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Part I

Manifolds





CHAPTER 1

Calculus on spheres

1a. Cartography

Welcome to geometry. We know many interesting things from school, but with most
of them being however of rather algebraic nature. In this first part of the present book we
go for the real thing, namely calculus, more calculus, and even more calculus, on suitable
classes of manifolds, design to support our calculus desires.

So, let us go back to the basics. Although many interesting algebraic manifolds appear
at the advanced level, making algebraic geometry a key tool in advanced physics, in what
concerns the basics, here we are mostly in need of a different definition, as follows:

Definition 1.1. A smooth manifold is a space X which is locally isomorphic to RN .
To be more precise, this space X must be covered by charts, bijectively mapping open pieces
of it to open pieces of RN , with the changes of charts being C∞ functions.

As a basic example, we have RN itself, or any open subset X ⊂ RN . We also have the
circles, or curves like ellipses and so on, as shown by the following result:

Theorem 1.2. The following are smooth manifolds, in the plane:

(1) The circles.
(2) The ellipses.
(3) The non-degenerate conics.
(4) Smooth deformations of these.

Proof. All this is quite intuitive, the idea being as follows:

(1) Consider the unit circle, x2 + y2 = 1. We can write then x = cos t, y = sin t, with
t ∈ [0, 2π), and we seem to have here the solution to our problem, just using 1 chart.
But this is of course wrong, because [0, 2π) is not open, and we have a problem at 0. In
practice we need to use 2 such charts, say with the first one being with t ∈ (0, 3π/2),
and the second one being with t ∈ (π, 5π/2). As for the fact that the change of charts
is indeed smooth, this comes by writing down the formulae, or just thinking a bit, and
arguing that this change of chart being actually a translation, it is automatically linear.

(2) This follows from (1), by pulling the circle in both the Ox and Oy directions, and
the formulae here, based on the usual formulae for the conics, are left to you reader.
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12 1. CALCULUS ON SPHERES

(3) We already have the ellipses, and the case of the parabolas and hyperbolas is
elementary as well, and in fact simpler than the case of the ellipses. Indeed, a parablola
is clearly homeomorphic to R, and a hyperbola, to two copies of R.

(4) This is something which is clear too, depending of course on what exactly we mean
by “smooth deformation”, and by using a bit of multivariable calculus if needed. □

In higher dimensions now, as basic examples here, we have the unit sphere in RN ,
and smooth deformations of it, once again, somehow by obvious reasons. In case you are
wondering on how to construct explicit charts for the sphere, the answer comes from:

Theorem 1.3. We have spherical coordinates in N dimensions,

x1 = r cos t1
x2 = r sin t1 cos t2
...

xN−1 = r sin t1 sin t2 . . . sin tN−2 cos tN−1

xN = r sin t1 sin t2 . . . sin tN−2 sin tN−1

with the corresponding Jacobian being given by the following formula,

J(r, t) = rN−1 sinN−2 t1 sin
N−3 t2 . . . sin

2 tN−3 sin tN−2

and with this guaranteeing that the sphere is indeed a smooth manifold.

Proof. There are several things going on here, the idea being as follows:

(1) Let us start with something that you know well, and use all the time in your
computations, namely polar coordinates in 2 dimensions. These are as follows:{

x = r cos t

y = r sin t

As for the corresponding Jacobian, this can be computed as follows:

J =

∣∣∣∣∣∣
d(r cos t)

dr
d(r cos t)

dt

d(r sin t)
dr

d(r sin t)
dt

∣∣∣∣∣∣
=

∣∣∣∣cos t −r sin tsin t r cos t

∣∣∣∣
= r cos2 t+ r sin2 t

= r
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(2) You know too that we have spherical coordinates in 3 dimensions, as follows:
x = r cos s

y = r sin s cos t

z = r sin s sin t

The corresponding Jacobian is a bit tougher to compute, as follows:

J(r, s, t)

=

∣∣∣∣∣∣
cos s −r sin s 0

sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t

∣∣∣∣∣∣
= r2 sin s sin t

∣∣∣∣ cos s −r sin s
sin s sin t r cos s sin t

∣∣∣∣+ r sin s cos t

∣∣∣∣ cos s −r sin s
sin s cos t r cos s cos t

∣∣∣∣
= r sin s sin2 t

∣∣∣∣cos s −r sin ssin s r cos s

∣∣∣∣+ r sin s cos2 t

∣∣∣∣cos s −r sin ssin s r cos s

∣∣∣∣
= r sin s(sin2 t+ cos2 t)

∣∣∣∣cos s −r sin ssin s r cos s

∣∣∣∣
= r sin s× 1× r
= r2 sin s

(3) Moving now to arbitrary N dimensions, the fact that we have indeed spherical
coordinates is clear, as before, with the only point to be clarified being the identification
of the precise ranges of the angles, which follows from some geometric thinking, first at
N = 2, 3, and then in general, and that we will leave as an instructive exercise.

(4) With the remark that we use here mathematicians’ convention for the angles, which
works nicely in N arbitrary dimensions, as opposed to physicists’ convention, which works
best at N = 3. And with this being something quite subjective, because mathematicians’
convention is based on physicists’ finding that the more dimensions, the better.

(5) Regarding the Jacobian, as before, by developing over the last column, we have:

JN = r sin t1 . . . sin tN−2 sin tN−1 × sin tN−1JN−1

+ r sin t1 . . . sin tN−2 cos tN−1 × cos tN−1JN−1

= r sin t1 . . . sin tN−2(sin
2 tN−1 + cos2 tN−1)JN−1

= r sin t1 . . . sin tN−2JN−1

Thus, we obtain the formula in the statement, by recurrence.

(6) Finally, in what regards the last assertion, smooth manifold, this can proved a
bit like for the circle, as we did in the proof of Theorem 1.2 (1), basically by cutting the
sphere into 2N parts, and we will leave the details here as an instructive exercise. □
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The above formulae are all extremely useful, and we will use them on a daily basis in
what follows, at breakfast, lunch and dinner. As a first application, we can now compute
the Gauss integral, which is the best calculus formula ever, as follows:

Theorem 1.4. We have the following formula,∫
R
e−x

2

dx =
√
π

called Gauss integral formula.

Proof. Let I be the above integral. By using polar coordinates, we obtain:

I2 =

∫
R

∫
R
e−x

2−y2dxdy

=

∫ 2π

0

∫ ∞

0

e−r
2

rdrdt

= 2π

∫ ∞

0

(
−e

−r2

2

)′

dr

= 2π

[
0−

(
−1

2

)]
= π

Thus, we are led to the formula in the statement. □

More applications of spherical coordinates, along the same lines, in a moment. Get-
ting back now to our original problem, namely parametrizing the spheres, we have the
stereographic projection as well, which was an operation dear to Riemann, the founding
father of modern geometry, and which works more directly, as follows:

Theorem 1.5. The stereographic projection is given by inverse maps

Φ : RN → SNR − {∞} , Ψ : SNR − {∞} → RN

given by the following formulae,

Φ(v) = (1, 0) +
2

1 + ||v||2
(−1, v) , Ψ(c, x) =

x

1− c
with the convention RN+1 = R× RN , and with the coordinate of R denoted x0, and with
the coordinates of RN denoted x1, . . . , xN .

Proof. We are looking for the formulae of the isomorphism RN ≃ SNR −{∞}, obtained
by identifying RN = RN × {0} ⊂ RN+1 with the unit sphere SNR ⊂ RN+1, with the
convention that the point which is added is ∞ = (1, 0, . . . , 0), via the stereographic
projection. That is, we need the precise formulae of two inverse maps, as follows:

Φ : RN → SNR − {∞} , Ψ : SNR − {∞} → RN
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In one sense, according to our conventions above, we must have a formula as follows
for our map Φ, with the parameter t ∈ (0, 1) being such that ||Φ(v)|| = 1:

Φ(v) = t(0, v) + (1− t)(1, 0)

The equation for the parameter t ∈ (0, 1) can be solved as follows:

(1− t)2 + t2||v||2 = 1 ⇐⇒ t2(1 + ||v||2) = 2t

⇐⇒ t =
2

1 + ||v||2

We conclude that the formula of the map Φ is as follows:

Φ(v) = (1, 0) +
2

1 + ||v||2
(−1, v)

In the other sense now we must have, for a certain α ∈ R:

(0,Ψ(c, x)) = α(c, x) + (1− α)(1, 0)

But from αc+ 1− α = 0 we get the following formula for the parameter α:

α =
1

1− c
We conclude that the formula of the map Ψ is as follows:

Ψ(c, x) =
x

1− c

Here, as before, we use the convention in the statement, namely RN+1 = R×RN , with
the coordinate of R denoted x0, and with the coordinates of RN denoted x1, . . . , xN . □

Many interesting things can be said about the stereograophic projection, following
Riemann and others, and we will discuss this later, after learning some more abstract
geometry, needed in order to formulate our results. In the meantime, however, we can
have some fun with relativity, following Einstein, in relation with all this.

Based on experiments by Fizeau, then Michelson-Morley and others, and some physics
by Maxwell and Lorentz too, Einstein came upon the following principles:

Fact 1.6 (Einstein principles). The following happen:

(1) Light travels in vacuum at a finite speed, c <∞.
(2) This speed c is the same for all inertial observers.
(3) In non-vacuum, the light speed is lower, v < c.
(4) Nothing can travel faster than light, v ̸> c.
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The point now is that, obviously, something is wrong here. Indeed, assuming for
instance that we have a train, running in vacuum at speed v > 0, and someone on board
lights a flashlight ∗ towards the locomotive, then an observer ◦ on the ground will see the
light traveling at speed c+ v > c, which is a contradiction:

∗ c
//

v
//

⃝ ⃝ ⃝ ⃝ ⃝ ⃝
◦

c+v
//

Equivalently, with the same train running, in vacuum at speed v > 0, if the observer
on the ground lights a flashlight ∗ towards the back of the train, then viewed from the
train, that light will travel at speed c+ v > c, which is a contradiction again:

◦
c+v

oo
v
//

⃝ ⃝ ⃝ ⃝ ⃝ ⃝
∗c

oo

Summarizing, Fact 1.6 implies c + v = c, so contradicts classical mechanics, which
therefore needs a fix. By dividing all speeds by c, as to have c = 1, and by restricting the
attention to the 1D case, to start with, we are led to the following puzzle:

Puzzle 1.7. How to define speed addition on the space of 1D speeds, which is

I = [−1, 1]
with our c = 1 convention, as to have 1 + c = 1, as required by physics?

In view of our geometric knowledge so far, a natural idea here would be that of
wrapping [−1, 1] into a circle, and then stereographically projecting on R. Indeed, we can
then “import” to [−, 1, 1] the usual addition on R, via the inverse of this map.

So, let us see where all this leads us. First, the formula of our map is as follows:

Proposition 1.8. The map wrapping [−1, 1] into the unit circle, and then stereo-
graphically projecting on R is given by the formula

φ(u) = tan
(πu

2

)
with the convention that our wrapping is the most straightforward one, making correspond
±1→ i, with negatives on the left, and positives on the right.
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Proof. Regarding the wrapping, as indicated, this is given by:

u→ eit , t = πu− π

2
Indeed, this correspondence wraps [−1, 1] as above, the basic instances of our corre-

spondence being as follows, and with everything being fine modulo 2π:

−1→ π

2
, −1

2
→ −π , 0→ −π

2
,

1

2
→ 0 , 1→ π

2
Regarding now the stereographic projection, the picture here is as follows:

•i

◦

• • ◦x

•

Thus, by Thales, the formula of the stereographic projection is as follows:

cos t

x
=

1− sin t

1
=⇒ x =

cos t

1− sin t

Now if we compose our wrapping operation above with the stereographic projection,
what we get is, via the above Thales formula, and some trigonometry:

x =
cos t

1− sin t

=
cos
(
πu− π

2

)
1− sin

(
πu− π

2

)
=

cos
(
π
2
− πu

)
1 + sin

(
π
2
− πu

)
=

sin(πu)

1 + cos(πu)

=
2 sin

(
πu
2

)
cos
(
πu
2

)
2 cos2

(
πu
2

)
= tan

(πu
2

)
Thus, we are led to the conclusion in the statement. □
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The above result is very nice, but when it comes to physics, things do not work, for
instance because of the wrong slope of the function φ(u) = tan

(
πu
2

)
at the origin, which

makes our summing on [−1, 1] not compatible with the Galileo addition, at low speeds.

So, what to do? Obviously, trash Proposition 1.8, and start all over again. Getting
back now to Puzzle 1.7, this has in fact a simpler solution, based this time on algebra,
and which in addition is the good, physically correct solution, as follows:

Theorem 1.9. If we sum the speeds according to the Einstein formula

u+e v =
u+ v

1 + uv

then the Galileo formula still holds, approximately, for low speeds

u+e v ≃ u+ v

and if we have u = 1 or v = 1, the resulting sum is u+e v = 1.

Proof. All this is self-explanatory, and clear from definitions, and with the Ein-
stein formula of u+e v itself being just an obvious solution to Puzzle 1.7, provided that,
importantly, we know 0 geometry, and rely on very basic algebra only. □

So, very nice, problem solved, at least in 1D. But, shall we give up with geometry,
and the stereographic projection? Certainly not, let us try to recycle that material. In
order to do this, let us recall that the usual trigonometric functions are given by:

sinx =
eix − e−ix

2i
, cosx =

eix + e−ix

2
, tanx =

eix − e−ix

i(eix + e−ix)

The point now is that, and you might know this from calculus, the above functions
have some natural “hyperbolic” or “imaginary” analogues, constructed as follows:

sinhx =
ex − e−x

2
, coshx =

ex + e−x

2
, tanhx =

ex − e−x

ex + e−x

But the function on the right, tanh, starts reminding the formula of Einstein addition,
from Theorem 1.9. So, we have our idea, and we are led to the following result:

Theorem 1.10. The Einstein speed summation in 1D is given by

tanhx+e tanh y = tanh(x+ y)

with tanh : [−∞,∞]→ [−1, 1] being the hyperbolic tangent function.

Proof. This follows by putting together our various formulae above, but it is perhaps
better, for clarity, to prove this directly. Our claim is that we have:

tanh(x+ y) =
tanhx+ tanh y

1 + tanh x tanh y



1B. SPHERICAL INTEGRALS 19

But this can be checked via direct computation, from the definitions, as follows:

tanhx+ tanh y

1 + tanhx tanh y

=

(
ex − e−x

ex + e−x
+
ey − e−y

ey + e−y

)/(
1 +

ex − e−x

ex + e−x
· e

y − e−y

ey + e−y

)
=

(ex − e−x)(ey + e−y) + (ex + e−x)(ey − e−y)
(ex + e−x)(ey + e−y) + (ex − e−x)(ey + e−y)

=
2(ex+y − e−x−y)
2(ex+y + e−x−y)

= tanh(x+ y)

Thus, we are led to the conclusion in the statement. □

Very nice all this, hope you agree. As a conclusion, passing from the Riemann stere-
ographic projection sum to the Einstein summation basically amounts in replacing:

tan→ tanh

Let us formulate as well this finding more philosophically, as follows:

Conclusion 1.11. The Einstein speed summation in 1D is the imaginary analogue
of the summation on [−1, 1] obtained via Riemann’s stereographic projection.

Which looks quite deep, and we will stop here. More on this later, in chapter 16 below,
when discussing curved spacetime, and Lorentz geometry.

1b. Spherical integrals

Getting back now to calculus on the spheres, in a general, all-purpose sense, let us
attemps to compute the volumes of spheres. For this purpose, we must understand how
the products of coordinates integrate over spheres. Let us start with the case N = 2.
Here the sphere is the unit circle T, and with z = eit the coordinates are cos t, sin t. We
can first integrate arbitrary powers of these coordinates, as follows:

Proposition 1.12. We have the following formulae,∫ π/2

0

cosp t dt =

∫ π/2

0

sinp t dt =
(π
2

)ε(p) p!!

(p+ 1)!!

where ε(p) = 1 if p is even, and ε(p) = 0 if p is odd, and where

m!! = (m− 1)(m− 3)(m− 5) . . .

with the product ending at 2 if m is odd, and ending at 1 if m is even.
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Proof. Let us first compute the integral on the left in the statement:

Ip =

∫ π/2

0

cosp t dt

We do this by partial integration. We have the following formula:

(cosp t sin t)′ = p cosp−1 t(− sin t) sin t+ cosp t cos t

= p cosp+1 t− p cosp−1 t+ cosp+1 t

= (p+ 1) cosp+1 t− p cosp−1 t

By integrating between 0 and π/2, we obtain the following formula:

(p+ 1)Ip+1 = pIp−1

Thus we can compute Ip by recurrence, and we obtain:

Ip =
p− 1

p
Ip−2

=
p− 1

p
· p− 3

p− 2
Ip−4

=
p− 1

p
· p− 3

p− 2
· p− 5

p− 4
Ip−6

...

=
p!!

(p+ 1)!!
I1−ε(p)

But I0 =
π
2
and I1 = 1, so we get the result. As for the second formula, this follows from

the first one, with t = π
2
− s. Thus, we have proved both formulae in the statement. □

We can now compute the volume of the sphere, as follows:

Theorem 1.13. The volume of the unit sphere in RN is given by

V =
(π
2

)[N/2] 2N

(N + 1)!!

with our usual convention N !! = (N − 1)(N − 3)(N − 5) . . .

Proof. Let us denote by B+ the positive part of the unit sphere, or rather unit ball
B, obtained by cutting this unit ball in 2N parts. At the level of volumes, we have:

V = 2NV +
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We have the following computation, using spherical coordinates, and Fubini:

V + =

∫
B+

1

=

∫ 1

0

∫ π/2

0

. . .

∫ π/2

0

rN−1 sinN−2 t1 . . . sin tN−2 drdt1 . . . dtN−1

=

∫ 1

0

rN−1 dr

∫ π/2

0

sinN−2 t1 dt1 . . .

∫ π/2

0

sin tN−2dtN−2

∫ π/2

0

1dtN−1

=
1

N
×
(π
2

)[N/2]
× (N − 2)!!

(N − 1)!!
· (N − 3)!!

(N − 2)!!
. . .

2!!

3!!
· 1!!
2!!
· 1

=
1

N
×
(π
2

)[N/2]
× 1

(N − 1)!!

=
(π
2

)[N/2] 1

(N + 1)!!

Here we have used the following formula, for computing the exponent of π/2:

ε(0) + ε(1) + ε(2) + . . .+ ε(N − 2) = 1 + 0 + 1 + . . .+ ε(N − 2)

=

[
N − 2

2

]
+ 1

=

[
N

2

]
Thus, we obtain the formula in the statement. □

As main particular cases of the above formula, we have:

Theorem 1.14. The volumes of the low-dimensional spheres are as follows:

(1) At N = 1, the length of the unit interval is V = 2.
(2) At N = 2, the area of the unit disk is V = π.
(3) At N = 3, the volume of the unit sphere is V = 4π

3

(4) At N = 4, the volume of the corresponding unit sphere is V = π2

2
.

Proof. Some of these results are well-known, but we can obtain all of them as par-
ticular cases of the general formula in Theorem 1.13, as follows:

(1) At N = 1 we obtain V = 1 · 2
1
= 2.

(2) At N = 2 we obtain V = π
2
· 4
2
= π.

(3) At N = 3 we obtain V = π
2
· 8
3
= 4π

3
.

(4) At N = 4 we obtain V = π2

4
· 16

8
= π2

2
. □
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Let us discuss now the computation of the arbitrary integrals over the sphere. We will
need a technical result extending Proposition 1.12, as follows:

Theorem 1.15. We have the following formula,∫ π/2

0

cosp t sinq t dt =
(π
2

)ε(p)ε(q) p!!q!!

(p+ q + 1)!!

where ε(p) = 1 if p is even, and ε(p) = 0 if p is odd, and where

m!! = (m− 1)(m− 3)(m− 5) . . .

with the product ending at 2 if m is odd, and ending at 1 if m is even.

Proof. We use the same idea as in Proposition 1.12. Let Ipq be the integral in the
statement. In order to do the partial integration, observe that we have:

(cosp t sinq t)′ = p cosp−1 t(− sin t) sinq t

+ cosp t · q sinq−1 t cos t

= −p cosp−1 t sinq+1 t+ q cosp+1 t sinq−1 t

By integrating between 0 and π/2, we obtain, for p, q > 0:

pIp−1,q+1 = qIp+1,q−1

Thus, we can compute Ipq by recurrence. When q is even we have:

Ipq =
q − 1

p+ 1
Ip+2,q−2

=
q − 1

p+ 1
· q − 3

p+ 3
Ip+4,q−4

=
q − 1

p+ 1
· q − 3

p+ 3
· q − 5

p+ 5
Ip+6,q−6

=
...

=
p!!q!!

(p+ q)!!
Ip+q

But the last term comes from Proposition 1.12, and we obtain the result:

Ipq =
p!!q!!

(p+ q)!!
Ip+q

=
p!!q!!

(p+ q)!!

(π
2

)ε(p+q) (p+ q)!!

(p+ q + 1)!!

=
(π
2

)ε(p)ε(q) p!!q!!

(p+ q + 1)!!
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Observe that this gives the result for p even as well, by symmetry. Indeed, we have
Ipq = Iqp, by using the following change of variables:

t =
π

2
− s

In the remaining case now, where both p, q are odd, we can use once again the formula
pIp−1,q+1 = qIp+1,q−1 established above, and the recurrence goes as follows:

Ipq =
q − 1

p+ 1
Ip+2,q−2

=
q − 1

p+ 1
· q − 3

p+ 3
Ip+4,q−4

=
q − 1

p+ 1
· q − 3

p+ 3
· q − 5

p+ 5
Ip+6,q−6

=
...

=
p!!q!!

(p+ q − 1)!!
Ip+q−1,1

In order to compute the last term, observe that we have:

Ip1 =

∫ π/2

0

cosp t sin t dt

= − 1

p+ 1

∫ π/2

0

(cosp+1 t)′ dt

=
1

p+ 1

Thus, we can finish our computation in the case p, q odd, as follows:

Ipq =
p!!q!!

(p+ q − 1)!!
Ip+q−1,1

=
p!!q!!

(p+ q − 1)!!
· 1

p+ q

=
p!!q!!

(p+ q + 1)!!

Thus, we obtain the formula in the statement, the exponent of π/2 appearing there
being ε(p)ε(q) = 0 · 0 = 0 in the present case, and this finishes the proof. □

We can now compute the arbitrary polynomial integrals over spheres, as follows:
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Theorem 1.16. The polynomial integrals over the unit sphere SN−1
R ⊂ RN , with

respect to the normalized, mass 1 measure, are given by the following formula,∫
SN−1
R

xk11 . . . xkNN dx =
(N − 1)!!k1!! . . . kN !!

(N + Σki − 1)!!

valid when all exponents ki are even. If an exponent is odd, the integral vanishes.

Proof. The integral in the statement can be written in spherical coordinates, as
follows, with A being the area of the sphere, J the Jacobian, and the 2N factor coming
from the restriction to the 1/2N part of the sphere where all coordinates are positive:

I =
2N

A

∫ π/2

0

. . .

∫ π/2

0

xk11 . . . xkNN J dt1 . . . dtN−1

The normalization constant in front of the integral is easy to compute, given by:

2N

A
=

(
2

π

)[N/2]

(N − 1)!!

As for the unnormalized integral, this is given by:

I ′ =

∫ π/2

0

. . .

∫ π/2

0

(cos t1)
k1(sin t1 cos t2)

k2

...

(sin t1 sin t2 . . . sin tN−2 cos tN−1)
kN−1

(sin t1 sin t2 . . . sin tN−2 sin tN−1)
kN

sinN−2 t1 sin
N−3 t2 . . . sin

2 tN−3 sin tN−2

dt1 . . . dtN−1

By rearranging the terms, we obtain the following formula:

I ′ =

∫ π/2

0

cosk1 t1 sin
k2+...+kN+N−2 t1 dt1∫ π/2

0

cosk2 t2 sin
k3+...+kN+N−3 t2 dt2

...∫ π/2

0

coskN−2 tN−2 sin
kN−1+kN+1 tN−2 dtN−2∫ π/2

0

coskN−1 tN−1 sin
kN tN−1 dtN−1
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Now by using the Wallis formula from Theorem 1.15, this gives:

I ′ =
k1!!(k2 + . . .+ kN +N − 2)!!

(k1 + . . .+ kN +N − 1)!!

(π
2

)ε(N−2)

k2!!(k3 + . . .+ kN +N − 3)!!

(k2 + . . .+ kN +N − 2)!!

(π
2

)ε(N−3)

...
kN−2!!(kN−1 + kN + 1)!!

(kN−2 + kN−1 + lN + 2)!!

(π
2

)ε(1)
kN−1!!kN !!

(kN−1 + kN + 1)!!

(π
2

)ε(0)
Now let F be the part involving the double factorials, and P be the part involving the

powers of π/2, so that I ′ = F · P . Regarding F , by cancelling terms we have:

F =
k1!! . . . kN !!

(Σki +N − 1)!!

As in what regards P , by summing the exponents, we obtain P =
(
π
2

)[N/2]
. We can

now put everything together, and we obtain the formula in the statement. □

As a key application of the above result, we have:

Theorem 1.17. The moments of the hyperspherical variables are∫
SN−1
R

xpi dx =
(N − 1)!!p!!

(N + p− 1)!!

and the rescaled variables yi =
√
Nxi become normal and independent with N →∞.

Proof. The moment formula in the statement follows from the general formula in
Theorem 1.16. As a consequence, with N →∞ we have the following estimate:∫

SN−1
R

xpi dx ≃ N−p/2 × p!!

= N−p/2Mp(g1)

Thus, the rescaled variables
√
Nxi become normal with N → ∞, as claimed. As for

the proof of the asymptotic independence, this is standard too, once again by using the
formula in Theorem 1.16. Indeed, the joint moments of x1, . . . , xN are given by:∫

SN−1
R

xk11 . . . xkNN dx =
(N − 1)!!k1!! . . . kN !!

(N + Σki − 1)!!

≃ N−Σki × k1!! . . . kN !!
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By rescaling, the joint moments of the variables yi =
√
Nxi are given by:∫

SN−1
R

yk11 . . . ykNN dx ≃ k1!! . . . kN !!

Thus, we have multiplicativity, and so independence with N →∞, as claimed. □

We can recover the normal laws as well in connection with the rotation groups:

Theorem 1.18. We have the integration formula∫
ON

Up
ij dU =

(N − 1)!!p!!

(N + p− 1)!!

and the rescaled variables Vij =
√
NUij become normal and independent with N →∞.

Proof. We use the basic fact that the rotations U ∈ ON act on the points of the real
sphere z ∈ SN−1

R , with the stabilizer of z = (1, 0, . . . , 0) being the subgroup ON−1 ⊂ ON .
In algebraic terms, this gives an identification as follows:

SN−1
R = ON/ON−1

In functional analytic terms, this result provides us with an embedding as follows, for
any i, which makes correspond the respective integration functionals:

C(SN−1
R ) ⊂ C(ON) , xi → U1i

With this identification made, the result follows from Theorem 1.17. □

Many other things can be said, along these lines. We will be back to this.

1c. Laplace operator

Let us do now something tough, with our spheres. You have certainly heard about
the heat equation φ̇ = α∆φ, or about the wave equation φ̈ = v2∆φ, both involving the
Laplace operator for the functions φ : RN → C, given by the following formula:

∆φ =
N∑
i=1

d2φ

dx2i

Thinking a bit, it is pretty much clear that, once we will get into serious physics, be
that heat or waves or other, we will need the formula of ∆ in spherical coordinates. So,
let us do this, as a quick calculus exercise. The result, and its proof, are as follows:

Theorem 1.19. The Laplace operator in spherical coordinates is

∆ =
1

r2
· d
dr

(
r2 · d

dr

)
+

1

r2 sin s
· d
ds

(
sin s · d

ds

)
+

1

r2 sin2 s
· d

2

dt2

with our standard conventions for these coordinates, in 3D.
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Proof. There are several proofs here, a short, elementary one being as follows:

(1) Let us first see how ∆ behaves under a change of coordinates {xi} → {yi}, in
arbitrary N dimensions. Our starting point is the chain rule for derivatives:

d

dxi
=
∑
j

d

dyj
· dyj
dxi

By using this rule, then Leibnitz for products, then again this rule, we obtain:

d2f

dx2i
=

∑
j

d

dxi

(
df

dyj
· dyj
dxi

)
=

∑
j

d

dxi

(
df

dyj

)
· dyj
dxi

+
df

dyj
· d
dxi

(
dyj
dxi

)

=
∑
j

(∑
k

d

dyk
· dyk
dxi

)(
df

dyj

)
· dyj
dxi

+
df

dyj
· d

2yj
dx2i

=
∑
jk

d2f

dykdyj
· dyk
dxi
· dyj
dxi

+
∑
j

df

dyj
· d

2yj
dx2i

(2) Now by summing over i, we obtain the following formula, with A being the deriv-
ative of x→ y, that is to say, the matrix of partial derivatives dyi/dxj:

∆f =
∑
ijk

d2f

dykdyj
· dyk
dxi
· dyj
dxi

+
∑
ij

df

dyj
· d

2yj
dx2i

=
∑
ijk

AkiAji
d2f

dykdyj
+
∑
ij

d2yj
dx2i
· df
dyj

=
∑
jk

(AAt)jk
d2f

dykdyj
+
∑
j

∆(yj)
df

dyj

(3) So, this will be the formula that we will need. Observe that this formula can be
further compacted as follows, with all the notations being self-explanatory:

∆f = Tr(AAtHy(f))+ < ∆(y),∇y(f) >

(4) Getting now to spherical coordinates, (x, y, z) → (r, s, t), the derivative of the
inverse, obtained by differentiating x, y, z with respect to r, s, t, is given by:

A−1 =

 cos s −r sin s 0
sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t


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The product (A−1)tA−1 of the transpose of this matrix with itself is then: cos s sin s cos t sin s sin t
−r sin s r cos s cos t r cos s sin t

0 −r sin s sin t r sin s cos t

 cos s −r sin s 0
sin s cos t r cos s cos t −r sin s sin t
sin s sin t r cos s sin t r sin s cos t


But everything simplifies here, and we have the following remarkable formula, which

by the way is something very useful, worth to be memorized:

(A−1)tA−1 =

1 0 0
0 r2 0
0 0 r2 sin2 s


Now by inverting, we obtain the following formula, in relation with the above:

AAt =

1 0 0
0 1/r2 0
0 0 1/(r2 sin2 s)


(5) Let us compute now the Laplacian of r, s, t. We first have the following formula,

that we will use many times in what follows, and is worth to be memorized:

dr

dx
=

d

dx

√
x2 + y2 + z2

=
1

2
· 2x√

x2 + y2 + z2

=
x

r

Of course the same computation works for y, z too, and we therefore have:

dr

dx
=
x

r
,

dr

dy
=
y

r
,

dr

dz
=
z

r

(6) By using the above formulae, twice, we can compute the Laplacian of r:

∆(r) = ∆
(√

x2 + y2 + z2
)

=
d

dx

(x
r

)
+

d

dy

(y
r

)
+

d

dz

(z
r

)
=

r2 − x2

r3
+
r2 − y2

r3
+
r2 − z2

r3

=
2

r
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(7) In what regards now s, the computation here goes as follows:

∆(s) = ∆
(
arccos

(x
r

))
=

d

dx

(
−
√
r2 − x2
r2

)
+

d

dy

(
xy

r2
√
r2 − x2

)
+

d

dz

(
xz

r2
√
r2 − x2

)
=

2x
√
r2 − x2
r4

+
r2(z2 − 2y2) + 2x2y2

r4
√
r2 − x2

+
r2(y2 − 2z2) + 2x2z2

r4
√
r2 − x2

=
2x
√
r2 − x2
r4

+
x(2x2 − r2)
r4
√
r2 − x2

=
x

r2
√
r2 − x2

=
cos s

r2 sin s

(8) Finally, in what regards t, the computation here goes as follows:

∆(t) = ∆

(
arctan

(
z

y

))
=

d

dx
(0) +

d

dy

(
− z

y2 + z2

)
+

d

dz

(
y

y2 + z2

)
= 0− 2yz

(y2 + z2)2
+

2yz

(y2 + z2)2

= 0

(9) We can now plug the data from (4) and (6,7,8) in the general formula that we
found in (2) above, and we obtain in this way:

∆f =
d2f

dr2
+

1

r2
· d

2f

ds2
+

1

r2 sin2 s
· d

2f

dt2
+

2

r
· df
dr

+
cos s

r2 sin s
· df
ds

=
2

r
· df
dr

+
d2f

dr2
+

cos s

r2 sin s
· df
ds

+
1

r2
· d

2f

ds2
+

1

r2 sin2 s
· d

2f

dt2

=
1

r2
· d
dr

(
r2 · df

dr

)
+

1

r2 sin s
· d
ds

(
sin s · df

ds

)
+

1

r2 sin2 s
· d

2f

dt2

Thus, we are led to the formula in the statement. □

Still with me, I hope. We will get back later to physics, using our formula above. We
will get back as well to the Laplace operator ∆, with some alternative definitions for it.
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1d. Low dimensions

Many interesting things can be said about the low-dimensional spheres. As a key
result, making the connection with group theory, we have:

Theorem 1.20. The main character of SU2 follows the following law,

γ1 =
1

2π

√
4− x2dx

which is the Wigner law of parameter 1.

Proof. There are several things going on here, the idea being as follows:

(1) In order to prove the result, our first claim is that we have the following formula,
which makes SU2 isomorphic to the unit sphere S1

C ⊂ C2:

SU2 =

{(
a b
−b̄ b̄

) ∣∣∣ |a|2 + |b|2 = 1

}
Indeed, consider an arbitrary 2× 2 matrix, written as follows:

U =

(
a b
c d

)
Assuming detU = 1, the inverse is then given by the following formula:

U−1 =

(
d −b
−c a

)
On the other hand, assuming U ∈ U2, the inverse must be the adjoint:

U−1 =

(
ā c̄
b̄ d̄

)
We conclude that our matrix must be of the following special form:

U =

(
a b
−b̄ ā

)
Since the determinant is 1, we must have |α|2 + |β|2 = 1, so we are done with one

direction. As for the converse, this is clear too. Finally, we have, as claimed too:

S1
C =

{
(a, b) ∈ C2

∣∣∣ |a|2 + |b|2 = 1
}

(2) Our second claim is that we have the following formula, which makes this time
SU2 isomorphic to the unit real sphere S3

R ⊂ R3:

SU2 =

{(
p+ iq r + is
−r + is p− iq

) ∣∣∣ p2 + q2 + r2 + s2 = 1

}
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Indeed, let us write our parameters a, b ∈ C, which belong to the complex unit sphere
S1
C ⊂ C2, in terms of their real and imaginary parts, as follows:

a = p+ iq , b = r + is

In terms of these new parameters p, q, r, s ∈ R, our formula for a generic matrix
U ∈ SU2, that we established before, reads:

U =

(
p+ iq r + is
−r + is p− iq

)
As for the condition to be satisfied by the parameters p, q, r, s ∈ R, this comes the

condition |a|2 + |b|2 = 1 to be satisfied by α, β ∈ C, which reads:

p2 + q2 + r2 + s2 = 1

Thus, we have proved the first part of pur claim. Regarding now the last assertion of
our claim, this follows from the fact that the unit sphere S3

R ⊂ R4 is given by:

S3
R =

{
(p, q, r, s)

∣∣∣ p2 + q2 + r2 + s2 = 1
}

(3) Getting now to computations, in the geometric picture of SU2 ≃ S3
R explained

above, the main character of SU2 is given by the following formula:

χ

(
a+ ib c+ id
−c+ id a− ib

)
= 2a

We are therefore left with computing the law of the variable a ∈ C(S3
R). But this

variable is something very familiar, namely a hyperspherical variable at N = 4, so we can
use here Theorem 1.17. We obtain the following moment formula:∫

S3
R

a2k =
3!!(2k)!!

(2k + 3)!!

= 2 · (2k)!

2kk!2k+1(k + 1)!

=
1

4k
· 1

k + 1

(
2k

k

)
=

Ck
4k

(4) Our claim now is that the variable 2a ∈ C(S3
R) follows the Wigner semicircle law

γ1. Indeed, the even moments of the Wigner law can be computed with the change of



32 1. CALCULUS ON SPHERES

variable x = 2 cos t, and we are led to the following formula:

M2k =
1

π

∫ 2

0

√
4− x2x2k dx

=
1

π

∫ π/2

0

√
4− 4 cos2 t (2 cos t)2k2 sin t dt

=
4k+1

π

∫ π/2

0

cos2k t sin2 t dt

=
4k+1

π
· π
2
· (2k)!!2!!

(2k + 3)!!

= 2 · 4k · (2k)!/2kk!

2k+1(k + 1)!

= Ck

As for the odd moments, these all vanish, because the density of γ1 is an even function.
Thus, we are led to the conclusion in the statement. □

1e. Exercises

We had a lot of computations in this chapter, which are all important, the sphere
SN−1
R coming just below RN , in the hierarchy of manifolds. As exercises, we have:

Exercise 1.21. Clarify the range of angles, in the spherical coordinate formula.

Exercise 1.22. Find other proofs of the Gauss integral formula.

Exercise 1.23. Learn more about Einstein and relativity, including E = mc2.

Exercise 1.24. Try to find the speed addition formula in 2D, and in 3D.

Exercise 1.25. Work out asymptotics for the volume of the sphere in RN .

Exercise 1.26. Work out the asymptotics of the hyperspherical laws.

Exercise 1.27. Apply our formula for ∆ to various questions from physics.

Exercise 1.28. Learn more about the group SU2, and about SO3 too.

As bonus exercise, have some fun with cartography. What is the best possible method,
accurately reflecting distances, angles and so on? Once find, patent it.



CHAPTER 2

Smooth manifolds

2a. Smooth manifolds

We already know a bit about algebraic curves, then surfaces and other algebraic man-
ifolds, generalizing the conics, from school. A second idea, in order to generalize the
conics, is to look at the smooth manifolds, in the following sense:

Definition 2.1. A smooth manifold is a space X which is locally isomorphic to RN .
To be more precise, this space X must be covered by charts, bijectively mapping open pieces
of it to open pieces of RN , with the changes of charts being C∞ functions.

It is of course possible to talk as well about Ck manifolds, with k < ∞, but this is
rather technical material, that we will not get into, in this book.

As basic examples of smooth manifolds, we have RN itself, or any open subsetX ⊂ RN ,
with only 1 chart being needed here. Other basic examples include the circle, or curves
like ellipses and so on, for obvious reasons. To be more precise, the unit circle can be
covered by 2 charts as above, by using polar coordinates, in the obvious way, and then by
applying dilations, translations and other such transformations, namely bijections which
are smooth, we obtain a whole menagery of circle-looking manifolds.

Here is a more precise statement in this sense, covering the conics:

Theorem 2.2. The following are smooth manifolds, in the plane:

(1) The circles.
(2) The ellipses.
(3) The non-degenerate conics.
(4) Smooth deformations of these.

Proof. All this is quite intuitive, the idea being as follows:

(1) Consider the unit circle, x2 + y2 = 1. We can write then x = cos t, y = sin t, with
t ∈ [0, 2π), and we seem to have here the solution to our problem, just using 1 chart.
But this is of course wrong, because [0, 2π) is not open, and we have a problem at 0. In
practice we need to use 2 such charts, say with the first one being with t ∈ (0, 3π/2),
and the second one being with t ∈ (π, 5π/2). As for the fact that the change of charts

33
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is indeed smooth, this comes by writing down the formulae, or just thinking a bit, and
arguing that this change of chart being actually a translation, it is automatically linear.

(2) This follows from (1), by pulling the circle in both the Ox and Oy directions, and
the formulae here, based on those for ellipses from chapter 1, are left to you reader.

(3) We already have the ellipses, and the case of the parabolas and hyperbolas is
elementary as well, and in fact simpler than the case of the ellipses. Indeed, a parablola
is clearly homeomorphic to R, and a hyperbola, to two copies of R.

(4) This is something which is clear too, depending of course on what exactly we mean
by “smooth deformation”, and by using a bit of multivariable calculus if needed. □

In higher dimensions, as basic examples, we have the spheres, as shown by:

Theorem 2.3. The sphere is a smooth manifold.

Proof. There are several proofs for this, all instructive, as follows:

(1) A first idea is to use spherical coordinates, which are as follows:

x1 = r cos t1
x2 = r sin t1 cos t2
...

xN−1 = r sin t1 sin t2 . . . sin tN−2 cos tN−1

xN = r sin t1 sin t2 . . . sin tN−2 sin tN−1

Indeed, these produce explicit charts for the sphere.

(2) A second idea, which makes use of less charts, is to use the stereographic projection,
which is given by inverse maps as follows:

Φ : RN → SNR − {∞} , Ψ : SNR − {∞} → RN

To be more precise, as we have seen in chapter 9, the formulae of these maps are as
follows, with the convention RN+1 = R × RN , and with the coordinate of R denoted x0,
and with the coordinates of RN denoted x1, . . . , xN :

Φ(v) = (1, 0) +
2

1 + ||v||2
(−1, v) , Ψ(c, x) =

x

1− c
Indeed, we can get in this way explicit charts for the sphere.

(3) We have as well cylindrical coordinates, as well as many other types of more
specialized coordinates, which can be useful in physics, plus of course, in disciplines like
geography, economics and so on. There are many interesting computations that can be
done here, and we will be back to these, on a regular basis in what follows, once we will
know more about smooth manifolds, and their properties. □
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We have as well the projective spaces, as shown by:

Theorem 2.4. The projective space PN−1
R is a smooth manifold, with charts

(x1, . . . , xN)→
(
x1
xi
, . . . ,

xi−1

xi
,
xi+1

xi
, . . . ,

xN
xi

)
where xi ̸= 0. This manifold is compact, and of dimension N − 1.

Proof. We know that PN−1
R appears as the space of lines in RN passing through

the origin, so we have the following formula, with ∼ being the proportionality of vectors,
given as usual by x ∼ y when x = λy, for some scalar λ ̸= 0:

PN−1
R = RN − {0}/ ∼

Alternatively, we can restrict if we want the attention to the vectors on the unit sphere
SN−1
R ⊂ RN , and this because any line in RN passing through the origin will certainly

cross this sphere. Moreover, it is clear that our line will cross the sphere in exactly two
points ±x, and we conclude that we have the following formula, with ∼ being now the
proportionality of vectors on the sphere, given by x ∼ y when x = ±y:

PN−1
R = SN−1

R / ∼

With this discussion made, let us get now to what is to be proved. Obviously, once
we fix an index i ∈ {1, . . . , N}, the condition xi ̸= 0 on the vectors x ∈ RN − {0} defines
an open subset Ui ⊂ PN−1

R , and the open subsets that we get in this way cover PN−1
R :

PN−1
R = U1 ∪ . . . ∪ UN

Moreover, the map in the statement is injective Ui → RN−1, and it is clear too that
the changes of charts are C∞. Thus, we have our smooth manifold, as claimed. □

2b. Tangent spaces

Tangent spaces.

2c. Embedded manifolds

Embedded manifolds.

2d. Lagrange multipliers

We discuss now some more specialized topics, in relation with optimization. First of
all, thinking well, the functions that we have to minimize or maximize, in the real life,
are often defined on a manifold, instead of being defined on the whole RN . Fortunately,
the good old principle f ′(x) = 0 can be adapted to the manifold case, as follows:
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Principle 2.5. In order for a function f : X → R defined on a manifold X to have
a local extremum at x ∈ X, we must have, as usual

f ′(x) = 0

but with this taking into account the fact that the equations defining the manifold count
as well as “zero”, and so must be incorporated into the formula f ′(x) = 0.

Obviously, we are punching here a bit about our weight, because our discussion so far
about manifolds was quite amateurish, and we have no tools in our bag for proving such
things, or even for properly formulating them. However, we can certainly talk about all
this, a bit like physicists do. So, our principle will be the one above, and in practice, the
idea is that we must have a formula as follows, with gi being the constraint functions for
our manifold X, and with λi ∈ R being certain scalars, called Lagrange multipliers:

f ′(x) =
∑
i

λig
′
i(x)

As a basic illustration for this, our claim is that, by using a suitable manifold, and a
suitable function, and Lagrange multipliers, we can prove in this way the Hölder inequality,
that we know well of course, but without any computation. Let us start with:

Proposition 2.6. For any exponent p > 1, the following set

Sp =

{
x ∈ RN

∣∣∣∑
i

|xi|p = 1

}
is a submanifold of RN .

Proof. We know from before that the unit sphere in RN is a manifold. In our terms,
this solves our problem at p = 2, because this unit sphere is:

S2 =

{
x ∈ RN

∣∣∣∑
i

x2i = 1

}
Now observe that we have a bijection Sp ≃ S2, at least on the part where all the

coordinates are positive, xi > 0, given by the following function:

xi → x
2/p
i

Thus we obtain that Sp is indeed a manifold, as claimed. □

We already know that the manifold Sp constructed above is the unit sphere, in the
case p = 2. In order to have a better geometric picture of what is going on, in general,
observe that Sp can be constructed as well at p = 1, as follows:

S1 =

{
x ∈ RN

∣∣∣∑
i

|xi| = 1

}
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However, this is no longer a manifold, as we can see for instance at N = 2, where we
obtain a square. Now observe that we can talk as well about p =∞, as follows:

S∞ =

{
x ∈ RN

∣∣∣ sup
i
|xi| = 1

}
This letter set is no longer a manifold either, as we can see for instance at N = 2,

where we obtain again a square, containing the previous square, the one at p = 1.

With these limiting constructions in hand, we can have now a better geometric picture
of what is going on, in the general context of Proposition 2.6. Indeed, let us draw, at
N = 2 for simplifying, our sets Sp at the values p = 1, 2,∞ of the exponent:

◦ ◦ ◦

◦ ◦ ◦

◦ ◦ ◦

We can see that what we have is a small square, at p = 1, becoming smooth and
inflating towards the circle, in the parameter range p ∈ (1, 2], and then further inflating,
in the parameter range p ∈ [2,∞), towards the big square appearing at p =∞.

With these preliminaries in hand, we can formulate our result, as follows:

Theorem 2.7. The local extrema over Sp of the function

f(x) =
∑
i

xiyi

can be computed by using Lagrange multipliers, and this gives∣∣∣∣∣∑
i

xiyi

∣∣∣∣∣ ≤
(∑

i

|xi|p
)1/p(∑

i

|yi|q
)1/q

with 1/p+ 1/q = 1, that is, the Hölder inequality, with a purely geometric proof.

Proof. We can restrict the attention to the case where all the coordinates are posi-
tive, xi > 0 and yi > 0. The derivative of the function in the statement is:

f ′(x) = (y1, . . . , yN)
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On the other hand, we know that the manifold Sp appears by definition as the set of
zeroes of the function φ(x) =

∑
i x

p
i − 1, having derivative as follows:

φ′(x) = p(xp−1
1 , . . . , xp−1

N )

Thus, by using Lagrange multipliers, the critical points of f must satisfy:

(y1, . . . , yN) ∼ (xp−1
1 , . . . , xp−1

N )

In other words, the critical points must satisfy xi = λy
1/(p−1)
i , for some λ > 0, and by

using now
∑

i x
p
i = 1 we can compute the precise value of λ, and we get:

λ =

(∑
i

y
p/(p−1)
i

)−1/p

Now let us see what this means. Since the critical point is unique, this must be a
maximum of our function, and we conclude that for any x ∈ Sp, we have:∑

i

xiyi ≤
∑
i

λy
1/(p−1)
i · yi

=

(∑
i

y
p/(p−1)
i

)1−1/p

=

(∑
i

yqi

)1/q

Thus we have Hölder, and the general case follows from this, by rescaling. □

As a second illustration for the method of Lagrange multipliers, this time in relation
with certain questions from linear algebra, let us discuss the Hadamard matrices. In the
real case, the basic theory of these matrices is as follows:

Theorem 2.8. The real Hadamard matrices, H ∈MN(−1, 1) having pairwise orthog-
onal rows, have the following properties:

(1) The set of Hadamard matrices is XN =MN(−1, 1) ∩
√
NON .

(2) In order to have XN ̸= ∅, the matrix size must be N ∈ {2} ∪ 4N.
(3) For H ∈MN(−1, 1) we have | detH| ≤ NN/2, with equality when H is Hadamard.

(4) For U ∈ ON we have ||U ||1 ≤ N
√
N , with equality when H =

√
NU is Hadamard.

Proof. Many things going on here, the idea being as follows:

(1) This is just a reformulation of the Hadamard matrix condition.

(2) This follows by playing with the first 3 rows, exercise for you.

(3) This follows from our definition of the determinant, as a signed volume.

(4) This follows from ||U ||2 =
√
N and Cauchy-Schwarz, easy exercise for you. □
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All the above is quite interesting, and (1,2) raise the question of finding the correct
generalizations of the Hadamard matrices, at N /∈ {2} ∪ 4N. But the answer here comes
from (3,4), which suggest looking either at the maximizers of | det | on MN(−1, 1), or of
||.||1 on

√
NON . By following this latter way, we are led to the following question:

Question 2.9. What are the critical points of the 1-norm on ON?

And, good news, we can solve this latter question by using the theory of Lagrange
multipliers developed in the above, the result here being as follows:

Theorem 2.10. An orthogonal matrix with nonzero entries is a critical point of

||U ||1 =
∑
ij

|Uij|

precisely when SU t is symmetric, where Sij = sgn(Uij).

Proof. We regard ON as a real algebraic manifold, with coordinates Uij. This man-
ifold consists by definition of the zeroes of the following polynomials:

Aij =
∑
k

UikUjk − δij

Thus U ∈ ON is a critical point of F (U) = ||U ||1 when the following is satisfied:

dF ∈ span(dAij)

Regarding the space span(dAij), this consists of the following quantities:∑
ij

MijdAij =
∑
ijk

Mij(UikdUjk + UjkdUik)

=
∑
ij

(M tU)ijdUij +
∑
ij

(MU)ijdUij

In order to compute dF , observe first that, with Sij = sgn(Uij), we have:

d|Uij| = d
√
U2
ij =

UijdUij
|Uij|

= SijdUij

Thus dF =
∑

ij SijdUij, and so U ∈ ON is a critical point of F precisely when there

exists a matrix M ∈MN(R) such that the following two conditions are satisfied:

S =M tU , S =MU

Now observe that these two equations can be written as follows:

M t = SU t , M = SU t

Thus, the matrix SU t must be symmetric, as claimed. □
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2e. Exercises

Exercises:

Exercise 2.11.

Exercise 2.12.

Exercise 2.13.

Exercise 2.14.

Exercise 2.15.

Exercise 2.16.

Exercise 2.17.

Exercise 2.18.

Bonus exercise.



CHAPTER 3

Lie groups

3a. Lie groups

Our aim here is to discuss applications of differential geometry techniques, to the
study of the continuous groups of matrices. Before that, however, let us do some ad-hoc
computations, in low dimensions, which are both instructive, and very useful. We already
met the group SU2, in chapter 1, with our result there being as follows:

Theorem 3.1. We have the formula

SU2 =

{(
x+ iy z + it
−z + it x− iy

) ∣∣∣ x2 + y2 + z2 + t2 = 1

}
which makes SU2 isomorphic to the unit real sphere S3

R ⊂ R3.

Proof. We recall from chapter 1 that we have:

SU2 =

{(
a b
−b̄ ā

) ∣∣∣ |a|2 + |b|2 = 1

}
Now let us write our parameters a, b ∈ C, which belong to the complex unit sphere

S1
C ⊂ C2, in terms of their real and imaginary parts, as follows:

a = x+ iy , b = z + it

In terms of x, y, z, t ∈ R, our formula for a generic matrix U ∈ SU2 becomes the one
in the statement. As for the condition to be satisfied by the parameters x, y, z, t ∈ R, this
comes the condition |a|2 + |b|2 = 1 to be satisfied by a, b ∈ C, which reads:

x2 + y2 + z2 + t2 = 1

Thus, we are led to the conclusion in the statement. Regarding now the last assertion,
recall that the unit sphere S3

R ⊂ R4 is given by:

S3
R =

{
(x, y, z, t)

∣∣∣ x2 + y2 + z2 + t2 = 1
}

Thus, we have an isomorphism of compact spaces, as follows:

SU2 ≃ S3
R ,

(
x+ iy z + it
−z + it x− iy

)
→ (x, y, z, t)

We have therefore proved our theorem. □

41
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As a continuation of this material, we have the following result:

Theorem 3.2. We have the following formula,

SU2 =
{
xc1 + yc2 + zc3 + tc4

∣∣∣ x2 + y2 + z2 + t2 = 1
}

where c1, c2, c3, c4 are the Pauli matrices, given by:

c1 =

(
1 0
0 1

)
, c2 =

(
i 0
0 −i

)
c3 =

(
0 1
−1 0

)
, c4 =

(
0 i
i 0

)
Proof. We recall from Theorem 3.1 that the group SU2 can be parametrized by the

real sphere S3
R ⊂ R4, in the following way:

SU2 =

{(
x+ iy z + it
−z + it x− iy

) ∣∣∣ x2 + y2 + z2 + t2 = 1

}
Thus, the elements U ∈ SU2 are precisely the matrices as follows, depending on

parameters x, y, z, t ∈ R satisfying x2 + y2 + z2 + t2 = 1:

U = x

(
1 0
0 1

)
+ y

(
i 0
0 −i

)
+ z

(
0 1
−1 0

)
+ t

(
0 i
i 0

)
But this gives the formula for SU2 in the statement. □

The above result is often the most convenient one, when dealing with SU2. This is
because the Pauli matrices have a number of remarkable properties, which are very useful
when doing computations. These properties can be summarized as follows:

Proposition 3.3. The Pauli matrices multiply according to the formulae

c22 = c23 = c24 = −1

c2c3 = −c3c2 = c4

c3c4 = −c4c3 = c2

c4c2 = −c2c4 = c3

they conjugate according to the following rules,

c∗1 = c1 , c
∗
2 = −c2 , c∗3 = −c3 , c∗4 = −c4

and they form an orthonormal basis of M2(C), with respect to the scalar product

< a, b >= tr(ab∗)

with tr :M2(C)→ C being the normalized trace of 2× 2 matrices, tr = Tr/2.
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Proof. The first two assertions, regarding the multiplication and conjugation rules
for the Pauli matrices, follow from some elementary computations. As for the last as-
sertion, this follows by using these rules. Indeed, the fact that the Pauli matrices are
pairwise orthogonal follows from computations of the following type, for i ̸= j:

< ci, cj >= tr(cic
∗
j) = tr(±cicj) = tr(±ck) = 0

As for the fact that the Pauli matrices have norm 1, this follows from:

< ci, ci >= tr(cic
∗
i ) = tr(±c2i ) = tr(c1) = 1

Thus, we are led to the conclusion in the statement. □

Regarding now the basic unitary groups in 3 or more dimensions, the situation here
becomes fairly complicated. It is possible however to explicitely compute the rotation
groups SO3 and O3, and explaining this result, due to Euler-Rodrigues, which is something
non-trivial and very useful, for all sorts of practical purposes, will be our next goal.

The proof of the Euler-Rodrigues formula is something quite tricky. Let us start with
the following construction, whose usefulness will become clear in a moment:

Proposition 3.4. The adjoint action SU2 ↷M2(C), given by

TU(M) = UMU∗

leaves invariant the following real vector subspace of M2(C),

E = spanR(c1, c2, c3, c4)

and we obtain in this way a group morphism SU2 → GL4(R).

Proof. We have two assertions to be proved, as follows:

(1) We must first prove that, with E ⊂ M2(C) being the real vector space in the
statement, we have the following implication:

U ∈ SU2,M ∈ E =⇒ UMU∗ ∈ E

But this is clear from the multiplication rules for the Pauli matrices, from Proposition
3.3. Indeed, let us write our matrices U,M as follows:

U = xc1 + yc2 + zc3 + tc4

M = ac1 + bc2 + cc3 + dc4

We know that the coefficients x, y, z, t and a, b, c, d are real, due to U ∈ SU2 and
M ∈ E. The point now is that when computing UMU∗, by using the various rules from
Proposition 3.3, we obtain a matrix of the same type, namely a combination of c1, c2, c3, c4,
with real coefficients. Thus, we have UMU∗ ∈ E, as desired.
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(2) In order to conclude, let us identify E ≃ R4, by using the basis c1, c2, c3, c4. The
result found in (1) shows that we have a correspondence as follows:

SU2 →M4(R) , U → (TU)|E

Now observe that for any U ∈ SU2 and any M ∈M2(C) we have:

TU∗TU(M) = U∗UMU∗U =M

Thus TU∗ = T−1
U , and so the correspondence that we found can be written as:

SU2 → GL4(R) , U → (TU)|E

But this a group morphism, due to the following computation:

TUTV (M) = UVMV ∗U∗ = TUV (M)

Thus, we are led to the conclusion in the statement. □

The point now, which makes the link with SO3, and which will ultimate elucidate the
structure of SO3, is that Proposition 3.4 can be improved as follows:

Theorem 3.5. The adjoint action SU2 ↷M2(C), given by

TU(M) = UMU∗

leaves invariant the following real vector subspace of M2(C),

F = spanR(c2, c3, c4)

and we obtain in this way a group morphism SU2 → SO3.

Proof. We can do this in several steps, as follows:

(1) Our first claim is that the group morphism SU2 → GL4(R) constructed in Propo-
sition 3.4 is in fact a morphism SU2 → O4. In order to prove this, recall the following
formula, valid for any U ∈ SU2, from the proof of Proposition 3.4:

TU∗ = T−1
U

We want to prove that the matrices TU ∈ GL4(R) are orthogonal, and in view of the
above formula, it is enough to prove that we have:

T ∗
U = (TU)

t

So, let us prove this. For any two matrices M,N ∈ E, we have:

< TU∗(M), N > = < U∗MU,N >

= tr(U∗MUN)

= tr(MUNU∗)
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On the other hand, we have as well the following formula:

< (TU)
t(M), N > = < M,TU(N) >

= < M,UNU∗ >

= tr(MUNU∗)

Thus we have indeed T ∗
U = (TU)

t, which proves our SU2 → O4 claim.

(2) In order now to finish, recall that we have by definition c1 = 1, as a matrix. Thus,
the action of SU2 on the vector c1 ∈ E is given by:

TU(c1) = Uc1U
∗ = UU∗ = 1 = c1

We conclude that c1 ∈ E is invariant under SU2, and by orthogonality the following
subspace of E must be invariant as well under the action of SU2:

e⊥1 = spanR(c2, c3, c4)

Now if we call this subspace F , and we identify F ≃ R3 by using the basis c2, c3, c4,
we obtain by restriction to F a morphism of groups as follows:

SU2 → O3

But since this morphism is continuous and SU2 is connected, its image must be con-
nected too. Now since the target group decomposes as O3 = SO3 ⊔ (−SO3), and 1 ∈ SU2

gets mapped to 1 ∈ SO3, the whole image must lie inside SO3, and we are done. □

The above result is quite interesting, because we will see in a moment that the mor-
phism SU2 → SO3 constructed there is surjective. Thus, we will have a way of parametriz-
ing the elements V ∈ SO3 by elements U ∈ SO2, and so ultimately by parameters
(x, y, z, t) ∈ S3

R. In order to work out all this, let us start with the following result,
coming as a continuation of Proposition 3.4, independently of Theorem 3.5:

Proposition 3.6. With respect to the standard basis c1, c2, c3, c4 of the vector space
R4 = span(c1, c2, c3, c4), the morphism T : SU2 → GL4(R) is given by:

TU =


1 0 0 0
0 x2 + y2 − z2 − t2 2(yz − xt) 2(xz + yt)
0 2(xt+ yz) x2 + z2 − y2 − t2 2(zt− xy)
0 2(yt− xz) 2(xy + zt) x2 + t2 − y2 − z2


Thus, when looking at T as a group morphism SU2 → O4, what we have in fact is a group
morphism SU2 → O3, and even SU2 → SO3.

Proof. With notations from Proposition 3.4 and its proof, let us first look at the
action L : SU2 ↷ R4 by left multiplication, which is by definition given by:

LU(M) = UM
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In order to compute the matrix of this action, let us write, as usual:

U = xc1 + yc2 + zc3 + tc4

M = ac1 + bc2 + cc3 + dc4

By using the multiplication formulae in Proposition 3.3, we obtain:

UM = (xc1 + yc2 + zc3 + tc4)(ac1 + bc2 + cc3 + dc4)

= (xa− yb− zc− td)c1
+ (xb+ ya+ zd− tc)c2
+ (xc− yd+ za+ tb)c3

+ (xd+ yc− zb+ ta)c4

We conclude that the matrix of the left action considered above is:

LU =


x −y −z −t
y x −t z
z t x −y
t −z y x


Similarly, let us look now at the action R : SU2 ↷ R4 by right multiplication, which

is by definition given by the following formula:

RU(M) =MU∗

In order to compute the matrix of this action, let us write, as before:

U = xc1 + yc2 + zc3 + tc4

M = ac1 + bc2 + cc3 + dc4

By using the multiplication formulae in Proposition 3.4, we obtain:

MU∗ = (ac1 + bc2 + cc3 + dc4)(xc1 − yc2 − zc3 − tc4)
= (ax+ by + cz + dt)c1

+ (−ay + bx− ct+ dz)c2

+ (−az + bt+ cx− dy)c3
+ (−at− bz + cy + dx)c4

We conclude that the matrix of the right action considered above is:

RU =


x y z t
−y x −t z
−z t x −y
−t −z y x


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Now by composing, the matrix of the adjoint matrix in the statement is:

TU = RULU

=


x y z t
−y x −t z
−z t x −y
−t −z y x



x −y −z −t
y x −t z
z t x −y
t −z y x



=


1 0 0 0
0 x2 + y2 − z2 − t2 2(yz − xt) 2(xz + yt)
0 2(xt+ yz) x2 + z2 − y2 − t2 2(zt− xy)
0 2(yt− xz) 2(xy + zt) x2 + t2 − y2 − z2


Thus, we have indeed the formula in the statement. As for the remaining assertions,

these are all clear either from this formula, or from Theorem 3.5. □

We can now formulate the Euler-Rodrigues result, as follows:

Theorem 3.7. We have a double cover map, obtained via the adjoint representation,

SU2 → SO3

and this map produces the Euler-Rodrigues formula

U =

x2 + y2 − z2 − t2 2(yz − xt) 2(xz + yt)
2(xt+ yz) x2 + z2 − y2 − t2 2(zt− xy)
2(yt− xz) 2(xy + zt) x2 + t2 − y2 − z2


for the generic elements of SO3.

Proof. We know from the above that we have a group morphism SU2 → SO3, given
by the formula in the statement, and the problem now is that of proving that this is a
double cover map, in the sense that it is surjective, and with kernel {±1}.

(1) Regarding the kernel, this is elementary to compute, as follows:

ker(SU2 → SO3) =
{
U ∈ SU2

∣∣∣TU(M) =M,∀M ∈ E
}

=
{
U ∈ SU2

∣∣∣UM =MU, ∀M ∈ E
}

=
{
U ∈ SU2

∣∣∣Uci = ciU,∀i
}

= {±1}

(2) Thus, we are done with this, and as a side remark here, this result shows that our
morphism SU2 → SO3 is ultimately a morphism as follows:

PU2 ⊂ SO3 , PU2 = SU2/{±1}
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Here P stands for “projective”, and it is possible to say more about the construction
G → PG, which can be performed for any subgroup G ⊂ UN . But we will not get here
into this, our next goal being that of proving that we have PU2 = SO3.

(3) We must prove now that the morphism SU2 → SO3 is surjective. This is something
non-trivial, and there are several advanced proofs for this, as follows:

– A first proof is by using Lie theory. To be more precise, the tangent spaces at 1 of
both SU2 and SO3 can be explicitely computed, by doing some linear algebra, and the
morphism SU2 → SO3 follows to be surjective around 1, and then globally.

– Another proof is via representation theory. Indeed, the representations of SU2 and
SO3 are subject to very similar formulae, called Clebsch-Gordan rules, and this shows
that SU2 → SO3 is surjective. We will discuss later, too.

– Yet another advanced proof, which is actually quite bordeline for what can be called
“proof”, is by using the ADE/McKay classification of the subgroups G ⊂ SO3, which
shows that there is no room strictly inside SO3 for something as big as PU2.

(4) In short, with some good knowledge of group theory, we are done. However, this
is not our case, and we will present in what follows a more pedestrian proof, which was
actually the original proof, based on the fact that any rotation U ∈ SO3 has an axis.

(5) As a first computation, let us prove that any rotation U ∈ Im(SU2 → SO3) has
an axis. We must look for fixed points of such rotations, and by linearity it is enough to
look for fixed points belonging to the sphere S2

R ⊂ R3. Now recall that in our picture for
the quotient map SU2 → SO3, the space R3 appears as F = spanR(c2, c3, c4), naturally
embedded into the space R4 appearing as E = spanR(c1, c2, c3, c4). Thus, we must look
for fixed points belonging to the sphere S3

R ⊂ R4 whose first coordinate vanishes. But, in
our R4 = E picture, this sphere S3

R is the group SU2. Thus, we must look for fixed points
V ∈ SU2 whose first coordinate with respect to c1, c2, c3, c4 vanishes, which amounts in
saying that the diagonal entries of V must be purely imaginary numbers.

(6) Long story short, via our various identifications, we are led into solving the equation
UV = V U with U, V ∈ SU2, and with V having a purely imaginary diagonal. So, with
standard notations for SU2, we must solve the following equation, with p ∈ iR:(

a b
−b̄ ā

)(
p q
−q̄ p̄

)
=

(
p q
−q̄ p̄

)(
a b
−b̄ ā

)
(7) But this is something which is routine. Indeed, by identifying coefficients we obtain

the following equations, each appearing twice:

bq̄ = b̄q , b(p− p̄) = (a− ā)q
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In the case b = 0 the only equation which is left is q = 0, and reminding that we must
have p ∈ iR, we do have solutions, namely two of them, as follows:

V = ±
(
i 0
0 i

)
(8) In the remaining case b ̸= 0, the first equation reads bq̄ ∈ R, so we must have q = λb

with λ ∈ R. Now with this substitution made, the second equation reads p− p̄ = λ(a− ā),
and since we must have p ∈ iR, this gives 2p = λ(a− ā). Thus, our equations are:

q = λb , p = λ · a− ā
2

Getting back now to our problem about finding fixed points, assuming |a|2 + |b|2 = 1
we must find λ ∈ R such that the above numbers p, q satisfy |p|2 + |q|2 = 1. But:

|p|2 + |q|2 = |λb|2 +
∣∣∣∣λ · a− ā2

∣∣∣∣2
= λ2(|b|2 + Im(a)2)

= λ2(1−Re(a)2)

Thus, we have again two solutions to our fixed point problem, given by:

λ = ± 1√
1−Re(a)2

(9) Summarizing, we have proved that any rotation U ∈ Im(SU2 → SO3) has an
axis, and with the direction of this axis, corresponding to a pair of opposite points on the
sphere S2

R ⊂ R3, being given by the above formulae, via S2
R ⊂ S3

R = SU2.

(10) In order to finish, we must argue that any rotation U ∈ SO3 has an axis. But
this follows for instance from some topology, by using the induced map S2

R → S2
R. Now

since U ∈ SO3 is uniquely determined by its rotation axis, which can be regarded as a
point of S2

R/{±1}, plus its rotation angle t ∈ [0, 2π), by using S2
R ⊂ S3

R = SU2 as in (9)
we are led to the conclusion that U is uniquely determined by an element of SU2/{±1},
and so appears indeed via the Euler-Rodrigues formula, as desired. □

Regarding now O3, the extension from SO3 is very simple, as follows:

Theorem 3.8. We have the Euler-Rodrigues formula

U = ±

x2 + y2 − z2 − t2 2(yz − xt) 2(xz + yt)
2(xt+ yz) x2 + z2 − y2 − t2 2(zt− xy)
2(yt− xz) 2(xy + zt) x2 + t2 − y2 − z2


for the generic elements of O3.
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Proof. This follows from Theorem 3.7, because the determinant of an orthogonal
matrix U ∈ O3 must satisfy detU = ±1, and in the case detU = −1, we have:

det(−U) = (−1)3 detU = − detU = 1

Thus, assuming detU = −1, we can therefore rescale U into an element −U ∈ SO3,
and this leads to the conclusion in the statement. □

With the above small N examples worked out, let us discuss now the general theory,
at arbitrary values of N ∈ N. In the real case, we have the following result:

Proposition 3.9. We have a decomposition as follows, with SO−1
N consisting by def-

inition of the orthogonal matrices having determinant −1:

ON = SON ∪ SO−1
N

Moreover, when N is odd the set SO−1
N is simply given by SO−1

N = −SON .

Proof. The first assertion is clear from definitions, because the determinant of an
orthogonal matrix must be ±1. The second assertion is clear too, and we have seen this
already at N = 3, in the proof of Theorem 3.8. Finally, when N is even the situation is
more complicated, and requires complex numbers. We will be back to this. □

In the complex case now, the result is simpler, as follows:

Proposition 3.10. We have a decomposition as follows, with SUd
N consisting by def-

inition of the unitary matrices having determinant d ∈ T:

ON =
⋃
d∈T

SUd
N

Moreover, the components are SUd
N = f · SUN , where f ∈ T is such that fN = d.

Proof. This is clear from definitions, and from the fact that the determinant of a
unitary matrix belongs to T, by extracting a suitable square root of the determinant. □

It is possible to use the decomposition in Proposition 3.10 in order to say more about
what happens in the real case, in the context of Proposition 3.9, but we will not get
into this. We will basically stop here with our study of ON , UN , and of their versions
SON , SUN . As a last result on the subject, however, let us record:

Theorem 3.11. We have subgroups of ON , UN constructed via the condition

(detU)d = 1

with d ∈ N ∪ {∞}, which generalize both ON , UN and SON , SUN .

Proof. This is indeed from definitions, and from the multiplicativity property of the
determinant. We will be back to these groups, which are quite specialized, later on. □
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3b. Lie algebras

In relation with differential geometry, let us start with the following definition:

Definition 3.12. A Lie algebra is a vector space g with an operation (x, y)→ [x, y],
called Lie bracket, subject to the following conditions:

(1) [x+ y, z] = [x, z] + [y, z], [x, y + z] = [x, y] + [x, z].
(2) [λx, y] = [x, λy] = λ[x, y].
(3) [x, x] = 0.
(4) [[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

As a basic example, consider a usual, associative algebra A. We can define then the
Lie bracket on it as being the usual commutator, namely:

[x, y] = xy − yx
The above axioms (1,2,3) are then clearly satisfied, and in what regards axiom (4),

called Jacobi identity, this is satisfied too, the verification being as follows:

[[x, y], z] + [[y, z], x] + [[z, x], y]

= [xy − yx, z] + [yz − zy, x] + [zx− xz, y]
= xyz − yxz − zxy + zyx+ yzx− zyx− xyz + xzy + zxy − xzy − yzx+ yxz

= 0

We will show in a moment that up to a certain abstract operation g → Ug, called
enveloping Lie algebra construction, any Lie algebra appears in this way, with its Lie
bracket being formally given by [x, y] = xy−yx. Before that, however, you might wonder
where that Gothic letter g comes from. That comes from the following fundamental result,
making the connection with the theory of groups, denoted as usual by G:

Theorem 3.13. Given a Lie group G, that is, a group which is a smooth manifold,
with the group operations being smooth, the tangent space at the identity

g = T1(G)

is a Lie algebra, with its Lie bracket being basically a usual commutator.

Proof. This is something non-trivial, the idea being as follows:

(1) Let us first have a look at the orthogonal and unitary groups ON , NN . These
are both Lie groups, and the corresponding Lie algebras oN , uN can be computed by
differentiating the equations defining ON , UN , with the conclusion being as follows:

oN =
{
A ∈MN(R)

∣∣∣At = −A}
uN =

{
B ∈MN(C)

∣∣∣B∗ = −B
}
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This was for the correspondences ON → oN and UN → uN . In the other sense, the
correspondences oN → ON and uN → UN appear by exponentiation, the result here
stating that, around 1, the orthogonal matrices can be written as U = eA, with A ∈ oN ,
and the unitary matrices can be written as U = eB, with B ∈ uN .

(2) Getting now to the Lie bracket, the first observation is that both oN , uN are stable
under the usual commutator of the N×N matrices. Indeed, assuming that A,B ∈MN(R)
satisfy At = −A, Bt = −B, their commutator satisfies [A,B] ∈MN(R), and:

[A,B]t = (AB −BA)t

= BtAt − AtBt

= BA− AB
= −[A,B]

Similarly, assuming that A,B ∈MN(C) satisfy A∗ = −A, B∗ = −B, their commutator
[A,B] ∈MN(C) satisfies the condition [A,B]∗ = −[A,B].

(3) Thus, both tangent spaces oN , uN are Lie algebras, with the Lie bracket being the
usual commutator of the N ×N matrices. It remains now to see what happens to the Lie
bracket when exponentiating, and the formula here is as follows:

e[A,B] = eAB−BA

But the term on the right can be understood in terms of the differential geometry of
ON , UN , and the situation is similar when dealing with an arbitrary Lie group G. □

With this understood, let us go back to the arbitrary Lie algebras, as axiomatized
in Definition 3.12. There is an obvious analogy there with the axioms for the usual,
associative algebras, and based on this analogy, we can build some abstract algebra theory
for the Lie algebras. Let us record some basic results, along these lines:

Proposition 3.14. Let g be a Lie algebra. If we define its ideals as being the vector
spaces i ⊂ g satisfying the condition

x ∈ i, y ∈ g =⇒ [x, y] ∈ i

then the quotients g/i are Lie algebras. Also, given a morphism of Lie algebras f : g→ h,
its kernel ker(f) ⊂ g is an ideal, and we have g/ ker(f) = Im(f).

Proof. All this is very standard, exactly as in the case of the associative algebras,
and we will leave the various verifications here as an instructive exercise. □

Getting now to the point, remember our claim from the discussion after Definition
3.12, stating that up to a certain abstract operation g → Ug, called enveloping Lie
algebra construction, any Lie algebra appears in fact from the “trivial” associative algebra
construction, that is, with its Lie bracket being formally a usual commutator:

[x, y] = xy − yx
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Time now to clarify this. The result here, making as well to the link with the various
Lie group considerations from Theorem 3.13 and its proof, is as follows:

Theorem 3.15. Given a Lie algebra g, define its enveloping Lie algebra Ug as being
the quotient of the tensor algebra of g, namely

T (g) =
∞⊕
k=0

g⊗k

by the following associative algebra ideal, with x, y ranging over the elements of g:

I =< x⊗ y − y ⊗ x− [x, y] >

Then Ug is an associative algebra, so it is a Lie algebra too, with bracket

[x, y] = xy − yx

and the standard embedding g ⊂ Ug is a Lie algebra embedding.

Proof. This is something which is quite self-explanatory, and in what regards the
examples, illustrations, and other things that can be said, for instance in relation with
the Lie groups, we will leave some further reading here as an instructive exercise. □

Importantly, the above enveloping Lie algebra construction makes as well a link with
Hopf algebra theory, and with quantum groups, via the following result:

Theorem 3.16. Given a Lie algebra g, its enveloping Lie algebra Ug is a cocommu-
tative Hopf algebra, with comultiplication, counit and antipode given by

∆ : Ug→ U(g⊕ g) = Ug⊗ Ug , x→ x+ x

ε : Ug→ F , x→ 1

S : Ug→ Ugopp = (Ug)opp , x→ −x

via various standard identifications, for the various associative algebras involved.

Proof. Again, this is something quite self-explanatory, and in what regards the ex-
amples, illustrations, and other things that can be said, for instance in relation with the
Lie groups, we will leave some further reading here as an instructive exercise. □

3c. Homogeneous spaces

Homogeneous spaces.
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3d. Haar integration

Let us begin with the compact group case, which is elementary. We first have:

Definition 3.17. Given a compact group G, and two of its representations,

v : G→ UN , w : G→ UM

we define the space of intertwiners between these representations as being

Hom(v, w) =
{
T ∈MM×N(C)

∣∣∣Tvg = wgT,∀g ∈ G
}

and we use the following conventions:

(1) We use the notations Fix(v) = Hom(1, v), and End(v) = Hom(v, v).
(2) We write v ∼ w when Hom(v, w) contains an invertible element.
(3) We say that v is irreducible, and write v ∈ Irr(G), when End(v) = C1.

The terminology here is standard, with Fix, Hom, End standing for fixed points, homo-
morphisms and endomorphisms. We will see later that irreducible means indecomposable,
in a suitable sense. Here are now a few basic results, regarding these spaces:

Proposition 3.18. The spaces of intertwiners have the following properties, showing
that these spaces form a tensor ∗-category:

(1) T ∈ Hom(v, w), S ∈ Hom(w, z) =⇒ ST ∈ Hom(v, z).
(2) S ∈ Hom(v, w), T ∈ Hom(z, t) =⇒ S ⊗ T ∈ Hom(v ⊗ z, w ⊗ t).
(3) T ∈ Hom(v, w) =⇒ T ∗ ∈ Hom(w, v).

In particular, given v : G→ UN , the linear space End(v) ⊂MN(C) is a ∗-algebra.

Proof. All the formulae in the statement are clear from definitions, via elementary
computations. As for the last assertion, this is something coming from (1,3). □

We can now formulate our first Peter-Weyl type theorem, as follows:

Theorem 3.19 (PW1). Let v : G→ UN be a representation, consider its ∗-algebra of
intertwiners A = End(v), and write the unit of A as

1 = p1 + . . .+ pk

with pi being central minimal projections. We have then a decomposition

v = v1 + . . .+ vk

with each vi being an irreducible representation, obtained by restricting v to Im(pi).

Proof. This is something standard, the idea being as follows:

(1) We first associate to our representation v : G→ UN the corresponding action map
on CN . If a linear subspace W ⊂ CN is invariant, the restriction of the action map to W
is an action map too, which must come from a subrepresentation w ⊂ v.
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(2) Consider now a projection p ∈ End(v). From pv = vp we obtain that the linear
space W = Im(p) is invariant under v, and so this space must come from a subrepresen-
tation w ⊂ v. It is routine to check that the operation p → w maps subprojections to
subrepresentations, and minimal projections to irreducible representations.

(3) With these preliminaries in hand, let us decompose the algebra End(v) as above,
by using the decomposition 1 = p1 + . . . + pk into central minimal projections. If we
denote by vi ⊂ v the subrepresentation coming from the vector space Vi = Im(pi), then
we obtain in this way a decomposition v = v1 + . . .+ vk, as in the statement. □

Here is now our second Peter-Weyl theorem, complementing Theorem 3.19:

Theorem 3.20 (PW2). Given a closed subgroup G ⊂v UN , any of its irreducible
smooth representations

w : G→ UM

appears inside a tensor product of the fundamental representation v and its adjoint v̄.

Proof. Given a representation w : G → UM , we define the space of coefficients
Cw ⊂ C(G) of this representation as being the following linear space:

Cw = span
[
g → w(g)ij

]
With this notion in hand, the result can be deduced as follows:

(1) The construction w → Cw is functorial, in the sense that it maps subrepresentations
into linear subspaces. This is indeed something which is routine to check.

(2) A closed subgroup G ⊂v UN is a Lie group, and a representation w : G → UM is
smooth when we have an inclusion Cw ⊂< Cv >. This is indeed well-known.

(3) By definition of the Peter-Weyl representations, as arbitrary tensor products be-
tween the fundamental representation v and its conjugate v̄, we have:

< Cv >=
∑
k

Cv⊗k

(4) Now by putting together the above observations (2,3) we conclude that we must
have an inclusion as follows, for certain exponents k1, . . . , kp:

Cw ⊂ Cv⊗k1⊕...⊕v⊗kp

(5) By using now (1), we deduce that we have an inclusion w ⊂ v⊗k1 ⊕ . . .⊕ v⊗kp , and
by applying Theorem 3.19, this leads to the conclusion in the statement. □

With this in hand, we can now talk about integration over G. It is convenient, for this
purpose, to work with the integration functionals with respect to the various measures on
G, instead of the measures themselves. We have the following key result:
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Theorem 3.21. Any compact group G has a unique Haar integration, which can be
constructed by starting with any faithful positive unital form ψ ∈ C(G)∗, and setting:∫

G

= lim
n→∞

1

n

n∑
k=1

ψ∗k

Moreover, for any representation w we have the formula(
id⊗

∫
G

)
w = P

where P is the orthogonal projection onto Fix(w) =
{
ξ ∈ Cn

∣∣wξ = ξ
}
.

Proof. This is something very standard, the idea being as follows:

(1) Our first claim is that given a unital positive linear form ψ : C(G) → C, the
limit in the statement exists, and the last formula holds too, with P being the orthogonal
projection onto the 1-eigenspace of M = (id⊗ ψ)w. Indeed, we have:

(id⊗ ψ∗k)w =Mk

It follows that our Cesàro limit is given by the following formula:

lim
n→∞

1

n

n∑
k=1

ψ∗k(f) = lim
n→∞

1

n

n∑
k=1

τ(Mk) = τ

(
lim
n→∞

1

n

n∑
k=1

Mk

)
Now since w is unitary we have ||w|| = 1, and so ||M || ≤ 1. Thus, the Cesàro limit

on the right converges, and equals indeed the projection onto the 1-eigenspace of M :

lim
n→∞

1

n

n∑
k=1

Mk = P

(2) Our second claim is that when ψ is faithful, the limit in the statement is indepen-
dent of ψ, and the last formula holds too. In order to prove this, we must show that the
1-eigenspace of M = (id⊗ ψ)w equals the space Fix(w), and with the inclusion ⊃ being
clear, we must establish the inclusion ⊂, which amounts in proving that we have:

Mξ = ξ =⇒ wξ = ξ

For this purpose, assume that we have Mξ = ξ, and consider the following function:

f =
∑
i

(∑
j

wijξj − ξi

)(∑
k

wikξk − ξi

)∗
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We must prove that we have f = 0. Since w is unitary, we have:

f =
∑
i

(∑
j

(
wijξj −

1

N
ξi

))(∑
k

(
w∗
ikξ̄k −

1

N
ξ̄i

))

=
∑
ijk

wijw
∗
ikξj ξ̄k −

1

N
wijξj ξ̄i −

1

N
w∗
ikξiξ̄k +

1

N2
ξiξ̄i

=
∑
j

|ξj|2 −
∑
ij

wijξj ξ̄i −
∑
ik

w∗
ikξiξ̄k +

∑
i

|ξi|2

= ||ξ||2− < wξ, ξ > −< wξ, ξ >+ ||ξ||2

= 2(||ξ||2 −Re(< wξ, ξ >))

By using now our assumption Mξ = ξ, we obtain from this that we have:

ψ(f) = 2ψ(||ξ||2 −Re(< wξ, ξ >))

= 2(||ξ||2 −Re(< Mξ, ξ >))

= 2(||ξ||2 − ||ξ||2)
= 0

Now since ψ is faithful, this gives f = 0, and so wξ = ξ, as claimed.

(3) But with the above results in hand, all the assertions in the statement follow. □

Summarizing, we can integrate over G. In fact, we can say even more, as follows:

Theorem 3.22. The Haar integration over a closed subgroup G ⊂ UN is given by∫
G

ge1i1j1 . . . g
ek
ikjk

dg =
∑

π,ν∈D(k)

δπ(i)δν(j)Wk(π, ν)

for any colored integer k = e1 . . . ek and any multi-indices i, j, where D(k) is a linear basis
of Fix(v⊗k), the associated generalized Kronecker symbols are given by

δπ(i) =< π, ei1 ⊗ . . .⊗ eik >

and Wk = G−1
k is the inverse of the Gram matrix, Gk(π, ν) =< π, ν >.

Proof. We know from Theorem 3.21 that the integrals in the statement form alto-
gether the orthogonal projection P k onto the following space:

Fix(v⊗k) = span(D(k))

Consider now the following linear map, with D(k) = {ξk} being as above:

E(x) =
∑

π∈D(k)

< x, ξπ > ξπ
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By a standard linear algebra computation, it follows that we have P = WE, where
W is the inverse of the restriction of E to the following space:

K = span
(
Tπ

∣∣∣π ∈ D(k)
)

But this restriction is the linear map given by the Gram matrix Gk, and so W is the
linear map given by the Weingarten matrix Wk = G−1

k , and this gives the result. □

Let us develop now some further Peter-Weyl theory. We first have:

Theorem 3.23 (PW3). The dense subalgebra C(G) ⊂ C(G) generated by the coeffi-
cients of the fundamental representation decomposes as a direct sum

C(G) =
⊕

w∈Irr(G)

Mdim(w)(C)

with the summands being pairwise orthogonal with respect to the scalar product

< f, g >=

∫
G

fḡ

where
∫
G
is the Haar integration over G.

Proof. By combining the previous two Peter-Weyl results, we deduce that we have
a linear space decomposition as follows:

C(G) =
∑

w∈Irr(G)

Cw =
∑

w∈Irr(G)

Mdim(w)(C)

Thus, in order to conclude, it is enough to prove that for any two irreducible repre-
sentations v, w ∈ Irr(G), the corresponding spaces of coefficients are orthogonal:

v ̸∼ w =⇒ Cv ⊥ Cw

But this follows by Frobenius duality, by integrating. Let us set indeed:

Pia,jb =

∫
G

vijw̄ab

Then P is the orthogonal projection onto the following vector space:

Fix(v ⊗ w̄) ≃ Hom(v, w) = {0}
Thus we have P = 0, and this gives the result. □

Finally, we have the following result, completing the Peter-Weyl theory:

Theorem 3.24 (PW4). The characters of irreducible representations belong to

C(G)central =
{
f ∈ C(G)

∣∣∣f(gh) = f(hg),∀g, h ∈ G
}

called algebra of central functions on G, and form an orthonormal basis of it.
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Proof. Observe first that C(G)central is indeed an algebra, which contains all the
characters. Conversely, consider a function f ∈ C(G), written as follows:

f =
∑

w∈Irr(G)

fw

The condition f ∈ C(G)central states then that for any w ∈ Irr(G), we must have:

fw ∈ C(G)central
But this means that fw must be a scalar multiple of χw, so the characters form a basis

of C(G)central, as stated. Also, the fact that we have an orthogonal basis follows from
Theorem 3.23. As for the fact that the characters have norm 1, this follows from:∫

G

χwχ̄w =
∑
ij

∫
G

wiiw̄jj =
∑
i

1

M
= 1

Here we have used the fact, coming from Frobenius duality, that the various integrals∫
G
wijw̄kl form the orthogonal projection onto Fix(w ⊗ w̄) ≃ End(w) = C1. □

Moving ahead, we will need as well Tannakian duality. Let us start with:

Definition 3.25. The Tannakian category associated to a closed subgroup G ⊂v UN
is the collection CG = (CG(k, l)) of vector spaces

CG(k, l) = Hom(v⊗k, v⊗l)

where the representations v⊗k with k = ◦ • • ◦ . . . colored integer, defined by

v⊗∅ = 1 , v⊗◦ = v , v⊗• = v̄

and multiplicativity, v⊗kl = v⊗k ⊗ v⊗l, are the Peter-Weyl representations.

Let us make a summary of what we have so far, regarding these spaces CG(k, l). In
order to formulate our result, let us start with the following definition:

Definition 3.26. Let H be a finite dimensional Hilbert space. A tensor category over
H is a collection C = (C(k, l)) of linear spaces

C(k, l) ⊂ L(H⊗k, H⊗l)

satisfying the following conditions:

(1) S, T ∈ C implies S ⊗ T ∈ C.
(2) If S, T ∈ C are composable, then ST ∈ C.
(3) T ∈ C implies T ∗ ∈ C.
(4) C(k, k) contains the identity operator.
(5) C(∅, k) with k = ◦•, •◦ contain the operator R : 1→

∑
i ei ⊗ ei.

(6) C(kl, lk) with k, l = ◦, • contain the flip operator Σ : a⊗ b→ b⊗ a.

With these conventions, we have the following result:
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Theorem 3.27. The construction G→ CG given by the formula

CG(k, l) = Hom(v⊗k, v⊗l)

and the construction C → GC given by the formula

GC =
{
g ∈ UN

∣∣∣Tg⊗k = g⊗lT , ∀k, l, ∀T ∈ C(k, l)
}

are bijective, and inverse to each other:

Proof. This is something quite technical, obtained by doing some abstract algebra,
and for details here, we refer to the Tannakian duality literature. □

In order to reach now to more concrete things, let us formulate:

Definition 3.28. Let P (k, l) be the set of partitions between an upper colored integer
k, and a lower colored integer l. A collection of subsets

D =
⊔
k,l

D(k, l)

with D(k, l) ⊂ P (k, l) is called a category of partitions when it has the following properties:

(1) Stability under the horizontal concatenation, (π, σ)→ [πσ].
(2) Stability under vertical concatenation (π, σ)→ [σπ], with matching middle symbols.
(3) Stability under the upside-down turning ∗, with switching of colors, ◦ ↔ •.
(4) Each set P (k, k) contains the identity partition || . . . ||.
(5) The sets P (∅, ◦•) and P (∅, •◦) both contain the semicircle ∩.
(6) The sets P (k, k̄) with |k| = 2 contain the crossing partition /\.
Let us formulate as well the following definition:

Definition 3.29. Given a partition π ∈ P (k, l) and an integer N ∈ N, we can
construct a linear map between tensor powers of CN ,

Tπ : (CN)⊗k → (CN)⊗l

by the following formula, with e1, . . . , eN being the standard basis of CN ,

Tπ(ei1 ⊗ . . .⊗ eik) =
∑
j1...jl

δπ

(
i1 . . . ik
j1 . . . jl

)
ej1 ⊗ . . .⊗ ejl

and with the coefficients on the right being Kronecker type symbols,

δπ

(
i1 . . . ik
j1 . . . jl

)
∈ {0, 1}

whose values depend on whether the indices fit or not.

To be more precise, we put the indices of i, j on the legs of π, in the obvious way. In
case all the blocks of π contain equal indices of i, j, we set δπ(

i
j) = 1. Otherwise, we set

δπ(
i
j) = 0. The relation with the Tannakian categories comes from:
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Theorem 3.30. Each category of partitions D = (D(k, l)) produces a family of com-
pact groups G = (GN), with GN ⊂v UN , via the formula

Hom(v⊗k, v⊗l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

and the Tannakian duality correspondence.

Proof. Given an integer N ∈ N, consider the correspondence π → Tπ constructed in
Definition 3.29, and then the collection of linear spaces in the statement, namely:

C(k, l) = span
(
Tπ

∣∣∣π ∈ D(k, l)
)

According to Definition 3.28, this collection of spaces C = (C(k, l)) satisfies the axioms
from Definition 3.26. Thus Tannakian duality applies, and gives the result. □

We call “easy” the closed subgroups G ⊂v UN appearing as above, from categories of
partitions D. As a basic result here, due to Brauer, we have:

Theorem 3.31. We have the following results:

(1) The unitary group UN is easy, coming from the category P2.
(2) The orthogonal group ON is easy too, coming from the category P2.

Proof. This is something very standard, the idea being as follows:

(1) The group UN being defined via the relations v∗ = v−1, vt = v̄−1, the associated
Tannakian category is C = span(Tπ|π ∈ D), with:

D =< ∩
◦• ,

∩
•◦ >= P2

(2) The group ON ⊂ UN being defined by imposing the relations vij = v̄ij, the associ-
ated Tannakian category is C = span(Tπ|π ∈ D), with:

D =< P2, |◦•, |•◦ >= P2

Thus, we are led to the conclusion in the statement. □

There are many other easy groups, and as a basic example here, we have:

Theorem 3.32. The symmetric group SN , regarded as group of unitary matrices,

SN ⊂ ON ⊂ UN

via the permutation matrices, is easy, coming from the category of all partitions P .

Proof. Consider the easy group G ⊂ ON coming from the category of all partitions
P . Since P is generated by the one-block partition µ ∈ P (2, 1), we have:

C(G) = C(ON)
/〈

Tµ ∈ Hom(v⊗2, v)
〉

Since we have Tµ(ei ⊗ ej) = δijei, the above relations read:

Tµ ∈ Hom(v⊗2, v) ⇐⇒ vijvik = δjkvij,∀i, j, k
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In other words, the elements vij must be projections, and these projections must be
pairwise orthogonal on the rows of v = (vij). We conclude that G ⊂ ON is the subgroup of
matrices g ∈ ON having the property gij ∈ {0, 1}. Thus we have G = SN , as claimed. □

Now back to the general easy group case, we have the following result:

Theorem 3.33. For an easy group G ⊂ UN , coming from a category of partitions
D = (D(k, l)), we have the Weingarten formula∫

G

ge1i1j1 . . . g
ek
ikjk

dg =
∑

π,ν∈D(k)

δπ(i)δν(j)WkN(π, ν)

for any k = e1 . . . ek and any i, j, where D(k) = D(∅, k), δ are usual Kronecker type
symbols, checking whether the indices match, and WkN = G−1

kN , with

GkN(π, ν) = N |π∨ν|

where |.| is the number of blocks.

Proof. This follows from the abstract Weingarten formula, from Theorem 3.22. In-
deed, in the easy group case the Kronecker type symbols there are then the usual ones,
and the Gram matrix being as well the correct one, we obtain the result. □

There are many applications of this formula. We will be back to this.

3e. Exercises

Exercises:

Exercise 3.34.

Exercise 3.35.

Exercise 3.36.

Exercise 3.37.

Exercise 3.38.

Exercise 3.39.

Exercise 3.40.

Exercise 3.41.

Bonus exercise.



CHAPTER 4

Stokes, applications

4a. Contour integrals

We would like to discuss now the integration over curves, surfaces, and other smooth
manifolds. Let us start with something very basic, regarding the curves, namely:

Theorem 4.1. The length of a curve γ : [a, b]→ RN is given by

L(γ) =

∫ b

a

||γ′(t)||dt

with ||.|| being the usual norm of RN .

Proof. This is something quite intuitive, that can even stand as a definition for the
length of the curves, and that we will not prove in detail here, the idea being as follows:

(1) To start with, what is the length of a curve? Good question, and in answer, a
physicist would say that this is the quantity obtained by integrating the magnitude of
the velocity vector over the curve, with respect to time. But this velocity vector is γ′(t),
having magnitude ||γ′(t)||, so we are led to the formula in the statement.

(2) Regarding now mathematicians, these would say that the length of a curve is the
following quantity, with (t1 = a, t2, . . . , tn−1, tn = b) being a uniform division of (a, b):

L(γ) = lim
n→∞

n∑
i=1

||γ(ti)− γ(ti−1)||

But, by using the fundamental theorem of calculus, we can write this as follows:

L(γ) = lim
n→∞

n∑
i=1

∣∣∣∣∣∣∣∣∫ ti

ti−1

γ′(t)dt

∣∣∣∣∣∣∣∣
And the point now is that, by doing some standard analysis, that we will leave here

as an instructive exercise, we are led to the formula in the statement.

(3) So, we have our definition-theorem for the length of the curves, and for the discus-
sion to be complete, we just need an illustration for this. But here, we have the following

63
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standard computation, for the length of the ellipses (x/a)2 + (y/b)2 = 1:

L = 4

∫ π/2

0

√(
da cos t

dt

)2

+

(
db sin t

dt

)2

dt

= 4

∫ π/2

0

√
a2 sin2 t+ b2 cos2 t dt

There are of course many other applications of the formula in the statement, and we
will leave some thinking and computations here as an instructive exercise. □

Next, let us talk about the contour integrals over curves. We have here:

Theorem 4.2. Given a path γ ⊂ R3, we can talk about integrals of type

I =

∫
γ

f(x)dx1 + g(x)dx2 + h(x)dx3

with f, g, h : R3 → R, which are independent on the chosen parametrization of the path.

Proof. This is something quite straightforward, the idea being as follows:

(1) Regarding the statement itself, assume indeed that we have a path in R3, which
can be best thought of as corresponding to a function as follows:

γ : [a, b]→ R3

Observe that this function γ is not exactly the path itself, for instance because the
following functions produce the same path, parametrized differently:

δ : [0, b− a]→ R3 , δ(t) = γ(t+ a)

ε : [0, 1]→ R3 , ε(t) = δ((b− a)t)
φ : [0, 1]→ R3 , φ(t) = ε(t2)

ψ : [0, 1]→ R3 , ψ(t) = ε(1− t)
...

Our claim, however, is that we can talk about integrals as follows, with f, g, h : R3 →
R, which are independent on the chosen parametrization of our path:

I =

∫
γ

f(x)dx1 + g(x)dx2 + h(x)dx3

(2) In order to prove this, let us choose a parametrization γ : [a, b] → R3 as above.
This parametrization has as components three functions γ1, γ2, γ3, given by:

γ = (γ1, γ2, γ3) : [a, b]→ R3

In order to construct the integral I, it is quite clear, by suitably cutting our path
into pieces, that we can restrict the attention to the case where all three components
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γ1, γ2, γ3 : [a, b]→ R are increasing, or decreasing. Thus, we can assume that these three
components are as follows, increasing or decreasing, and bijective on their images:

γi : [a, b]→ [ai, bi]

(3) Moreover, by using the obvious symmetry between the coordinates x1, x2, x3, in
order to construct I, we just need to construct integrals of the following type:

I1 =

∫
γ

f(x)dx1

(4) So, let us construct this latter integral I1, under the assumptions in (2). The
simplest case is when the first path, γ1 : [a, b]→ [a1, b1], is the identity:

γ1 : [a, b]→ [a, b] , γ1(x) = x

In other words, the simplest case is when our path is of the following form, with
γ2, γ3 : [a, b]→ R being certain functions, that should be increasing or decreasing, as per
our conventions (2) above, but in what follows we will not need this assumption:

γ(x1) = (x1, γ2(x1), γ3(x1))

But now, with this convention made, we can define our contour integral, or rather its
first component, as explained above, as a usual one-variable integral, as follows:

I1 =

∫ b

a

f(x1, γ2(x1), γ3(x1))dx1

(5) With this understood, let us examine now the general case, where the first path,
γ1 : [a, b] → [a1, b1], is arbitrary, increasing or decreasing, and bijective on its image. In
this case we can reparametrize our curve, as to have it as in (4) above, as follows:

γ̃ = (id, γ2γ
−1
1 , γ3γ

−1
1 ) : [a1, b1]→ R3

Now since we want our integral I1 =
∫
γ
f(x)dx1 to be independent of the parametriza-

tion, we are led to the following formula for it, coming from the formula in (4):

I1 =

∫
γ̃

f(x)dx1

=

∫ b1

a1

f(x1, γ2γ
−1
1 (x1), γ3γ

−1
1 (x1))dx1

=

∫ b

a

f(γ1(y1), γ2(y1), γ3(y1))γ
′
1(y1)dy1

Here we have used at the end the change of variable formula, with x1 = γ1(y1).
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(6) Thus, job done, we have our definition for the contour integrals, with the formula
being as follows, obtained by using (5) for all three coordinates x1, x2, x3:

I =

∫ b

a

f(γ1(y1), γ2(y1), γ3(y1))γ
′
1(y1)dy1

+

∫ b

a

g(γ1(y2), γ2(y2), γ3(y2))γ
′
2(y2)dy2

+

∫ b

a

h(γ1(y3), γ2(y3), γ3(y3))γ
′
3(y3)dy3

And with this, we are led to the conclusion in the statement. □

Let us record as well the following more compact form of Theorem 4.2:

Theorem 4.3. The contour integrals over a curve γ : [a, b]→ R3 are given by∫
γ

< F (x), dx >=

∫ b

a

< F (γ(y)), γ′(y)dy >

valid for any F : R3 → R3, where on the right γ′(y)dy = (γ′i(yi)dyi)i.

Proof. This is a fancy reformulation of what we did in Theorem 4.2 and its proof.
Indeed, with the notation F = (F1, F2, F3) = (f, g, h), the integral computed there is:∫

γ

< F (x), dx >=

∫
γ

F1(x)dx1 + F2(x)dx2 + F3(x)dx3

As for the value of this integral, according to the proof of Theorem 4.2, this is:∫
γ

< F (x), dx > =

∫ b

a

F1(γ1(y1), γ2(y1), γ3(y1))γ
′
1(y1)dy1

+

∫ b

a

F2(γ1(y2), γ2(y2), γ3(y2))γ
′
2(y2)dy2

+

∫ b

a

F3(γ1(y3), γ2(y3), γ3(y3))γ
′
3(y3)dy3

Now observe that we can write this in a more compact way, as follows:∫
γ

< F (x), dx > =

∫ b

a

F1(γ(y1))γ
′(y1)dy1

+

∫ b

a

F2(γ(y2))γ
′(y2)dy2

+

∫ b

a

F3(γ(y3))γ
′(y3)dy3
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And we can do even better. Indeed, we have only one integral here,
∫ b
a
, and in order

to best express the integrand, consider the formal vector in the statement, namely:

γ′(y)dy =

γ′1(y1)dy1γ′2(y2)dy2
γ′3(y3)dy3


Our integrand appears then as the scalar product of F (γ(y)) with this latter vector

γ′(y)dy, so our formula above for the contour integral takes the following form:∫
γ

< F (x), dx >=

∫ b

a

< F (γ(y)), γ′(y)dy >

Thus, we are led to the conclusion in the statement. □

Summarizing, we have our definition for the contour integrals.

4b. Forces and work

More concretely now, let us temporarily forget about the paths γ, and have a look at
the quantities which are to be integrated, namely:

α = f(x)dx1 + g(x)dx2 + h(x)dx3

Obviously, these are something rather mathematical, and many things can be said
here. However, we can have some physical intuition on them. Assume indeed that we
are given a function as follows, that you can think for instance as corresponding to an
external force, with F (x) ∈ R3 being the force vector applied at a given point x ∈ R3:

F : R3 → R3

By writing F = (F1, F2, F3), we can then consider the following quantity, and when
F : R3 → R3 varies, we obtain exactly the abstract quantities α considered above:

< F (x), dx >= F1(x)dx1 + F2(x)dx2 + F3(x)dx3

Thus, all in all, what we have done in the above with our construction of contour
integrals, was to define quantities as follows, with γ being a path in R3, and with F :
R3 → R3 being a certain function, that we can think of, if we want, as being a force:

I =

∫
γ

< F (x), dx >

Which brings us into physics. Indeed, by assuming now that F : R3 → R3 does
correspond to a force, we can formulate the following definition:



68 4. STOKES, APPLICATIONS

Definition 4.4. The work done by a force F = F (x) for moving a particle from point
p ∈ R3 to point q ∈ R3 via a given path γ : p→ q is the following quantity:

W (γ) =

∫
γ

< F (x), dx >

We say that F is conservative if this work quantity W (γ) does not depend on the chosen
path γ : p→ q, and in this case we denote this quantity by W (p, q).

This definition is something quite subtle, and as a first comment, assume that we have
two paths γ : p→ q and δ : p→ q. We can then consider the path ◦ : p→ p obtained by
going along γ : p→ q, and then along δ reversed, δ−1 : q → p, and we have:

W (◦) = W (γ)−W (δ)

Thus F is conservative precisely when, for any loop ◦ : p→ p, we have:

W (◦) = 0

Intuitively, this means that F is some sort of “clean”, ideal force, with no dirty things
like friction involved. As we will soon see, gravity is such a clean force, with a simple
example coming from throwing a rock up in the sky. That rock will travel on a loop
p → q → p, and will come back here to p unchanged, save for the fact that its speed
vector is reversed. Thus, and assuming now that work has something to do with energy,
which is intuitive, there has been no overall work of gravity on this loop, W (◦) = 0.

An even better example, avoiding any reference to energy, is the movement of the
Earth around the Sun. Every year that passes the Earth makes a loop, and with the Sun
obviously not even noticing that, so the yearly work done by the Sun is W (◦) = 0.

As a counterexample now, friction is not conservative. I would definitely prefer to
make loops with my lawn mower in my garden, and say to myself, for motivation, that
I’m doing −W (◦) = 0, rather than taking that thing up to the North Pole, and back.

As a first result now, regarding the conservative forces, we have:

Theorem 4.5. The work done by a conservative force F on a mass m object is

W (p, q) = T (q)− T (p)

with T = m||v||2/2 standing as usual for the kinetic energy of the object.
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Proof. Assuming that F is conservative, and acts via the usual formula F = ma on
our object of mass m, we have the following computation, as desired:

W (p, q) =

∫ q

p

< F (x), dx >

= m

∫ q

p

< a(x), dx >

= m

∫ q

p

〈
dv(x)

dt
, v(x)dt

〉
=

m

2

∫ q

p

d < v(x), v(x) >

dt
dt

=
m

2

∫ q

p

d||v(x)||2

dt
dt

=
m

2

(
||v(q)||2 − ||v(p)||2

)
= T (q)− T (p)

Here we have used in the middle the fact that the time derivative of a scalar product
of functions < v,w > consists of two terms, which are equal when v = w. □

In order to formulate our next result, let us recall that the gradient of a function
V : R3 → R is simply its derivative, regarded as vertical vector, as follows:

∇V =

 dV
dx1
dV
dx2
dV
dx3


By using the chain rule for derivatives, we have the following computation for the

contour integrals of such gradients, which is independent on the chosen path:∫ q

p

< ∇V (x), dx > =

∫ q

p

dV

dx1
· dx1 +

dV

dx2
· dx2 +

dV

dx3
· dx3

=

∫ q

p

dV

= V (q)− V (p)

To be more precise, this computation certainly works when V is a function of just one
variable, x1, x2 or x3, thanks to the fundamental theorem of calculus, and the general
case follows from this, as indicated above, by using the chain rule for derivatives.

Now with this formula in hand, we can formulate the following result, which is quite
conceptual, and which includes some basic gravitation physics too, at the end:
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Theorem 4.6. A force F is conservative precisely when it is of the form

F = −∇V

for a certain function V , and in this case the work done by it is given by:

W (p, q) = V (p)− V (q)

Also, the gravitation force is conservative, coming from V = −C/||x||, with C > 0.

Proof. This is something quite tricky, the idea being as follows:

(1) In one sense, assume that F is conservative. Since the work W (p, q) = W (γ) is
independent of the chosen path γ : p→ q, we can find a function V such that:

W (p, q) = V (p)− V (q)

Observe that this function V is well-defined up to an additive constant. Now with
this formula in hand, we further obtain, as desired:

W (p, q) = V (p)− V (q) =⇒
∫ q

p

< F (x), dx >= −
∫ q

p

< ∇V (x), dx >

=⇒ < F (x), dx >= − < ∇V (x), dx >

=⇒ Fi(x)dxi = −
dV

dxi
· dxi

=⇒ Fi(x) = −
dV

dxi
=⇒ F = −∇V

(2) In the other sense now, assuming F = −∇V , we have the following computation,
valid for any loop ◦ : p→ p, which shows that F is indeed conservative:

W (◦) = −
∫
◦
∇V = 0

More generally, regarding the work done by such a force F = −∇V , along a path
γ : p→ q, which is independent on this path γ, this is given by:

W (p, q) = −
∫ q

p

∇V = V (p)− V (q)
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(3) Finally, the last assertion, according to the Newton principles, and with K = GM ,
the force applied to an object m by an object M positioned at 0 is given by:

F = −||F || · x

||x||

= −G · mM
||x||2

· x

||x||

= −Kmx
||x||3

Now let us compute the gradient ∇V , with V = −Km/||x||. We have:

dV

dxi
= −dKm/

√
x21 + x22 + x23
dxi

= −Km · d(x
2
1 + x22 + x23)

−1/2

dxi

= −Km ·
(
−1

2

)
· 2xi
(x21 + x22 + x23)

3/2

=
Kmxi
||x||3

Thus we have ∇V = Kmx/||x||3, which by the above equals −F , as desired. □

We can now put everything together, and we have the following result:

Theorem 4.7. Given a conservative force F , appearing as follows, with V being
uniquely determined up to an additive constant,

F = −∇V

the movements of a particle under F preserve the total energy, given by

E = T + V

with T = m||v||2/2 being the kinetic energy, and with V being called potential energy.

Proof. By using Theorem 4.5 and Theorem 4.6, we have:

W (p, q) = T (q)− T (p)

W (p, q) = V (p)− V (q)

Now observe that these equalities give the following formula:

T (p) + V (p) = T (q) + V (q)

Thus, the total energy E = T + V is conserved, as claimed. □
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4c. Stokes formula

At the level of mathematics now, in relation with the above, a useful result is:

Theorem 4.8 (Green). Given a plane curve C ⊂ R2, we have the formula∫
C

Pdx+Qdy =

∫
D

(
dQ

dx
− dP

dy

)
dxdy

where D ⊂ R2 is the domain enclosed by C.

Proof. Assume indeed that we have a plane curve C ⊂ R2, without self-intersections,
which is piecewise C1, and is assumed to be counterclockwise oriented. In order to prove
the formula regarding P , we can parametrize the enclosed domain D as follows:

D =
{
(x, y)

∣∣∣a ≤ x ≤ b, f(x) ≤ y ≤ g(x)
}

We have then the following computation, which gives the result for P :∫
D

−dP
dy

dxdy =

∫ b

a

(∫ g(x)

f(x)

−dP
dy

(x, y)dy

)
dx

=

∫ b

a

P (x, f(x))− P (x, g(x))dx

=

∫ b

a

P (x, f(x))dx+

∫ a

b

P (x, g(x))dx

=

∫
C

Pdx

As for the result for the Q term, the computation here is similar. □

Moving forward to 3D, let us start with a standard definition, as follows:

Definition 4.9. The vector product of two vectors in R3 is given by

x× y = ||x|| · ||y|| · sin θ · n
where n ∈ R3 with n ⊥ x, y and ||n|| = 1 is constructed using the right-hand rule:

↑x×y
←x

↙y

Alternatively, in usual vertical linear algebra notation for all vectors,x1x2
x3

×
y1y2
y3

 =

x2y3 − x3y2x3y1 − x1y3
x1y2 − x2y1


the rule being that of computing 2× 2 determinants, and adding a middle sign.
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In practice now, in order to get familiar with the vector products, nothing better than
doing some classical mechanics. We have here the following key result:

Theorem 4.10. In the gravitational 2-body problem, the angular momentum

J = x× p

with p = mv being the usual momentum, is conserved.

Proof. There are several things to be said here, the idea being as follows:

(1) First of all the usual momentum, p = mv, is not conserved, because the simplest
solution is the circular motion, where the moment gets turned around. But this suggests
precisely that, in order to fix the lack of conservation of the momentum p, what we have
to do is to make a vector product with the position x. Leading to J , as above.

(2) Regarding now the proof, consider indeed a particle m moving under the gravita-
tional force of a particle M , assumed, as usual, to be fixed at 0. By using the fact that
for two proportional vectors, p ∼ q, we have p× q = 0, we obtain:

J̇ = ẋ× p+ x× ṗ
= v ×mv + x×ma
= m(v × v + x× a)
= m(0 + 0)

= 0

Now since the derivative of J vanishes, this quantity is constant, as stated. □

While the above principle looks like something quite trivial, the mathematics behind
it is quite interesting, and has several notable consequences, as follows:

Theorem 4.11. In the context of a 2-body problem, the following happen:

(1) The fact that the direction of J is fixed tells us that the trajectory of one body
with respect to the other lies in a plane.

(2) The fact that the magnitude of J is fixed tells us that the Kepler 2 law holds,
namely that we have same areas sweeped by Ox over the same times.

Proof. This follows indeed from Theorem 4.10, as follows:

(1) We have by definition J = m(x× v), and since a vector product is orthogonal on
both the vectors it comes from, we deduce from this that we have:

J ⊥ x, v

But this can be written as follows, with J⊥ standing for the plane orthogonal to J :

x, v ∈ J⊥
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Now since J is fixed by Theorem 4.10, we conclude that both x, v, and in particular
the position x, and so the whole trajectory, lie in this fixed plane J⊥, as claimed.

(2) Conversely now, forget about Theorem 4.10, and assume that the trajectory lies
in a certain plane E. Thus x ∈ E, and by differentiating we have v ∈ E too, and so
x, v ∈ E. Thus E = J⊥, and so J = E⊥, so the direction of J is fixed, as claimed.

(3) Regarding now the last assertion, we already know from chapter 1, or rather from
the exercises there, if you worked hard on them, that Kepler 2 is more or less equivalent
to θ̇ = λ/r2. However, the derivation of θ̇ = λ/r2 was something tricky, and what we
want to prove now is that this appears as a simple consequence of ||J || = constant.

(4) In order to to so, let us compute J , according to its definition J = x × p, but in
polar coordinates, which will change everything. Since p = mẋ, we have:

J = r

cos θ
sin θ
0

×m
ṙ cos θ − r sin θ · θ̇ṙ sin θ + r cos θ · θ̇

0


Now recall from the definition of the vector product that we have:ab

0

×
cd
0

 =

 0
0

ad− bc


Thus J is a vector of the above form, with its last component being:

Jz = rm

∣∣∣∣cos θ ṙ cos θ − r sin θ · θ̇
sin θ ṙ sin θ + r cos θ · θ̇

∣∣∣∣
= rm · r(cos2 θ + sin2 θ)θ̇

= r2m · θ̇
(5) Now with the above formula in hand, our claim is that the magnitude ||J || is

constant precisely when θ̇ = λ/r2, for some λ ∈ R. Indeed, up to the obvious fact that
the orientation of J is a binary parameter, who cannot just switch like that, let us just
agree on this, knowing J is the same as knowing Jz, and is also the same as knowing ||J ||.
Thus, our claim is proved, and this leads to the conclusion in the statement. □

At the mathematical level now, back to theory, we have the following key result:

Theorem 4.12. The area of a surface S ⊂ R3, parametrized as S = r(D) with
r : D → R3 and D ⊂ R2, is given by

A(S) =

∫
D

||rx × ry|| dxdy

with rx, ry : D → R3 being the partial derivatives of r, and ||.|| being the norm of R3.
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Proof. Thus is something quite similar to Theorem 4.1, and many things can be said
here, at the theoretical level, in analogy with those for the curves. Among others, let us
mention that we can talk, more generally, about surface integrals, defined as follows:∫

S

f(s)ds =

∫
D

f(r(x, y))||rx × ry|| dxdy

As for the basic illustrations of the formula in the statement, consider a surface of
type z = f(x, y). Here we have r(x, y) = (x, y, f(x, y)), and we obtain:

A(S) =

∫
D

∣∣∣∣∣∣
∣∣∣∣∣∣
 1

0
fx

×
 0

1
fy

∣∣∣∣∣∣
∣∣∣∣∣∣ dxdy

=

∫
D

∣∣∣∣∣∣
∣∣∣∣∣∣
−fx−fy

1

∣∣∣∣∣∣
∣∣∣∣∣∣ dxdy

=

∫
D

√
f 2
x + f 2

y + 1 dxdy

There are of course many other applications of the formula in the statement, and we
will leave some thinking and computations here as an instructive exercise. □

Many other things can be said, as a continuation of the above, but let us not deviate
too much, from what we wanted to do here. Next, comes the following definition:

Definition 4.13. We can talk about the divergence of φ : R3 → R3, as being

< ∇, φ >=

〈 d
dx
d
dy
d
dz

 ,

φxφy
φz

〉 =
dφx
dx

+
dφy
dy

+
dφz
dz

as well as about the curl of the same function φ : R3 → R3, as being

∇× φ =

∣∣∣∣∣∣
ux

d
dx

φx
uy

d
dy

φy
uz

d
dz

φz

∣∣∣∣∣∣ =


dφz

dy
− dφy

dz
dφx

dz
− dφz

dx
dφy

dx
− dφx

dy


where ux, uy, uz are the unit vectors along the coordinate directions x, y, z.

All this might seem a bit abstract, but is in fact very intuitive. The gradient∇f points
in the direction of the maximal increase of f , with |∇f | giving you the rate of increase
of f , in that direction. As for the divergence and curl, these measure the divergence and
curl of the vectors φ(u+ v) around a given point u ∈ R3, in a usual, real-life sense.

Getting back now to calculus tools, in 3 dimensions, we have the following result:
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Theorem 4.14 (Stokes). Given a smooth oriented surface S ⊂ R3, with boundary
C ⊂ R3, and a vector field F , we have the following formula:

∫
S

< (∇× F )(x), n(x) > dx =

∫
C

< F (x), dx >

In other words, the line integral of a vector field F over a loop C equals the surface integral
of the curl of the vector field φ, over the enclosed surface S.

Proof. This basically follows from the Green theorem, the idea being as follows:

(1) Let us first parametrize our surface S, and its boundary C. We can assume that
we are in the situation where we have a closed oriented curve γ : [a, b]→ R2, with interior
D ⊂ R2, and where the surface appears as S = ψ(D), with ψ : D → R3. In this case, the
function δ = ψ ◦ γ parametrizes the boundary of our surface, C = δ[a, b].

(2) Let us first look at the integral on the right in the statement. We have the following
formula, with Jy(ψ) standing for the Jacobian of ψ at the point y = γ(t):

∫
C

< F (x), dx > =

∫
γ

< F (ψ(γ)), dψ(γ) >

=

∫
γ

< F (ψ(y)), Jy(ψ)dγ >

In order to further process this formula, let us introduce the following function:

P (u, v) =

〈
F (ψ(u, v)),

dψ

du
(u, v)

〉
eu +

〈
F (ψ(u, v)),

dψ

dv
(u, v)

〉
ev

In terms of this function, we have the following formula for our line integral:

∫
C

< F (x), dx >=

∫
γ

< P (y), dy >
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(3) In order to compute now the other integral in the statement, we first have:

dPv
du
− dPu

dv

=

〈
d(Fψ)

du
,
dψ

dv

〉
+

〈
Fψ,

d2ψ

dudv

〉
−
〈
d(Fψ)

dv
,
dψ

du

〉
−
〈
Fψ,

d2ψ

dvdu

〉
=

〈
d(Fψ)

du
,
dψ

dv

〉
−
〈
d(Fψ)

dv
,
dψ

du

〉
=

〈
dψ

dv
,
(
Jψ(u,v)F − (Jψ(u,v)F )

t
) dψ
du

〉
=

〈
dψ

dv
, (∇× F )× dψ

du

〉
=

〈
∇× F, dψ

du
× dψ

dv

〉
We conclude that the integral on the left in the statement is given by:∫

S

< (∇× F )(x), n(x) > dx

=

∫
D

〈
(∇× F )(ψ(u, v)), dψ

du
(u, v)× dψ

dv
(u, v)

〉
dudv

=

∫
D

(
dPv
du
− dPu

dv

)
dudv

(4) But with this, we are done, because the integrals computed in (2) and (3) are
indeed equal, due to the Green theorem. Thus, the Stokes formula holds indeed. □

As a conclusion to what we did so far, we have the following statement:

Theorem 4.15. The following results hold, in 3 dimensions:

(1) Fundamental theorem for gradients, namely∫ b

a

< ∇f, dx >= f(b)− f(a)

(2) Fundamental theorem for divergences, or Gauss or Green formula,∫
B

< ∇, φ >=
∫
S

< φ(x), n(x) > dx

(3) Fundamental theorem for curls, or Stokes formula,∫
A

< (∇× φ)(x), n(x) > dx =

∫
P

< φ(x), dx >

where S is the boundary of the body B, and P is the boundary of the area A.
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Proof. This follows indeed from the various formulae established above. □

Far more things can be said about all this, by using abstract differential geometry.

4d. Gauss and Maxwell

We would like to discuss now, following Gauss and others, some applications of the
above to electrostatics, and why not to electrodynamics too. Let us start with:

Fact 4.16 (Coulomb law). Any pair of charges q1, q2 ∈ R is subject to a force as
follows, which is attractive if q1q2 < 0 and repulsive if q1q2 > 0,

||F || = K · |q1q2|
d2

where d > 0 is the distance between the charges, and K > 0 is a certain constant.

Observe the amazing similarity with the Newton law for gravity. However, as we will
soon see, passed a few simple facts, things will be more complicated here.

In analogy with our study of gravity, let us start with:

Definition 4.17. Given charges q1, . . . , qk ∈ R located at positions x1, . . . , xk ∈ R3,
we define their electric field to be the vector function

E(x) = K
∑
i

qi(x− xi)
||x− xi||3

so that their force applied to a charge Q ∈ R positioned at x ∈ R3 is given by F = QE.

Observe the analogy with gravity, save for the fact that instead of masses m > 0 we
have now charges q ∈ R, and that at the level of constants, G gets replaced by K.

More generally, we will be interested in electric fields of various non-discrete charge
configurations, such as charged curves, surfaces and solid bodies. So, let us formulate:

Definition 4.18. The electric field of a charge configuration L ⊂ R3, with charge
density function ρ : L→ R, is the vector function

E(x) = K

∫
L

ρ(z)(x− z)
||x− z||3

dz

so that the force of L applied to a charge Q positioned at x is given by F = QE.

With the above definitions in hand, it is most convenient now to forget about the
charges, and focus on the study of the corresponding electric fields E.

These fields are by definition vector functions E : R3 → R3, with the convention that
they take ±∞ values at the places where the charges are located, and intuitively, are best
represented by their field lines, which are constructed as follows:
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Definition 4.19. The field lines of an electric field E : R3 → R3 are the oriented
curves γ ⊂ R3 pointing at every point x ∈ R3 at the direction of the field, E(x) ∈ R3.

As a basic example here, for one charge the field lines are the half-lines emanating
from its position, oriented according to the sign of the charge:

↖ ↑ ↗
← ⊕ →
↙ ↓ ↘

↘ ↓ ↙
→ ⊖ ←
↗ ↑ ↖

For two charges now, if these are of opposite signs, + and −, you get a picture that
you are very familiar with, namely that of the field lines of a bar magnet:

↗ ↗ → → → → ↘ ↘
↖ ↑ ↗ → → ↘ ↓ ↙
← ⊕ → → → → ⊖ ←
↙ ↓ ↘ → → ↗ ↑ ↖
↘ ↘ → → → → ↗ ↗

If the charges are +,+ or −,−, you get something of similar type, but repulsive this
time, with the field lines emanating from the charges being no longer shared:

← ↖ ↖ ↗ ↗ →
↑ ↗ ↖ ↑

← ⊕ ⊕ →
↓ ↘ ↙ ↓

← ↙ ↙ ↘ ↘ →

These pictures, and notably the last one, with +,+ charges, are quite interesting,
because the repulsion situation does not appear in the context of gravity. Thus, we can
only expect our geometry here to be far more complicated than that of gravity.

In general now, the first thing that can be said about the field lines is that, by defini-
tion, they do not cross. Thus, what we have here is some sort of oriented 1D foliation of
R3, in the sense that R3 is smoothly decomposed into oriented curves γ ⊂ R3.

The field lines, as constructed in Definition 4.19, obviously do not encapsulate the
whole information about the field, with the direction of each vector E(x) ∈ R3 being
there, but with the magnitude ||E(x)|| ≥ 0 of this vector missing. However, say when
drawing, when picking up uniformly radially spaced field lines around each charge, and
with the number of these lines proportional to the magnitude of the charge, and then
completing the picture, the density of the field lines around each point x ∈ R will give
you the magnitude ||E(x)|| ≥ 0 of the field there, up to a scalar. So, let us formulate:



80 4. STOKES, APPLICATIONS

Proposition 4.20. Given an electric field E : R3 → R3, the knowledge of its field
lines is the same as the knowledge of the composition

nE : R3 → R3 → S

where S ⊂ R3 is the unit sphere, and n : R3 → S is the rescaling map, namely:

n(x) =
x

||x||
However, in practice, when the field lines are accurately drawn, the density of the field
lines gives you the magnitude of the field, up to a scalar.

Proof. We have two assertions here, the idea being as follows:

(1) The first assertion is clear from definitions, with of course our usual convention
that the electric field and its problematics take place outside the locations of the charges,
which makes everything in the statement to be indeed well-defined.

(2) Regarding now the last assertion, which is of course a bit informal, this follows
from the above discussion. It is possible to be a bit more mathematical here, with a
definition, formula and everything, but we will not need this, in what follows. □

Let us introduce now a key definition, as follows:

Definition 4.21. The flux of an electric field E : R3 → R3 through a surface S ⊂ R3,
assumed to be oriented, is the quantity

ΦE(S) =

∫
S

< E(x), n(x) > dx

with n(x) being unit vectors orthogonal to S, following the orientation of S. Intuitively,
the flux measures the signed number of field lines crossing S.

Here by orientation of S we mean precisely the choice of unit vectors n(x) as above,
orthogonal to S, which must vary continuously with x. For instance a sphere has two
possible orientations, one with all these vectors n(x) pointing inside, and one with all
these vectors n(x) pointing outside. More generally, any surface has locally two possible
orientations, so if it is connected, it has two possible orientations. In what follows the
convention is that the closed surfaces are oriented with each n(x) pointing outside.

Regarding the last sentence of Definition 4.21, this is of course something informal,
meant to help, coming from the interpretation of the field lines from Proposition 4.20.
However, we will see later that this simple interpretation can be of great use.

As a first illustration, let us do a basic computation, as follows:
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Proposition 4.22. For a point charge q ∈ R at the center of a sphere S,

ΦE(S) =
q

ε0

where the constant is ε0 = 1/(4πK), independently of the radius of S.

Proof. Assuming that S has radius r, we have the following computation:

ΦE(S) =

∫
S

< E(x), n(x) > dx

=

∫
S

〈
Kqx

r3
,
x

r

〉
dx

=

∫
S

Kq

r2
dx

=
Kq

r2
× 4πr2

= 4πKq

Thus with ε0 = 1/(4πK) as above, we obtain the result. □

More generally now, we have the following key result, due to Gauss, which is the
foundation of advanced electrostatics, and of everything following from it, namely elec-
trodynamics, and then quantum mechanics, and particle physics:

Theorem 4.23 (Gauss law). The flux of a field E through a surface S is given by

ΦE(S) =
Qenc

ε0

where Qenc is the total charge enclosed by S, and ε0 = 1/(4πK).

Proof. This basically follows from Proposition 4.22, a bit modified, by adding to
the computation there a number of standard ingredients. We refer here for instance to
Feynman [32], but we will be back to this right next, with a more advanced proof. □

In relation now with our previous mathematics, we have the following result:

Theorem 4.24. Given an electric potential E, its divergence is given by

< ∇, E >=
ρ

ε0

where ρ denotes as usual the charge distribution. Also, we have

∇× E = 0

meaning that the curl of E vanishes.



82 4. STOKES, APPLICATIONS

Proof. We have several assertions here, the idea being as follows:

(1) The first formula, called Gauss law in differential form, follows from:

∫
B

< ∇, E > =

∫
S

< E(x), n(x) > dx

= ΦE(S)

=
Qenc

ε0

=

∫
B

ρ

ε0

Now since this must hold for any B, this gives the formula in the statement.

(2) As a side remark, the Gauss law in differential form can be established as well
directly, with the computation, involving a Dirac mass, being as follows:

< ∇, E > (x) =

〈
∇, K

∫
R3

ρ(z)(x− z)
||x− z||3

dz

〉
= K

∫
R3

〈
∇, x− z
||x− z||3

〉
ρ(z) dz

= K

∫
R3

4πδx · ρ(z)dz

= 4πK

∫
R3

δx ρ(z)dz

=
ρ(x)

ε0

And with this in hand, we have via (1) a new proof of the usual Gauss law.
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(3) Regarding the curl, by discretizing and linearity we can assume that we are dealing
with a single charge q, positioned at 0. We have, by using spherical coordinates r, s, t:∫ b

a

< E(x), dx > =

∫ b

a

〈
Kqx

||x||3
, dx

〉
=

∫ b

a

〈
Kq

r2
· x

||x||
, dx

〉
=

∫ b

a

Kq

r2
dr

=

[
−Kq

r

]b
a

= Kq

(
1

ra
− 1

rb

)
In particular the integral of E over any closed loop vanishes, and by using now Stokes’

theorem, we conclude that the curl of E vanishes, as stated.

(4) Finally, as a side remark, both the formula of the divergence and the vanishing of
the curl are somewhat clear by looking at the field lines of E. However, as all the above
mathematics shows, there is certainly something to be understood, in all this. □

So long for electrostatics, which provides a good motivation and illustration for our
mathematics. When upgrading to electrodynamics, things become even more interesting,
because our technology can be used in order to understand the Maxwell equations:

Theorem 4.25. Electrodynamics is governed by the formulae

< ∇, E >=
ρ

ε0
, < ∇, B >= 0

∇× E = −Ḃ , ∇×B = µ0J + µ0ε0Ė

called Maxwell equations.

Proof. This is something fundamental, appearing as a tricky mixture of physics facts
and mathematical results, the idea being as follows:

(1) To start with, electrodynamics is the science of moving electrical charges. And
this is something quite complicated, because unlike in classical mechanics, where the
Newton law is good for both the static and the dynamic setting, the Coulomb law, which
is actually very similar to the Newton law, does the job when the charges are static, but
no longer describes well the situation when the charges are moving.

(2) The problem comes from the fact that moving charges produce magnetism, and
with this being visible when putting together two electric wires, which will attract or repel,
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depending on orientation. Thus, in contrast with classical mechanics, where static or dy-
namic problems are described by a unique field, the gravitational one, in electrodynamics
we have two fields, namely the electric field E, and the magnetic field B.

(3) Fortunately, there is a full set of equations relating the electric field E and the
magnetic field B, those above. Regarding the math, the dots denote derivatives with
respect to time, and ∇ is the gradient operator, or space derivative, given by:

∇ =

 d
dx
d
dy
d
dz


(4) Regarding the physics, the first formula is the Gauss law, ρ being the charge, and

ε0 being a constant, and with this Gauss law more or less replacing the Coulomb law
from electrostatics. The second formula is something basic, and anonymous. The third
formula is the Faraday law. As for the fourth formula, this is the Ampère law, as modified
by Maxwell, with J being the volume current density, and µ0 being a constant. □

4e. Exercises
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Bonus exercise.
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