, formulae proved and doublechecked. And with the remark, however, that
the original formulae, in terms of double factorials, are quite often better in practice. [J

As a last piece of mathematics regarding the gamma function, again in relation with
what we did before, we have the following Stirling estimates:

THEOREM 4.6. The gamma function is given at half-integers by

o= (25w (neg) = () Ve

and we have the following uniform approximation formula for it,

(3)-(2)"%

valid for N € N, in the N — oo limat.
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Proor. This is very standard, based on the formulae in Theorem 4.4:

(1) At the usual integers n € N we have the following Stirling estimate:

I'(n) =

(n—1)!

(” - 1)n1 or(n —1)

(g i <";1)n_1 2n(n — 1)

)
(n)n—l 2mn

e

ORE

(2) At the half-integers, n + 1/2 with n € N, we have the following estimate:

-}

(2n)!

- T E
B fn?iﬁ
() e
- (v

(3) Regarding the uniform formula, with N = 2n the estimate in (1) reads:

"(3)=() VF

(4) Also, with N = 2n + 1, the estimate that we found in (2) reads:

12

~

N1\ (VD2
( e > V2T

N\ D12 s\ (VD)2
) (F)

N\WN-D/2 o
) T

N\M?  [ar
() %

We are therefore led to the uniform formula in the statement.
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(5) Finally, let us mention that the uniform approximation formula that we found
works in fact in general, with the formula being as follows, for |s| >> 0:

o~ (2

And we will leave some further learning here, as a continuation of our discussion from
chapter 1, regarding the Stirling formula for the usual factorials, as an exercise. O

Many other things can be said about the gamma function, some in relation with the
usual factorial of the integers, and some other being complex analysis specific. We will
be back to this, in what follows. For the moment, what we have in the above will do.

4b. Zeta function

Getting now to what we wanted to do, studying the zeta function in the complex
plane, we can formulate a key result, making the connection with gamma, as follows:

THEOREM 4.7. We have the following formula,

1 o] 1’8_1
O ), Et
valid for any s € C with Re(s) > 1.

ProOOF. We have indeed the following computation:
] s—1 oo ,.s5—1 1
/ ‘ dr = / T dz
o €er—1 g €* 1l—e®
— / x571<€7m + 6721 + 673:1: + .. )
0
_ Z/ l,s—le—nm dr
n=170
[
—~Jo \n n

= N i > s—lo=y g
;ns/o y e Y
= ((s)I'(s)

Thus, we are led to the formula in the statement. O

The above result is something quite subtle, relating three interesting quantities, none
of which is something trivial, namely zeta, gamma, and the integral on the right. Generally
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speaking, the idea in what follows will be that of using this in order to get information
about zeta, from the knowledge of gamma, and of the integral on the right.

This being said, let us start with a piece of reverse technology. We know from Theorem
4.1 the values of zeta at the even positive integers, ((2k) with k& € N, and we also know
from Theorem 4.2 the values of gamma at these integers. Thus, Theorem 4.7 can only
provide us, at s = 2k, with an interesting analysis result. Here that result is:

PROPOSITION 4.8. We have the following formula for the Bernoulli numbers,
[e'¢) tQk_l

Boy = 4k(—1 ’f+1/
2k ( ) 0 627rt -1

coming from our previous computation of the values ((2k), with k € N.

dt

PrROOF. We have indeed the following computation, using Theorem 4.7:

1 00 .Q?Qk_l
C(2k) = r(%)/o a1

1 o) 332]4:—1
_ d
(2k:—1)!/0 er 17

1 [e's) (Zﬂ_t)Qk—l
= 2h 1) /0 o 2mdt

_ (272 /oo £2k—1 M
Qk—1) ), e —1
On the other hand, recall from Theorem 4.1 that we have the following formula:
(27)2%F By,
C(2k) = (—1)k+1m
Thus, forgetting now about zeta, we have the following equality:
ko1 (2m)% By, (2m)* /Oo t251 gt
0

627rt —1

(=1) 2. (2k)!  (2k —1)!

We are therefore led to the formula in the statement. O

As a comment here, the above result, or rather the computation in its proof, raises
the possibility of recovering our previous computation of ((2k), with & € N, done the
hard way using Fourier analysis, by computing the real integral in Proposition 4.8, by
whatever means, and getting as answer that Bernoulli number, as indicated.

However, and here comes the point, this is not really possible, at least with elementary
methods, because as we perfectly know, what we have at k = 1 is the Basel formula, which
notoriously cannot be proved with bare hands. Thus, nice try, and in the end, the standard
approach to these questions, via Fourier analysis, remains the best one.
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Moving on, still with inspiration from Theorem 4.7, let us formulate:

QUESTION 4.9. In analogy with what happens for the gamma function, can we have
the zeta function defined, over the whole complex plane?

We will see in what follows that the answer to this question is yes. However, things
will be substantially more complicated for zeta than for gamma, and we will have to rely
on delicate complex analysis, and in particular, on the theory of analytic continuation.

Now with analytic continuation being somehow Devil’s business, our plan in what
follows will be to explain all this slowly, by gradually going from the analytic right half-
plane Re(s) > 1, where we understand well the zeta function, to other parts of C.

Getting started now with our exploratory trip West, and make sure that you have
enough food, water and weapons, let us first see what happens at s = 1. Here we have:

THEOREM 4.10. We have the following formula,
lim(s — 1)(s) = 1
showing that the complex zeta has a simple pole at s = 1, with residue 1.

PROOF. We have the following computation, using I'(1) = 1:
s—1

. , <
liny(s = 1)¢() = lm(s—1) [ e
e’} t t
= lim * dx
t=0 Jo ¥ — 1
= 1
Thus, we are led to the conclusions in the statement. U

As a more advanced result now, on the same topic, we have:

THEOREM 4.11. We have the following formula,

with v = 0.57721.. being the Euler-Mascheroni constant.

Proor. This is something quite advanced, well beyond what we have in Theorem
4.10, and that we will not explain here in detail, the idea with this being as follows:

(1) To start with, let us recall that the Euler-Mascheroni constant, that is usually met
in relation with the Mertens theorems, is defined as follows:
N

) 1
7= 2 g e
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(2) Alternatively, we have the following formula for «, with [.] being the integer part,
which proves right away the convergence:

=] (i)

(3) The point now is that the Euler-Mascheroni constant, as constructed above, can
be shown to be related to the zeta function by the following remarkable formula:

1=

(4) Next, and getting now to what we wanted to do, namely the study of zeta around
s = 1, the point is that we have as well the following formula:

(5) But in terms of the zeta function, this latter formula simply reads:

Y= tim ¢(s) - —

s—1+ s—1

(6) Thus, we are led to the formula in the statement. Note that we have as well:

s =)
s—0 2

Indeed, this follows from the formula in the statement, applied twice. O

Leaving aside now s = 1, let us focus on the other points, s = 1+ it with ¢ £ 0, of the
boundary line Re(s) = 1, between known and unknown. And here, we have:

CrLAIM 4.12. The Riemann zeta function, namely

=1
¢(s) = v

n=1
converges at any s = 1 + it with t # 0.
To be more precise here, this claim, which is something quite remarkable, states that

the following series of complex numbers must converge, at any ¢ # 0:

o

1
((L+it) = Z it

n=1

As a first comment on this, this series will obviously not converge absolutely, and this
because the associated series of absolute values is ((1) = co. However, what happens is
that the n® factors, which vary on the unit circle T, will slow down the divergence of the
series ((1) = oo, up to the point of making the sum converge, as stated.
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To be more precise, we have the following computation, to start with:

it = >
> 1

- Z;Emﬁ

e e—itlogn
— Z -

n=1

cos(tlogn) — isin(tlogn)

I
NE

n

n=1

Thus, we can see that our series seems indeed to converge, at ¢t # 0. However, in
practice, proving such things is certainly possible, but not exactly trivial, and we prefer
to defer the discussion here, for a bit later, when we will know more things.

With this discussed, let us get now into the true unknown, Re(s) < 1. Our first
objective will be that of understanding what happens in the strip 0 < Re(s) < 1. And
here, as a main source of inspiration, we have the following very classical result:

PrROPOSITION 4.13. Unlike the standard Riemann series, which diverges,

Wy =t14spipty
I A R A S S

the signed version of this series, called standard Dirichlet series, converges,

(1)=1 1+1 1+1 1+ <
M= 27537y Ty g =%

and we can even compute its value, n(1) = log 2.

ProOOF. This is indeed something very classical, that we know since chapter 5, the
point being that the convergence of the series 7(1) can be proved in a variety of ways, all
instructive, as for instance by grouping terms and comparing to ((2) < oc:

1 1 1 1

D o — 4 — 4. < ((2
n(1) 2+12+30+56+ <((2) <@

As for the exact formula of (1), this follows from the Taylor formula for log:

[ S LI

log(lt+a)=a—— 42 2,0 2
og(l4+z)=ux 2+3 4+5 6—|-

Indeed, by plugging in x = 1, we obtain the formula in the statement. U
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Now with Proposition 4.13 in hand, we have our idea, namely “forcing” the zeta
function to converge in the strip 0 < Re(s) < 1, by adding signs, and then recovering
zeta, or rather its analytic continuation, in this same strip, by removing the signs.

In practice, this simple idea leads to the following remarkable result:

THEOREM 4.14. We have the following formula,

1 (=1t
C<S) - 1 — 21—3 Z ( n)s
n=1

which can stand as definition for (, in the strip 0 < Re(s) < 1.

PRrROOF. This is something elementary, known since Dirichlet and Euler, but of key
importance, and with many consequences, the idea being as follows:

(1) To start with, we can define the Dirichlet function 7 as being the signed version
of (, exactly as we did in Proposition 4.13 at s = 1, as follows:

o

Observe that this function converges indeed in the strip 0 < Re(s) < 1.

(2) We must now connect ¢ and 7, at Re(s) > 1, and this can be done as follows:

o0

()l = 3 e N

= 275¢(s)

(3) But this gives the following formula, valid at any exponent s € C satisfying
Re(s) > 1, and which is the formula in the statement:

1
C(s) = 1o n(s)

(4) In order now to conclude, we can invoke the theory of analytic continuation.
Skipping some details here, and we refer for instance to Rudin [80] for this, what we
have in the statement is a formula for ¢ in the whole right half-plane, Re(s) > 0, which
is analytic, and more specifically meromorphic, with a single pole, at s = 1, and which
coincides with the usual formula of ¢ on the usual domain of definition, Re(s) > 1.

—~
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(5) But, in this situation, the theory of analytic continuation tells us that we can
redefine ¢ all over the right half-plane, Re(s) > 0, by the formula in the statement,
and with this extension being unique, as per the general properties of the meromorphic
functions. Thus, we are led to the various conclusions in the statement. Il

Getting back now to Claim 4.12, with basically the same technology we can prove that
too. The result, coming as a useful complement to Theorem 4.14, is as follows:

THEOREM 4.15. The Riemann zeta function, namely

=1
((s) = s
n=1

converges at any s = 1 + it with t # 0.

PRrROOF. As mentioned, we can have this proved using our technology, as follows:

(1) Let us first go back to Theorem 4.14 and its proof. The method there will work
at Re(s) = 1 too, provided that the denominator appearing there does not vanish:
1—-274£0
In order to discuss this, observe that with s = r 4 ¢t we have the following formula:

21—5 — 21—T—zt — 21—r2—zt — 21—r€—ztlog2

We conclude from this that we have the following equivalence:

2k
217 =] —= s:1+z’—7r, kelZ
log 2
(2) Thus, there are no problems indeed in the strip 0 < Re(s) < 1, and in relation
with what happens at Re(s) = 1, things are fine as long as s = 1 + it is not as above.

(3) As for the remaining case, namely ¢t = 2k7n/log2 with k € Z — {0}, here our
method does not apply as stated, but with a bit of extra work and modifications, we can
have this working too. We will leave some study and learning here as an exercise. U

Summarizing, we have zeta up and working at Re(s) > 0. We will see later that, in
relation with certain delicate number theory questions, this extension is in fact enough,
with that number theory questions taking place in the strip 0 < Re(s) < 1.

4c. Riemann formula

Getting now to the left half-plane, Re(s) < 0, things will be quite complicated here,
and we will start our discussion with a warning, as follows:

WARNING 4.16. Contrary to what we have been doing so far in this chapter, under-
standing zeta over the whole C requires an excellent knowledge of complex analysis.
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In short, many things to be learned, and there will be some technical details missing,
in what comes next, and in case you are not familiar with all the needed preliminaries,
which is probably the case, well, relax, take this as a physics class, and enjoy.

Getting now to the problem that we have, to be solved, namely extending zeta to the
left half-plane, Re(s) < 0, there are many methods are available here, and with the main
method, due to Riemann himself, which is something quite tough, but unavoidable for
understanding the zeta function as a whole, over C, being as follows:

THEOREM 4.17. We have the following formula of Riemann, relating the values of
zeta at s and 1 — s,

¢(s) = 2°° Lsin (g) T(1 - s)C(1 — 5)

which holds on the strip 0 < Re(s) < 1, and can serve as definition for zeta in the left
half-plane, Re(s) < 0, by analytic continuation.

PrROOF. This is something subtle, with even understanding the statement being non-
trivial business, and with the proof being complicated too, the idea being as follows:

(1) To start with, let us check our formula for mistakes. With Re(s) > 1 our formula
tells us that the familiar ((s) can be expressed in terms of some virtual number ((1 — s),
which remains to be defined later, and normally no problem with this.

(2) However, looking more carefully, there might be a problem coming from the sine,
which vanishes at s = 2k with £ € N. But, the point is that I'(1 — s) has a pole at
s = 2k, compensating for this vanishing of the sine. So, as a conclusion here, not only
we avoided the contradictory ((2k) = 0, but also know that, later when it will come to
discuss (1 — 2k), that will be a usual complex number, with no need for a pole there.

(3) Conversely now, let us plug in numbers with Re(s) < 0, so that Re(1—s) > 1. Here
what our formula tells us is that the familiar {(1 — s), when multiplied by the quantities
in the statement, produces a candidate ((s) for the analytic continuation in the left half-
plane Re(s) < 0. So, very good, no contradiction whatsoever here, and in addition this
tells us, confirming the finding in (2), that zeta will have no poles at Re(s) < 0.

(4) Now let us have a look at the strip 0 < Re(s) < 1. Here our function ( is already
existent, thanks to Theorem 4.14, and we have something to prove, namely that the
Riemann formula in the statement holds indeed, in this strip 0 < Re(s) < 1.

(5) But this is something that can be proved indeed, via some non-trivial calculus,
done by Riemann a long time ago, and which has been barely simplified, since. In order
to get started, we can use the following formula for the gamma function:

r <f> =n’r / 3 lem e gy
2 0

N|w
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(6) Thus, we are led to the following formula for the zeta function:

r (g) ((s) = w2 Z/OOO r3 e

n=1

(7) Now let us call ¥ the function appearing on the right, namely:

oo
2
= 5 e "™ dx
n=1

With this convention, the formula that we found can be written as follows:
7l <§) C(s) = / 221 (z)dx
0

(8) Now let us have a look at the function W. By Poisson summation we obtain:

I

n=—oo n=—oo

We conclude that our function ¥ satisfies the following equation:

20 (z) + 1= % (2\11 (i) + 1)

(9) With this equation in hand, let us go back to the formula for zeta in (7). We can
further process that formula, in the following way:

AT (g) C(s) = /Oooxi—lxp(x)dx

_ /0 4 / )
= /0 3—1( G) NG ;) dx+/1 227 () da
= sil + i +/D G) dx+/100x§_1\11(x)dx

(10) We conclude from this that we have the following formula:

7727 (g) ((s) = S(Sl_ 0 + /100 (x*%l —|—$%’1> U(x)dx
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Now since the expression on the right is invariant under s — 1 — s, we obtain:
s —s ]_ -
m 2T (g) C(s):ﬂ_12 F( 28> C(1—ys)

But with this we are done, because this latter formula is equivalent to the Riemann
symmetry formula in the statement, namely:

((s) = 2°7% !sin (%8> I(1—s)C(1—s)

(11) Next, there is some discussion at the border of the strip too, with the formula
relating the values at Re(s) = 1, all finite except for a pole at s = 1, to the values at
Re(s) = 0, which all follow to be finite, thanks to the mechanism explained in (2).

(12) Now with this done, we can take the formula in the statement as a definition for
zeta in the left half-plane, Re(s) < 0, and with the general theory of analytic continuation
telling us, a bit like before, at the end of the proof of Theorem 4.14, that this continuation
is unique, thanks to the general properties of the meromorphic functions.

(13) So, this was for the idea of the proof, and in practice, there are of course many
details still in need to be checked, and we will leave this as an instructive exercise. U

Observe that, in what regards the Riemann formula itself, this remains a key symmetry
formula of our newly defined zeta function, as a meromorphic function over C.

All the above starts to be a bit heavy, and as a summary of all this, we have:

THEOREM 4.18. We can talk about the Riemann zeta, as a meromorphic function
¢ : C — C, with a single pole, at s =1 with residue 1. At Re(s) > 1 we have
1
C(s) = 2 v

and more generally at Re(s) > 0 we have the following formula:

C(s) = 1 _121_8 Z (—1)+!

ns

n=1

Also, the values of zeta at any s and 1 — s are related by the Riemann formula
((s) = 2°7° 'sin (g) I'(1—s)¢(1—ys)
with T being as usual the gamma function.

ProoOF. This is a summary of our various findings from Theorems 4.14 and 4.17 and
their proofs, and with the thing to be always kept in mind, when dealing with all this,
being that the formula at Re(s) > 0 generalizes indeed the formula at Re(s) > 1, thanks
to a trivial computation, explained in the proof of Theorem 4.14. U
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Getting back now to the Riemann formula from Theorem 4.17, passed the technical
difficulties for establishing it, this is something very beautiful and useful, with a lot of
symmetry in it, making it clear that the strip 0 < Re(s) < 1 is what matters, and that
the vertical axis Re(s) = 1/2 is where interesting things should happen.

As a consequence of the Riemann formula, we have the following version of it:

THEOREM 4.19. We have the following version of the Riemann formula,
S 1-—s ]_ -
w2l (g) ((s)=m""2 F( 28> C(1—ys)

symmetric in s, 1 — s, which is in fact equivalent to it.

ProOF. The above formula is indeed equivalent to the one in Theorem 4.17, and is
in fact what comes out from computations, when proving Theorem 4.17. U

In practice, the quantity in Theorem 4.19 is best normalized as follows:

THEOREM 4.20. The following function, called & function,

es) = 2 Damir (D) (o
satisfies £(s) = (1 — s).

PROOF. Again, the above Riemann formula is equivalent to the previous ones, with
the function ¢ being what is used in computations, when proving Theorem 4.17. U

So long for the story of the Riemann reflection formula. The above presentation was
of course quite brief, and for more, the starting point is the general theory of analytic
continuation read in detail, say from Rudin [80], and then the particular case of zeta to
be further learned, from any standard, reasonably advanced number theory book.

4d. Further results

We have zeta up and working in the full complex plane C, as a meromorphic function
with a single pole at 1, and this gives rise to many interesting questions. To start with,
regarding the analytic continuation, by other means, the situation is as follows:

(1) A first formula, due to Hasse, which works at any s # 1, is as follows:

I 1 &) (-
C(S) = 1 _ 9l-s g on+1 kZ:O <]§) (k —+ 1)3

(2) A second formula, due to Hasse too, which again works at any s # 1, is:

1l &1 K n) (-D)F
<<S)_s—1§n+1;(k>m
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(3) We also have the following version, nicer, but working only at Re(s) > 0:

P (T

n=1

(4) But we can modify this latter formula as follows, as to have it at Re(s) > —1:

1 =nn+1) /2n+3+s 2n—1-s
C(S)_s—1; 2 ((n—i—l)s“_ nst2 )

(5) And so on, the idea being that we can conquer the whole left half-plane Re(s) < 0
in this way, step by step, with at each step a more complicated formula being needed.

Getting now to a second question, other general formulae satisfied by zeta, there are
many of them. To start with, we can write a Laurent series expansion, as follows:

oo

1 n
Cs) ==+ ==
n=0

The Laurent coefficients are the Euler-Mascheroni constant vy = «, and:

L — (logk)™\  (logm)"*!
Tn = 7711—I>Ic1>o [(Z k  n+1

k=1

We also have the following formula, involving generalized binomial coefficients:

L (M -y

S s—1 — n+1

Getting now to a third question, special values of zeta, we have already seen the
formulae of ((2k) with k € N, the idea being these can be recaptured from:

= 1 — 7x cot(mx)
S ¢k =
k=1

2
In practice, we have the following formula, with B,, being the Bernoulli numbers:

_ 1 (27)*" By
((2k) = (—1)*F 2@k

Now by Riemann reflection, we obtain from this the following remarkable result:

THEOREM 4.21. We have the following formula, for any n € N,
B,
((=n) = (~1)" ==

n+1
with B, being as usual the Bernoulli numbers.
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PROOF. We recall that the Riemann reflection formula from Theorem 4.18 was as
follows, valid all over the complex plane, as an equality of meromorphic functions:

((s) = 2°7% 'sin (g) (1 —=s)C(1—s)
(1) By plugging in the value s = —2k, with k& > 1 integer, we obtain:
C(—2k) = 27 g 2 gin(—km)T(1 + 2k)C(1 + 2k)
= 0
Now since we have By, = 0, this gives the formula in the statement, at n = 2k.
(2) By plugging in the value s = 1 — 2k, with k£ > 1 integer, we obtain:
C(1—2k) = 21-Zp—2hgpy <k7r v g) I(2k)C(2K)

_ 2 k k1 (27)°F Bay
= (27r)2’€( )2k — 1)I(—-1) SR )]
_ _bBa
2k
Thus, we obtain the formula in the statement, at n = 2k — 1. U

Regarding now the values ((2k + 1) with & € N, things here are quite complicated,
starting with the Apéry constant, which is as follows, not computable:

¢(3) = 1.20205..

However, there are many interesting formulae relating the numbers ((2k + 1), or more
generally the numbers ((n), between themselves. We first have:

Yk -1=1 (k) -1)= Z
k=2 k=1
Sk -D=7 . SNk - =g

Along the same lines, a second series of formulae is as follows:

i(—@’f% =0 i —g(k)k_ Lo

k=1

o kSk) Gk —1
Z(_1)7_7 ) 27—1—7
k=2 k=2

And there are many more such formulae computing or relating the values of zeta at
positive integers, more specialized, and quite often Ramanujan-looking.

Getting now to the zeroes of zeta, as a consequence of Theorem 4.18, we have:
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THEOREM 4.22. We have the following formula, for any integer k > 1,
C(=2k)=0
and these zeroes, called trivial, are the only ones outside the strip 0 < Re(s) < 1.

Proor. This follows indeed from the Riemann reflection formula, namely:
¢(s) = 2°7° Lsin (g) T(1 - s)C(1 — 5)

(1) To start with, zeta has no zeroes at Re(s) > 1, with this coming from:

-T2

p

(2) But this shows, via Riemann reflection, that zeta has no zeroes either at Re(s) < 0,
except perhaps at the values s = —2k with k£ > 1, where the sine vanishes.

(3) Finally, we have indeed ((—2k) = 0, trivially, as we already know from the proof
of Theorem 4.21. Thus, we are led to the conclusions in the statement. Il

Which brings us to the question, what are the zeroes of zeta in the critical strip. Many
things can be said here, and as a key result, useful for many purposes, we have:

THEOREM 4.23. The Riemann zeta function has no zero on the line
Re(s) =1
and no zero on the line Re(s) = 0 either.
ProoF. This is something quite tricky, the idea being as follows:

(1) To start with, the Re(s) = 0 result is equivalent to the Re(s) = 1 result, via the
Riemann reflection formula. In what follows, we will prove the Re(s) = 1 result.

(2) In order to study now the zeta function on the line Re(s) = 1, we can use the
Euler product formula for this function, coming from Theorem 4.1, namely:

)

p

(3) Indeed, by taking the logarithm, we obtain from this the following formula:

log((s) = —> log (1 - pi>
- Yk

p k=0
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(4) Now with s = r + it as usual, this formula takes the following form:

10g€<8) - ZZ kp 7’+Zt)

p k=0
fkit

- ZZ Tpkr

p k=0
6fkit logp

-y

p k=0

Z Z cos(ktlog p) — isin(kt log p)

pkr

p k=0
(5) Now remember the following formula, for the complex exponentials:
672 = &% - &F = ¢e” = 7 = (2Rel®)
Thus we have |e*| = ef***) and by using this with z = log ((s), we get:
C(s)| = [exp(log((s))]
= exp(Re(log((s)))

— exp (ZZ cos k‘tlogp )

p k=0

(6) In order to get an estimate, we use the following formula, valid for any a € R:

2(1+cosa)’ = 2+4cosa+2cos’
= 3+ 4cosa+ cos(2a)

Indeed, by using this, we obtain from the formula in (5) the following estimate:

3 + 4 cos(kt log p) + cos(2kt logp))

[P +it) ' +2it)]| = exp <ZZ s

p k=0
1—|—cosk;tlop
_ eXp(ZZ g )))
p k=0
> 1

(7) But with this, we can now finish. Assume indeed by contradiction {(1 + it) = 0,
for some t # 0, and let us look at the following quantity, in the » — 17 limit:

K = ((r)*¢(r +it)* ¢ (r + 2it)



104 4. COMPLEX GAMMA

What happens then in the r — 17 limit is that we have (r)? — oo with triple pole
behavior, ((r + it)* — 0 with quadruple zero behavior, and ((r + 2it) — ((2it) with
analytic behavior. But since 3 < 4 the quadruple zero will kill the triple pole, and so:

lim K =0
r—1+t
But this contradicts the estimate found in (6), and so our theorem is proved. 4

In relation with the above, we have the following conjecture:

CONJECTURE 4.24 (Riemann hypothesis). The zeroes of zeta in the critical strip
0 < Re(s) <1
can only appear on the critical line, Re(s) = 1/2.

And we will be back to this conjecture, with more comments, later. The point indeed
is that, as we will soon discover, all this is related to the primes, and their distribution,
with for instance Theorem 4.23 being a key ingredient there.

4e. Exercises
Tough analytic chapter that we had here, and as exercises on this, we have:
EXERCISE 4.25. Learn also more about the gamma function, and its properties.
EXERCISE 4.26. In particular, work out the general version of Stirling, for gamma.
EXERCISE 4.27. Ezperiment with the integrals giving rise to the Bernoulli numbers.
EXERCISE 4.28. Learn more about the nature of the simple pole of zeta, at s = 1.
EXERCISE 4.29. Learn more about the Dirichlet function, and its properties.
EXERCISE 4.30. Read, with full details, the theory of analytic continuation.
EXERCISE 4.31. Clarify all details, in relation with the analytic continuation of .
EXERCISE 4.32. Learn as well about the work of Hasse and others, on (.

As bonus exercise, reiterated, spend more time with ¢, the more the better.



Part 11

Probability theory



Te souviens-tu quand je chantais
Dans les caves de Londres
Un peu noye dans la fumee

Ce rock sophistique



CHAPTER 5

oa.
5b.
5c.
5d.
5e. Exercises

Exercises:

EXERCISE 5.1.

EXERCISE 5.2.

EXERCISE 5.3.

EXERCISE 5.4.

EXERCISE 5.5.

EXERCISE 5.6.

EXERCISE 5.7.

EXERCISE 5.8.

Bonus exercise.

107






CHAPTER 6

6a.
6b.
6c.
6d.
6e. Exercises

Exercises:

EXERCISE 6.1.

EXERCISE 6.2.

EXERCISE 6.3.

EXERCISE 6.4.

EXERCISE 6.5.

EXERCISE 6.6.

EXERCISE 6.7.

EXERCISE 6.8.

Bonus exercise.
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7a.
7b.
7c.
7d.
7e. Exercises

Exercises:

EXERCISE 7.1.

EXERCISE 7.2.

EXERCISE 7.3.

EXERCISE 7.4.

EXERCISE 7.5.

EXERCISE 7.6.

EXERCISE 7.7.

EXERCISE 7.8.

Bonus exercise.
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8a.
8b.
8c.
8d.
8e. Exercises

Exercises:

EXERCISE 8.1.

EXERCISE 8.2.

EXERCISE 8.3.

EXERCISE 8.4.

EXERCISE 8.5.

EXERCISE 8.6.

EXERCISE 8.7.

EXERCISE 8.8.

Bonus exercise.
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Geometry, analysis



Ou es-tu
Quand tu es dans mes bras
Que fais-tu
FEst-ce que tu penses a moi
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9a.
9b.
9c.
9d.
9e. Exercises

Exercises:

EXERCISE 9.1.

EXERCISE 9.2.

EXERCISE 9.3.

EXERCISE 9.4.

EXERCISE 9.5.

EXERCISE 9.6.

EXERCISE 9.7.

EXERCISE 9.8.

Bonus exercise.
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Exercises:

EXERCISE 10.1.
EXERCISE 10.2.
EXERCISE 10.3.
EXERCISE 10.4.
EXERCISE 10.5.
EXERCISE 10.6.
EXERCISE 10.7.

EXERCISE 10.8.

Bonus exercise.

CHAPTER 10

10a.
10b.
10c.
10d.

10e. Exercises

119






Exercises:

EXERCISE 11.1.
EXERCISE 11.2.
EXERCISE 11.3.
EXERCISE 11.4.
EXERCISE 11.5.
EXERCISE 11.6.
EXERCISE 11.7.

EXERCISE 11.8.

Bonus exercise.
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11a.
11b.
11c.
11d.

11le. Exercises
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Exercises:

EXERCISE 12.1.
EXERCISE 12.2.
EXERCISE 12.3.
EXERCISE 12.4.
EXERCISE 12.5.
EXERCISE 12.6.
EXERCISE 12.7.

EXERCISE 12.8.

Bonus exercise.

CHAPTER 12

12a.
12b.
12c.
12d.

12e. Exercises
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Part IV

Advanced algebra



Osez, osez Josephine
Plus rien ne s’oppose a la nuit
Rien ne justifie
Osez, osez Josephine



Exercises:

EXERCISE 13.1.
EXERCISE 13.2.
EXERCISE 13.3.
EXERCISE 13.4.
EXERCISE 13.5.
EXERCISE 13.6.
EXERCISE 13.7.

EXERCISE 13.8.

Bonus exercise.

CHAPTER 13

13a.
13b.
13c.
13d.

13e. Exercises
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Exercises:

EXERCISE 14.1.
EXERCISE 14.2.
EXERCISE 14.3.
EXERCISE 14.4.
EXERCISE 14.5.
EXERCISE 14.6.
EXERCISE 14.7.

EXERCISE 14.8.

Bonus exercise.

CHAPTER 14

14a.
14b.
14c.
14d.

14e. Exercises
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Exercises:

EXERCISE 15.1.
EXERCISE 15.2.
EXERCISE 15.3.
EXERCISE 15.4.
EXERCISE 15.5.
EXERCISE 15.6.
EXERCISE 15.7.

EXERCISE 15.8.

Bonus exercise.

CHAPTER 15

15a.
15b.
15c.
15d.

15e. Exercises
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CHAPTER 16

16a.
16b.
16c¢.
16d.
16e. Exercises

Congratulations for having read this book, and no exercises for this final chapter.
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