QUANTUM ISOMETRIES OF NONCOMMUTATIVE POLYGONAL
SPHERES

TEODOR BANICA

ABSTRACT. The real sphere S]{g_l appears as increasing union, over d € {1,..., N}, of
its “polygonal” versions S]g*l’dfl ={zx e Sy Yay, ... x5, = 0,Yig, . ..,iq distinct}. Mo-
tivated by general classification questions for the undeformed noncommutative spheres,
smooth or not, we study here the quantum isometries of Sg 71’d71, and of its various
noncommutative analogues, obtained via liberation and twisting. We discuss as well a
complex version of these results, with Sﬂjg ~1 replaced by the complex sphere S(]CV -1

INTRODUCTION

Goswami has shown in [14] that any noncommutative compact Riemannian manifold X
has a quantum isometry group G (X). While the classical, connected manifolds cannot
have genuine quantum isometries [16], the situation changes when looking at manifolds
which are (1) disconnected, or (2) not smooth, or (3) not classical.

The fact that a disconnected manifold can have indeed quantum isometries is well-
known, and goes back to Wang’s paper [24], where a free analogue S}, of the symmetric
group Sy, acting on the N-point space Xy = {1,..., N}, was constructed. For non-
smooth (connected) manifolds this is a relatively new discovery, due to Huang [17], the
simplest example here being the action of S3; on the union Yy = |JN,[0,1]® of the N
copies of the [0, 1]-segment on the coordinate axes of RY. Finally, for the non-classical
manifolds this is once again well-known, since [14], a basic example here being the action
of the free quantum group OF; on the free real sphere Sﬂg ;1, discussed in [4].

Generally speaking, understanding what exact geometric features of X allow the exis-
tence of genuine quantum group actions is an open question. In view of the above results
and examples, the answer probably involves a subtle mixture of non-connectedness, and
non-smoothness, and non-commutativity, which remains yet to be determined.

The present paper is a continuation of [1], [4], where we proposed the framework of
“undeformed noncommutative spheres”, and their submanifolds, as a reasonably general
setting for investigating various quantum isometry phenomena. We will study here certain
non-smooth versions of S8 !, and their various noncommutative analogues.
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More precisely, we will be interested in the “polygonal spheres”, and their noncommu-
tative analogues appearing via liberation and twisting. The polygonal spheres are real
algebraic manifolds, depending on integers 1 < d < N, defined as follows:

s = {we sy

Tig - Tiy = 0,V, ..., 1iq distinct}

This type of construction applies as well to the noncommutative versions of Sﬂg -1
constructed in [1], [4]. The cases d = 1,2 are of particular interest, because we can
recover in this way some key examples from [1], originally dismissed there because of
their non-smoothness. We have in fact 9 basic polygonal spheres, as follows:

N—-1 N-—-1 N-—-1
SR SR,* SR,Jr

N-1,1 N-1,1 GN—1
SR > Sy > S]R,

*

S}g-m qu@ ggq
Here all the maps are inclusions. The 3 spheres on top are those in [4], the 3 spheres
on the right are their twists, introduced in [1], with the free sphere S]]RX jrl being equal to
its own twist, and the 4 spheres at bottom left appear as intersections.
We will first perform an axiomatic study of these 9 spheres, with some noncommutative
algebraic geometry results, of diagrammatic type, extending those in [1], [4]. We will prove
then that the corresponding quantum isometry groups are as follows:

On 0%, 05,
Hy H O3,
H; Hpy ON

Here the 5 results on top and at right are known from [1], [4]. The 4 new results, at

bottom left, concern the hyperoctahedral group Hy, and its versions H}, H][\(;O] from [2],
[3]. The proof uses methods from [1], [4], [9], [11], [20], and some ad-hoc tricks.
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We have as well a complex version of these results, concerning the 9 complex analogues
of the above spheres and quantum groups, which once again extends some previous find-
ings from [1]. We refer to the body of the paper for the precise statements of our results,
and to the final section below for a list of questions raised by the present work.

The paper is organized as follows: in 1-2 we introduce the real polygonal spheres, in
3-4 we study their quantum isometries, and in 5-6 we state and prove our main results,
we discuss the complex extensions, and we end with a few concluding remarks.

Acknowledgements. I would like to thank Jean-Marie Lescure for a useful discussion,
and an anonymous referee for valuable suggestions. This work was partly supported by
the NCN grant 2012/06/M/ST1/00169.

1. NONCOMMUTATIVE SPHERES

According to [4], the free analogue Sﬂg ! of the real sphere SH~! is the noncommutative
real manifold whose coordinates 1, ...,zy are subject to the condition Y 27 = 1. To
be more precise, S]fgf jrl is the abstract spectrum of the following universal C*-algebra:

C’(Sﬁ{;l) =C <x1,...,xN

2 2
x,;::vf,%%—...—l—x]\,:l)

We will be interested in what follows in various “subspheres” of S]fg, jrl. As explained in
[4], besides S2 !, another fundamental example is the half-liberated sphere S@f -', which
appears as an intermediate object, S]{g e Sﬂg e Sﬁ jrl. Moreover, as explained in [1],
we have 2 more basic spheres obtained by twisting, Sg e S']fg, e Sﬁ ;1.

Here is the precise definition of the 3 extra spheres:

Definition 1.1. The subspheres S}{{‘l, S]fg*_l, 5}{5;1 C Sg;l are constructed by imposing

the following conditions on the standard coordinates x1,...,xn:
(1) S§'~ ' @y = —xja, for any i # j.
(2) S{g{;ls TiT; Ty = TpX;T;, for any i, j, k.
(3) 7]11{3(*’1: Txx, = —xRxx; for any i, 4,k distinct, x;x;jx, = xpe;e; otherwise.
The fact that we have indeed S ! C S’ﬁ ! comes from abc = —bac = bca = —cba for
a,b,c € {z;} distinct, and aab = —aba = baa for a,b € {x;} distinct, where x4, ...,z are

the standard coordinates on Sy ~'. In addition, it is known that the inclusions Sp ' C
S]fgf*_l C Sﬁ;l and S§'t C gﬁ{*—l C Sﬁ{;l are all proper at N > 3. See [1].

As pointed out in [1], when intersecting twisted and untwisted spheres, non-smooth
manifolds can appear. More precisely, S]{g -1n Sﬂg ! consists by definition of the points
T € S]{{ ~! having the property x;xjr, = 0 for any 1, j, k distinct, and is therefore a union
of (%) copies of the unit circle T, which is not smooth. See [1].

In what follows we will enlarge the formalism in [1], as to cover as well these intersec-
tions, originally dismissed there, but which are quite interesting. First, we have:
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Proposition 1.2. The 5 main spheres, and the intersections between them, are

N—-1 N-1 N-1
S]R SR,* SR,Jr

N—1,1 N—-1,1 GN_1
S]R S]R,* S]R,*

N-1,0 aN—-1,1 GN_
GN-LO L gN-Ll_ gh—

1,d—1

“N— SN—1 - . . . . ..
where Sg C Sﬁxl is obtained by assuming x;, ...x;, = 0, for g, ..., iq distinct.

Proof. We must prove that the 4-diagram obtained by intersecting the 5 main spheres
coincides with the 4-diagram appearing at bottom left in the statement:

N-1 QN-1 N—-1 QN-1 N-1,1 N-1,1
Sk NSk, Sk N Sk Sk — Sp..
N-1 QN-1 N-1 QN-1 N-1,0 aN-1,1

But this is clear, because combining the commutation and anticommutation relations
leads to the vanishing relations defining spheres of type ‘I{RX ;Ld*l. More precisely:

(1) SF1 N SY~" consists of the points x € Sy ! satisfying z;2; = —x;z; for i # j.
Since x;x; = x;x;, this latter relation reads z;x; = 0 for 7 # j, which means x € Sgil’o.

(2) Sg 1N SP T consists of the points x € SF satisfying z;xz, = —apxja; for i, j, k
distinct. Once again by commutativity, this relation is equivalent to x € Sg —it

(3) S@f 1N SY~t is obtained from S ' by imposing to the standard coordinates the
half-commutation relations abc = cba. On the other hand, we know from S{ ' C S’ﬁ !
that the standard coordinates on 5]{{ ~!satisfy abc = —cba for a, b, ¢ distinct, and abe = cba
otherwise. Thus, the relations brought by intersecting with S{{ ;1 reduce to the relations

abc = 0 for a, b, ¢ distinct, and so we are led to the sphere S‘g_l’l.

(4) SE7tN SY -t is obtained from Sy by imposing the relations abc = —cba for a, b, ¢
distinct, and abc = cba otherwise. Since we know that abc = cba for any a, b, ¢, the extra
relations reduce to abc = 0 for a, b, ¢ distinct, and so we are led to Sg;l’l. U

Let us find now a suitable axiomatic framework for the 9 spheres in Proposition 1.2. We
denote by P(k,1) the set of partitons between an upper row of k points, and a lower row
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of [ points, we set P = J,, P(k,!), and we denote by P.,., C P the subset of partitions
having all the blocks of even size. Observe that P.e,(k,l) = 0 for k£ + 1 odd.

We use the fact, from [1], that there is a signature map ¢ : Py, — {—1, 1}, extending
the usual signature of permutations, ¢ : S,. — {—1,1}. This map is obtained by setting
g(r) = (—1)¢, where ¢ € N is the number of switches between neighbors required for
making 7 noncrossing, and which can be shown to be well-defined modulo 2.

We have the following definition, once again from [1]:

Definition 1.3. Given variables x1,...,xyN, any permutation o € Sy produces two col-
lections of relations between these variables, as follows:

(1) Untwisted relations: x;, ...x;, = Tigy - Tigys JOT any i, ... .

(2) Twisted relations: x;, ...x; =¢ (ker(iaa)._.iafm)) Tiyy o Tiggys JOT any iy, ... ig.

The untwisted relations are denoted R,, and the twisted ones are denoted R..

Observe that the relations R, are trivially satisfied for the standard coordinates on
S]f{y ~1 for any o € Sk. A twisted analogue of this fact holds, in the sense that the standard
coordinates on S]{{ ~! satisfy the relations R, for any o € S;. Indeed, by anticommutation

we must have a formula of type z;, ... z;, = j:xl-g(l) e Ty and the sign + obtained in
this way is precisely the one given above, + = ¢ ker(iﬁm'.'_'_i;fk))). See [1].

Finally, we agree as in [1] to distinguish the untwisted and twisted cases by using a dot
symbol, which is null in the untwisted case, and is a bar in the twisted case.

We have now all the needed ingredients for axiomatizing the various spheres:

Definition 1.4. We have 3 types of noncommutative spheres S C Sﬁf;l, as follows:

1) Monomial: SYZ', with E C S, obtained via the relations {R,|oc € E}.
R,E

(2) Mized monomial: S 5y = SE ' 0 SE!, with E,F C Sa.

3) Polygonal: Sy 50 = SNZL A SN M4t with E,F C S, and d € {1,...,N}.
R,E,F R,EF | OR 4+

Here the subsphere Sﬂg Il’d_l C Sﬂg ;1 appearing in (3) is constructed as in Proposition

1.2 above, by imposing the relations z;, ...z;, = 0, for 7, ..., 14 distinct.

With the above notions, we cover all spheres appearing so far. More precisely, the 5
spheres in [1] are monomial, the 9 spheres in Proposition 1.2 are mixed monomial, and
the polygonal sphere formalism covers all the examples given so far in this paper.

Observe that the set of mixed monomial spheres is closed under intersections. The
same holds for the set of polygonal spheres, because we have the following formula:

Sapi O Sawi ' = Supipror
Let us try now to understand the structure of the various types of noncommutative
spheres. We call a group of permutations G C Sy filtered if, with G, = G N Sk, we have
G X Gy C Gy, for any k,l. We use the following simple fact, coming from [1]:
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Proposition 1.5. The various spheres can be parametrized by groups, as follows:
(1) Monomial case: Sﬁa‘l? with G C S filtered group.
(2) Mized monomial case: Sﬁ{&}fp with G, H C Sy filtered groups.
(3) Polygonal case: Sﬂgg};}i‘l, with G, H C Sy filtered groups, and d € {1,...,N}.

Proof. As explained in [1], in order to prove (1) for a monomial sphere S = Sg g, we
can take G C S, to be the set of permutations o € S, having the property that the
relations R, hold for the standard coordinates of S. We have then E C G, we have as
well S = S]]Ry o', and the fact that G is a filtered group is clear as well. See [1].
Regarding now (2) and (3), these follow from (1), by taking intersections. O

Let us write now the 9 main polygonal spheres as in Proposition 1.5 (2). We recall
from [1] that the permutations o € Sy, having the property that when labelling clockwise
their legs o @ 0 @ ..., and string joins a white leg to a black leg, form a filtered group,
denoted S*, C S.. This group comes from the half-liberation considerations in [6], and
its structure is very simple, S35, ~ S, x S,,, 55,1 =~ S, X Spi1. See [1].

We call a mixed monomial sphere parametrization S = Sﬂg (_;IH standard when both
filtered groups G, H C S, are chosen to be maximal. In this case, Proposition 1.5 and
its proof tell us that G, H encode all the monomial relations which hold in S.

We have the following result, extending some previous findings from [1]:

Theorem 1.6. The standard parametrization of the 9 main spheres is

Se 5% ay e
Sﬂé_l Sﬂ]{i*‘l S]fijrl .................. m
Sg‘l . Sg’*—m gﬂfggl .................. S*
SN0 gNb_gNl g

where S%, C Sy 1s given by S5, ~ Sy, X Sp, 85,1 =~ Sp X Spi1.

Proof. The fact that we have parametrizations as in the statement is known to hold for
the 5 main spheres from [1], as explained there. For the remaining 4 spheres the result
follows by intersecting, by using the following formula, valid for any E, F' C Su.:

N-1 N-1 _ aN-1
SR,E,F N SR,E’,F’ = SR,EUE’,FUF’
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In order to prove that the parametrizations are standard, we must compute the following
two filtered groups, and show that we get the groups in the statement:

G = {0 € Sx|the relations R, hold over X'}
H = {0 € S |the relations R, hold over X}

As a first observation, by using the various inclusions between spheres, we just have to
compute G for the spheres on the bottom, and H for the spheres on the left:

X = Sg_l’oﬁug_l’ljﬁ[_l = G = 55,55, {1}
X =8 08y S = H=S.,5%. {1}

The results for S{{ 19 being clear, we are left with computing the remaining 4 groups,
for the spheres S]f{y_l, S]{{—l, S]f{y_l’l, S]{{‘l’l. The proof here goes as follows:
(1) Sx~'. According to the definition of H = (H},), we have:
H, = {0 € Sk|Tiy ... w;y =€ (ker(izzn"":ijfk))) Tiyy -+ Tiggys Vil oo ,ik}

= {O’ € Skle(t) =1,vr < U}

Now since for any o € Si,0 # 1, we can always find a partition 7 < ¢ satisfying
e(1) = —1, we deduce that we have H, = {1}, and so H = {1}, as desired.

(2) S&~1. The proof of G = {1} here is similar to the proof of H = {1} in (1) above,
by using the same combinatorial ingredient at the end.

(3) S "', By definition of H = (Hj), a permutation ¢ € S belongs to Hj, when the
following condition is satisfied, for any choice of the indices i1, ..., i:

A - i g A _
Tiy ... T =€ <ker(ig_(l>mio(k))> Tiyay - - Tiga

When |keri| = 1 this formula reads z*¥ = z*  which is true. When |keri| > 3 this
formula is automatically satisfied as well, because by using the relations ab = ba, and
abc = 0 for a, b, ¢ distinct, which both hold over SI{; ~b1 this formula reduces to 0 = 0.
Thus, we are left with studying the case |keri| = 2. Here the quantities on the left
will not vanish, so the sign on the right must be 1, and we therefore have:

Ly - Ty,

Hy, = {O’ € Sk)&f(T) =1,Vr <o,|7| = 2}

Now by coloring the legs of o clockwise ceoce ..., the above condition is satisfied when
each string of o joins a white leg to a black leg. Thus Hy = S}, as desired.

(4) SY"'. The proof of G = S*, here is similar to the proof of H = S% in (3) above,
by using the same combinatorial ingredient at the end. U
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As a conclusion, the 5 4+ 4 = 9 spheres from Proposition 1.2 come from the 3 x 3 ways
of selecting a pair of filtered groups (G, H), among the basic filtered groups {1}, S% , Se..
This result, improving some previous findings from [1], is the best one that we have.

2. UNIQUENESS RESULTS

In this section we discuss a number of conjectures, whose validity would improve the
formalism in Theorem 1.6. These conjectures are all equivalent, as follows:

Proposition 2.1. The following are equivalent:

(1) The 3 spheres in [4] are the only untwisted monomial ones.
(2) The 5 spheres in [1] are the only monomial ones.
(3) The 9 spheres in Theorem 1.6 are the only mized monomial ones.

Proof. These equivalences are all clear, with (1) = (2) = (3) being obtained by
intersecting, and with (3) = (2) = (1) being obtained by restricting. O

These conjectures belong a priori to operator theory/algebras, and more specifically to
a branch that could be called “noncommutative algebraic geometry, with positivity”, that
we are trying to develop in this paper. Our claim here would be that there might be a
purely combinatorial way of solving them. We have the following definition:

Definition 2.2. Consider a filtered group of permutations, that is, a group G C S,
G = (Gy), satisfying Gy x Gy C Gy for any k,l. We call this group:

(1) Saturated, if G consists of all the permutations o € Sy such that the relations
Tiy oo Ty = Tiy gy -+ - Tig gy hold over Sﬁ{&l, for any iy, ... 1.

(2) Weakly saturated, if whenever o € Gy, satisfies o(i+1) = o(i) 1, the permutation
o@D € S,y obtained by deleting i,i + 1 and their images belongs to Gj._s.

It follows from Proposition 1.5 that we have a saturation operation G — G for the
filtered groups, which can be obtained by setting S]fgf o= Sg 51, with G C S, chosen

maximal. With this remark in hand, the conjecture in Proposition 2.1 (1) above simply
states that there are exactly 3 saturated groups, namely {1}, S* S,,. Observe that these
3 groups are indeed saturated, as a consequence of Theorem 1.6 above.

Regarding now the weak saturation, once again this produces an operation G — G for
the filtered groups. Indeed, given G C S we can add to it all the permutations o1
appearing in Definition 2.2 (2), then consider the filtered group generated by G and by
these extra permutations, and then repeat the procedure, a finite or possibly countable
number of times, until we obtain a weakly saturated group G.

The interest in the above notions comes from:

Proposition 2.3. Any saturated group is weakly saturated. In particular, if the only
weakly saturated groups are {1}, 5%, Sy, then the conjectures in Proposition 2.1 hold.
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Proof. Consider a saturated group G C S, and let S = S]fg, 51 be the corresponding
sphere. We must show that if o € G}, satisfies o(i + 1) = o (i) £ 1, then ¢+ € G_,.

We know from o € G, that the relations z;, ... z;, = Tiy ) -+ Tigr hold over S. In the
case 0(i+ 1) = (i) + 1 these relations are of type XabY = ZabT', and by setting a = b*
and summing over a we obtain XY = ZT'. But these are exactly the relations associated
to the permutation ¢ € S;._,, and we deduce that we have ot € G;_,.

In the case o(i+1) = o(i) — 1 the proof is similar. Indeed, the relations associated to o
are now of type XabY = ZbaT', and once again by setting a = b*, and by summing over
a, we obtain XY = ZT, and we conclude that we have ¢ € G} _,.

Finally, the last assertion is clear from the above considerations. U

We have the following result, of interest in connection with Proposition 2.1:

Proposition 2.4. If a filtered group G C S, G = (Gy) is weakly saturated and |G5| > 1,
then G must be one of the groups S, Sk,

Proof. Our claim, which will basically prove the result, is that at £ < 5 we have:
cESy = ITE<I®Ro,0®1>C Sy, T, 7(i+1) =7(i) £ 1

We have no conceptual proof for this claim, so we will first discuss the cases k = 3, 4,
following some previous work in [1], and then we will discuss the case k = 5:

Case k = 3. Here we just have to investigate the 3-cycles, and by symmetry we can
restrict attention to the cycle o = (231). As explained in [1], a standard C*-algebra
trick shows that the corresponding sphere collapses to Sg ~!. The point now is that
this trick can be converted into a proof of the above claim. More precisely, we have
(1®0)(0c®1)=(2143), which satisfies the requirements for 7 in the above claim.

Case k = 4. Here, as explained in [1], for 22 of the 24 permutations o € Sy, the above
claim holds, with 7 = . The remaining 2 permutations are oy = (3412) and oy = (2413).
The point now is that we have (1 ® o1)(0; ® 1) = (52143) and o3 = (4321), which both
satisfy the requirements for 7 in the above claim. See [1].

Case k = 5. We have to study the 120 elements o € S5, and best here is to consider
the corresponding group < o >C S5, which is G = Z, with s = 1,2,3,4,5,6. At s =1
the result is clear, at s = 3,4,5 what happens is that we can always find 7 € G satisfying
7(i+1) = 7(i) £ 1, for some ¢, and at s = 6 the result follows from the s = 3 result. Thus
we are left with the case s = 2. Here the cycle structure of o can be either (2111), where
the result is clear, or (221), which is the case left. But here ¢ must appear from one of
the elements (2143), (4321), (3412) € Sy by adding a “fixed point”. When this fixed point
is at right or at left, the result is clear, so by symmetry it remains to study the 2 cases
where this fixed point is either in the middle, or at left of the middle point. Thus we have
3 X 2 = 6 cases to be investigated, and 5 of these cases are trivial, in the sense that o
itself satisfies (i + 1) = (i) & 1 for some ¢. The remaining case is ¢ = (42513), and here
(1®0)(c®1) = (435621), which satisfies the requirements for 7 in the above claim.
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Thus we are done with the proof of the above claim. The point now is that, given
G C S as in the statement, we can pick ¢ € G5 — {15}, and apply to it the above
claim, perhaps several times, until we obtain either the basic crossing (12) € Sy, or the
half-liberated partition (321) € S3. We deduce from this that G must be generated by
one of these two partitions, and so we have G = S, or G = S, as desired. U

By combining now Proposition 2.3 and Proposition 2.4, we deduce:

Theorem 2.5. The conjectures in Proposition 2.1 hold, provided that the spheres in
question are generated by relations coming from permutations o € Sy with k < 5.

Proof. Proposition 2.3 and Proposition 2.4 tell us that at £ <5 we have:
g e Sk,U 7é 1k — Sﬁ{;l € {Sﬂlg_l,Sﬁf;l

Thus the conjecture in Proposition 2.1 (1) holds under the k£ < 5 assumption. The
statements coming from Proposition 2.1 (2) and (3) follow as well, by intersecting. [

We believe that Proposition 2.4 should hold under the assumption G # {1}, therefore
proving the conjectures in Proposition 2.1, but we were unable so far to extract something
conceptual from the above proof, which would extend from k£ <5 to k € N.

As a second piece of evidence for the conjectures in Proposition 2.1, we can try to inter-
sect an arbitrary untwisted monomial sphere S = Sﬂg El with the 3 untwisted monomial
spheres, or with the 5 monomial spheres, or with the 9 mixed monomial spheres, and see
if we get indeed the results predicted by S € {Sﬁf - S]fg’ - SH]{X 11 .

There are many interesting statements here, and as an example, we have:

Proposition 2.6. For any F' C S, we have a formula as follows
GN—1  GN=1 _ gN-1d-1
R R,F — PR
for a certain number d € {1,...,N}. In addition, we have d € {1,2, N}.

Proof. We can assume F' = {o}, with o € S, 0 # 1.

(1) The anticommutation relations, when compared to the corresponding commutation
relations, translate into relations of type a;, ...a; = 0, for certain indices 7. Since we can
permute the terms, and we can also replace x] — x; for any r > 2, we are led to relations
of type z;, ... x;, = 0, for any 1,.. ., distinct. Now since the spheres S]{g*“"* form an
increasing sequence, by setting d = min(r) we obtain the formula in the statement.

(2) We use the defining formulae for S]{{ -1, which are:

i ... Ik
T .k, =€ | ker | . ) Ti o T
“ tk ( (10(1) . ’Lg(k)>) to () to (k)

By comparing with the commutation relation z;, ...z; = Tigry -« Liggy s valid for the
classical sphere S]{{ ~1 we conclude that the intersection SI{Q -1 ﬂgﬂg ;1 consists of the points
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T € S]{{ ~! which are subject to the following relations:

E(ker(.zl e W )> =—1 = 24 ...24,=0
20(1) Zg(k)

In other words, given our permutation o € Sk, we can consider all the partitions 7 < o,
obtained by collapsing blocks. The partitions satisfying e(r) = 1 don’t produce new

relations, and the partitions satisfying e(m) = —1 produce the following relations, where
r = |m| comes from the compression procedure explained in the proof of (1) above:
i g
ker | . . =T = T ...T; =0
(20(1) e Zg(k))

We use now the fact that o € Sy, 0 # 11,13, 13,... implies 37 < 0, e(7w) = —1, || < 3,
which comes by selecting a suitable crossing for o, and then by collapsing all the other
strings to a single block. Thus d + 1 = min(r) satisfies d € {2, 3}, and we are done. [

As a last comment, a useful ingredient for dealing with the conjectures in Proposition
2.1 would be a good diagrammatic framework for the polygonal spheres. Observe that all
the relations that we need are of the following type, with «, 5 € {—,1,0,1}:

o o Q- Tiy ) - Tigg ife=1
21 0t M T .
R Tiyay - - Tiggy if e =-—1

Here the number ¢ = +1 on the right is by definition given by:

eze(ker(.zl e K )>
20(1) Zg(k)

Thus the diagrams that we need are a priori the usual permutations, colored in 3x3 =9
ways, according to the values of («, ). It is quite unclear, however, on how to turn this
idea into an efficient computational tool, that can solve our conjectures.

3. AFFINE ACTIONS

We discuss now the computation of the quantum isometry groups of our spheres. We
use the compact quantum group formalism developed by Woronowicz in [25], [26].

There are several ways of defining quantum isometries, depending on the type of mani-
fold involved, see [5], [10], [12], [13], [14], [15], [18], [21], [23], [24]. In what follows we use
an algebraic geometry approach, inspired from Goswami’s paper [15].

Assume that we are given an algebraic manifold X C SH]{X ;1, in the sense that X appears
via a presentation result as follows, for certain noncommutative polynomials P,:

C(X) = C’(Sﬁf;l)/ < Py(z1,...,2y)=0>
We say that a closed subgroup G C OF; acts affinely on X when we have a morphism

of C*-algebras ¢ : C(X) — C(G) ® C(X), given by z; — > u;; @ ;. Observe that such
a morphism is automatically coassociative and counital, and unique. We have:
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Proposition 3.1. Given an algebraic submanifold X C Sﬂgll, we category of closed

quantum subgroups G C OF; acting affinely on X has a universal object, GT(X).

Proof. Assume indeed that X is defined by polynomials P, as above. Our claim is that
G = G*(X) appears as follows, where X; = > u;; ® 2; € C(Oy) ® C(X):

O(G) = C(0%)/) < Pa(Xy, ..., Xn) =0 >

In order to prove this claim, we have to clarify how the relations P, (Xi,...,Xx) =0
are interpreted inside C'(O};), and then show that G is indeed a quantum group.
So, pick one of the defining polynomials, P = P,, and write it as follows:

P(zy,...,xyN) ZZOér'%g--wﬂ
T

s(r)
With X; =}, u;; ® z; as above, we have the following formula:

P(Xl, e ,XN) = ZO&T Z ul{j{ e ui;(v»)j;(r-) X mj{ Ce xj:_(r)
T jf...j;’”)
Since the space spanned by the variables at right is finite dimensional, the relations
P(Xy,...,Xn) = 0 correspond indeed to certain relations between the variables u;;.

It order to show that GG is indeed a quantum group, consider the following elements:
uiAj = Z ik @ uk; U =0y ufj = Uj;
k

Now if we consider the associated elements X, = Zj ul; ® xj, with v € {A, g, S}, then
from the relations P(Xy,..., Xy) = 0 we deduce that we have:

P(X],...,X}) = (y®id)P(X,,...,Xn) =0

Thus, by using the universal property of GG, we can construct morphisms of algebras
mapping u; — u;; for any v € {A, ¢, S}, and this finishes the proof. O

As an illustration, we have the following statement, coming from [9], [15]:

Proposition 3.2. Assume that X C S]fg_l is tnvariant under x; — —x;, for any i.

(1) If the coordinates x1, ..., xy are linearly independent inside C'(X), then the group
G(X) =G"(X)N Oy consists of the usual isometries of X.

(2) In addition, in the case where the products of coordinates {x;x;|i < j} are linearly
independent inside C(X), we have G (X) = G(X).

Proof. This follows from [9], [15], the idea being as follows:

(1) The assertion here is well-known, G(X) = G*(X) N Oy being by definition the
biggest subgroup G C Oy acting affinely on X. We refer to [15] for details, and for a
number of noncommutative extensions of this fact, with G(X) replaced by G (X).



QUANTUM ISOMETRIES OF NONCOMMUTATIVE POLYGONAL SPHERES 13

(2) Here we must prove that, whenever we have a coaction ® : C(X) — C(G) ® C(X),
given by &(x;) = Zj u;; ® x;, the variables u;; commute. But this follows by using a
strandard trick, from [9], that we will briefly recall now. We can write:

(i) = 3 (s ] fugewal) © (1= % ) v

k<l

Now since the variables {zz;|k < [} are linearly independent, we obtain from this
[Wik, wj] = [wjk, wy), for any 4, j, k,l. Moreover, if we apply now the antipode we further
obtain [w;, ug;] = [, uk;], and by relabelling, [w;x, uj] = [uq, u;r]. We therefore conclude
that we have [u;,, uj] = 0 for any 4, j, k, [, and this finishes the proof. See [9]. O

With the above notion in hand, let us investigate the polygonal spheres. We recall from
[1], [4] that the quantum isometry groups of the 5 main spheres are as follows:

N-1 N-1 N-1 GN-1 GN-1
Sg >S5k, — Sy Sk« Sk

Ox o, o% O, On

Here Oy is the orthogonal group, OF is its free version constructed in [23], Oy is its
twist constructed in [2], O} is its half-liberated version studied in [6], and O} is its twisted
half-liberated version constructed in [1]. We refer to [1] for full details here.

In the polygonal case now, we begin with the classical case. We use the hyperoctahedral
group Hy, and its free version Hy; constructed in [2]. We have:

Proposition 3.3. The quantum isometry group of S{{‘Ld‘l s as follows:

(1) At d =1 we obtain the free hyperoctahedral group Hy;.
(2) Atd=2,...,N — 1 we obtain the hyperoctahedral group Hy.
(3) At d = N we obtain the orthogonal group Oy.

Proof. Observe first that the sphere S]{{ ~L4=1 g ppears by definition as a union on (]C\lf)
copies of the sphere Sﬁ‘é—l, one for each choice of d coordinate axes, among the coordinate

axes of RY. We can write this decomposition as follows, with Iy = {1,..., N}:
Sg—l,d—l _ U (Sd-1)!
ICIy,|T|=d

(1) At d = 1 our sphere is S]{g R 73N, formed by the endpoints of the N copies of
[—1,1] on the coordinate axes of RY. Thus by [2] the quantum isometry group is Hj.
(2) Our first claim is that at d > 2, the elements {z;z;|i < j} are linearly independent.

Since Sy "' < SY M we can restrict attention to the case d = 2. Here the above
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decomposition is as follows, where T/} denote the various copies of T:

i<j

Now since {22, 42, xy} are linearly independent over T C R?, we deduce from this that
{z;x;]i < j} are linearly independent over Sﬂg ~1471and we are done. Thus, our claim is
proved, and so Proposition 3.2 (2) above applies, and gives GT(X) = G(X).

We are therefore left with proving G(X) = Hy, for any d € {2,..., N — 1}.

Let us first discuss the case d = 2. Here any affine isometric action U ~ Sp "' must

permute the () circles TZ, so we can write U(T?) = T'', for a certain permutation of the
indices I — I’. Now since U is bijective, we deduce that for any I, J we have:

Uu(r'nT’)y=T"NnT”

Since for [INJ| = 0,1,2 we have T'NTY ~ (), {—1,1}, T, by taking the union over I, J
with |1 N J| = 1, we deduce that U(Z3") = Z$". Thus U € Hy, and we are done.

In the general case now, d € {2,..., N — 1}, we can proceed similarly, by recurrence.
Indeed, for any subsets I, J C Iy with |I| = |J| = d we have:

(Sfé_l)l N (Sfé_l)J _ (S]gﬁﬂfl)]mt]
By using d < N — 1, we deduce that we have the following formula:
Sg—l,d—Q — U (Sﬁéﬂj‘—l)[ﬂ{]
\I|=|J|=d,|INJ|=d—1

On the other hand, by using the same argument as in the d = 2 case, we deduce that
the space on the right is invariant, under any affine isometric action on Sg “L4=1 Thus
by recurrence we obtain G(Sp ") = G(S8"*?) = Hy, and we are done.

(3) At d = N the result is known since [4], with the proof coming from the equality
GT(X) = G(X), deduced from Proposition 3.2 (2), as explained above. O

In order to discuss the twisted case, we recall the following definition, from [2]:
Definition 3.4. Oy is the quantum group obtained by imposing the relations

b —ba for a # b on the same row or column of u
ao =
ba  otherwise

to the standard coordinates u;; of the quantum group O%.

As explained in [2], this quantum group has an interesting noncommutative geometric
meaning, because it is the quantum isometry group of the hypercube ZY C RY. Thus,
Oy is a natural analogue of the hyperoctahedral group Hy. However, quite surprisingly,
Oy is not the free version of Hy. The correct free version of Hy is the quantum isometry
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group Hj; of the space Z3N < RN formed by the N copies of Zy C R on the coordinate
axes of RV, that we already met in Proposition 3.3 (1) above. See [2].

Now back to the polygonal spheres, the study in the twisted case is considerably more
difficult than in the classical case, and we have complete results only at d = 1,2, N. Our
statement here, to be enhanced later on only with a few minor results, is:

Theorem 3.5. The quantum isometry group of S']fg_l’d_l 15 as follows:

(1) At d =1 we obtain the free hyperoctahedral group Hy;.
(2) At d =2 we obtain the hyperoctahedral group Hy.
(3) At d = N we obtain the twisted orthogonal group Oy .

Proof. The idea is to adapt the proof of Proposition 3.3 above:

(1) At d = 1 we have S’Q_l’o = S]{g_l’o = 75" and by Proposition 3.3 (1) above, coming
from [2], the corresponding quantum isometry group is indeed H.

(2) As a first ingredient, we will need the twisted analogue of the trick from [9], explained
in the proof of Proposition 3.2 (2) above. This twisted trick was already worked out in
[1], for the sphere S ™' itself, and the situation is similar for any closed subset X C
S¥~1 having the property that the variables {z;z;|i < j} are linearly indepedent. More
presisely, our claim is that if G C O% acts on X, then we must have G C Oy.

Indeed, given a coaction ®(x;) = ), u;; ® x;, we can write, as in [1]:

2
q)(xlxj) = E uikujk (%9 Xy + E (uikuﬂ — uﬂujk) & T
k k<l

We deduce that with [[a, b]] = ab + ba we have the following formula:

O({[wi, 25]]) = Z[[uikauﬂc” ® xj, + Z([uilmuﬂ] — [uir, ujp]) @ vy
k k<l

Now assuming i # j, we have [[z;, z;]] = 0, and we therefore obtain [[u, u;x]] = 0 for
any k, and [wj, ;| = [uq, u;) for any k < . By applying the antipode and then by
relabelling, the latter relation gives [w;, uj] = 0. Thus we have reached to the defining
relations for the quantum group Oy, and so we have G C Oy, as claimed.

Our second claim is that the above trick applies to any S]{{ 471 with d > 2. Indeed,
by using the maps ;; : C(Sy 171 = C(S}) obtained by setting xj, = 0 for k # i, j, we
conclude that the variables {z;z;|i < j} are indeed linearly independent over Sy~ """ .

Summarizing, we have proved so far that if a compact quantum group G C O} acts
on a polygonal sphere 5’5{ Ll With d > 2, then we must have G C Oy. We must now
adapt the second part of the proof of Proposition 3.3, and since this is quite unobvious
at d > 3, we will restrict now attention to the case d = 2, as in the statement.

So, consider a compact quantum group G C Oy. In order to have a coaction map
d:C(SE = C(G) @ (S5, given as usual by ®(z;) = > Uij @z, the elements
X, = Zj u;; ® x; must satisfy the relations X; X; X, = 0, for any 4, j, k distinct.
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So, let us compute X;X; X}, for 4, j, k distinct. We have:

XiX; X, = § UiqUjpUke @ TqTpTe = E UjqUjpUge @ TaTpTe

abc a,b,c not distinct
Z 2 Z

- UjqUjoUkb X TqTh + UiqUjpUkq X TqTpTq
a#b a#b
Z 2 Z 3

+ UipUjqUka X Ty, + UiqUjqUka X X,
a#b a

By using z,1p7, = —221y and 222 = 1215, we deduce that we have:

2 3
XiX;Xp = ) (ialtjalgy — Uialljplipa + Uipljalika) @ Ty + Y Uigljaling @ T4
a#b a

2
= E (UiaUjoUkh — WiaWjpUka + UipUjalka) @ ToTp
ab

By using now the defining relations for Oy, which apply to the variables u;;, this
formula can be written in a cyclic way, as follows:

2
X X; Xy, = E (WiqUjaUkp + WjgUkaWip + UkaWigUjp) @ T5Typ
ab

We use now the fact, coming from [1], that the variables on the right x2z; are linearly
independent. We conclude that, in order for our quantum group G C Oy to act on Sg —Lt
its coordinates must satisfy the following relations, for any i, j, & distinct:

UiqUjaUph + UjqUkqUsp + UpaUiqljy = 0

By multiplying to the right by wux, and then by summing over b, we deduce from this
that we have u;,u;, = 0, for any i, j. Now since the quotient of C(Ox) by these latter
relations is C(Hy), we conclude that we have G*(Sy ') = Hy, as claimed.

(3) At d = N the result is already known from [1], and its proof follows in fact from
the “twisted trick” explained in the proof of (2) above, applied to S5 " O

Observe that the results that we have so far, namely those in [1] and in Proposition
3.3 and Theorem 3.5 above, give us the quantum isometry groups of 8 of the 9 spheres in
Theorem 1.6. The sphere left, SH]{X *_1’1, will be investigated in the next two sections.

In the context of Theorem 3.5, we do not know what happens at d =3,..., N — 1. It
is easy to see that the hyperoctahedral group Hy acts on any polygonal sphere SYJJRY ~1d-1
and our conjecture would be that this action is the universal one.

)
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4. HYPEROCTAHEDRAL GROUPS

As explained above, our main objective now will be that of computing the quantum
. N-1,1 . . . .. .
isometry group of SR’* . The computation is quite non-trivial, and requires a number
of quantum group preliminaries, that we will develop in this section.

We recall from [3], [6] that the quantum group O} C O3 is obtained by imposing
the half-commutation relations abc = cba to the standard coordinates u;;. This quantum
group has a twist O}, constructed in [1], whose definition is as follows:

Definition 4.1. O% C OF; is the quantum group obtained by imposing the relations

b —cba forr<2,s=3orr=3,5s<2
abc =
cba forr<2,s<2orr=s=3

where r,s € {1,2,3} are the number of rows/columns of u spanned by a,b, c € {u;;}.

In order to deal with O%, it is useful to keep in mind the following table, encoding the
choice of the above half-commutation /half-anticommutation signs:

r\s 1 2 3
1+ 4+ -
2 + + -
3 — — +

We have intersected twisted and untwisted spheres in section 2 above, and we will do
the same now for the corresponding orthogonal groups. We have here:

Proposition 4.2. The main 5 quantum groups, and the intersections between them, are

On O% o%
Hy H Ok
HN HN O_N

at N > 3. At N =2 the same holds, with the lower left square being [Zz g;].

2

Proof. We have to study 4 quantum group intersections, as follows:

(1) Oy N Oy. Here an element U € Oy belongs to the intersection when its entries
satisfy ab = 0 for any a # b on the same row or column of U. But this means that our
matrix U € Oy must be monomial, and so we get U € Hy, as claimed.
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(2) Oy N O%. At N = 2 the defining relations for O} dissapear, and so we have
O, N0 = 0y N OF = 0., as claimed. At N > 3 now, the inclusion Hy C Oy N O}“V
is clear. In order to prove the converse inclusion, pick U € Oy in the intersection,
and assume that U is not monomial. By permuting the entries we can further assume
U1 # 0,Uq5 # 0, and from Uy1UoU;3 = 0 for any ¢ we deduce that the third column of U
is filled with 0 entries, a contradiction. Thus we must have U € Hy, as claimed.

(3) O3 NOy. At N =2 we have O3 N Oy = OF N Oy = Oy, as claimed. At N > 3 now,
best is to use the result in (4) below. Indeed, knowing O} NO% = Hj, our intersection is
then G = Hy, N Oy. Now since the standard coordinates on Hy, satisty ab =0 for a # b
on the same row or column of u, the commutation/anticommutation relations defining
On reduce to plain commutation relations. Thus G follows to be classical, G C Oy, and
by using (1) above we obtain G = Hi N Oy N Oy = Hi N Hy = Hy, as claimed.

(4) O3 NO%. The result here is non-trivial, and we must use technology from [11]. The
quantum group Hp = O% N O} is indeed half-classical in the sense of [11], and since we
have H} C Hyy, this quantum group is not classical. Thus the main result in [11] applies,
and shows that Hy C Oy must come, via the crossed product construction there, from
an intermediate compact group T C G C Uy. Now observe that the standard coordinates
on HJ are by definition subject to the conditions abc = 0 when (7, s) = (< 2,3), (3, < 2),
with the conventions in Definition 4.1 above. It follows that the standard coordinates
on G are subject to the conditions afy = 0 when (r,s) = (< 2,3),(3,< 2), where
r,s = span(a,b,c) as in Definition 4.1, and o = a,a*, 8 = b,b*,7 = ¢,c*. Thus we have
G C Uy, where Uy is the twisted half-liberated version of Uy constructed in [1].

We deduce from this that we have G C K3, where K3 = UyNU3. But this intersection
can be computed exactly as in the real case, in the proof of (2) above, and we obtain
K3 = Uy, and K3 = TSy at N > 3. But the half-liberated quantum groups obtained
from U, and TSy via the construction in [11] are well-known, these being O3 = O5 and
H}. Thus by functoriality we have Hy' C Of and Hy C Hj at N > 3, and since the
reverse inclusions are clear, we obtain Hy' = OF and HY = H} at N > 3, as claimed. [

Observe that the diagram in Proposition 4.2 is not exactly the quantum isometry group
diagram from the introduction. In order to evolve now towards that diagram, we must
first introduce a new quantum group, H ][\?O ). This quantum group was constructed in [3],
and its main properties, worked out in [3], [19], [20], can be summarized as follows:

Proposition 4.3. Let H][\?O] C OF; be the compact quantum group obtained via the relations
abc = 0, whenever a # ¢ are on the same row or column of u.

(1) We have inclusions Hy C H][\(;O] C Hy.
(2) We have aby ...b.c =0, whenever a # ¢ are on the same row or column of u.
(3) We have ab* = b*a, for any two entries a,b of u.
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Proof. We briefly recall the proof in [3], [19], [20], for future use in what follows. Our first
claim is that H ][\?O } comes, as an easy quantum group, from the following diagram:

(@] (@] (@]
T o=
(@] O (@]
Indeed, since this diagram acts via the map 75 (e;;x) = dixesjk, We obtain:
®3 _ _
Tru™ewe = Tx E Cijk @ UiqUjpUke = E €ijk @ OikWiaUjbUke
ijk ijk
®3 _ ,,®3 _ } :
U Tﬂ'eabc = u 5ac€abc - €ijk & 6acuiaujbukc
ijk

Thus T, € End(u®?) is equivalent to (dix — dac)Uiqjptire = 0. The non-trivial cases are
i =k,a # cand ¢ # k,a = ¢, and these produce the relations u;,ujyu;. = 0 for any a # c,

and u ujpur, = 0, for any ¢ # k. Thus, we have reached to the relations for H][\?o].

1) The fact that we have inclusions H* c H ¢ H¥ comes from:
N N N

O O O O O o (0] (0] o (0] o O O
o o O O O o O o o o o o o

In the general case r > 2 the proof is similar, see [3] for details.
(3) We use here an idea from [19], [20]. By rotating 7, we obtain:
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Let us denote by ¢ the partition on the right. Since T, (e;:1) = 0;:€x:;, we obtain:
Y J JCkjis
®3 _ _
Toueq. = 1, E €ijk @ UigUjpUke = E Chji @ 0ijUiqUjpUke
ijk ijk
®3 _ ,®3 _ E :
u Toeabc = u 5abecba — €kji X 5abukcujbuia
ijk
Thus T, € End(u®?) is equivalent to 0ijWiaWjpUke = OgpUkcUjplia, and now by setting
j =1,b = a we obtain the commutation relation u? uy. = ug.u?, in the statement. U

The relation of H][\?O] with the polygonal spheres comes from the following fact:

Proposition 4.4. Let X C S]{g;l be closed, let d > 2, and set X1 = X N Sﬁ;l’dfl.
Then for a quantum group G C H][\?O] the following are equivalent:
(1) @i = 37, uiy ® a; defines a coaction ® : C(X*') — C(G) @ C(X*).
(2) @i — >, wi; @ z; defines a morphism d: C(X) = C(G) @ C(XY).
In particular, GT(X) N H][\C;O] acts on X1, for any d > 2.
Proof. The idea here is to use the relations in Proposition 4.3 (2) above:
(1) = (2) This is clear, by composing ® with the projection map C'(X) — C(X41).

(2) = (1) In order for a coaction C(X9 ') — C(G)® C(X?!) to exist, the variables
X = ), ui;®@x; must satisfy the relations defining X, which hold indeed by (2), and must

satisfy as well the relations X;, ... X;, = 0 for i, ..., 74 distinct, which define Sg;l’d_l.
The point now is that, under the assumption G C H J[\?o ], these latter relations are
automatic. Indeed, by using Proposition 4.3 (2), for iy, ..., i, distinct we obtain:
X’i de = Zuiojo...uidjd®xjo...xjd
Jo---Jd
= Z uiojo...uidjd@)(] + Z 0®£Ij'j0...£€jd
Jo...jq distinct Jo...jq mot distinct
= 04+40=0

Thus the coaction in (1) exists precisely when (2) is satisfied, and we are done.
Finally, the last assertion is clear from (2) = (1), because the universal coaction of

G = GH(X) gives rise to a map ® : C(X) — C(G) ® C(X%!) as in (2). O
As an illustration, we have the following result:

Theorem 4.5. Hy, Hy, Hy,, Hy, H][\?o] act respectively on the spheres

N—-1,d—1 gN-1,d—1 N—-1,d—1 gN-1,d—1 N—-1,d—1
SR ’ SR ) SR,* ) SR,* ) SR7+

at any d > 2.



QUANTUM ISOMETRIES OF NONCOMMUTATIVE POLYGONAL SPHERES 21

Proof. We use Proposition 4.4. We know from [1] that the quantum isometry groups at
d = N are respectively equal to Oy, On, O, Ox, Ox, and our claim is that, by intersecting

with H ][\fo ], we obtain the quantum groups in the statement. Indeed:

(1) Oy N HJ[\C;O} = Hy is clear from definitions.

(2) Oy N H][\‘;O] = Hy follows from Oy N Hy C Oy, which in turn follows from the
computation (3) in the proof of Proposition 4.2, with H} replaced by Hj;.

(3) 0% N HEY = Hy, follows from 0% N Hy; = HY,.

(4) O N H ][\?O I'5 HY, is clear, and the reverse inclusion can be proved by a direct
computation, similar to the computation (3) in the proof of Proposition 4.2.

(5) Of; N HY® = H s clear from definitions. O

Observe that Theorem 4.5 is sharp, in the sense that the actions there are the universal
ones, in the classical case at any d € {2,...,N — 1}, as well as in the twisted case at
d = 2. Indeed, this follows from Proposition 3.3 and from Theorem 3.5 above.

5. QUANTUM ISOMETRIES

In this section we complete the computation of the quantum isometry groups of the
9 main spheres, as to prove our main result, announced in the introduction. As already
pointed out, we already have results for 8 spheres, the sphere left being S]]RX ;1’1.

We already know from Theorem 4.5 that the quantum group Hj from [3] acts on
Sﬁ ;1’1. This action, however, is not universal, because we have:

N-1,1
Sg. -

Proposition 5.1. Z3" acts on Sy,

Proof. The standard coordinates on S]]RX ;1’1 are subject to the following relations:

0 for 7, 7, k distinct
TiljlE = .
xx;x; otherwise
Thus, in order to have a coaction map ® : C(S]]RX;M) — C(G) ® C’(Sﬁ;l’l), given by
®(x;) = >, uij ® xj, the variables X; = 3~ u;; ® x; must satisfy the above relations.

For the group dual G = Z3" we have by definition u;; = d;;¢;, where g1, ..., gn are the
standard generators of Z3", and we therefore have:
XiX; Xk = gi9;9k @ Tiw;xy, XXX = gr9i9i ® xpx505
Thus the formula X;X; X; = 0 for ¢, j, k distinct is clear, and the formula X; X;X; =
X X; X, for 4, j, k not distinct requires g;g;9x = gr9;9: for , 7, k not distinct, which is clear
as well. Indeed, at ¢ = j this latter relation reduces to g, = g, at ¢ = k this relation is
trivial, ¢;,9;9; = 9:9;9:, and at j = k this relation reduces to g; = g;. U

More generally, we have the following result:
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1,1
*

Proposition 5.2. Hﬁo} acts on S]g,

Proof. We proceed as in the proof of Theorem 3.5 above. By expanding the formula of
X;X; X}, and by using the relations for the sphere Sﬁ;l’l, we have:

XiX; X, = E UiqUjpUke @ TqTpTe = § UiqUjpUke @ TqTpTe

abc a,b,c not distinct

2
= E (WiqUjaUkp + UibUjalUpe) © T5Ty,

a#b

E § 3
+ UiqUjpUka @ TaTpTy + UiqUjaUka & 4oy

a#b a

Now by assuming G = H J[\?o ], and by using the various formulae in Proposition 4.3
above, we obtain, for any i, j, k distinct:

XiX;Xe =) (0 g+t - 0) @ oay + Y 0@ w0ty + ¥ (0 tke) @25 =0
aF#b a#b a

It remains to prove that we have X;X;X; = X;X;X;, for ¢,7,k not distinct. By
replacing ¢ <+ k in the above formula of X; X, X}, we obtain:

2
XX, X, = E (UkaWjalip + UkpUjollia) @ T5Ty,

a#b

E E 3
+ UkaUjpUiq QX TaTpXy + UkaUjaUia ® o

a#b a

Let us compare this formula with the above formula of X;X;X}. The last sum being 0
in both cases, we must prove that for any i, 7, k not distinct and any a # b we have:

UjqUjaUkb + UipUjaUka = UkaUjaWib + UkpUjaUig
UiqUjpUka = UkaUjbUiq
By symmetry the three cases i = j,7 = k,j = k reduce to two cases, i = j and 7 = k.
The case 1 = k being clear, we are left with the case i = j, where we must prove:

UiqUiqUkp + UipUijqUka = UkaUialip T UkpUiqUiq

UjqUipUka = UkaUibUiq
By using a # b, the first equality reads ufaukb +0-Upy = Upg - 0+ ukbufa, and since by
Proposition 4.3 (3) we have u2 ug, = upu?,, we are done. As for the second equality, this

reads 0 - ug, = Uge - 0, which is true as well, and this ends the proof. O

We will prove now that the action in Proposition 5.2 is universal. In order to do so, we
need to convert the formulae of type X; X; X}, = 0 and X;X; X}, = X, X; X, into relations
between the quantum group coordinates w;;, and this requires a good knowledge of the

: . . N-1,1
linear relations between the variables xZ:cb, TaTpLy, xz over the sphere Sy, .



QUANTUM ISOMETRIES OF NONCOMMUTATIVE POLYGONAL SPHERES 23

So, we must first study these variables. The answer here is given by:

Lemma 5.3. The variables {x>xy, o244, x2|a # b} are linearly independent over the
sphere Sﬁ;l’l.

Proof. We use a trick from [11]. Consider the 1-dimensional polygonal version of the
complex sphere SN ~! which is by definition given by:

SN 1,1 {ZGSN

zizjz = 0,Vi, 7, k distinct}

N-11
Sk,

We have then a 2 x 2 matrix model for the coordinates of , as follows:

0 Zi

Indeed, the matrices v; on the right are all self-adjoint, their squares sum up to 1, they
half-commute, and they satisfy v;v;7 = 0 for 4,7, k distinct. Thus we have indeed a
morphism C(S]]Rj;l’l) — My(C(SE™"")) mapping ; — 7, as claimed.

We can use this model in order to prove the linear independence. Indeed, the variables
122y, TaTpTq, ¥3 that we are interested in are mapped to the following variables:

5 0 2|25 0 227, 3 0 2|24
Yo Vo = |Za|22b 0 ) Ya Vo Va = Z 2% 0 ) Yo = |Za|22a 0

Now since |z1|?22, |22|%21, 2829, 2521, | 21|21, |22]* 29 are linearly independent over S, the

upper right entries of the above matrices are linearly independent over SN L1 Thus the
matrices themselves are linearly independent, and this proves our result. U

With the above lemma in hand, we can now reformulate the coaction problem into a
purely quantum group-theoretical problem, as follows:

Lemma 5.4. A quantum group G C O} acts on Sg’;l’l precisely when its standard
coordinates u;; satisfy the following relations:
(1) wiqujqurp + UipUjaUre = 0 for any i, 7, k distinct.
(2) uwu]buka =0 for any i, j, k distinct.
( ) U ukb = ukbu
(4) UaUiqUipy = UipUijqUkq -
( ) UiqUipUka = UkbUipUsiq -

Proof. We use notations from the beginning of the proof of Proposition 5.2, along with
the following formula, also established there:

2
XiX; X, = E (UiaUjaUrb + UibUjaUka) @ Ty
a#b

+ E UiqUjpUkq X TqTpZg, + E UiqUjqUka ® .CC
a#b
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In order to have an action as in the statement, these quantities must satisfy X; X, X, =0
for 4, j, k disctinct, and X; X3 X, = X3 X;X; for ¢, j, k not distinct. Now by using Lemma
5.3, we conclude that the relations to be satisfied are as follows:

(A) For i, j, k distinct, the following must hold:

UiaUjoUkp + UipUjoUke = 0,Va 7# b
UiqUjpUke = 0,Va # b
UigWjqUiq = 0, Va

(B) For i, j, k not distinct, the following must hold:

UigUjaUkb + UipUjaUka = UkaUjalib + UkbUjalia, V@ F b
UjqUjpUka = UkaUjbUia, Va 7& b
UigUjoUka = UkaWjaUWia, Va

In order to simplify this set of relations, the first observation is that the last relations
in both (A) and (B) can be merged with the other ones, and we are led to:

(A’) For i, j, k distinct, the following must hold:

UiqUjaUkd + UipUjqUka = 07 \V/CL, b
UigUjpUke = 0,Va,b

(B’) For i, j, k not distinct, the following must hold:

UiqUjoUkb + UjpUjoUka = UkaUjaUsib + UkbUjaWiq,, ‘v’a, b
UiqUjpUka = UkaUjbUia, Va,b

Observe that the relations (A’) are exactly the relations (1,2) in the statement.

Let us further process the relations (B’). In the case i = k the relations are automatic,
and in the cases j = i,j = k the relations that we obtain coincide, via i <> k. Thus (B’)
reduces to the set of relations obtained by setting j = ¢, which are as follows:

UjqUiqUkh + UipUiqUka = UkaWiaWip + UkbUiqWia
UjqUipUka = UkaUipUiq

Observe that the second relation is the relation (5) in the statement. Regarding now

the first relation, with the notation [z, vy, z] = xyz — zyz, this is as follows:
[Uia, Wias Urb] = [Ukas Uia, Ui)

By applying the antipode, we obtain [upk, Uai, Uai| = [Ubis Uai, Uak], and then relabelling
a <> i and b <> k, this relation becomes [ugp, Uiq, Uia] = [Uka, Uia, Uip). Now since we have
[,y,z] = —|z,y, x], by comparing this latter relation with the original one, a simplification
occurs, and the resulting relations are as follows:

[uiaa Ujq, ukb] - [ukaa Ujq, uib] =0

But these are exactly the relations (3,4) in the statement, and we are done. 0
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Now by solving the quantum group problem raised by Lemma 5.4, we obtain:
Proposition 5.5. We have G*(Sﬁ;l’l) = H][\?O].

Proof. The inclusion D is clear from Proposition 5.2. For the converse, we already have
the result at N = 2, so assume N > 3. By using Lemma 5.4 (2), for i # j we have:

UigUjpUpe = 0,Vk # 1,5 = umujbuia =0,Vk #1i,7

= UigUjp (Z uza> =0,Vi#j
ki j

— (1 —ul, —u,) =0,Vi#j

Now by using Lemma 5.4 (3), we can move the variable uj, to the right. By further

multiply by u; to the right, and then summing over b, we obtain:
Uigjp(1 —uj, —uf,) =0,Vi# j = wi(l —uj, — uf,)uj = 0,Vi # j
= uia(l - uz?a - u?a)“?b = O’ Vi 7£ j
= (1l —uj, —ul,) =0,Vi#j

We can proceed now as follows, by summing over j # i:

Uig(1 — u2, — u?a) =0,Vi#] = Uigul, = Ui — Uy, Vi # ]

i ja

= (1 —ujy) = (N = 1)(uia — u5,)

—  Ujq = U?a

Thus the standard coordinates are partial isometries, and so G C H},. On the other
hand, we know from the proof of Proposition 4.3 (3) that the quantum subgroup G C Hy;

[o0]

obtained via the relations [a, b*] = 0 is Hy", and this finishes the proof. O
We have now complete results for the 9 main spheres, as follows:

Theorem 5.6. The quantum isometry groups of the 9 main spheres are

On O 0%
Hy a O
HX, Hy On

- _ _ , .
where HJ;, Hz[v Vand On, Oy, Ox, Oy are noncommutative versions of Hy, Oy .
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Proof. This follows indeed from [1], [4] and from the above results. O

As a first comment, in view of the conjectures in section 2 above, Theorem 5.6 probably
deals with the general mixed monomial case. We do not know if it is so.
In general, there are of course many questions left. Perhaps the very first question here

]

regards S]JRX ;1’1, whose quantum isometry group should be probably H ][Q’o . Technically

speaking, the problem is that we have no good models for Sﬂg ;1’1, and hence no tools for
dealing with independence questions for products of coordinates over it.

We should remind, however, that Sﬂg ;1’1 is a bit of a “pathological” sphere. Besides
various issues with diagrams and axiomatization, coming from sections 1-2 above, one
problem is that the operation Sg bt S]g, ;1’1 is not exactly a “liberation” in the sense
of free probability theory [7], [22]. More precisely, as explained, in [4], the operation

SNt S}fg ~' is compatible with the Bercovici-Pata bijection [7], at the level of the

corresponding hyperspherical laws, but this seems to fail for Sg “bh SH]{X ;1’1.

Summarizing, if all our conjectures and guesses hold true, Theorem 5.6 above might be
indeed the “final” statement regarding the quantum isometries of polygonal spheres. Note
however that the Riemannian interpretation of our various computations, in the smooth
case, in the spirit of the constructions in [4], remains an open problem.

6. COMPLEXIFICATION ISSUES

In this section we discuss a straightforward complex extension of the above results. Our
starting point will be the following definition, from [1]:

Definition 6.1. We consider the universal C*-algebra

C(ngrl) =C (zl,...,zN‘ Zziz;‘ = szzi = 1)

and call the underlying space S(]Cv,jrl free complex sphere.

As a first observation, the relation between the real and complex spheres is quite un-
obvious in the free case. Recall indeed that in the classical case we have an isomorphism
Sév I~ SﬁN ~! obtained by setting z; = x; + iy;. In the free case no such isomorphism
is available, and in fact both inclusions S(]c\f jrl C Sﬂiﬁ_l and Sﬂéﬁ_l C Sg ;1 fail to hold.
This is due to the formula (z + iy)(x — iy) = (z* + y*) — i[z,y], which makes appear the
commutator [z,y], which has no reasons to vanish for the free spherical coordinates.

We can define quantum isometry groups, in a complex sense, as follows:

Definition 6.2. Consider an algebraic manifold Z C S(]C\fjrl, assumed to be non-degenerate,
in the sense that the variables Re(z;), Im(z;) € C(Z) are linearly independent.

(1) We let GT(Z) C Uy, be the biggest quantum subgroup acting affinely on Z.
(2) We set as well G(Z) = GT(Z) N Uy, with the intersection taken inside Uy;.
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Here Uy is the free analogue of Uy, constructed by Wang in [23], and the existence and
uniqueness of GT(Z) follow as in the proof of Proposition 4.1 above.

In the classical case, where Z C SY !, we can use the isomorphism S~ ~ S2V~1 in
order to view Z as a real manifold, Z, C SH%N ~1. We can therefore construct a “real”
quantum isometry group G*(Z,) C Oy, and have GT(Z) = GT(Z,) N Uy, where the
intersection is taken inside Oy, by using the embedding U}, C O, given by the fact
that for « = v + {w biunitary, the matrix ({, ) is orthogonal. See [11].

As an example here, consider the torus T C C. A straightforward complex extension of
the trick in Proposition 3.2 (2), explained in [1], shows that we have GT(T) = G(T) = U;.
We should mention that it is true as well that we have G*(T,) = G(T,) = Oa, therefore
confirming the formula G*(T) = G™(T,) N U, but this result holds due to much deeper
reasons, explained by Bhowmick in [8]. For more on these issues, see also [16].

In the non-classical case, as explained above, there is no embedding Sg jrl C Sﬂ%ﬁ_l that
can be used, and the relation between Proposition 4.1 and Definition 6.2 remains quite
unclear. In short, we have to develop the complex theory “paralleling” the real one.

As explained in [1], the 5 real spheres have 5 complex analogues. We can extend this
analogy to the level of polygonal spheres, as follows:

. N-l,d-1 GN-l,d—1 oN-ld—1 gN-l,d-1 oN-1,d—1
Definition 6.3. The spheres Si . S¢ s 5C en s SC 94 are con-
structed from S(]CV jrl in the same way as their real counterparts are constructed from S]{{ jrl,

*
7

by assuming that the corresponding relations hold between the variables x; = z;, z;.

Here we use the convention that the subscript ** from the complex case corresponds
to the subscript * from the real case. For more on this issue, see [1], [11].
As an illustration, in the free case the polygonal spheres are as follows:

C(Sg;l’d‘l) = C(SFTN/ (=0 .. 2% = 0,Viy, ... ,iq distinct, Vey, . .. eq € {1, })

As in the real case, we will restrict now the attention to the 5 main spheres, coming
from [1], and to their intersections. We have 9 such spheres here, as follows:

Proposition 6.4. The 5 main spheres, and the intersections between them, are

N-1 N-1 N-1
S(C S(C,** S(C,+

N-1,0 alN—1,1 aN—
GN-LO gt gh-l

with all the maps being inclusions.
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Proof. This is similar to the proof of Proposition 1.2 above, by replacing in all the com-
putations there the variables x; by the variables x; = z;, 2. |

As explained in [1], the axiomatization problems in the complex case are quite similar
to those in the real case, and the same happens in the present polygonal context. Thus,
we will not review in detail the material from sections 1-2 above. Let us mention, however,
that there are a few subtleties appearing in the complex case. For instance the saturation
notion in Definition 2.2 (1) above has a straightforward complex analogue, but it is not
clear whether the real and complex saturations of a filtered group G C S, coincide. In
short, the “noncommutative algebraic geometry” questions discussed in sections 1-2 above
are expected to be the same over R and C, but we don’t have a proof for this fact.

Let us discuss now the computation of the associated quantum isometry groups, fol-
lowing some previous results from [1], and the material from sections 3-5 above.

We use the compact group Ky = T ! Sy and its free version Kj(, = T, SX,, which
appear as straightforward complex analogues of the hyperoctahedral group Hy = Zo! Sy,
and of its free version Hy = Zy 1, S, constructed in [2]. Also, we define the complex
version K][\?O] C Uy of the quantum group HJ[\?O} C Of, by using the relations a8y = 0
with a = a,a*, 8 = b,b*,v = ¢, c*, for any a # ¢ on the same row of u.

With these conventions, we have the following result:

Theorem 6.5. The quantum isometry groups of the 9 main complex spheres are

Uy Uz U;;
Ky K Uz
K R} Ky U N

where Ky and its versions are the complex analogues of Hy and its versions.

Proof. The idea is that the proof here is quite similar to the proof in the real case, by
replacing Hy, Oy with their complex analogues Ky, Uy.

More precisely, the results for the 5 spheres on top and on the right are already known
from [1]. Regarding the remaining 4 spheres, the proof here is as follows:

(1) We have S(]CV 10— 79N whose quantum isometry group is indeed K v This follows
as in [2], by adapting the proof from there of G*(Z3") = H}.

(2) We have a decomposition Sp " = Ui<;(S&) 17}, which is similar to the one in the
real case, and the reduction method in the proof of Proposition 3.3 (2) applies, and shows
that the quantum isometry group is Ky N Uy = Ky, as claimed.
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(3) Regarding Sév ~11 the first part of the proof of Theorem 3.5 above extends to the
complex case, by using as key ingredient the formula G*(SY™') = Uy from [1]. The
second part extends as well, by replacing everywhere the variables x; by the variables
x; = %, 77, and shows that the quantum isometry group is Ky, as claimed.

(4) Finally, regarding S'g ~b1 o all the computations in the proof of Lemma 5.4 and

*k

Proposition 5.5 above extend to the complex case, by replacing everywhere the variables
x; by the variables x; = z;, 27, and show that the quantum isometry group is K][\?o]. U

Regarding the remaining complex polygonal spheres, the situation here is quite similar
to the one in the real case. Techically speaking, the problem is that Proposition 3.3,
whose complex analogue can be shown to fully hold, is quite unobvious to extend.

As a conclusion, at the abstract classification level we have enlaged the set of 10 spheres
in [1] with 8 more spheres, which should be generally regarded as being not smooth. We
should mention that the 10 — 18 extension announced in [1], via free complexification, is
of course different from the one performed here. The extension via free complexification
still remains to be done, but ideally under the present, upgraded formalism.

This adds to the various questions raised throughout the paper.
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