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ABSTRACT. A lattice model is a discretization of a usual, continuous problem taking
place in R3, over the rescaled integer lattice eZ3 C R3, with ¢ ~ 0. Examples of such
models abound, with the general idea of discretization being the main idea of statistical
mechanics, and with a main example being the Ising model for ferromagnetism. We
discuss here such questions, with an introduction to the subject, and with an introduction
to more advanced aspects too, using methods from probability and quantum algebra.



Preface

A lattice model is a discretization of a usual, continuous problem taking place in R3,
over the lattice eZ3 C R?, with € ~ 0. That is, our modeling method consists in replacing
the space R? with the discrete lattice eZ3 C R?, chosen to be reasonably fine, € ~ 0, then
reformulating our question in terms of this lattice €Z?, in the hope that the mathematics
will get simpler, and that with ¢ — 0 we will get to interesting results.

All this is extremely vague and general, and actually reminds computers, and you
would probably say “yes, sounds like a lazy scientist who wants the computer to do all
the work”. Which is a good point, but it is not about numeric methods that we want to
talk about in this book. Our claim is that discretization can be a powerful method even
in the context of pure mathematics and physics, with no computers allowed.

Here are a few examples for all this, and judge for yourself:

(1) Waves. Not that the wave equation ¢ = v2A really needs help from discretization,
but one remarkable thing is that this wave equation can be deduced by approximating
R? with a lattice ¢Z* C R3, with ¢ — 0, consisting of balls connected by springs. So,
forgetting now about the wave equation itself, we can declare that our universe is simply
something made of tiny little balls, connected by tiny little springs.

(2) Along the same lines, by making use of some imagination, we can discretize many
other things, with every time interesting conclusions. Want to talk about the propagation
of heat, ¢ = aAp? There surely should be a discrete model for that. What about fluid
mechanics, and the various equations there? Just discretize the fluids, as being formed
by tiny little spheres or cubes, and that should be your model. And so on.

(3) In fact, we can even discretize gravity, by saying that if we place a mass M > 0
at the origin, the “news” about it will spread quickly among the points of £Z3 C R3,
from neighbor to neighbor, with everyone saying around something of type “hey buddies,
there’s a mass M > (0 somewhere towards the origin, please comply and get attracted by
it, and pass the word to your neighbors”. And so, in the end, gravity works.

(4) And with the remark that, with this latter example, we might be well now into
cutting edge physics. Indeed, one of the main findings of modern physics is that there is
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4 PREFACE

a “Planck scale” € > 0 where the discretization of physics might actually be something
exact, and understanding gravity at the Planck scale is a big open problem. Which would
put an end to the “physics of the void” that we are so used to, for centuries.

(5) Less speculatively now, examples of discretization and lattice models abound in
statistical mechanics. As a basic example here, lattices eZ3 C R? are naturally met in the
context of materials like metals, where electrons can be thought of as being arranged on
such a lattice. And, with this picture in mind, a main example of lattice model, having
countless concrete applications, is the Ising model for ferromagnetism.

(6) And for ending with more speculation, quantum mechanics in its advanced form
used nowadays, which is the quantum electrodynamics (QED) developed by Feynman and
others, is in fact something of a lattice model too, with a particle, in the QED picture,
hesitating a billion times per second on where to go, left, right, up, down and so on, a bit
like being totally lost inside a certain lattice eZ3 C R3, with ¢ being very small.

So, this was for the general idea of lattice models, and as you can see, this idea is
as wide as physics itself. And by throwing now into the picture computers and numeric
methods, that we have not talked about in the above, we are led to the conclusion that,
in practice, lattice models might well account for more than half of physics.

The present book is an introduction to this. Our goal with be that of discussing lattice
models, with as many interesting examples as possible, and by being reasonably strong
on mathematical aspects, with a preference for algebraic and probabilistic methods.

We will mostly insist on (5), statistical mechanics and the Ising model, which are the
topics where there are many things that can be said, and by using for our study quantum
groups, along the lines of the Yang-Baxter equation, and of the work of Vaughan Jones.
We will also talk a bit about more speculative aspects, such as (1,2,3,4,6).

This book uses some quantum group mathematics that I developed since long, and
I would like to thank my coworkers. Thanks as well to my cats, for some help with the
computations. The mouse discretization result from chapter 16 is due to them.

Cergy, February 2026
Teo Banica
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Part 1

Lattice models



By the rivers of Babylon
There we sat down
Yeah, we wept
When we remembered Zion



CHAPTER 1

Wave equation

la. Laplace operator

Welcome to the waves. The idea for this Part I of the present book will be to have
a tour through basic physics, guided by the waves, and by our discretization and lattice
model intentions. This might sound perhaps a bit original, but thinking well, each major
branch of physics is guided by its own “wave equation”, so following the waves looks like
a reasonable way of planning our journey, and learning some physics.

In practice now, and coming a bit in advance, the truth about waves is as follows:

Fact 1.1. Waves can be of many types, and basically fall into two classes:

(1) Mechanical waves, such as the usual water waves, but also the sound waves, or
the seismic waves. In all these cases, the wave propagates mechanically, via a
certain medium, which can be solid, liquid or gaseous.

(2) Electromagnetic waves, coming via a more complicated mechanism, namely an
accelerating charge in the context of electromagnetism. These are the radio waves,
microwaves, IR, visible light, UV, X-rays and ~v-rays.

Quite remarkably, the behavior of all the above waves is basically described by the
same wave equation, which looks as follows, and details on this later:

¢ = v’ Ay

Understanding all this, what are the above waves and why they all satisfy this equation,
will need us to have a tour through classical mechanics, elasticity, and solids, liquids and
gases, in short states of matter, and then electrodynamics, and the Maxwell equations.
Exciting enough you would say, and with the remark that in each of the above cases, the
equation ¢ = v?Ay must be fine-tuned a bit. We will discuss this too.

Let us mention that gravity will not be forgotten, with a wave oriented discussion about
it, in chapter 3. And the same goes for advanced thermodynamics, we will talk about
this in chapter 4, by adopting the main equation there, called heat diffusion equation,
and which looks a bit different, namely ¢ = aAgp, as being a “heat wave” equation. And
with this being a good deal, because we will end up in this way of talking about the
Schrodinger equation too, as a close cousin of this heat equation.
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12 1. WAVE EQUATION

Getting started for good now, some mathematics first. What is the Laplace operator
A, appearing in the above? The answer here is very simple, coming from:
PRINCIPLE 1.2. The second derivative of a function ¢ : RV — R, making the formula
< ¢"(x)h,h >
2
work, is its Hessian matriz ¢"(x) € My(R), given by the following formula:

d*p
" o
o) = <dmidxj>ij

However, when needing a number, as second derivative, the trace of ©"(x), denoted

N
d*p
A= 202

o(x 4+ h) ~ o(x) + ' (x)h +

=1

and called Laplacian of ¢, usually does the job.

So, let us try to understand this principle. In one variable, things are quite simple,
and you certainly know them well. Given a function ¢ : R — R, the first job is that of
finding a quantity ¢'(z) € R making the following formula work:

o(x +h) = o(x) + ' (2)h

But here, there are not so many choices, and the solution is that of defining the number
¢'(z) € R by the following formula, provided that the limit converges indeed:

, . plz+h) =)
#(z) = Jim h

This number is called derivative of ¢ at the point x € R, and as you surely know,
geometrically, we have ¢'(z) = tan «, with a being the slope of ¢ at the point z.

Still in one variable, we can talk as well about second derivatives, as follows:

THEOREM 1.3. The second derivative of a function ¢ : R — R, making the formula

@,/(w)hZ

pla+h) = p(z) + ¢ (2)h + =3
work, is the derivative " of the derivative ¢’ : R — R.

PROOF. Assume indeed that ¢ is twice differentiable at x, and let us try to construct
an approximation of ¢ around x by a quadratic function, as follows:

¢(z + h) =~ a+ bh + ch?

We must have a = ¢(z), and we also know that b = ¢'(x) is the correct choice for the
coefficient of A. Thus, our approximation must be as follows:

p(a 4 h) = p(x) + @' (2)h + ch?
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In order to find the correct choice for ¢ € R, observe that the function ¢¥(h) = ¢(x+h)
matches with P(h) = ¢(z) + ¢'(z)h + ch?® in what regards the value at h = 0, and also
in what regards the value of the derivative at h = 0. Thus, the correct choice of ¢ € R
should be the one making match the second derivatives at h = 0, and this gives:

_ ¢"(2)
2
Thus, we are led to the formula in the statement. In order to prove now this formula,
we can use L’Hopital’s rule, which states that the 0/0 type limits are given by:

f@)  f(z)
g(z) — ¢'(x)
Indeed, if we denote by ¢ (h) ~ P(h) the formula to be proved, we have:
¥(h) — P(h) ¢'(h) — P'(h)
h? - 2h
)~ P
- 2
_ ') — ¢"(h)
B 2
= 0
Thus, we are led to the conclusion in the statement. U

Many other things can be said, as a continuation of the above, and you surely know
all this. Before leaving the subject, however, let us record the following statement, which
is something a bit heuristic, which will play an important role, in what follows:

PROPOSITION 1.4. Intuitively speaking, the second derivative ¢"(z) € R computes how
much different is o(x), compared to the average of p(y), with y ~ x.

PROOF. As already mentioned, this is something a bit heuristic, but which is good to
know. Let us write the formula in Theorem 1.3, as such, and with A — —h too:

p(x+ h) ~ o(z) + ¢'(z)h + 90//2( 7) j2

olz — )= ola) — )+ T e

By making the average, we obtain the following formula:

x+h)+o(x—~h "(x
et bele=h) gy 96
Thus, thinking a bit, we are led to the conclusion in the statement, modulo some
discussion regarding what the average of h?/2 exactly is. It is of course possible to say
more here, but we will not really need all the details, in what follows. U
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Moving now to several variables, N > 2, as a first job, given a function ¢ : RY — R,
we would like to find a quantity ¢'(x) making the following formula work:

p(z+h) > p(r) + ¢'(x)h

But here, again there are not so many choices, and the solution is that of defining
¢'(x) as being the row vector formed by the partial derivatives at x:

o (z) = de e
dry  dxy

To be more precise, with this value for ¢/(z), our approximation formula ¢(x + h) ~
o(z) + ¢'(z)h makes sense indeed, as an equality of real numbers, with ¢'(x)h € R being
obtained as the matrix multiplication of the row vector ¢'(z), and the column vector
h. As for the fact that our formula holds indeed, this follows by putting together the
approximation properties of each of the partial derivatives dy/dx;, which give:

P+ h) = pla) + Y 5

i=1

-hi = @(x) + ' (2)h

Before moving forward, you might say, why bothering with horizontal vectors, when
it is so simple and convenient to have all vectors vertical, by definition. Good point, and
in answer, we can indeed talk about the gradient of ¢, constructed as follows:

de
dxq

Vo=|
do
dey
With this convention, V¢ geometrically describes the slope of ¢ at the point x, in the
obvious way. However, the approximation formula must be rewritten as follows:
p(x + h) ~ p(x)+ < Vo(z),h >
In what follows we will use both ¢’ and V¢, depending on the context. Moving now
to second derivatives, the result here, generalizing Theorem 1.3, is as follows:

THEOREM 1.5. The second derivative of a function ¢ : RY — R, making the formula

< ¢"(x)h,h >
2

work, is its Hessian matriz ¢"(x) € My(R), given by the following formula:

d*p
" .
#lo) = <dmidxj>ij

Moreover, this Hessian matriz is symmetric, ¢"(x);; = ¢'(x)ji.

p(z+h) ~ o)+ ¢'(2)h +
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PROOF. There are several things going on here, the idea being as follows:

(1) As a first observation, at N = 1 the Hessian matrix constructed above is simply
the 1 x 1 matrix having as entry the second derivative ¢”(z), and the formula in the
statement is something that we know well from Theorem 1.3, namely:

90,/ ( .1') h2
2
(2) At N = 2 now, we obviously need to differentiate ¢ twice, and the point is that
we come in this way upon the following formula, called Clairaut formula:
o dp
dedy — dydx
But, is this formula correct or not? As an intuitive justification for it, let us consider
a product of power functions, ¢(z) = zPy9. We have then our formula, due to:

d*p d (da:pyq

oz +h) =~ o(x) + ¢'(v)h +

1

d
) = (a2"y"") = pga” 'y

dxdy T dr dy
dQQO d dxpyq d p—1,q p—1, q—1
dydx—@<d$)—d—y(px y7) = pgz" 'y

Next, let us consider a linear combination of power functions, p(z) = qu Cpg TPy,
which can be finite or not. We have then, by using the above computation:
de _ dp 1
= = C va_ q_l
dxdy  dydx Z pald 4

pq

Thus, we can see that our commutation formula for derivatives holds indeed, due to
the fact that the functions in z,y commute. Of course, all this does not fully prove our
formula, in general. But exercise for you, to have this idea fully working, or to look up
the standard proof of the Clairaut formula, using the mean value theorem.

(3) Moving now to N = 3 and higher, we can use here the Clairaut formula with
respect to any pair of coordinates, which gives the Schwarz formula, namely:

o dPo
dﬂfidiCj N dﬂf]di},

Thus, the second derivative, or Hessian matrix, is symmetric, as claimed.

(4) Getting now to the main topic, namely approximation formula in the statement,
in arbitrary N dimensions, this is in fact something which does not need a new proof,
because it follows from the one-variable formula in (1), applied to the restriction of ¢ to
the following segment in RY, which can be regarded as being a one-variable interval:

I =[x,z + h
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To be more precise, let y € RY, and consider the following function, with r € R:
f(r) =z +ry)
We know from (1) that the Taylor formula for f, at the point r = 0, reads:

) = £0) + o) + L0

And our claim is that, with h = ry, this is precisely the formula in the statement.

(5) So, let us see if our claim is correct. By using the chain rule, we have the following
formula, with on the right, as usual, a row vector multiplied by a column vector:

flir)=¢'@+ry) -y
By using again the chain rule, we can compute the second derivative as well:

ffr) = (@+ry)-y)

dep
- ( dx»(
d(x—i—ry)

= sz Az, -(z+ 1Y) - I " Yi
= sz:ﬂ l“+7“y)-yz-yj

= <y (:r+7‘y)y7y>

(6) Time now to conclude. We know that we have f(r) = ¢(z + ry), and according
to our various computations above, we have the following formulae:

f0)=p(@) , fO)=¢' @) , [0)=<¢"(x)y,y>

Buit with this data in hand, the usual Taylor formula for our one variable function f,
at order 2, at the point r = 0, takes the following form, with h = ry:

< "(x)y,y > r?
oz +ry) ~ o)+ (x)ry + )2

, < ¢"(x)h,h >
= o@) + @@+

Thus, we have obtained the formula in the statement. U

As before in the one variable case, many more things can be said, as a continuation
of the above. For instance the local minima and maxima of ¢ : RY — R appear at the
points x € RY where the derivative vanishes, ¢’(z) = 0, and where the second derivative
¢"(x) € My (R) is positive, respectively negative. But, you surely know all this.
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Getting back now to what we wanted to do, namely understand Principle 1.2, it
remains to talk about the Laplace operator A. Things are quite tricky here, basically
requiring some physics that we still need to develop, but as something mathematical to
start with, we have the following higher dimensional analogue of Proposition 1.4:

PROPOSITION 1.6. Intuitively, the following quantity, called Laplacian of o,
N Py

2
— dz;

Ap =

measures how much different is p(z), compared to the average of o(y), with y ~ x.

PROOF. As before with Proposition 1.4, this is something a bit heuristic, but good to
know. Let us write the formula in Theorem 1.5, as such, and with A — —h too:
< o"(x)h, h >
olz + 1) = o(x) + ¢l()h + =2
< ¢"(x)h,h >
olz — ) = o(a) - )+ 2

By making the average, we obtain the following formula:
o(x +h) + ez —h) < ¢"(x)h,h >
( ~ o(z) + )

2 2
Thus, thinking a bit, we are led to the conclusion in the statement, modulo some
discussion about integrating this, that we will not really need, in what follows. U
With this understood, the problem is now, what can we say about the mathematics
of A? As a first observation, which is a bit speculative, the Laplace operator appears by
applying twice the gradient operator, in a somewhat formal sense, as follows:

N d2g0
— dx1?
=1

B ZN: d do
=1
d

dxy dxy
= S I
d dp

dx N drpn

= <V, Vp>

Thus, it is possible to write a formula of type A = V2, with the convention that the
square of the gradient V is taken in a scalar product sense, as above. However, this can
be a bit confusing, and in what follows, we will not use this notation.

Ap =
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Instead of further thinking at this, and at double derivatives in general, let us formulate
a more straightforward question, inspired by linear algebra, as follows:

QUESTION 1.7. The Laplace operator being linear,
Alap + b)) = aAp + bAY
what can we say about it, inspired by usual linear algebra?

In answer now, the space of functions ¢ : RY — R, on which A acts, being infinite
dimensional, the usual tools from linear algebra do not apply as such, and we must be
extremely careful. For instance, we cannot really expect to diagonalize A, via some sort
of explicit procedure, as we usually do in linear algebra, for the usual matrices.

Thinking some more, there is actually a real bug too with our problem, because at
N =1 this problem becomes “what can we say about the second derivatives ¢” : R — R
of the functions ¢ : R — R, inspired by linear algebra”, with answer “not much”.

And by thinking even more, still at N = 1, there is a second bug too, because if
¢ : R — R is twice differentiable, nothing will guarantee that its second derivative
¢” : R — R is twice differentiable too. Thus, we have some issues with the domain and
range of A, regarded as linear operator, and these problems will persist at higher V.

So, shall we trash Question 1.77 Not so quick, because, very remarkably, some magic
comes at N = 2 and higher in relation with complex analysis, according to:

PRINCIPLE 1.8. The functions ¢ : RN — R which are 0-eigenvectors of A,
Ap =0
called harmonic functions, have the following properties:

(1) At N =1, nothing spectacular, these are just the linear functions.
(2) At N = 2, these are, locally, the real parts of holomorphic functions.
(3) At N > 3, these still share many properties with the holomorphic functions.

In order to understand this, or at least get introduced to it, let us first look at the
case N = 2. Here, any function ¢ : R?> — R can be regarded as function ¢ : C — R,
depending on z = x +4y. But, in view of this, it is natural to enlarge the attention to the
functions ¢ : C — C, and ask which of these functions are harmonic, Ap = 0. And here,
we have the following remarkable result, making the link with complex analysis:

THEOREM 1.9. Any holomorphic function ¢ : C — C, when regarded as function
0:R* = C

is harmonic. Moreover, the conjugates @ of holomorphic functions are harmonic too.
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PRrROOF. The first assertion comes from the following computation, with z = z + iy:

A2z P

Azt = dx? + dy?
~d(nz"h) N d(inz""1)
dx dy
= n(n—1)2z"2—n(n—1)z""?
=0
As for the second assertion, this follows from A@ = Ay, which is clear from definitions,
and which shows that if ¢ is harmonic, then so is its conjugate @. U

Many more things can be said, along these lines, notably a proof of the assertion (2)
in Principle 1.8, which is however a quite tough piece of mathematics, and then with a
clarification of the assertion (3) too, from that same principle, which again requires some
substantial mathematics. We will be back to both these topics, in due time.

As a conclusion to all this, we have now a reasonable understanding of the second
derivatives ¢”(z), and of the related quantities Ayp(z), for the functions ¢ : RY — R,
coming from Principle 1.2, which is something that we understand now well, and from
Principle 1.8 too, which is something which still remains to be explored. And, good news,
this is all we need, for the moment, in order to get into physics and waves.

1b. Wave equation

Getting now to physics, we first need to talk about the simplest mechanical waves.
But, these simplest mechanical waves, you can produce them yourself, by playing with a
chain, or cracking a whip. And with the mathematics here being pure classical mechanics,
of standard type, we can eat raw our modeling problem, and we find:

THEOREM 1.10. The wave equation in RY is
¢ =vAyp
where v > 0 1s the propagation speed.

PRrROOF. This is indeed something straightforward, coming from some routine classical
mechanics computations for a real-life chain, and then letting the number of chains, by
keeping the total length fixed, to go to infinity, C' — co. Alternatively, we can speculate as
well directly on a continuous model, of whip type, again via classical mechanics. Finally,
all this study can be performed in arbitrary N € N dimensions, as indicated. O

We would like to present now another model for the mechanical waves, this time based
on a “balls and springs” vision of the problem, and perhaps even of the whole universe,
which is something very exciting, and will be our main model, afterwards. Here is the
result, identical to our previous Theorem 1.10, but coming with a different proof:
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THEOREM 1.11. The wave equation in RV is

¢ =v"Ayp
where v > 0 1s the propagation speed.
PROOF. As already mentioned before, the equation in the statement is what comes out

of experiments. However, allowing us a bit of imagination, and trust in this imagination,
we can mathematically “prove” this equation, by discretizing, as follows:

(1) Let us first consider the 1D case. In order to understand the propagation of waves,
we will model R as a network of balls, with springs between them, as follows:

S XXX @ XXX @ XXX @ XXX @ XXX @ XXX - -
Now let us send an impulse, and see how the balls will be moving. For this purpose,
we zoom on one ball. The situation here is as follows, [ being the spring length:

...... ° XXX *,(2) XXX O (zil)

e(z—1)
We have two forces acting at x. First is the Newton motion force, mass times accel-
eration, which is as follows, with m being the mass of each ball:

And second is the Hooke force, displacement of the spring, times spring constant.
Since we have two springs at x, this is as follows, k£ being the spring constant:

F, = F/—F
= klp(z+1) —p(x) — k(p(z) — o(z — 1))
= k(p(z +1) = 2¢(x) + o(z — 1))
We conclude that the equation of motion, in our model, is as follows:
m - @(x) = k(p(z +1) = 2p(x) + p(z — 1))
(2) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of B >> 0 balls, having a total mass M, and

spanning a total distance L. Thus, our previous infinitesimal parameters are as follows,
with K being the spring constant of the total system, which is of course lower than k:

M L
= — k=KB l=—
"B "7 B
With these changes, our equation of motion found in (1) reads:

bla) = = (ol + 1) — 20(2) + plz ~ 1)

Now observe that this equation can be written, more conveniently, as follows:

_ KIL? . o(x+1) —20(x) + plz —1)
M [2
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With N — oo, and therefore [ — 0, we obtain in this way:

KL?* d*p

p(z) = a0 @(Jﬁ)

We are therefore led to the wave equation in the statement, which is ¢ = v%¢” in our
present N = 1 dimensional case, the propagation speed being v = \/K/M - L.

(3) In 2 dimensions now, the same argument carries on. Indeed, we can use here a
lattice model as follows, with all the edges standing for small springs:

~— @ ~—— O ~—— O ~—— O ——

~— @ ~—— O ~—— O ~—— O ——

~— @ ~—— O ~—— O ~—— O ——

A @~ @~ @
A @ @~ @
A @ @~ @
A @~ @~ @

As before in one dimension, we send an impulse, and we zoom on one ball. The
situation here is as follows, with [ being the spring length:

Oy (z,y+1)

.90( —

Op(a, O (x+1,y)

Oy (z,y—1)

We have two forces acting at (z,y). First is the Newton motion force, mass times
acceleration, which is as follows, with m being the mass of each ball:

And second is the Hooke force, displacement of the spring, times spring constant.
Since we have four springs at (z,y), this is as follows, k& being the spring constant:
F, = FJ —F +F'—Ff
= klpx+1y) —elr,y) = k(e(r,y) — e —1y))
+ k(p(z,y+1) — o, y)) — k(w( y) —plz,y—1))
(ol +1y) — 20(,

I
=~

+ k
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We conclude that the equation of motion, in our model, is as follows:

m-@(@,y) = klp(@+1y) —20(@,y) + ol —1y))
(4) Now let us take the limit of our model, as to reach to continuum. For this purpose
we will assume that our system consists of B* >> 0 balls, having a total mass M, and

spanning a total area L2. Thus, our previous infinitesimal parameters are as follows, with
K being the spring constant of the total system, taken to be equal to k:

M L
== | k=K , 1=~
B ’ B

With these changes, our equation of motion found in (3) reads:

m

sy = B ot 1y) —20(e.0) + ol — L)
K B?
+ ey + ) = 20(@,y) +elz,y = 1)

Now observe that this equation can be written, more conveniently, as follows:

. KL*  ox+1y) —2p(z,y) + oz —1,y)

Play) = — X 2
KL? y o,y +1) —20(z,y) + o(z,y — 1)
M 12

With N — oo, and therefore [ — 0, we obtain in this way:
. KL? (d*p d%p

As a conclusion to this, we are led to the following wave equation in two dimensions,
with v = \/K/M - L being the propagation speed of our wave:

o &y
(,O(ZE,y) =v (dl’Q + dy2> ([E,y)

But we recognize at right the Laplace operator, and we are done. As before in 1D,
there is of course some discussion to be made here, arguing that our spring model in (3)
is indeed the correct one. But do not worry, experiments confirm our findings.

(5) In 3 dimensions now, which is the case of the main interest, corresponding to our
real-life world, the same argument carries over, and the wave equation is as follows:

do e Py
QO(.T,y,Z) =v <d!E2 + dy2 + dZZ) (I,y,Z)
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(6) Finally, the same argument, namely a lattice model, carries on in arbitrary N
dimensions, and the wave equation here is as follows:

N d2<p
¢(x17"'7'rN)2022@(;‘617"'71‘]\[)
i=1 i

Thus, we are led to the conclusion in the statement. O

Summarizing, done with our second mathematical proof of the wave equation, and
with this being certainly a good thing. Observe however that there are some subtleties in
the above, for instance in relation with our conventions for the total spring constant K,
which varies with the dimension N. We will be back to these issues, later.

As another comment, once we are in N > 2 dimensions, modifying the springs in our
lattice model, as to allow a dissymmetry between horizontal and vertical, either at the
level of spring lengths, or spring constants, will most likely lead to different results.

In order to reach now to some further insight into our spring models above, we must
get deeper into elasticity. Indeed, the Hooke law that we used has behind it some trivial
elasticity, of “linear” type, and understanding all this, and further modifying our models,
according to what elasticity theory exactly says, is certainly an interesting question.

Observe that all this can only lead us too into a better understanding of the fact that
the propagation speed is finite, v < ¢. Indeed, the Hooke law is something static, and for
better understanding what happens dynamically, we must certainly go into elasticity.

As a starting point for all this, we have the following result:

THEOREM 1.12. The wave equation can be understood as well directly, as a wave
propagating through a linear elastic medium, via stress.

Proor. This is indeed something very standard, with the N = 1 picture involving a
pulse propagating through a bar, and with at N > 2 something of a similar type:

(1) In the 1D case, assume that we have a bar of length L, made of linear elastic
material. The stiffness of the bar is then the following quantity, with A being the cross-
sectional area, and with F being the Young modulus of the material:

EA
K=—
L

Now when sending a pulse, this propagates as follows, M being the total mass:

. BAL ()
90—7'90 Z
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Bur since V' = AL is the volume, with p = M /V being the density, we have:

- E 1"
¢=—-¢"(z)
p
Thus, as a conclusion, the wave propagates with speed v = \/E/p.
(2) In two or more dimensions, the study, and final result, are similar. O

As mentioned in the above, the next question which appears is that of understanding
how exactly the various mechanical waves propagate through solids, liquids and gases,
and what corrections to the wave equation are needed, in each case. We will defer the
discussion here, which needs some thermodynamics preliminaries, to chapter 2 below.

1c. Basic solutions

We have seen so far that the mechanical waves propagate according to the wave
equation ¢ = v?Ap. Let us do now some math. In 1D, we have the following result:

THEOREM 1.13. The 1D wave equation, with speed v, namely

G = v? dQ_('O
dx?
has as basic solutions the following functions,

o(x) = Acos(kx — wt + )

with A being called amplitude, kx —wt+9 being called the phase, k being the wave number,
w being the angular frequency, and 6 being the phase constant. We have

2m 2
A=— |, T=— | v== |
k kv T
relating the wavelength A, period T, frequency v, and angular frequency w. Moreover, any
linear combination of such basic solutions is a solution of the wave equation.

w = 27VY

PROOF. There are several things going on here, the idea being as follows:

(1) Our first claim is that the function ¢ in the statement satisfies indeed the wave
equation, with speed v = w/k. For this purpose, observe that we have:

. d*p
¢=-wlp 5 = —k*p

Thus, the wave equation is indeed satisfied, with speed v = w/k:
. (w > 2 d%p , ¢
gp = —_ _— = —
k/ dx? dz?
(2) Regarding now the other things in the statement, all this is basically terminology,
which is very natural, when thinking how ¢(z) = A cos(kx — wt + J§) propagates.



1C. BASIC SOLUTIONS 25

(3) Finally, the last assertion is clear. It is in fact possible to prove, using Fourier
analysis, that any solution of the 1D wave equation appears in this way. Il

As a first observation, the above result invites the use of complex numbers. Indeed,
we can write the solutions that we found in a more convenient way, as follows:

S0(1,) — Re [A ei(kac—wt-i-é)}
And we can in fact do even better, by absorbing the quantity ¢ into the amplitude
A, which becomes now a complex number, and writing our formula as:
o= Re(&) : 3,5 _ gei(km—wt)

In fact, with a bit more work, we can fully solve the 1D wave equation. In order to
explain this, we will need a standard calculus result, as follows:

PROPOSITION 1.14. The derwative of a function of type
h(z)

plr) = | f(s)ds

g(x
is given by the formula ¢'(x) = f(h(z))h'(z) — f(g(x))d (x).

PRrOOF. Consider a primitive of the function that we integrate, I’ = f. We have:
h(x)

plr) = f(s)ds

g9(x)
h(z)
= / F'(s)ds
g(z)
= F(h(z)) = F(g(x))
By using now the chain rule for derivatives, we obtain from this:
¢(x) = F'(h(x))h'(x) = F'(g(x))g'(x)
= f(h(x)h'(z) = fg(x))g'(x)
Thus, we are led to the formula in the statement. O

Now back to the 1D waves, the general result here, due to d’Alembert, along with a
little more, in relation with our lattice models above, is as follows:

THEOREM 1.15. The solution of the 1D wave equation with initial value conditions
o(x,0) = f(x) and (x,0) = g(x) is given by the d’Alembert formula, namely:

flz —vt) + f(x+ vt) N 1 /‘””t

p(r,t) = g(s)ds

2 2v

In the context of our previous lattice model discretizations, what happens is more or less
that the above d’Alembert integral gets computed via Riemann sums.

—ut
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PROOF. There are several things going on here, the idea being as follows:

(1) Let us first check that the d’Alembert solution is indeed a solution of the wave

equation ¢ = v?¢”. The first time derivative is computed as follows:

oz, t) = U Ut);_ vf (e £ vl) + %(vg(w + vt) + vg(z — vt))

The second time derivative is computed as follows:

@(l’,t) _ UQf/,(x_Ut);_v2f($+Ut) N Ug'(x+vt) ;vg’(x—mf)

Regarding now space derivatives, the first one is computed as follows:

" —vt) + f'(x + vt 1
ity = TEZETEED | L r(ap0t) — f o~ )
2 2v
As for the second space derivative, this is computed as follows:
B f'(x —vt) + f"(z + vt) N g"(x + vt) — ¢"(x — vt)
B 2 20
Thus we have indeed ¢ = v?p”. As for the initial conditions, ¢(z,0) = f(z) is clear

from our definition of ¢, and ¢(z,0) = g(z) is clear from our above formula of ¢.

QO,/(LE, t)

(2) Conversely now, we must show that our solution is unique, but instead of going
here into abstract arguments, we will simply solve our equation, which among others will
doublecheck the computations in (1). Let us make the following change of variables:

E=x—vt , n=x+uvt

With this change of variables, which is quite tricky, mixing space and time variables,

our wave equation ¢ = v?¢” reformulates in a very simple way, as follows:

o
dédn

But this latter equation tells us that our new &,n variables get separated, and we
conclude from this that the solution must be of the following special form:

o(x,t) = F(§) + G(n) = F(x — vt) + G(x + vt)

Now by taking into account the intial conditions ¢(z,0) = f(z) and ¢(x,0) = g(z),
and then integrating, we are led to the d’Alembert formula in the statement.

(3) In regards now with our discretization questions, by using a 1D lattice model with
balls and springs as before, what happens to all the above is more or less that the above
d’Alembert integral gets computed via Riemann sums, in our model, as stated. U
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1d. Spherical coordinates

In higher dimensions things become more complicated, because the study of the wave
equation here is usually done via spherical coordinates, leading to spherical harmonics
and some related mathematics, and with this being of course something very natural,
motivated by the various spherical waves that we can meet in the real life.

In relation with our discretization questions, we run here into a bit of trouble, because
we would like our lattice model to be rotationally invariant, and this is certainly not the
case with our models so far, unless of course we are in N = 1 dimensions.

In order to comment on this, in usual N = 3 dimensions, let us first leave aside the
wave equation ¢ = v2Ayp, and focus on the Laplace operator A itself. We will need:

PROPOSITION 1.16. We have spherical coordinates in 3 dimensions,

= rcoss
Yy = rsinscost
z = rsinssint

the corresponding Jacobian being J(r,s,t) = r?sin s.

PROOF. The fact that we have indeed spherical coordinates is clear. Regarding now
the Jacobian, this is given by the following formula:

J(r,s,t)

COS S —rsin s 0
= |sinscost rcosscost —rsinssint
sinssint rcosssint rsinscost

COS S —rsin s
sinscost rcosscost

COS S —rsin s

) . . + rsinscost
sinssint rcosssint

= r’sinssint

coss —rsins
sins rcoss

coss —rsins

) + rsinscos®t
sins 7rcoss

= rsinssin’®t

COoss —rsins

= rsins(sin®t + cos?t) | .
sins  rcoss

= rsinsx1xr

= r’sins

Thus, we have indeed the formula in the statement. Il

In relation now with the Laplace operator A, we have:
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THEOREM 1.17. The Laplace operator in spherical coordinates is

A—lir2i+1 ismsiqu d—2
2 dr r?sins ds ds r2sin?s dt?

with our standard conventions for these coordinates, in 3D.

PROOF. There are several proofs here, a short, elementary one being as follows:

(1) Let us first see how A behaves under a change of coordinates {z;} — {y;}, in
arbitrary N dimensions. Our starting point is the chain rule for derivatives, namely:

d_ddy

dl’i P dy] dl’z

By using this rule, then Leibnitz for products, then again this rule, we obtain:
ef 4 (A dy,
de? - dz; \dy; dx;

=y (N g Ay
(s ) ()
— dyy  dz; dy; ) dx; dy; da?

df  dyp dy; Z df  d?y;

(2) Now by summing over i, we obtain the following formula, with A being the deriv-
ative of x — y, that is to say, the matrix of partial derivatives dy;/dx;:

’f  dye dy; df  d*y;
Af = ST e 4y 4 Y
f ijde s dxi+izjdyj dz?

Yrdy;
d*y; df
= A i z R
Uzk iy kdy o dr dy;
d? f df
— (a4, Aly;) L

So, this will be the formula that we will need. Observe that this formula can be further
compacted as follows, with all the notations being self-explanatory:

Af =Tr(AA'H,(f)+ < Ay), Vy(f) >
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(3) Getting now to spherical coordinates, (z,y,z) — (r,s,t), the derivative of the
inverse, obtained by differentiating x, y, 2 with respect to r, s,t, is given by:

COS S —rsin s 0
A= [ sinscost rcosscost —rsinssint
sinssint rcosssint rsinscost

The product (A™1)?A! of the transpose of this matrix with itself is then:

Cos S sin scost sinssint CcoS S —rsin s 0
—rsins rcosscost rcosssint sinscost rcosscost —rsinssint
0 —rsinssint rsinscost sinssint rcosssint rsinscost

But everything simplifies here, and we have the following remarkable formula, which
by the way is something very useful, worth to be memorized:

1 0 0
(A DA =0 r? 0

0 0 r2sin’s

Now by inverting, we obtain the following formula, in relation with the above:

1 0 0
AAY= [0 1/r? 0
0 0 1/(r?sin?s)

(4) As a last ingredient, let us compute now the Laplacian of r, s,t. The formulae here
are as follows, all following from some straightforward computations:

2 COoS S
(r) ’ (s) r2sins ' (t)=0
We can now plug this data into the general formula found in (2), and we obtain:
*f 1 d*f 1 d’f 2 df coss df
Af = —L 4 —. : i i
/ dr? * r?  ds? i r2sin’s dt? v dr r?sins ds
2 df d’f coss df 1 d*f 1 d’f

r dr dr?  r?sins ds 1?2 ds®  r2sin’s dt?

_1d2df+1 ds' df+1 > f
2 dr " dr r2sins ds s ds r2sin®s  dt?

Thus, we are led to the formula in the statement.

g

In connection now with our lattice model questions, still staying with a usual 3D
lattice, eZ® C R3, what we have to do is to modify the discrete geometry of our model,
as to make it more in tune with the formula of A from Theorem 1.17.
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However, such things are quite technical, and in what regards the final conclusions,
regarding the discretization of the wave equation ¢ = v?Ag itself, and its solutions, things
remain quite unclear, at least at this stage of things. We will be back to this.

le. Exercises

Exercises:

EXERCISE 1.18.
EXERCISE 1.19.
EXERCISE 1.20.
EXERCISE 1.21.
EXERCISE 1.22.
EXERCISE 1.23.

Bonus exercise.



CHAPTER 2

Fluid mechanics

2a. Gases, pressure

So far, we have met rather difficult problems, in relation with our discretization and
lattice model program. Perhaps the waves, while being so familiar and intuitive, from
our real life experience, and also mathematically quite well understood, are not the good
targets for our program? Most likely yes, and in the present chapter we will orient
ourselves towards certain seemingly more difficult questions, mainly belonging to fluid
mechanics, with the hope that our lattice models can really help here.

And good news, coming in advance, this will be the case. In fact, later in this book,
we will get so enthusiastic about our lattice model techniques, in the context of fluids,
thermodynamics and related topics, that we will dedicate the whole Part II to statistical
mechanics, and Part III too. And in what regards the waves, do not worry. We will keep
them on our watchlist, and we will be back to them first in chapter 4, and then in Part
IV, armed with some heavy statistical mechanics knowledge, accumulated until then.

This was for the plan. In practice now, in order to get started, we must first talk about
gases. Things however are quite tricky here, and leaving aside excessive rigor, which does
not fit well with thermodynamics, let us start with the following basic fact, which was the
beginning of everything, going back to work of Boyle, Charles, Avogardo, Gay-Lussac,
Clapeyron and others from the 17th, 18th and 19th centuries, and with final touches from
Maxwell, Boltzmann, Gibbs and others, in the late 19th and early 20th centuries:

FAct 2.1. The ideal gases satisfy the equation PV = kT, where:

(1) V is the volume of the gas, independently of the shape of the container used.
(2) P is the pressure of the gas, measured with a manometer.

(3) T is the temperature of the gas, measured with a thermometer.

(4) k is a constant, depending on the gas.

That is, PV = kT basically tells us that “pressure and temperature are the same thing”.

At the first glance, for instance if you are a mathematician not used to this, this looks
more like a joke. Why not defining then P =T or vice-versa, you would say, and what is
the point with that long list of distinguished gentlemen having worked hard on this.

Error. The point indeed comes from the following:

31
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EXPLANATION 2.2. In the equation of state PV = kT, as formulated above, the pres-
sure P and the temperature T' appear more precisely as follows,

(1) The manometer read comes from the gas molecules pushing a piston, so P is a
statistical quantity, coming from the statistics of the molecular speeds,

(2) The thermometer read is something even more complicated, and T is as well a
statistical quantity, coming from the statistics of the molecular speeds,

so PV = kT is something non-trivial, telling us that the mathematical machinery produc-
ing P, T, via manometer and thermometer, out of the molecular speeds, is the same.

Hope you got my point, and getting back now to historical details, Boyle, Charles,
Avogardo, Gay-Lussac, Clapeyron, joined by Clausius, Carnot, Joule, Lord Kelvin and
others, first observed PV = KT, and then reached to a good understanding of what
this means, via an axiomatization of P and 7T'. Later Maxwell started to look into the
molecular speeds and their statistics, then Boltzmann came with a tough mathematical
computation, proving PV = kT, and then, even later, Gibbs and others further built on
all this, by formalizing modern thermodynamics, in the form that is still used today.

But probably too much talking, let us get to work. As a first result now, dealing with
pressure only, and for the gases without collisions between molecules, we have:

THEOREM 2.3. The pressure P, volume V' and total kinetic energy K of a gas, having
point molecules, with no collisions between them, satisfy

2K
PV ==
d

where d = 1,2, 3 is the dimensionality of the gas, d = 3 for usual 3D gases.

ProOOF. We can do this in several steps, as follows:

(1) Let us first assume that the gas is enclosed in a cubic volume, V = L3. We want
to compute the pressure P on the right wall. Since there are no collisions, we can assume
by linearity that our gas has 1 molecule, having mass m and travelling at speed v. We
must compute the pressure P exterted by this molecule on the right wall:

(2) We first look at a 1D gas. Our molecule hits the right wall at every At = 2L /v
interval, with its change of momentum being Ap = 2mv. We obtain, as desired:

P_F_Ap_ 2mu _mv2_2K
L2 LAt L2-2Ljv I3V
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(3) In the case of a d-dimensional gas, exactly the same computation takes place, but
this time with v being replaced by its horizontal component v;. Thus, we have:

mu?

Vv

But, we have the following formula, with the equality on the right being understood
in a statistical sense, our molecule being assumed to follow a random direction:

[[v|[?=vi+... + 03 = dv?

Thus, the pressure in this case is given by the following formula, as desired:
mlv|[*? 2K

v dv

(4) It remains to extend our result to arbitrary volume shapes. For this purpose, let

us first redo the above computations for a parallelepiped, V' = LiLsL3. Here the above
1D gas computation carries on, and gives the same result, as follows:

F Ap 2mu om® 2K
LoLs  LoLsAt  LoLs-2Li/v  LiLyLs V

P=

P =

Thus the d-dimensional computation carries on too, and gives the result.

(5) In order now to reach to arbitrary shapes, the idea will be that of stacking thin
parallelepipeds, best approximating the shape that we have in mind, as follows:

(6) But for this purpose it is better to drop our assumption that the gas has 1 molecule,
and use N molecules instead. With p = N/V being the molecular density, and K, being
the kinetic energy of a single molecule, our computation in (4) for the parallelepiped, with
now N molecules instead of 1, reformulates as follows:

TV AV v d
(7) But this latter formula shows that the pressure has nothing to do with the precise
volume V', but just with the molecular density p = N/V. Thus, we can stack indeed par-
allelepipeds, with of course the assumption that p is constant over these parallelepipeds,
and we obtain that the above formula holds for an arbitrary volume shape V:

2pKQ
d

P =
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Now by getting back to the volume V', we obtain the following formula:

- d  dVv AV

Thus, we are led to the conclusion in the statement. Il

Observe that, when carefully looking at the above proof, and more specifically at step
(3), we can see that pressure P is not something instantaneous, but rather something
statistical. Thus, in practice, pressure reading is not instantaneous, and we have:

THEOREM 2.4. In the context of a gas consisting of point molecules, with no collisions
between them, the correct time for reading the correct pressure is
2/dViE 2K

tp=——-— = —
d o] T av

with ||v|| being the average molecular speed, with the precise pressure reading being

?
o

and with this being taken in an approximate, statistical sense.
PROOF. We can do this in two steps, as follows:

(1) Let us first look at a 1D gas. We can assume that we are in a cubic container,
V = L3, and we know that each molecule i hits the right wall, where P is measured, at
At; = 2L/|v;| intervals. But with this picture in hand, it is quite clear that, on average,
the pressure reading process will be linear, starting from P = 0, up to time t; = 2L/|v|,
with |v| being the average molecular speed, where the correct pressure Py = 2K/V will
be read, and constant at Py afterwards. Now since L = V173 this gives, as desired:

2V1/3

2K
ly = = —

Pf_V

[l

(2) In the general case now, that of a d-dimensional gas, with d = 1,2, 3, the same
argument carries on, with the only change being that each molecular speed v; € R? is now
replaced by its horizontal component v;; € R, which by statistical reasons has squared
magnitude as follows, as explained in the proof of Theorem 2.3:

viy = [[vil[*/d
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Thus, with respect to (1), the correct final pressure must be adjusted by a d factor,
and becomes Py = 2K/dV, as in Theorem 2.3. As for the correct reading time, this must

be adjusted by a v/d factor, and becomes t; = 2v/d V/3/||v||, as claimed. O

Getting back now to our lattice model questions, the above results, dealing with
pressure P only, are quite interesting, and suggest doing a number of things. For instance,
we can focus on the piston surface, and model it with a square grid, as follows:

O——O0 —O0—O0 —0 ——0
I A L N
O——O0 —O0—O0 —0 ——0
I A N N
O——O0 —O0—O0 —0 ——0
A N O N
O——O0 —O0—O0 —0 ——0
I N L N
O——O0 —O0—O0 —0 ——0

The point indeed is that what happens on the piston surface is some sort of “game”
between the gas and the piston, reminding board games or arcade games, with the gas
pushing here and there, with this or that speed, from time to time, and with the pis-
ton itself recording all these impulses, and converting them, via some mathematics, into
pressure P. And this type of “game” can be obviously modelled on a grid, as above.

Along the same lines, a more complicated question is that of getting to 3D, with a
lattice model for the whole gas, in the form of small 3D cubes constantly changing their
status, depending on their neighbors. Note that this reminds a bit Conway’s Game of
Life, and also, importantly, that we can model as well internal collisions, in this way.

Speaking collisions between the gas molecules, at a more advanced level now, dealing
with the internal mechanism of the PV = kT formula, we have:

THEOREM 2.5 (Maxwell, Boltzmann). The molecular speedsv € R? of a gas in thermal
equiltbrium are subject to the Mazwell-Boltzmann distribution formula

mo\3/2 m||v||?
P _ i § ] B
(v) (2wa> P ( 20T

with m being the mass of the molecules, and b being the Boltzmann constant.

PROOF. As before with other things, this is something in between fact and theorem.
Maxwell came upon it as a fact, or perhaps as a sort of pseudo-theorem, and a bit later
Boltzmann came with a proof. In what follows we will present the original argument of
Maxwell, then briefly discuss Boltzmann’s proof. Here is Maxwell’s argument:
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(1) We are looking for the precise probability distribution P of the molecular speeds
v = (v1, V2, v3) which makes the mechanics of gases work. Intuition tells us that P has no
corellations between the x,y, z directions of space, and so we must have:

P(v) = f(v1)g(va)h(vs)

Moreover, by rotational symmetry the functions f, g, h must coincide, and so:

P(v) = f(v1)f(v2) f(vs)

(2) Further thinking, again invoking rotational symmetry, leads to the conclusion that
P(v) must depend only on the magnitude ||v|| of the velocity v € R?, and not on the
direction. Thus, we must have as well a formula of the following type:

P(v) = o(||v][*)
(3) Now by comparing the requirements in (1) and (2), we are led via some math to
the conclusion that ¢ must be an exponential, which amounts in saying that:

P(v) = Xexp (—=C|v[|*)

(4) Obviously we must have C' > 0, for things to be bounded, and then by integrating
we can obtain A as function of C, and our formula becomes:

P(v) = (%)3/2 exp (—C|Jv[]?)

(5) It remains to find the value of C' > 0. But for this purpose, observe that, now that
we have our distribution, be that still depending on C' > 0, we can compute everything
that we want to, just by integrating. In particular, we find that on average:

1
U% = U; = U§ = %
Thus the average magnitude of the molecular speed is given by:
ol = 5¢
vl = —
2C

It follows that the average kinetic energy of the molecules is:
miol _ 3m
2 4AC
(6) On the other hand, recall from our discussions above that one of the many equiv-
alent formulations of PV = kT, using PV = 2K/3, was as follows:
92K,
3
Thus we obtain m/(2C) = bT', and so C' = m/(2bT), as desired.

(7) Observe that the above proof has in fact little physical content, with the whole
thing being basically obtained by using PV = 2K /3, which is a mathematical theorem,

Ky =

=bT
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then PV = kT, which is a crucial physics fact, and finally by invoking several times a
number of clever symmetry arguments, and doing some calculus.

(8) However, Boltzmann came later with a more rigorous argument, fully establishing
the above formula, via detailed computations in relation with the internal collisions. [

So long for basic thermodynamics. As before, an interesting question is that of coming
up with a 3D lattice model for the gas, in the form of small 3D cubes constantly changing
their status, depending on their neighbors, a bit like in Conway’s Game of Life.

2b. States of matter

Let us discuss now some basic theory, regarding the states of matter. Our scope will
be quite broad, because we would like to talk about all sorts of matter, solid, liquid or
gaseous, with a look into the extremes T" — 0 and T" >> 0 too, where other forms of
matter appear, and finally with our matter being as 3D as possible, with this meaning
occupying a precise body B C R?| instead of just a volume V = vol(B) € R.

In order to discuss this, we first need to talk about work, motivated by:

QUESTIONS 2.6. What is the work done by a gas pushing a piston? What about the
work done by a gas evolving on a path vy, in the state space f(P,V,T)=0?

So, work. You have certainly experienced that, for instance when solving our exer-
cises, and you might also know that what we call in physics “work”, or more specifically
“mechanical work”, is something quite subtle, requiring both non-trivial math and physics
preliminaries. So, let us start with this, math and physics preliminaries.

Regarding the mathematics, you surely know what a derivative or an integral is, and
what the main properties of the derivatives and the integrals are. As a continuation of
that, we will need to know as well about contour integrals. We have here:

THEOREM 2.7. Given a path v C R?, we can talk about integrals of type
I= /f(x)dxl + g(x)dzy + h(z)dxs
gl

with f,q,h: R® — R, which are independent on the chosen parametrization of the path.
ProoF. This is something quite straightforward, the idea being as follows:

(1) Regarding the statement itself, assume indeed that we have a path in R3, which
can be best thought of as corresponding to a function as follows:

v [a,b] — R?
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Observe that this function 7 is not exactly the path itself, for instance because the
following functions produce the same path, parametrized differently:
§:[0,b—a] = R> | 6(t) =~(t+a)
:[0,1] = R* |, £(t) =6((b—a)t)
P[0, 1] =R p(t) =(t?)
P:[0,1] > R® | g@t)=e(1-1)

Our claim, however, is that we can talk about integrals as follows, with f,g,h : R3 —
R, which are independent on the chosen parametrization of our path:

I= /f(x)d:)sl + g(z)dxe + h(z)dxs

(2) In order to prove this, let us choose a parametrization ~ : [a,b] — R? as above.
This parametrization has as components three functions vy, 72, 3, given by:

Y= (71772773) : [CL, b] — R3
In order to construct the integral I, it is quite clear, by suitably cutting our path
into pieces, that we can restrict the attention to the case where all three components
1,2, 73 ¢ |a,b] — R are increasing, or decreasing. Thus, we can assume that these three
components are as follows, increasing or decreasing, and bijective on their images:

Yi - [a,b] — [ai, bl]

(3) Moreover, by using the obvious symmetry between the coordinates 1, xs, x3, in
order to construct I, we just need to construct integrals of the following type:

thﬂﬂwl

(4) So, let us construct this latter integral I;, under the assumptions in (2). The
simplest case is when the first path, v; : [a,b] — [aq, b1], is the identity:
wilab > [l ) =a
In other words, the simplest case is when our path is of the following form, with

Y2,7s : [a,b] — R being certain functions, that should be increasing or decreasing, as per
our conventions (2) above, but in what follows we will not need this assumption:

Y(z1) = (71,72(71), v3(21))

But now, with this convention made, we can define our contour integral, or rather its
first component, as explained above, as a usual one-variable integral, as follows:

b
h:/ﬂmm@mMaw@
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(5) With this understood, let us examine now the general case, where the first path,
71 ¢ la,b] = [ag, by], is arbitrary, increasing or decreasing, and bijective on its image. In
this case we can reparametrize our curve, as to have it as in (4) above, as follows:

¥ =(id, v 7 ) ¢ lag, by = R
Now since we want our integral I; = f7 f(z)dz; to be independent of the parametriza-
tion, we are led to the following formula for it, coming from the formula in (4):

L = /f(x)dxl
b1

= f(@, vy (@), v (@) day

ai

b
_ / £ (92), )33 () (o )

Here we have used at the end the change of variable formula, with z1 = v (y1).

(6) Thus, job done, we have our definition for the contour integrals, with the formula
being as follows, obtained by using (5) for all three coordinates z1, s, x3:

= [ ) ) ) )
+/ 91 (y2), 72 (y2), 13 (y2)) va (y2) dyo

b
+/ h(71(ys), v2(ys), ¥3(y3)) v3(ys) dys

And with this, we are led to the conclusion in the statement. Il

Let us record as well the following more compact form of Theorem 2.7 and its proof,
containing what is needed to know, in practice, for computing contour integrals:

THEOREM 2.8. The contour integrals over a curve 7y : [a,b] — R3 are given by

b
/ < F(z),dx >= / < F(v(y), 7' (y)dy >

valid for any F : R® — R3, where on the right v'(y)dy = (v (y:)dy;);-

Proor. This is a fancy reformulation of what we did in Theorem 2.7 and its proof.
Indeed, with the notation F' = (Fy, Fy, F3) = (f, g, h), the integral computed there is:

/ < F(zx),dx >= /Fl(x)dxl + Fy(x)dzy + Fs(x)dzs

v v
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As for the value of this integral, according to the proof of Theorem 2.7, this is:

/<F(a:),dx> = /Fl(%(yl)ﬁz(yl),73(1/1))%(%)@1

y

+ / Fy((y2), 7 (1), 13(12)) 1 (02) s

+/ Fs(v1(y3), v2(y3), v3(y3))v3(ys)dys

Now observe that we can write this in a more compact way, as follows:

b
/ < F(x),dr> = / Fy(y () (1)

Y

+/ Fy(v(y2))Y (y2)dya

" / Fy(y () () s

And we can do even better. Indeed, we have only one integral here, ff, and in order
to best express the integrand, consider the formal vector in the statement, namely:

Y1 (y1)dy
v (y)dy = | v5(y2)dys
V5 (ys)dys

Our integrand appears then as the scalar product of F(y(y)) with this latter vector
v (y)dy, so our formula above for the contour integral takes the following form:

b
/ < F(z),dz >= / < Fly)), 7' (w)dy >

Thus, we are led to the conclusion in the statement. Il

Many other things can be said about the contour integrals, and we will be back to this
with some further mathematics, whenever needed. For the moment, the above material,
which is more or less the definition of these contour integrals, will do.

More concretely now, let us temporarily forget about the paths 7, and have a look at
the quantities which are to be integrated, namely:
a = Fi(z)dz, + Fy(z)dze + F5(x)dxs

Obviously, these are something rather mathematical, and many things can be said
here. However, we can have some physical intuition on them. Assume indeed that we
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are given a function as follows, that you can think for instance as corresponding to an
external force, with F'(x) € R3 being the force vector applied at a given point x € R3:

F:R>*—=R?
By writing F' = (F1, F, F3), we can then consider the following quantity, and when
F : R?® — R3 varies, we obtain exactly the abstract quantities o considered above:
< F(x),dr >= Fi(x)dzy + Fy(x)dry + F3(x)dzs

Thus, all in all, what we have done in the above with our construction of contour
integrals, was to define quantities as follows, with v being a path in R3, and with F :
R3 — R3 being a certain function, that we can think of, if we want, as being a force:

I—/<F(:c),dx>
2l

Which brings us into physics. Indeed, by assuming now that F' : R® — R3 does
correspond to a force, we can formulate the following definition:

DEFINITION 2.9. The work done by a force F = F(x) for moving a particle from point
p € R3 to point ¢ € R3 via a given path v : p — q is the following quantity:

W(v) = / < F(z),dz >
g

We say that F' is conservative if this work quantity W (v) does not depend on the chosen
path v : p — q, and in this case we denote this quantity by W(p,q).

Now back to gases, we want to compute the work W done by a gas, pushing a piston.
This work is quite easy to compute, and we are led to the following statement:

PROPOSITION 2.10. The mechanical work done by a gas pushing a piston is
b
W = / PdV

where [a,b] is the interval where the piston has traveled.

PROOF. In order to compute mechanical work W done by the gas, observe that,
infinitesimally, if we denote by dl the distance traveled by the piston in time dt, we have
the following formula, with S being the area of the piston:

dW = Fdl = PSdl = Pd(Sl) = PdV

Here we have used the standard interpretation of the pressure P, as explained before.
Now assuming that the piston has traveled from a to b, we obtain:

b b
W:/ dW:/ Pdv

Thus, we are led to the formula in the statement. U



42 2. FLUID MECHANICS

Obviously what we have above is a general formula, which will hold in more general
situations, not necessarily involving a container with a piston. So, let us formulate:

THEOREM 2.11. The mechanical work done by a gas evolving on a path vy, in the state
space f(P,V,T) =0, is given by:

W, = /PdV
v

When representing the transformation v as a one-variable function P = @(V'), with T
being determined at each moment by f(P,V,T) =0, this formula reads
Vi

W, = [ o(V)dv

Vo
with Vy being the initial volume, and Vi being the final volume.

Proor. This is quite clear from the previous discussion, involving the cylinder with a
piston, the argument there carrying on to the general case without problems, and giving
the first formula. As for the second formula, this follows from it, with again the case of
the cylinder with a piston being a good illustration, ¢ being there linear. U

In order to discuss now examples, let us introduce as well the following notions:

DEFINITION 2.12. A transformation of a gas is called:

(1) Isobaric, if P is constant.
(2) Isochoric, if V is constant.
(3) Isothermal, if T is constant.

Here all terminology comes from Greek, with isos meaning equal, baros meaning
weight, chora meaning space, and therme meaning heat. There is as well a 4th class
of transformations, the adiabatic ones, coming from the Greek adiabatos, meaning im-
passable. These latter transformations are the scary ones, and more on them later.

As an illustration for Theorem 2.11, for an ideal gas, we have the following result:

THEOREM 2.13. For an ideal gas, PV = kT, isothermally expanding, we have

Wleog%
0

where Vg 1s the initial volume, and Vi is the final volume.

ProoOF. This follows indeed from Theorem 2.11, in either formulation:

(1) With the first formula the work is readily computed, as follows:

W:/PdV:kT d—v:TlogE
gl vV Vo
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(2) With the second formulation, since we have PV = kT by the equation of state,
and T constant by assumption, the transformation is given by (V') = kT'/V, and so:

1% 1%
Y kT td
W = —dV = kT —V:TlogE
Vo V Vo V ‘/0
Thus, we are led to the conclusions in the statement. Il

Finally, the first law of thermodynamics invites us to introduce, as a complement to
the various elementary notions from Definition 2.12:

DEFINITION 2.14. A transformation is called adiabatic if:
Q=0
Equivalently, we must have the energy conservation law AE = —W.

Obviously, this is something a bit complicated. As basic examples here we have the
transformations of the thermally insulated systems obeying to ) = C AT, with C' > 0.
As an important result about adiabatics, regarding the ideal gases, we have:

THEOREM 2.15. The adiabatic transformations of an ideal gas, PV = kT, satisfy
TVE=! = constant

where K is a modified version of k, appearing as follows:
Cp k
K = — = 1 _—
ooy
Together with PV = kT, the above equation produces certain curves, called adiabatics.
PrOOF. We use here the Joule formula CydT + PdV = dE. Since for an adiabatic
transformation we have dE = 0, the Joule formula becomes:
CydT + PdV =0

Now by using PV = kT, we succesively obtain:

kT
Tk
T Cy V

k
= logT + — logV = constant
Cy

—  TVHC = constant

Thus, we are led to the conclusion in the statement. U

All the above theory concerns the ideal gases, but in practice, things are more com-
plicated than this. The key result here, due to Van der Waals, is as follows:
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THEOREM 2.16. Beyond the ideal gas setting, stating that we should have PV = kT,
the gases are subject to the Van der Waals equation
e
(P+ﬁ> (V= B8) = kT
depending on two parameters a, 3 > 0.

ProoOF. This is something quite tricky, with the correction parameters «, 8 > 0 ap-
pearing from a detailed study of the gas, from a kinetic viewpoint. It it possible of course
to specify the parameters o, > 0, via various lists and tables, and even make some
speculations on the precise meaning of these two parameters, using basic chemistry. [

The above result is of key importance, and takes us into rethinking everything that
what we know about the ideal gases, which must be replaced with Van der Waals gases,
at the advanced level. Among the main consequences of this replacement, the isobars,
isochores, isothermals and adiabatics of the ideal gases, given by simple formulae, must
be replaced by isobars, isochores, isothermals and adiabatics for the Van der Waals gases,
which are no longer something trivial, with some interesting math being now involved.

Among others, the Van der Waals gas study makes appear some interesting points on
the isothermals, called triple and critical points of the gas. Which makes the connection
with the general theory of matter, whose basics can be summarized as follows:

Fact 2.17. Ordinary matter appears in 3 forms, namely solid, liquid and gaseous,
roughly appearing according to the following generic diagram

P

solid cp

liquid

tp gas

0 T

with tp, cp standing for the triple and critical points. Also, at low or high temperatures we
have interesting phenonema like Bose-FEinstein condensation, and plasma.

Passed the gases, that we are quite familiar with, the problem is with the liquids and
solids, plus of course with all sorts of exotic matter that can appear at the extremes.



2C. FLUID DYNAMICS 45

2c. Fluid dynamics

Generally speaking, the fluids are by definition the non-solids, and as such, they fall
into liquids, gases and plasma. Thus, a fluid is something quite complicated, whose
understanding requires advanced thermodynamics, and states of matter theory. Also, we
can also see that the modeling of a fluid can only be something quite complicated too,
again requiring advanced thermodynamics, and states of matter theory.

This being said, our claim is that, at least for certain very simple types of fluids, and
very basic questions regarding them, we can do some interesting modeling work, using
models which are not that complicated, of similar type to those from chapter 1.

Getting started now, fluid mechanics is a complex science, which is organized by taking
into account the two main properties that a fluid can have or not, which are:

(1) Compressibility.
(2) Viscosity.

Regarding compressibility, this is certainly a property of the gases, but not of most of
the liquids, at least when idealized. We will assume here that our fluid is incompressible,
which in practice means more or less that we are dealing with liquids, of rather “regular”
type. However, this will be not the general rule, for instance because materials like sand,
or snow, that we are particularly interested in, in view of their obvious strong link with
classical mechanics, and with our modelling abilities so far, are incompressible too.

Regarding viscosity, this is something far more tricky. Intuitively, this comes from
the mutual “friction” of the constituent molecules, when the fluid is moving, and with
this being something quite difficult to model and understand, via precise mathematical
equations. Without getting into details, for the moment, let us mention that, from this
point of view, the fluids, or rather liquids, fall into 3 main classes, namely:

— Inviscid. This is intuitively the case of regular water, and other familiar liquids.
However, this remains an idealization, with the true inviscid fluids, in the real life, being
basically only the superfluids, met at very low temperatures.

— Newtonian. This is intuitively the case for most of the familiar visquous fluids,
from the real life, whose viscosity is proportional to the applied stress, and with this
proportionality being known as Newton’s law on viscosity.

— Non-Newtonian. These are visquous fluids which do not obey to Newton’s law on
viscosity, and there are plenty of them, all very interesting, such as paint, toothpaste,
ketchup and many more, not to forget basic things like snow or sand.
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As a conclusion to this, we can see that, even when looking at the simplest 2 possible
things that can be said about a fluid, namely compressibility and viscosity, we end up
with a whole menagerie of fluids, with each of them corresponding to its own branch of
fluid mechanics. In what concerns us, let us fix the following goal:

GoAL 2.18. We are interested in the basic modelling of incompressible fluids, which
can be either inviscid, or non-Newtonian.

Here our incompressibility assumption comes from our discussion above regarding
compressibility, and is certainly somehing quite natural, and with this being the simplest
situation anyway, mathematically speaking, that we would like to study first. As for our
second assumption, “either inviscid or non-Newtonian”, this might sound a bit exotic,
but the point here is that we want to avoid, at least in the beginning, the Newtonian,
visquous case, whose basic mathematics is notoriously quite complicated.

Of course you might argue that non-Newtonian is more complicated than Newtonian,
but my answer is that this is not exactly the case, with a pile of sand, and its mathematics,
being probably something simpler than a visquous, Newtonian fluid flowing.

Speaking goals, let us discuss now as well the main PDE for the fluids, that we would
like to recover, whenever possible, for the fluids that we are mainly interested in. As a
first observation, which is of key importance in advanced fluid dynamics, we have:

OBSERVATION 2.19. An incompressible fluid is right away something mathematical,
whose dynamics is described by a diffeomorphism, evolving in time t > 0.

Obviously, this is something very basic, coming from the very nature of the incom-
pressibility property. To be more precise, assuming for instance that we have colored our
fluid initially, say into tiny little cubes of red, yellow, green and so on, after some time
t > 0 we will obviously still have a mixture of red, yellow, green and so on, appearing in
equal parts, and the function f : R® — R® mapping red to red, yellow to yellow, green to
green, and so on, is what we call in mathematics a diffeomorphism.

In practice now, in order to reach from this to a PDE, let us assume that we are in
the simplest case, where our fluid is inviscid, and also adiabatic, or with zero thermal
conductivity. The dynamics of the diffeomorphisms f : R® — R? will be then, intu-
itively speaking, basically governed by the mechanics of the red, yellow, green and so on
components, and we are led in this way to the Euler equations, which are as follows:

u+ <u,V>u=—-Vw , <V,u>=0

Here u is the vector velocity field, and w is the thermodynamic work, with the quantity
on the right from the first equation being as follows, p being the pressure:

_Vr
p

Vw
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With this replacement made, the Euler equations become:

\Y
u+<u,V>u:——p , <V,u>=0
p
Here the first equation, which is the important one, is called the Euler momentum
equation. This equation can be further complicated by adding an acceleration term +g
on the right, accounting for exterior forces, gravitational, or magnetic or of some other

kind. As for the second equation, this is the incompressibility constraint.

Although we will not really need this here, at least at this stage of our discussion,
let us record as well what happens in the visquous case, by staying as before in the
incompressible setting. Here the Euler momentum equation gets replaced by the Navier-
Stokes equation, which is as follows, with v being the kinematic viscosity:

\Y
u—|—<u,V>u:——p+vAu
P

Summarizing, in relation with our modelling questions for the incompressible fluids,
we will be mostly interested in the Euler equation, and its versions.

Getting now to modeling questions, let us begin by recalling, and we insist on this,
the fact that fluid mechanics is something quite complicated, and so that what we will be
doing here, of rather elementary nature, will be quite speculatory. But, let’s give this a
go. We have several intuitive ways of modelling the incompressible fluids, as follows:

(1) With fluids modeled by little cubes, it is a bit unclear what we can get, because
these cubes will obviously not slide exactly like fluids do. However, the little cubes will
model well things like a pile of sand, because no friction is needed between our cubes for
our pile to stand, as a pile of sand does stand, and this looks quite interesting.

(2) With little spheres, we are certainly close to reality, for somehow obvious reasons.
However, at the mathematical level, things are quite tricky. In the static setting already,
we are led to non-trivial questions, of sphere-packing flavor. And in the dynamic setting,
which is the one that we are interested in, things can only be more complicated.

(3) In order to avoid the mathematics of the little cubes or little spheres, which
obviously can be quite complicated, we can assume instead that we are dealing with
“random-shaped” little pieces of material. Which is in fact, when thinking well, not that
far from what happens in the real life, with materials like sand.

As before with some technical aspects of the wave equation, in relation with the
PDE work on the subject, such questions are a bit obscure in the context of mainstream
mathematics and physics, because one you have your PDE, you will go of course with
that PDE, without bothering on where that PDE comes from. However, for our present
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purposes, and more specifically in view of what we want to do in Parts II, III, IV in this
book, such abstract aspects are important, and must be understood.

There are many interesting questions here, coming as a continuation of the modeling
work that we did before, and with phenomena like soil liquefaction confirming this. In
fact, one interesting feature of what happens here concerns the liquid/solid mixtures.

Solids, granularity, and with all this being mainly motivated by soil liquefaction. There
are many interesting modeling questions here, and at the purely mathematical level, we
are led as well into some quite subtle questions, regarding sphere packings.

2d. Heat diffusion

We discuss here the basics of heat diffusion, with more advanced aspects left for later,
in chapter 4. Let us start with some generalities. We have, as general principle:

PRrRINCIPLE 2.20. The amount of heat () received during a transformation is a ther-
modynamaical quantity, in relation with temperature, and which normally depends on the
chosen path in the state space. However, we usually have

Q =CAT
with C' > 0 being a constant, called heat capacity of the material, independently on the

chosen path in the state space, between the initial and the final point.

Observe that C' depends on the given quantity of the material. A better parameter
would be the specific heat capacity, given by the following formula, m being the mass:

C = —
m

But more on heat capacity in a moment. Perhaps the most illustrating for all this,
Principle 2.20 and its consequences, are some simple examples, as follows:

ProPOSITION 2.21. The following happen:

(1) For a cyclic transformation we have QQ = W, regardless of the chosen path in the
state space, between the initial and the final point.

(2) Assuming that the heat received is subject to Q@ = CAT, with C > 0, for a
thermally insulated system we have AE = —W.

PROOF. Both these assertions are clear from definitions, as follows:

(1) For a cyclic transformation we have AE = 0, and so Q = W, as claimed.

(2) Our combined assumptions mean @ = CAT =0, so AE = —W, as claimed. [

Let us do now some math, based on all this. We first have:
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PROPOSITION 2.22. The heat capacity C = Q/AT is given by

AE+W
C=———
AT
its version, the heat capacity at constant volume, is given by
dE
Cy =|-=
(),

and its other version, the heat capacity at constant pressure, is given by:

dFE av
— (== Pl
cr (dT>P+ <dT>P
Also, we have in general C' > C'y, since objects tend to expand when heated.

PRrOOF. The first law of theormodynamics gives right away the first formula:
Q AE+W

AT AT

Regarding now the second formula, at constant volume V', we have indeed:

¢ (BE) _ (&
—\ar), \dr/,

As for the third formula, the proof here is similar, as follows:

oo (AE+PAVY _ (dEN 4V
" AT » \dT ), ar ) ,

Finally, in what regards the last assertion, this is something well-known. O

C:

Let us record as well a related result for the ideal gases, as follows:

PROPOSITION 2.23. For an ideal gas, PV = kT, we have the formula
Cp=Cy+Ek
relating the heat capacity at constant pressure, and at constant volume.

PrROOF. We have indeed the following computation, based on the above:

dFE dav
Cr = (ﬁL*P(ﬁ)P
dE d kT
- (d—T)P”'d—T(?)

dE) k
(dT . P
— Oy +k

Thus, we are led to the conclusion in the statement. U



50 2. FLUID MECHANICS

Moving ahead now, in the general case, we have the following key result:

THEOREM 2.24. We have the following heat equations,

dE dFE
o (ar), (), ]
dF dVv dH
“@= KE)T”(EU e (ﬁ)ﬁ

dE dE
dQ = || — Pld — | dT
“ [(dv>T+ ] V+(dT>V
where H = E + PV, called enthalpy of the system.

Proor. This follows indeed by doing some computations, as follows:

(1) We first have the following formulae, coming from definitions:

dE dE
EPV)=(—=) dP+(—) av
AELY) (dp)vd +<dv)Pd

dE dE
E(PT)=(==) dP+ (=) dT
w0 = (Gp), o+ (i),

dE dE
T \4

(2) In order to advance, we use the usual work formula, rewritten as dWW = PdV. By
plugging this formula into the first law, the first law becomes:

dQ = dE + dW = dE + PdV

(3) Now by using this latter formula, the equations found in (1) become:

dE dE
= (=) ar — P
0= (3) o (), 7]
dE dE
(=) arP+ (=) ar+P
dQ (dP)Td +(dT)Pd + PdV

dE dE
dQ) = {(W)T+P] av + (d—T)VdT

(4) In what regards the first and third equations, these are those in the statement. In
what regards the second equation, we can work a bit more on it, and make it look better.
Indeed, we can use here the following formula, coming from definitions:

av av
V= (-5 dP+ (=) dT
v~ (), (@),
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With this formula in hand, the second equation can be rewritten as:

a-[(8) +r () Jr+ (4252

(5) Still in regards with this second equation, with the aim of making it even better,
let us introduce a new state function of the system, called enthalpy, as follows:

H=E+PV

In terms of this function, the second equation as modified in (4) becomes:

dE dVv dH
Q= K@);P(@)J e (ﬁ)ﬂ

Thus, we have as well the second equation in the statement, and we are done. Il
As an immediate consequence of the above result, we have:

PROPOSITION 2.25. The heat capacities at constant V' and P are

dE dE %
(), - o), (7)
T ), T ) , T ) ,

with the derivatives being taken as usual, as above.
Proor. This follows indeed from the formulae in Theorem 2.24. U

Before going ahead, let us comment on the enthalpy function H = F + PV appearing
in Theorem 2.24. We came upon this function via some math, but we have:

COMMENT 2.26. The enthalpy function of a system, given by
H=FE+ PV
is what’s needed for creating the system out of nothing, and putting it into environment.

To be more precise, assume that you are a magician, and want to create a rabbit. You
first need energy E for creating the rabbit. But then you also need energy for putting it
into environment, with this meaning pushing out the atmosphere, for creating space for
the rabbit. And assuming that we are at 1 atm, this extra energy needed is PV.

Due to this, enthalpy is an important quantity in chemistry computations, and this
even for simple reactions like 2H, + Oy = 2H50, because the basic quantum chemistry
formulae for them, involving electrons and so on, do not take into account the energy
needed for putting the output into environment, and must be therefore fine-tuned.

Regarding now heat diffusion, the simplest question here, studied and understood
since long, concerns a container containing two gases, having initial different temperatures
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Ty < T,, separated by a membrane. Heat transfer goes on, and obviously, we can model
this by focusing on the membrane, with a basic grid model for it, as follows:

O——O0 —O0—O0 —0 ——0
[ R O N
O——O0 —O0—O0 —0 ——0
I N L N
O——O0 —O0—O0 —0 ——0
[ N L N
O——O0 —O0—O0 —0 ——0
I N L N
O——O0 —O0—O0 —0 ——0O

As before with questions regarding pistons and pressure, there is some sort of “game”
played by the two gases, over this grid, and the question is whether we can model all this,
and then recover the known results about heat diffusion, in this setting.

At a more advanced level, we can remove the membrane. Again, there is some sort of
“game” here, played by the two gases, which can be 2D or 3D, depending on modeling.
Also, in this setting, we can actually keep the membrane, but allow it to inflate.

2e. Exercises

Exercises:

EXERCISE 2.27.
EXERCISE 2.28.
EXERCISE 2.29.
EXERCISE 2.30.
EXERCISE 2.31.
EXERCISE 2.32.

Bonus exercise.



CHAPTER 3

Gravity models

3a. The pendulum

In this chapter we go back to a more normal pace, and to more mathematics, and
systematically investigate discretization questions and lattice models. We will start, and
no surprise here, with the beginning, namely classical mechanics. We first have:

DEFINITION 3.1. A simple pendulum is a device of type

X

®n

consisting of a bob of mass m, attached to a rigid rod of length .

In order to study the physics of the pendulum, which can easily lead to a lot of
complicated computations, when approached with bare hands, the most convenient is to
use the notion of energy. For a particle moving under the influence of a force F', the
position z, speed v and acceleration a are related by the following formulae:

v=z2 , a=v=2 , F=ma
The kinetic energy of our particle is then given by the following formula:

2
="
2

By differentiating with respect to time ¢, we obtain the following formula:
T = mvo = mva = Fo

Now by integrating, also with respect to t, this gives the following formula:

T:/det:/chdt:/Fdx

53
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But this suggests to define the potential energy V' by the following formula, up to a
constant, with the derivative being with respect to the space variable z:

V' =—F

Indeed, we know from the above that we have T = F, so if we define the total energy
to be E =T + V, then this total energy is constant, as shown by:

E'=T'+V'=0

Very nice all this, and by getting back now to the pendulum from Definition 3.1, we
can have this understood with not many computations involved, as follows:

THEOREM 3.2. For a pendulum starting with speed v from the equilibrium position,

X

mo

the motion will be confined if v? < 4gl, and circular if v? > 4gl.

PROOF. There are many ways of proving this result, along with working out several
other useful related formulae, for which we will refer to the proof below, and with a quite
elegant approach to this, using no computations or almost, being as follows:

(1) Let us first examine what happens when the bob has traveled an angular distance
6 > 0, with respect to the vertical. The picture here is as follows:

X

The distance traveled is then x = [6. As for the force acting, this is Fiq = mg
oriented downwards, with the component alongside x being given by:

F = —HFtomlHSin@

= —mgsinf

= —mgsin (%)
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(2) But with this, we can compute the potential energy. With the convention that
this vanishes at the equilibrium position, V' (0) = 0, we obtain the following formula:

Vi=-F = V’zmgsin(%)

== Vzmgl(l—cos(%))
— V =mgl(1 — cos?0)

(3) Alternatively, in case this sounds too wizarding, we can compute the potential
energy in the old fashion, by letting the bob fall, the picture being as follows:

X

The height of the fall is then h = [ —[ cos #, and since for this fall the force is constant,
F = —myg, we obtain the following formula for the potential energy:

Vi=-F = Vi=my
= V =mgh
= V =mygl(1 — cos?b)
Summarizing, one way or another we have our formula for the potential energy V.

(4) Now comes the discussion. The motion will be confined when the initial kinetic
energy, namely F = muv?/2, satisfies the following condition:

2
E<supV =2mgl <+ % < 2mgl
0

— v? < 4ql

In this case, the motion will be confined between two angles —0, 6, as follows:




56 3. GRAVITY MODELS

To be more precise here, the two extreme angles —6,0 € (—m,7) can be explicitly

computed, as being solutions of the following equation:
2

V=EFE <= mgl(l—cosh)= %
2
291
(5) Regarding now the case v? > 4gl, here the bob will certainly reach the upwards
position, with the speed w > 0 there being given by the following formula:

— 1—cosf=

2
mw
=F -2mgl — =
2 mg 2 2

Thus, with the convention in the statement for v, that is, going to the right, the
motion of the pendulum will be counterclockwise circular, and perpetual:

w
-~ 0 < _
~

-

¢ l

(6) Finally, in the case v*> = 4gl, the bob will also reach the upwards position, but
with speed w = 0 there, and then, at least theoretically, will remain there:

(7) Actually, it is quite interesting in this latter situation, v* = 4gl, to further speculate
on what can happen, when making our problem more realistic. For instance, we can add
to our setting the assumption that when the bob is stuck on top, with speed 0, there is a
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1/3 chance for it to keep going, to the left, a 1/3 chance for it to come back, to the right,
and a 1/3 chance for it to remain stuck. In this case there are infinitely many possible
trajectories, which are best investigated by using probability. Welcome to chaos. U

Let us discuss now the motion of a particle near an equilibrium point. We have two
basic examples of such points provided by the pendulum, namely the downwards one,
which is stable, and the upwards one, which is unstable. But our discussion here will be
valid for any other types of particles moving, under the influence of forces.

As a first observation, our generalities about motion and energy provide us with:

THEOREM 3.3. For a particle moving near an equilibrium point x = 0, the following
equivalent conditions must be satisfied, infinitesimally:
(1) The potential energy is V = kx?/2, when assuming V (0) = 0.
(2) The force acting on our particle is F' = —kzx.
(3) The equation of motion is mi + kx = 0, with m being the mass.

Proor. This is something very standard, the idea being as follows:

(1) Let us start with some generalities regarding the potential energy V. Around any
given point, that we can choose by translation to be x = 0, we can write:

V”(O)x2 V”/(O)LL’S
2 + 6 +
By definition of V| we can assume V(0) = 0. Regarding now the second term, this
vanishes too, because our condition of equilibrium reads:
V'(0)=—-F(0)=0
Thus, with the above normalizations x = 0 and V' (0) = 0 made, our general formula
above for V' takes at equilibrium the following form, with & = V"(0):

ka?
Vi) =—+4...
(r) = -+
Thus, we are led to the conclusion in the statement, provided that we are indeed in
the non-degenerate case, where k # 0, which amounts in saying that £’(0) # 0.
(2) This follows indeed from (1), and from V' = —F.

(3) This follows indeed from (2), and from F' = ma = mi. O

V(z) =V(0)+ V'(0)z +

The above result suggests formulating the following definition:

DEFINITION 3.4. A harmonic oscillator is a particle moving as above, following
mi + kx =0

with k # 0. In the case k > 0, we say that we have a simple harmonic oscillator.
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Here the last convention comes from the fact that our oscillator is unstable when
k < 0, and stable £k > 0, and it is in this latter case that we are mostly interested in.
And with this, stability depending on the sign of k£, coming either from some abstract
reasoning along the lines of Theorem 3.3, or from the explicit formulae below.

Very nice, so let us solve now the equation of motion. We have here:

THEOREM 3.5. The solutions of the equation of motion mi + kx = 0 for the harmonic
oscillators are as follows:

(1) = = aeP* + be P with p = \/—k/m, when k < 0.
(2) x = ccoswt + dsinwt with w = \/k/m, when k > 0.

PROOF. This is standard mathematics, as follows:

(1) Assume first that we are in the case k& < 0. Here, with p = \/—k/m as in the
statement, the equation of motion takes the following form:

& =p’x

But the functions e?*, e P being solutions of this equation, by linearity we obtain that
the solutions are exactly the linear combinations of these two functions, as claimed.

(2) Assume now that we are in the case k& > 0. Here, with w = y/k/m as in the
statement, the equation of motion takes the following form:

¥ = —wz

But the functions cos wt, sin wt being solutions, by linearity we obtain that the solu-
tions are exactly the linear combinations of these two functions, as claimed. U

Many other things can be said, along these lines. We will be back to this.

3b. Kepler and Newton

Getting now to Kepler and Newton, their famous theorem is as follows:

THEOREM 3.6. The following happen:

(1) Planets and other celestial bodies move around the Sun on conics, that is, curves
given by P(x,y) =0, with P € Rlz,y| being of degree 2.

(2) The conics are the curves which appear by cutting a 2-sided cone with a plane,
and can be classified into ellipses, parabolas and hyperbolas.

PROOF. The idea here is that (1) is something tough, due to Kepler and Newton, and
(2), due to the ancient Greeks, is elementary. Getting started now:
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(1) According to observations and calculations performed over the centuries, since the
ancient times, and first formalized by Newton, following some groundbreaking work of
Kepler, the force of attraction between two bodies of masses M, m is given by:

Mm
2
Here d is the distance between the two bodies, and G ~ 6.674 x 107! is a constant.

Now assuming that M is fixed at 0 € R?, the force exterted on m positioned at x € R3,
regarded as a vector I € R3, is given by the following formula:

Fe_||F| x __GMm x __GMma:
||| z|[* [[=]| [||[3

But ' = ma = mi, with a = & being the acceleration, second derivative of the
position, so the equation of motion of m, assuming that M is fixed at 0, is:
GMzx
||| [?
Obviously, the problem happens in 2 dimensions, and you can even find, as an exercise,
a formal proof of that, based on the above equation, if your really want to. Now here the
most convenient is to use standard z,y coordinates, and denote our point as z = (z,y).
With this change made, and by setting K = GM, the equation of motion becomes:
Kz
[12[]?

(2) The idea now is that the problem can be solved via some calculus. Let us write
indeed our vector z = (z,y) in polar coordinates, as follows:

|Fl[ =G -

T =

z =

r=rcosf =rsinf
We have then ||z|| = r, and our equation of motion becomes:
. Kz
F=——
73

Let us differentiate now x,y. By using the standard calculus rules, we have:
i =rcos® —rsind-0 , §=rsind+rcosh-0
Differentiating one more time gives the following formulae:
i =icosl —2-sinf-0—rcosh 6% —rsind -6
§=7sin®+2rcos -0 —rsinf- 0% +rcosf -0
Consider now the following two quantities, appearing as coefficients in the above:

a=7—r0 | b=220+1r0
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In terms of these quantities, our second derivative formulae read:
Z=acos —bsinf , ¢ =asinf+ bcosb

(3) We can now solve the equation of motion from (1). Indeed, with the formulae that
we found for Z, 7, our equation of motion takes the following form:

K K
acost) —bsinf = ——cosf , asinf+bcost =—— sind
r r

But these two formulae can be written in the following way:

K K
(a—i——Z) cosf =bsinf | <a+—2) sinf = —bcosf
r r

By making now the product, and assuming that we are in a non-degenerate case,
where the angle 6 varies indeed, we obtain by positivity that we must have:

K
a«+-—5 ::b ::0
r
(4) Let us first examine the second equation, b = 0. This can be solved as follows:
b=0 <= 2M+r6=0

<1:> - — —QC
0 T

—  (logh) = (=2logr)

= logé = —2logr+c

= ==

As for the first equation the we found, namely a + K /r? = 0, this becomes:

. N K 0
r— E + 7“_2 =
As a conclusion to all this, in polar coordinates, x = rcos#, y = rsinf, our equations
of motion are as follows, with A being a constant, not depending on ¢:
2K A

r3 r2 ’ r2

Even better now, by writing K = A?/c, these equations read:

7‘4_)‘_2 1_1 9_1
2 \r ¢ ’ o2

(5) In order to study the first equation, we use a trick. Let us write:
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With the convention that dots mean as usual derivatives with respect to ¢, and that
the primes will denote derivatives with respect to 6 = 6(t), we have:

BN

— /
22 2 —Af
By differentiating one more time with respect to ¢, we obtain:
. A 22
Y " 1 1/
F=—=\f"0=—=\f"- R

On the other hand, our equation for 7 found in (4) above reads:

LA/ A2 1
T = — —_— = P — f _— =
r2 \r ¢ 72 c

Thus, in terms of f = 1/r as above, our equation for ¥ simply reads:

=

But this latter equation is elementary to solve. Indeed, both functions cost, sin t satisfy
g” + g = 0, so any linear combination of them satisfies as well this equation. But the
solutions of f” 4+ f = 1/c being those of ¢” + g = 0 shifted by 1/¢, we obtain:

1+ ecosf+dsinb

f =
c
Now by inverting, we obtain the following formula:
c

"= 14+ ecos@ +dsinf

(6) But this leads to the conclusion that the trajectory is a conic. Indeed, in terms of

the parameter 6, the formulae of the coordinates are:
B ccosf B csin 6
T 1Y ccosf+osn0 7T 14ccosf+osind
Now observe that these two functions z, y satisfy the following formula:
c*(cos? 0 + sin® 0)
(14+eccosf+ dsinh)?
2

(1+ecosf+ dsinh)?

On the other hand, these two functions satisfy as well the following formula:

x2+y2 —_

?(ecosf + dsinf — (1+5cos¢9+5sin9))2
(1+eccosfh+ dsinh)?
2
c

(14+ecosf + dsinb)?

(ex + 0y —c)* =
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We conclude that our coordinates x,y satisfy the following equation:
2* +y* = (ex + 0y — ¢)?
But what we have here is an equation of a conic, and this ends the proof of the first

assertion of the theorem. Which is not bad at all, because you probably know now more
classical mechanics than the average nerd. Just ask around, you will be surprised.

(7) Before getting into the mathematics of conics, a bit more physics. Astronomy
and Kepler tell us that for planets the trajectory should be an ellipsis, and this can be
deduced from what we have, the missing piece of math, which is elementary, being that
of proving that a bounded non-degenerate conic must be an ellipsis. However, this will
follow as well from the classification results below, so we will stop physics here.

(8) The classification of the conics, going back to the ancient Greeks, is standard.
Consider indeed one of these conics:

C= {(:Jc,y) € RQ‘P(x,y) =0,deg P < 2}

By doing some suitable manipulations on the degree 2 polynomial P € R[z,y], up
to affine transformations of the curve, we can have this curve written in some simple,
“standard” form, with standard depending a bit on you, matter of taste. But this stan-
dard form can only lead to the 3 cases in the statement, namely ellipses, parabolas and
hyperbolas, up to degeneration, with the degenerate cases being the lines, double lines,
points, empty set, and R? itself, basically appearing when deg P < 1.

(9) The fact that the conics appear by cutting a 2-sided cone with a plane is also
elementary, and also known since the ancient Greeks. A first proof is by doing some
abstract algebra, and verifying that the cut must be indeed a curve of degree 2. A second
proof is by computing the cut in the various cases that might appear, depending on the
angle of the plane with respect to the cone, with this leading to the curves found in (8),
namely ellipses, parabolas and hyperbolas, up to degeneration.

(10) Summarizing, we are done with what was announced in the theorem, but there is
still some discussion to be made, in relation with degeneration. With respect to what was
found in (8), when cutting cones with a plane, if you want to get exactly the same list of
conics, you have to allow the degenerate cone, of angle 180°, which in practice means a
plane, in order to have as examples the empty set, and R? itself.

(11) Also in relation to what was found in (8), what comes out of gravity basically
agrees, namely ellipses, parabolas and hyperbolas. However, at the level of degenerate
examples, these are different, consisting of the point, and then of the segment, which
corresponds to the object m falling into the object M on a perfectly straight line.

(12) Finally, there is as well a discussion concerning normalization, because in the
Kepler problem we assumed M to be fixed at 0. However, when changing coordinates via
a translation, we can obtain in this way all the ellipses, parabolas and hyperbolas. U
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Still with me, I hope, after all these computations. For further applications, here is a
sort of “best of” the formulae found in the proof of Theorem 3.6:

THEOREM 3.7. In the context of a 2-body problem, with M fized at 0, and m starting
its movement from Ox, the equation of motion of m, namely

Kz

1El

with K = GM, and z = (x,y), becomes in polar coordinates, x = rcosf, y = rsinf,

7‘4_/\_2 1_1 9_1
2 \r ¢ ’ o2

for some A\, c € R, related by \*> = Kc. The value of v in terms of 0 is given by
c

" 1+ecos+osinfd
for some €,0 € R. At the level of the affine coordinates x,y, this means

z =

r

ccosf csin @
:[/‘: =
14 ecosf +dsinb 4 1+ ecosf+dsinf

with 6 = 0(t) being subject to 0 = X2/r, as above. Finally, we have
2* +y* = (ex + 0y — ¢)?

which 1s a degree 2 equation, and so the resulting trajectory is a conic.

PROOF. As already mentioned, this is a sort of “best of” the formulae found in the
proof of Theorem 3.6. And in the hope of course that we have not forgotten anything.
Finally, let us mention that the simplest illustration for this is the circular motion, and
for details on this, not included in the above, we refer to the proof of Theorem 3.6.  [J

As a last question, we would like to understand how the various parameters appearing
above, namely A, ¢, ,d, which via some basic math can only tell us more about the shape
of the orbit, appear from the initial data. The formulae here are as follows:

PROPOSITION 3.8. In the context of Theorem 3.7, and in polar coordinates, x = r cosf,
y = rsin@, the initial data is as follows, with R = ry:

c
| +e 0
vV K . vV K
To = 0 , Oo= 26
Ve R
. ek .. 46K

The corresponding formulae for the affine coordinates x,y can be deduced from this. Also,
the various motion parameters c,e,6 and A =/ Kc can be recovered from this data.
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ProoF. This is something quite routine, and we will leave this as an instructive
exercise. In fact, things are still not over with this, because in practice, you still have to
do some reverse engineering at the level of parameters, and work out how various inital
speeds and accelerations lead to various types of conics. The computations here are very
interesting, and we will leave them as well as an instructive exercise. O

3c. N body systems

The discretization problem for gravity is quite tricky, because we have in fact to fight
with two questions, none of them being trivial. The first question is as follows:

PROBLEM 3.9. Avoiding the void.

To be more precise, this is certainly something that we need, for doing any sort of
statistical mechanics, coming even before discretizing our problems. That is, void is
certainly something unwanted in statistical mechanics.

As a first idea now, in order to deal with this question, we have the well-known
“gravitational well” interpretation of the gravitational field, for instance with the 2D
gravity field of a system of N bodies being interpreted as corresponding to some sort of
sheet, say metal sheet in 3D, with quadratic infinite wells at the location of each body,
on which a supplementary particle m will have to travel.

Of course, this interpretation is still something a bit gravitational, because the sup-
plementary particle m will move on this metal sheet by obeying to some sort of gravity
pulling it downwards. But that latter, unique gravity which acts, once the metal sheet is
suitably built, is in fact of the simplest form, namely uniform.

At the level of concrete questions to be solved, the first problem is that of recovering
the Kepler circular trajectories via this model, and then recovering the general Kepler
elliptic trajectories, that we found before via equations, via this model.

(2) Discretizing. This is something quite tricky, with all sorts of approaches being
possible, and with many such approaches pointing towards the efforts in quantum gravity,
where everything is discretized anyway, at the Planck scale.

Note however that these latter theories are relativistic, and to start with, we would like
to have something non-relativistic. Ideally, we would like to use a suitable modification
of the balls and springs model for the mechanical waves, discussed in chapter 1, but the
problem is how exactly gravity acts, inside such balls and springs models.

What we discussed in the above, in relation with gravity, was of course nice, but
remains quite theoretical. At a more advanced level, the problem is that of doing some
“random classical mechanics”, with applications, starting from such ideas.
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There are many things that can be done here, starting with topics like billiards, and
chaos, which have been heavily studied, in the context of classical mechanics and dynami-
cal systems. Many interesting problems appear as well in the connection with the N-body
problem, for solid, non-pointwise bodies, with the aim of computing the probability of
collisions, based on our real-life knowledge, that this probability is very close to 0.

However, if there is one very interesting thing in connection with all this, random
classical mechanics, this is the organization of matter in the universe, in the form of solar
systems, then galaxies, then clusters of galaxies, and so on. Obviously, some form of
“clustering” is going on here, at various scales, which needs to be understood.

In order to discuss this, we will need a more advanced approach to gravity, due to

Lagrange and Hamilton. Let us start with the following basic fact:

THEOREM 3.10. Given a conservative force F', appearing as follows, with V being
uniquely determined up to an additive constant,

F=-VV
the movements of a particle under F' preserve the total enerqy, given by
E=T+V
with T = m||v||?/2 being the kinetic energy, and with V being called potential energy.

ProOF. This is something very standard, which for gravity can be established via a
computation using the chain rule for derivatives, the idea being as follows:

T=<Fuv>=—<VV,u>=-V
More generally, all this is known to hold for any conservative force, as stated. U

With the above in hand, we can now reformulate the classical mechanics formalism,
in a far more efficient way, following Lagrange and Hamilton. Let us begin with some
mathematics. We have the following theorem, due to Euler and Lagrange:

THEOREM 3.11. Given a function f : RY x RN — R, the integral

I = B w, u)dx
/zo F(u, )

is stationary, in the sense that it is left unchanged by small variations of u = u(z), which
vanish at the endpoints xo, x1, precisely when u = u(x) satisfies the equations

df  d (df

called Fuler-Lagrange equations.
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PROOF. Let us just work out the case N = 1, the general case being similar. Consider
a small variation Au(x), which vanishes at the endpoints xg, z1, as required above:

Au(zg) = Au(xy) =0
The corresponding variation of f(u,u), at first order, is then given by:

de —i—;l—fAu

Thus the corresponding variation of the mtegral in the statement is given by:

Af =

AI:/ ded—l— fAudx

, du v AU
1 1 A

Y A 4 dAu),,
. du 2 du dz

[ df f “ df

B /xo duA udz + [du LO B /xo dx <du) Aude
B T df x1 df

a /xo du Aude /xo dx (du) Aude

B df d (df

- [ (G () svee

We conclude that [ is stationary precisely when the following equation is satisfied:

daf df
du — dx (du)

But this is the Euler-Lagrange equation in the statement, as desired. U

The point now with the above is that, when looking at the usual motion equations of
mechanics, but written in a somewhat bizarre way, we will get precisely into the Euler-
Lagrange equations. To be more precise, let us first formulate:

DEFINITION 3.12. In the context of a conservative force F' acting, the quantity
L=T-V
is called Lagrangian of the system.

This is something quite tricky. In relation now with Theorem 3.11, the connection is
very simple, called Hamilton principle, as follows:

THEOREM 3.13. The following integral, called action integral, is stationary,

t1
1:/ Lt
to

and the corresponding Fuler-Lagrange equations are precisely the equations of motion.
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PROOF. According to Definition 3.12, the Lagrangian is given by the following for-
mula, with V' being the potential associated to our conservative force, via F = —VV:

L= 2@ 45"+ %) = V(zy,2)

Thus, we are in the general framework of Theorem 3.11, with the function u there being
played by the coordinates x,y,z. Now let us pick one of these coordinates, s = x,v, 2,

and compute the derivatives of L with respect to s, s. By using F' = —VV we have:
dL  dv
ds ~ ds °
Also since the potential V' is time-independent, we have:
dL )
2 = M =mas

Now consider the equation of motion, under the influence of the force F:
F=ma

This is a vector equation, with 3 components, and according to the above formulae its
3 components can be written as follows, in terms of the Lagrangian L:

dL d (dL

ds  dt \ ds
But these are precisely the Euler-Lagrange equations for the stationarity of the action
integral I = [ L, and we are therefore led to the conclusions in the statement. O

The point now with the above result is that it leads right away into another result,
which this time is something fundamental and powerful, as we will soon discover:

THEOREM 3.14. The Euler-Lagrange equations for the action integral

t1
I:/ Ldt
to

hold in any system of coordinates (q1,qe,qs3), and are as follows:

dL _ d (dL
dg dt \ dg

These latter equations are called the Lagrange equations of motion.

Proor. We know from Theorem 3.13 that the action integral is stationary, with
respect to the standard coordinates (z,y, z). But this shows that the action integral is
stationary with respect to any system of coordinates (¢1, g2, ¢3), and so the corresponding
Euler-Lagrange equations, which are the equations in the statement, hold indeed. U
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All this might seem a bit complicated, but we will see examples in what follows.
The idea every time will be the same, namely thinking a bit, than picking up a suitable
system of coordinates (g1, g2, q3) for our problem, and then instead of doing all sorts of
computations for reformulating the equations of motion in terms of these coordinates
(q1, @2, q3), simply writing the Lagrange equations, which are there for that.

Moving ahead now, let us discuss some further interesting manipulations on the La-
grangian and the Lagrange equations, due to Hamilton. Let us start with:

DEFINITION 3.15. Given a system of coordinates qi, ..., q,, the quantities
dL
pi = d_qz
are called generalized momenta. In terms of them, the Lagrange equations read
dr .
d_%- = Di

analogously to the usual motion equations F' = p.

What are these new variables good for? Let us recall from Definition 3.12 that the
Lagrangian was by definition a function as follows:
L= L(qlv"'aQTLaq1a"'7qn)

The point now, which is something quite subtle, and useful for all sorts of purposes,
in classical mechanics, and especially in its versions and generalizations, is that we can
get rid of the derivatives ¢y, ..., ¢,, which are variables in the Lagrange formulation of
mechanics, by replacing them by the generalized momenta py, ..., p, constructed above.
In order to do so we need a clever new quantity H, replacing L, and we have here:

DEFINITION 3.16. With qq,...,q, and p1,...,p, being as above, the quantity
H(g,p) =Y pidi — L

is called Hamiltonian of the system.

As we will soon see, for many simple systems H is in fact the total energy. Before
that, however, let us explain how H replaces L, as a quantity which encapsulates as well
what is going on, namely the equations of motion. The result here is as follows:

THEOREM 3.17. The Hamiltonian H = H(q,p) is subject to the equations

dH . dH
dp; @ dg;

called Hamilton equations, which are equivalent to the usual equations of motion.

—p
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PROOF. As a first observation, this reminds right away Theorem 3.14, namely the
Lagrange formulation of mechanics, who was claiming the same type of thing. However,
there are some differences. On one hand, the new variables ¢, ...,q, and py,...,p, are
certainly a bit more abstract than the old ones ¢,...,q, and ¢,...,¢,. On the other
hand, the new equations look great. Regarding now the proof, everything follows from
the definition of the variables p; and from the Lagrange equations, namely:

dL dL

pi:d_qi ) d_qi:pi

(1) By using the definition of the variables p;, we obtain the following formula:

dH d (Zj Pid; — L)

dp; dp;
d% dL  dg;
= QZ+ Pj
Z ! qu] dpi
. j dg;
— G Y k5,
zj: ’ dp; XJ: ! dp;
= g,

(2) By using the Lagrange equations, we obtain the following formula:

dH d (Zj pid; — L)
dg; dg;

dq dL  dq;
= d Zp] 245 Z 4
% % dg; " dg

dg
= pl+zpjd Z szj
J

= —pi

Thus, we are led to the conclusions in the statement. Il

With this technology in hand, we can now talk about the N-body problem, and more
specifically about this problem in the N >> 0 regime. There is some obvious form of
“clustering” going on here, at various scales, which needs to be understood. The ideas in
order to deal with this question are described by Arnold in his b